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ABSTRACT 

The coupl ing  c o e f f i c i e n t  f o r  nonl inear  three-wave i n t e r a c t i o n  i s  

der ived  f o r  t h e  c a s e  of a c y l i n d r i c a l  plasma column penet ra ted  by an  

e l e c t r o n  beam. The paramet r ic  growth r a t e  of two plasma waves i s  ca l -  

cu la t ed ,  assuming t h a t  a nega t ive  energy wave on t h e  beam s a t i s f i e s  

a p p r o p r i a t e  synchronism cond i t ions  wi th  them and a c t s  a s  a pump wave. 

A beam-plasma experiment i s  descr ibed  i n  which three-wave coupl ing h a s  

been observed between two beam waves and a low frequency plasma wave. 

A l l  t h r e e  waves grow i n  space,  w i t h  a growth r a t e  of t h e  o r d e r  of one 

t e n t h  of t h e  wave number of t h e  beam waves. 

* Work supported by t h e  Nat iona l  Aeronaut ics  and Space Adminis t ra t ion ,  

t On l e a v e  from t h e  FOM I n s t i t u t e  f o r  Atomic and Molecular Physics ,  
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1. INTRODUCTION 

Since  about 1960, a cons ide rab le  amount of r e sea rch  has  been c a r r i e d  

out  on l i n e a r  two-wave i n t e r a c t i o n ,  p a r t i c u l a r l y  on t h e  uns t ab le  i n t e r -  

a c t i o n  between p o s i t i v e  and nega t ive  energy waves which occurs  i n  a beam- 

plasma system [Briggs 1964, Wopman 19691. 
poin ted  out  t h a t  t h e  non l inea r  c a s e  of three-wave i n t e r a c t i o n  can be  

u n s t a b l e  i n  such a way t h a t  a l l  t h r e e  i n t e r a c t i n g  waves have growing 

ampli tudes,  and t h a t  j u s t  a s  i n  t h e  uns t ab le  c a s e  of two-wave coupling, 

t h i s  i s  only p o s s i b l e  when a nega t ive  energy wave i s  involved. The 

phenomenon i s  e a s i l y  demonstrated by means of t h e  conserva t ion  r e l a t i o n s  

t h a t  hold f o r  three-wave i n t e r a c t i o n ,  i . e .  t h e  so-cal led Manley-Rowe 

r e l a t i o n s .  When t h e  t h r e e  i n t e r a c t i n g  waves f u l f i l l  resonant  cond i t ions  

f o r  t h e i r  f r equenc ie s  and wavenumbers 

As e a r l y  a s  1962, S tur rock  

where a l l  f r equenc ie s  a r e  p o s i t i v e ,  t h e  Manley-Rowe r e l a t i o n s  say t h a t  

Consequently, when t h e  energy, U of wave a i s  negat ive,  a l l  t h r e e  

wave ampli tudes can grow (or decay) i n  t i m e .  
a ,  

When only p o s i t i v e  energy waves a r e  i n t e r a c t i n g ,  t h e r e  i s  a p e r i o d i c  

and Galeev, 19691, l ead ing  t o  a growth of one exchange of energy [ 
o r  of two of t h e  i n t e r a c t i n g  waves f o r  a l i m i t e d  t i m e .  When t h e  h i g h e s t  

f requency wave i s  a nega t ive  energy waveg growth aga in  occurs  only w i t h i n  

a l i m i t e d  t i m e ,  bu t  i n  t h i s  c a s e  t h e  ampli tudes of a l l  t h r e e  waves tend 

t o  i n f i n i t y  i n  t h i s  time. The growth must t h e r e f o r e  be  f a s t e r  t han  t h e  

exponent ia l  growth t h a t  occurs  due t o  two-wave coupling. Th i s  cha rac t e r -  

i s t i c  behavior  of three-wave i n t e r a c t i o n  i s  now gene ra l ly  r e f e r r e d  t o  

as "exp los ive  i n s t a b i l i t y "  [ e t  a l , ,  1969; Fukai e t  a1,,19691. 

I n  t h i s  r e p o r t ,  t h e  s t r e n g t h  of t h e  three-wave coupl ing t h a t  r e s u l t s  

from a weak n o n l i n e a r i t y  of t h e  Vlasov equat ion  i s  examined. The a n a l y s i s  

fo l lows  c l o s e l y  t h e  t rea tment  of Cl97O1, and i s  c a r r i e d  ou t  f o r  

1 



a c y l i n d r i c a l .  plasma column i n  an i n f i n i t e  magnetic f i e l d ,  t ak ing  a s  a 

boundary c o n d i t i o n  t h a t  t h e  wave p o t e n t i a l  i s  z e r o  o u t s i d e  t h e  plasma, 

This  i s  equ iva len t  t o  s tudying  a p lasma-f i l led  waveguide. By comparing 

t h e  r e s u l t s  f o r  t h e  i n f i n i t e  plasma [Dysthe, 19701 and t h e  bounded plasma 

column, i t  i s  found t h a t  t h e  express ions  f o r  t h e  t i m e  dependences of t h e  

wave ampli tudes a r e  i d e n t i c a l ,  a conclus ion  t h a t  can a l s o  be extended t o  

s u r f a c e  waves on a plasma column i n  vacuum when the  d c  magnetic f i e l d  i s  

absent ,  The b a s i c  theory  up t o  t h i s  p o i n t  i s  g iven  i n  Sec t ions  2 and 3 .  
Due t o  t h e  shape of t h e i r  d i s p e r s i o n  c h a r a c t e r i s t i c ,  t h r e e  quasi-  

s t a t i c  plasma waves can never s a t i s f y  t h e  resonance cond i t ions  of Eq. 

i n  a one-component plasma, so  three-wave i n t e r a c t i o n  i s  impossible .  
(1) 

When two components a r e  p re sen t ,  i n t e r a c t i o n  i s  poss ib l e ,  however. 

Examples a r e  an ion -e l ec t ron  plasma, or a beam-plasma system. 

former case,  t h e  decay of a Langmuir wave i n t o  a lower frequency Langmuir 

wave and an  i o n  a c o u s t i c  wave has  a t t r a c t e d  much a t t e n t i o n .  The l a t t e r  

c a s e  has  only appeared i n  d i scuss ions  r ecen t ly ,  wi th  s p e c i a l  focus  on 

t h e  p a r t i c i p a t i o n  of a nega t ive  energy beam wave. Wilhelmsson [I9691 
repor t ed  computer c a l c u l a t i o n s  on t h e  t i m e  behavior  of t h e  wave amplitudes,  

demonstrat ing t h e  exp los ive  growth, whi le  Pham-Tu-Manh [19691 has  descr ibed  

experimental  work. 

I n  t h e  

The p r e s e n t  r e p o r t  g i v e s  c a l c u l a t e d  growth ra tes  f o r  t h e  nonl inear  

i n s t a b i l i t y  which occurs  when a nega t ive  energy wave i n t e r a c t s  wi th  two 

plasma waves t h a t  a r e  propagat ing  i n  oppos i t e  d i r e c t i o n s .  This  t o p i c  i s  

t r e a t e d  i n  Sec t ion  4. 
d e t a i l  i n  our  experimental  work, which has  been concerned with i n s t a b i l i t i e s  

a t  low f r equenc ie s ,  i n  p a r t i c u l a r  near  t h e  i o n  plasma frequency. 

l i n e a r  i n t e r a c t i o n s  i n  t h i s  f requency range a r e  t r e a t e d  i n  Sec t ion  4, 
and pre l iminary  r e s u l t s  a r e  descr ibed  i n  Sec t ion  '3 which suggest  t h a t  

So f a r ,  t h i s  i n t e r a c t i o n  h a s  no t  been s tud ied  i n  

Non- 

w e  may have observed them exper imenta l ly .  

2 



To o b t a i n  t h e  non l inea r  growth r a t e  due t o  wave-wave coupling, w e  

de te rmine  f i r s t  t h e  l i n e a r  d i s p e r s i o n  of t h e  modes sepa ra t e ly .  

t h a t ,  t h e  non l inea r  term i s  evaluated by cons ider ing  t h e  i n t e r a c t i o n  

between t h e  modes 

Af t e r  

We s t a r t  wi th  t h e  Vlasov equat ion  f o r  each plasma component 

and t h e  Poisson  equat ion  

The d i f f e r e n t  p a r t i c l e  spec ie s ,  

e l e c t r o n s  (e),  and beam e l e c t r o n s  (b) 

func t ions ,  f a r e  normalized t o  uni ty .  Charge n e u t r a l i t y  demands 

t h a t  i n t e g r a t i o n  over  u n i t  volume should y i e l d  

j , may be plasma i o n s  (i), plasma 

The v e l o c i t y  d i s t r i b u t i o n  

j ’  

W e  s h a l l  r e s t r i c t  t h e  a n a l y s i s  t o  slow waves, so t h a t  t h e  quasi-  

s t a t i c  approximation can b e  made. Th i s  imp l i e s  t h a t  t h e  e lectr ic  f i e l d  

i s  d e r i v a b l e  from a p o t e n t i a l  (g = - VV). Next, w e  d i v i d e  t h e  d i s t r i -  

bu t ion  f u n c t i o n  i n t o  slowly and r a p i d l y  f l u c t u a t i n g  p a r t s  with r e s p e c t  

t o  t h e  propagat ing waves 

f = f  ( v x t ) + f  ( V X t ) .  
j O j  --’? l j  -’-’ 

f 0 j 9  
L i n e a r i z a t i o n  of Eq. ( 3 ) ’  n e g l e c t i n g  t h e  space-time dependence of 

t hen  g i v e s  to f i r s t  o rde r  

3 



We w r i t e  Y a s  a sum over  t h e  normal modes t h a t  propagate  i n  t h e  

plasma i n  t h e  z -d i r ec t ion ,  which i s  a l igned  wi th  t h e  a x i s  of t h e  plasma 

column, 

t h e  normal mode ampli tude Y o ( x , t )  ha s  a space-time 
O j  

J u s t  l i k e  f 

dependence t h a t  i s  slow wi th  r e s p e c t  t o  

i n  c a l c u l a t i n g  t h e  l i n e a r  d i spe r s ion .  

(u) t-kaz). Th i s  i s  neglec ted  a 

I n  Eq. ( 8 ) ,  w e  r e q u i r e  Y t o  b e  r e a l  q u a n t i t y .  Therefore  

Y = v" ,where * denotes  a complex conjugate .  The change of s i g n  of 

a symbolizes t h e  r e v e r s a l  of s i g n s  of and k e Thus, 

0 = - w  -a ka = -k 

-a a 

a -a 
From Eq, (4) w e  o b t a i n  

W = - i e  Y k exp i ( U  t-k z) , 
--z a a  a a  (9) 

a 

on va e 
3 
t h e  coord ina te s  pe rpend icu la r  t o  z i s  determined by t h e  boundary con- 

d i t i o n s  t h a t  a r e  used f o r  a p a r t i c u l a r  case.  I n  t h e  fo l lowing  sec t ion ,  

w e  d i s c u s s  t h e  p a r t i c u l a r  c a s e  of a plasma column f i l l i n g  a waveguide. 

A s t r o n g  dc magnetic f i e l d ,  

p a r t i c l e  motion perpendicular  t o  z .  

t r e a t i n g  e f f e c t i v e l y  a one-dimensional system. 

being t h e  u n i t  v e c t o r  i n  t h e  z -d i r ec t ion .  The dependence of 

Bo , d i r e c t e d  a long  t h e  column a x i s  i n h i b i t s  

Thus, xL rn 0 , and w e  w i l l  be  

4 



3. PLASMA CQLUPIIN I N  A STRONG MAGNETIC FIELD 

3.1. L i n e a r  Propagat ion  

W i t h q  = 0 , Eqs. (7) and (9) combine t o  g i v e  

Wri t ing v f o r  t h e  phase v e l o c i t y ,  cu$ka , and i n t e g r a t i n g  Eq. ( l o ) , ,  a 
y i e l d s  

S u b s t i t u t i o n  of Eq. ell) i n  Eq. (4)  y i e l d s  an equat ion  of t h e  form 

which h a s  a s  s o l u t i o n  a sum of Bessel f u n c t i o n  terms 

and Nm(par) exp i m  8 , where r and 8 a r e  c y l i n d r i c a l  p o l a r  coor- 

d i n a t e s .  

and a z e r o  a t  t h e  conducting wa l l  surrounding t h e  plasma a t  r = a ~ 

r e s t r i c t s  t h e  s o l u t i o n  t o  

Jm(par), exp i m  8 , 

The requirements  of a n o n - i n f i n i t e  s o l u t i o n  on t h e  column a x i s ,  

where jmn i s  t h e  nth z e r o  of t h e  mth Bessel func t ion ,  Jm(par) , and 

' a n  
i n i t i a l  cond i t ions .  

A 

i s  t h e  slowly vary ing  ampli tude of-mode (a,m,n) determined by 

Combining Eqs. (12) and (131, we w r i t e  

5 



2 a f o  ./avz 
w 1 

v -v a z  2 P j  p +k a a J  

The s o l u t i o n  of Eq. (10) i s  j u s t  Da(O,k) = 0 and c o n s t i t u t e s  t h e  d i s -  

p e r s i o n  equat ion  f o r  t h e  normal modes a The q u a n t i t y  Ea(W,k) i s  t h e  

one-dimensional plasma p e r m i t t i v i t y .  

plasma d i s p e r s i o n  equa t ion  i s  

An equ iva len t  express ion  for t h e  

which i s  f a m i l i a r  i n  plasma l i t e r a t u r e  [Tr ive lp i ece ,  19671. 
a a t t ached  t o  D and E i n d i c a t e s  t h a t  they r e p r e s e n t  t h e  appropr i a t e  

express ions  f o r  mode a e 

The index  

3.2. Nonlinear  Coupling 

The non l inea r  equat ion  t h a t  d e s c r i b e s  mode coupl ing  i s  found by 

g iven  by Eq. ( 6 )  i n  t h e  s u b s t i t u t i n g  t h e  l i n e a r  express ion  f o r  

non l inea r  term of t h e  f u l l  Vlasov equat ion,  and c a l c u l a t i n g  f again,  

c o r r e c t  t o  second o rde r ,  This  i t e r a t i o n  y i e l d s  

f l j  7 

1 j  

A f t e r  averaging i n  space and t i m e ,  t h e  right-hand s i d e  of Eq. (16) s t i l l  

c o n t r i b u t e s  if i t s  r a p i d  space-time v a r i a t i o n  i s  equal  t o  t h a t  of t h e  

le f t -hand  s i d e ,  W e  t h e r e f o r e  cons ider  t h e  resonant  s i t u a t i o n  

6 



(17) u) = W  +U, k = k  + k  = m  + m  a f3 7 ’  a f3 y p m a  7 ’  

and r e t a i n  terms i n  t h e  double sum t h a t  f u l f i l l  t h e s e  condi t ions ,  d i s -  

ca rd ing  a l l  o t h e r s  ~ Subsequent i n t e g r a t i o n  g i v e s  

va(afo ./avZ) e 2 ++ v v  
v -v m I37 

j a f3+7=a 
a z  

The next  s t e p  i s  t o  s u b s t i t u t e  Eq. (18) i n  Eq. (4) .  Because t h e  V ‘ s  a r e  

p ropor t iona l  t o  exp i m e  , 
d i t i o n  i n  Eq. (17) on t h e  azimuthal mode numbers reduces t h e  averaged 

equat ions  t o  t h e  form 

t h e  s u b s t i t u t i o n  and a p p l i c a t i o n  of t h e  con- 

The t e r m  k / (v  -v h a s  been added t o  symmetrize t h e  in tegrand .  
Y B z  

A s  a s o l u t i o n  t o  Eq. (l?), w e  t r y  - 

Mult ip ly ing  Eq, (19) by J ( jd r / a ) ,  and making use  of t h e  fol lowing 

o r thogona l i ty  r e l a t i o n  f o r  Bessel f u n c t i o n s  
m 

7 



w e  o b t a i n  

where r and A a r e  def ined  by, WY a 

As could be expected f o r  waves propagat ing along a plasma column, 

t h e  r a d i a l  dependence of t h e  wave p o t e n t i a l  i s  determined by boundary 

cond i t ions  only ;  t h e r e  i s  no r e s t r i c t i o n  on t h e  r a d i a l  mode numbers, 

Jmn 9 

et  a l .  [11967]. 
t h e  amount of r a d i a l  coherence between th;! modes through Eq. (23 
p r a c t i c a l  cases ,  t h e  s t r o n g e s t  i n t e r a c t i o n  i s  t o  be expected between 

lower o r d e r  modes m 0 and pi a 2.4/a Then J2( j 1 a 0.32* and 

t h e  i n t e g r a l  over t h e  t r i p l e  product  of Jo(pz) g i v e s  0.098a2 [ F e t t i s ,  

= 0.72, 1.9571, r e s u l t i n g  i n  

Eq, g22) i s  p r e c i s e l y  what one ob ta ins  j u s t  by  r e p l a c i n g  
2 Po i s son ' s  equat ion,  by -pa a s  can be done i n  t h e  l i n e a r  case,  This  

replacement is, i n  f a c t ,  v a l i d  for an i n f i n i t e  plasma, 

of t h e  i n t e r a c t i n g  waves. This h a s  been poin ted  out  by E t i e v a n t  

However, t h e  ampli tude of t h e  non l inea r  wave depends on 

i 1 01 

Except f o r  t h e  ampli tude f a c t o r ,  
2 

V1 , in 

8 



So f a r ,  t h e  slow space-time dependence of t h e  amplitudes,  Qi , has  

been neglec ted .  However, due t o  t h e  coupl ing  of mode a t o  t h e  modes 

and y , there i s  exchange of energy, and t h e  ampli tude V w i l l  no t  be 

cons t an t .  The slow space-time v a r i a t i o n  can be accounted f o r  by means 

of a method devised  by Berk and Book [1969], which r ep laces  t h e  d i s p e r s i o n  

func t ion ,  

WKB approach, they  proved t h a t  t h i s  replacement i s  v a l i d ,  and l e a d s  t o  

t h e  c o r r e c t  d i s p e r s i o n  p r o p e r t i e s  f o r  l i n e a r  waves i n  an  inhomogeneous 

plasma. The next  s t e p  i s  t o  apply t h e  method t o  a nonl inear  problem, 

Th i s  h a s  been taken  by Dysthe C197OI and - Dum and - O t t  [197OI, al though 

wi thout  proof .  Using only t h e  lowes t  o rde r  d e r i v a t i v e s ,  t h e  d e f i n i t i o n  

of D i s  

a 

a 
k 9 i - , z , t ) .  Using a a 

at, aZ  Da(W,k) , by an operatorD(m - i 

. 
z , t )  vab , t )  a 

a, , , k + i -  D(U) - i - a 
a t  (242 

Applying t h i s  ope ra to r  t o  Eq. (22) ,  f o r  a homogeneous plasma i n  which 

D does no t  depend on z and t e x p l i c i t l y ,  t h e  r e s u l t  i s  a 

2 2  * (251 
Pa + k 

aDa = + i  a 
D - i -  

a 
a 

For s i m p l i c i t y ,  w e  have dropped t h e  i n d i c e s  m and n from t h e  ? ' s .  

Next w e  d e f i n e  t h e  group v e l o c i t y ,  v -ga 
and t h e  l i n e a r  wave 

damping Y Y, J 

9 



W e  can then  reduce Eq, (25 )  t o  

By analogy, w e  o b t a i n  two f u r t h e r  coupled mode equat ions  

H e r e ,  w e  have used t h e  f a c t  t h a t  t h e  r e a l  p a r t  of 

symmetric i n  t h e  i n d i c e s .  I t  i s  no t  a f f e c t e d  by a change i n  the s i g n  of 

t h e  i n d i c e s  because R e  r i s  a f u n c t i o n  of t h e  phase v e l o c i t y  

v = /k e This  i s  no t  t h e  c a s e  f o r  I m  which w e  neglec t .  I t  

should be  emphasized t h a t  Eqs. (27)-f29)  only d e s c r i b e  t h e  slow space-time 

behavior  of t h e  mode ampli tudes,  

wave numbers a r e  not  a l t e r e d  i n  t h i s  t rea tment ,  

rorg7 i s  completely 

WY 
a a a  olB7 

vi e 

The small-s ignal  f r equenc ie s  and 

2 .3 .  Coupling of Waves i n  F i n i t e  and I n f i n i t e  Plasmas 

For comparison wi th  Eq. (271, w e  g i v e  t h e  equ iva len t  mode coupl ing 

expres s ion  f o r  t h e  c a s e  of an  i n f i n i t e ,  one-dimensional plasma b y s t h e ,  

19701 I) 

9 g a  i n %  + v  

where t h e  d e f i n i t i o n s  of E and D a r e  c o n s i s t e n t  wi th  Eq, (14). 
This  imp l i e s  

a a 

10 



Except f o r  t h e  ampli tude f a c t o r ,  A 

coupl ing  terms a r e  seen  t o  be i d e n t i c a l  i n  t h e  c a s e  of a f i n i t e  plasma 

column t o  t h o s e  f o r  an i n f i n i t e  plasma [SDithas and Manheimer, 19701. 
However, t h e  occurrence  of t h e  group v e l o c i t y  on t h e  le f t -hand  s i d e  

causes  a g r e a t  d i f f e r e n c e  between t h e s e  two phys ica l  s i t u a t i o n s .  I n  an 

i n f i n i t e  plasma, v i s  determined by t h e  plasma p e r m i t t i v i t y ,  E , and 

w e  have 

which i s  of o rde r  un i ty ,  t h e  a > -  

g 

I n  a f i n i t e  plasma, v 

t o  t h e  f a c t  t h a t  6 = 0 i n  an i n f i n i t e  plasma, bu t  E = - p2/k2 f o r  a 

p lasma-f i l led  waveguide. From t h e  def in i%ions  of E and D , and from 

t h e i r  magnitudes, w e  o b t a i n  t h e  r e l a t i o n  

i s  given by Eq. ( 2 6 ) ,  t h e  d i f f e r e n c e  being due 
g 

v = v  - -1- 2P2 

k3[aE/a4 g g i n f  g i n f  (33) 

Wri t ing  Eq. (27) i n  terms of E , w e  have 

for t h e  coupled mode express ion  f o r  a plasma column. The d i f f e r e n c e  

wi th  r e s p e c t  t o  EQ, (30) i s  now c l e a r ,  

of t h i s  d i f f e r e n c e  can be  given by cons ider ing  a co ld  e l e c t r o n  plasma. 

We then  have v 

where v i s  t h e  phase v e l o c i t y ,  

n i l l u s t r a t i o n  of t h e  importance 

2 2 2  = 0 whereas i n  a f i n i t e  plasma v = P VPAP f k 1 9 g i n f  g 

P 
I t  may b e  remarked t h a t  a l though t h e  s p a t i a l  behavior  of coupled 

mode ampli tudes i s  s i g n i f i c a n t l y  d i f f e r e n t  i n  a plasma guide and i n  an 

i n f i n i t e  plasma, due t o  t h e  d i f f e r e n t  magnitudes of t h e  group ve loc i ty ,  

i d e n t i c a l  t i m e  behavior  i s  found for f i n i t e  and i n f i n i t e  plasmas. This  

i s  due t o  t h e  f a c t  t h a t  

s t a n t ,  -p2/k2 * 

t h a t  of s u r f a c e  waves propagat ing on a plasma column when a dc magnetic 

e(CD,k) i s  equal. t o  a frequency independent con- 

Another phys i ca l  s i t u a t i o n  where t h i s  i s  t r u e  i s  

111 



f i e l d  i s  absen t ,  

T r i v e l p i e c e  c19671, and t h e  non l inea r  coupled-mode equat ion  f o r  s u r f a c e  

waves can be w r i t t e n  down i n  analogy t o  Eq. (34). 

Der iva t ion  of t h e  cons t an t  i n  t h i s  ca se  i s  given by 

3,4.  Paramet r ic  growth 

I n  a d d i t i o n  t o  t h e  p o s s i b i l i t y  t h a t  a l l  t h r e e  i n t e r a c t i n g  waves 

w i l l  grow i n  amplitude,  when t h e  waves have t h e  c o r r e c t  s i g n  for t h e  wave 

energy, w e  may cons ide r  t h e  p o s s i b l e  occurrence of paramet r ic  growth. I n  

pa rame t r i c  growth, i t  i s  assumed t h a t  one wave i s  so  s t rong  t h a t  i t s  

space-time v a r i a t i o n  can b e  neglec ted  i n  comparison wi th  t h a t  of t h e  

o t h e r  two waves. W e  t a k e  Wave a a s  being t h e  s t rong  (pump) wave. 

With t = cons tan t ,  w e  use  only Eqs. (28) and (29).  E l imina t ing  

w e  o b t a i n  
B ’  a 

? of t h e  form exp (fit - K Z ) ,  where fi 
B ’  Y 

Assuming a s o l u t i o n  f o r  0 
and K r e p r e s e n t  t h e  slow space-time dependence of t h e  wave amplitudes,  

and cons ide r ing  i d e n t i c a l  r a d i a l  modes so t h a t  w e  can drop t h e  s u b s c r i p t s  

from p and Ai , w e  o b t a i n  t h e  d i s p e r s i o n  r e l a t i o n  
i 

Consider ing only t i m e  dependence, ‘ w e  see from Eq. (36) t h a t  

I 2  



The necessary  cond i t ion  f o r  growth (n > 0) i s  g iven  by 

2 
YBY ’ yB yY a 

i t h  no l i n e a r  damping present ,  YB - - Yy = 0 .  Condit ion (38) i s  then  

s a t i s f i e d  i f  a D  /aCU and aD /aU have t h e  same s ign.  
B Y 

Consider ing only s p a t i a l  dependence, w e  f i n d  from Eq, (36) the  

necessary  cond i t ion  f o r  s p a t i a l  growth i n  t h e  absence of l i n e a r  damping 

* 
which can be s a t i s f i e d  when a D  /ak and a D  /ak have s i m i l a r  s igns .  

B Y 
I t  should be noted t h a t  cond i t ion  (38) t e l l s  us  when t h e  system i s  

n o n l i n e a r l y  uns tab le ,  but  cond i t ion  (39) says  i n  a d d i t i o n  whether t h e  

growth i s  convect ive  or abso lu te .  Absolute  growth i s  obtained when t h e  

group v e l o c i t i e s  of t h e  two waves a r e  oppos i t e  i n  s ign ,  i r r e s p e c t i v e  of 

< 0 , there i s  t h e  c h a r a c t e r  of t h e  pump wave. However, when v 

s t i l l  an i n i t i a l  s p a t i a l  growth, i f  t h e  system i s  r e s t r i c t e d  t o  a length ,  

L ~ less than  a q u a r t e r  wavelength 

gB vgY 

fi L < - -  
2 K  

because the  slow s p a t i a l  behavior  i s  s inuso ida l .  Th i s  i s  analogous t o  

t h e  s i t u a t i o n  i n  a backward wave o s c i l l a t o r .  The c l a s s i f i c a t i o n  of 

i n s t a b i l i t i e s  due t o  both two-wave and three-wave coupl ing h a s  been 

reviewed by Barnes [119641. 

= 3  



4. APPLICATION TO A COLD BEAM-PLASMA SYSTEM 

4.1 L i n e a r  and Nonlinear  Dispers ion  
-N__ 

S u b s t i t u t i o n  i n t o  t h e  express ions  f o r  and Da [Eqs, (14  
W7 

(23) 3 of a 6- func t ion  v e l o c i t y  d i s t r i b u t i o n ,  

f o r  each of t h e  plasma components r e s u l t s  i n  

D = 1 -  a 

The experiment t o  be d iscussed  i n  Sec t ion  5 provides  t h e  p o s s i b i l i t y  

of s tudying  t h e  i n t e r a c t i o n  between modes on an e l e c t r o n  beam and i n  a 

b e am- p r  od uc ed plasma. Neglec t ing  t h e  p o s i t i v e  ions ,  t hen  becomes 
, W7 

where v i s  t h e  dc v e l o c i t y  of t h e  e l e c t r o n  beam, Moreover, i n  t h e  

experiment i t  i s  p o s s i b l e  t o  apply r f  modulation t o  t h e  e l e c t r o n  beam, 

and t o  observe wave growth wi th  d i s t a n c e  from t h e  gun. The only t e r m  of 

i n t e r e s t  on t h e  le f t -hand  s i d e  of Eq, (27) i s  then 

t h e  s p a t i a l  growth. 

Eqs. (28) and ( 3 6 )  reduce t o  

Ob 

v a? /a, , desc r ib ing  
ga a 

For t h e  6-funct ion d i s t r i b u t i o n  of Eq. (41), 

1 4  



where i t  h a s  been assumed t h a t  Wave a i s  

- The q u a n t i t y  A i s  def ined  
B Y p  - Yy = 0. 

a B = - 2 (p' + k i )  

t h e  pump wave, and w e  have 

by 

5 
ak  

v p2 + v k2 2 O j  B 
e (47) cu 

O j  
pJ (vB - v 

j 

Equat ion (4'3) i s  s i m i l a r  t o  a r e s u l t  obtained e a r l i e r  by E t i evan t  e t  a l .  

[1967] f o r  an i n f i n i t e  plasma, t h e  only modi f ica t ion  being t h e  f a c t o r  A 

which i s  of o rde r  un i ty .  

Equat ion ( 4 6 )  shows t h a t  Kalr I . The s i g n  of e i n  WY j cvB7 
consequent ly  has  no i n f l u e n c e  on t h e  type  of growth. 

n a t u r a l  t h a t  t h e r e  should be  no d i f f e r e n c e  when cons ider ing  waves pro- 

paga t ing  on p o s i t i v e  or on nega t ive  p a r t i c l e  beams. 

t h a t  t h e  non l inea r  growth r a t e  

waves propagated on i o n  s t r e a m s .  

I t  is, of course,  

W e  observe,  however, 

a l / m  , and i s  thus  much smal le r  f o r  

4.2. L inea r  S t a b i l i t y  C h a r a c t e r i s t i c s  

I n  o rde r  t o  observe non l inea r  i n s t a b i l i t y  i n  a beam-plasma exper i -  

ment, i t  i s  h i g h l y  d e s i r a b l e  t o  have the s y s t e m  l i n e a r l y  s t a b l e .  The 

c o n d i t i o n  f o r  l i n e a r  s t a b i l i t y  i s  obtained from Eq. (42) a s  

We n o t e  t h a t  t h i s  c o n d i t i o n  can only be f u l f i l l e d  i n  a bounded plasma, 

where p i s  f i x e d  by t h e  boundary cond i t ions .  The o r i g i n  of Eq. (48) 
can be  apprec ia ted  by t ak ing  a s i m p l i f i e d  model i n  which t h e  beam and 

plasma modes a r e  considered t o  be independent.  

ho lds  f o r  plasma and beam sepa ra t e ly ,  g iv ing  t h e  d i s p e r s i o n  equat ions  

This  means t h a t  Eq. (42) 



2 2  

(a - kvOb >' (P' + k') 

k U  
2 2  

W2(p2 + k2) 
= o  e (49) Pb 

k a  
1 -  pe = 0 , 1 -  

O b  * 
From h e r e  on, f o r  convenience, w e  w i l l  simply write v f o r  v 

I n  F ig .  1 w e  i l l u s t r a t e  t h e  d i s p e r s i o n  of t h e  beam and plasma waves. The 

system i s  s t a b l e  when t h e  beam and plasma branches do  not  i n t e r s e c t ,  i . e .  

f o r  P O  w e  r e q u i r e  l i m  (dW/dk)b > l i m  (dUldk)e e Now i n  t h i s  r eg ion  

t h e  waves a r e  nondispers ive ,  and Eq. (49) reduces t o  

0 

where t h e  second express ion  h o l d s  f o r  t h e  slow beam wave. The f i r s t  

express ion  i s  very  use fu l  f o r  determining t h e  plasma d e n s i t y  [Tr ive lp i ece ,  

19671. Using Eq. ( 5 O ) ,  an approximate cond i t ion  on t h e  group v e l o c i t i e s  i s  

which i s  somewhat less  r e s t r i c t i v e  than  t h e  more c o r r e c t  form of Eq. (48). 
Having i l l u s t r a t e d  t h a t  parameters  can be chosen f o r  which s m a l l -  

s i g n a l  growth i s  precluded,  w e  now cons ider  t h e  ques t ion  of synchronism. 

S u i t a b l e  c o n d i t i o n s  f o r  non l inea r  i n t e r a c t i o n ,  such t h a t  

a r e  i n d i c a t e d  i n  F ig .  1 by a para l le logram.  I t  i s  c l e a r  from t h e  f i g u r e  

t h a t  t h e  p o s s i b i l i t y  of three-wave i n t e r a c t i o n  i s  r e s t r i c t e d  t o  f r equenc ie s  
below 2 W . When Wave a i s  t h e  beam wave, w e  have I 

Pe 

I n  Figa 1, w e  have chosen t h e  nega t ive  energy beam wave, a 
a c t  wi th  t h e  plasma waves. Waves $ and y t hen  grow pa rame t r i ca l ly .  

Because t h e  nega t ive  energy wave g i v e s  up energy, i t  a l s o  grows i n  ampli- 

t o  inter-  

' tude.  I f  t h e  f a s t  beam wave, a' i s  exc i t ed ,  it decays i n  amplitude 
-. __ 

whi le  Waves $ and y grow, 
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FIG. 1. DISPERSION DIAGRAM OF A STABLE BEAM-PLASMA SYSTEM. WAVES a, p, and y FULFILL 
THE SYNCHRONISM CONDITIONS FOR NONLINEAR THREE-WAVE INTERACTION 
(a =CJJ + a y , k a = k  + k )  

a B  B Y  



and k a s  a func t ion  of U) f o r  a f e w  values  
ka B a 

I I F i gu re  2 shows 

'Of the parameter Pv iu) 

p 5 decreases the s l o p e  of t h e  Plasma wave branch, and thus  enhances t h e  

etability Of t h e  system [see Eq. (51)I. The slow beam space-charge wave 
k s  only shown when 

between t h o s e  two. 

An i n c r e a s e  Of t h e  t r a n s v e r s e  wave number, 0 P e  

P V O / ~ ~ ~  = 1+1 O r  4.0. The o t h e r  d i s p e r s i o n  curves  l i e  

Waves a and B i n  F ig .  2 i n t e r a c t  non l inea r ly ,  
- 

s i n c e  they  s a t i s f y  Eq. (52) .  The t h i r d  wave number, k i s  j u s t  k - k . 

!4.3. Paramet r ic  Growth R a t e  

F igu re  3 shows t h e  r e l a t i o n  between t h e  s p a t i a l  growth r a t e  1 ~ 1 ,  
c a l c u l a t e d  from Eq. (46) with  Ae? mv2 taken  a s  un i ty ,  i .e. f o r  a peak 

i Y ,  a B  

a/  0 
,pump ampli tude of t h e  o rde r  of t h e  beam vol tage ,  and t h e  frequency of t h e  

beam waveJ LD f o r  t h e  same va lues  of pv /m a s  for Fig. 2. Due t o  a 9  0 "pe 
! t h e  f a c t  t h a t  t h e  group v e l o c i t i e s  of bo th  plasma waves approach z e r o  
I 

when 0) + and W u) 4 (0 w e  see t h a t  I K I  -+ 03 , v i o l a t i n g  t h e  

assumption of a slow space-time dependence of t h e  wave amplitude.  W e  
a P e  g 9  y Pe ' 

' should n e g l e c t  t h a t  p a r t  of t h e  diagram anyway, s i n c e  t h e  assumption of 

1 a cold plasma w i l l  no longe r  be v a l i d  f o r  l a r g e  va lues  of k and k 
I B 7 

The type  of i n s t a b i l i t y  descr ibed  by Fig.  3 i s  a c t u a l l y  absolu te .  

i This  i s  so because t h e  plasma waves (B, 7 )  have oppos i t e  group v e l o c i t i e s ,  

and i t  fo l lows  from Eq. (39) t h a t  

t h i s  three-wave i n t e r a c t i o n  i s  consequent ly  s inuso ida l .  A s  po in ted  out  

i n  connect ion w i t h  Eq. (40), only when t h e  i n t e r a c t i o n  l e n g t h  i s  s h o r t  

enough does t h e  system e x h i b i t  convec t ive  i n s t a b i l i t y .  

n2 < 0 a The s p a t i a l  v a r i a t i o n  of 

A u s e f u l  approximation t o  Eq. (&) for K i s  obtained by no t ing  t h a t  
~- _ _  

2 .  
B hg = P /k 

Thus w e  f i n d  t h a t  F a  ( k  k )'" or a l t e r n a t i v e l y  
B Y  

( 5  4) 

For t h e  h ighe r  f r equenc ie s ,  Fig.  3 demonstrates  t h i s  behavior .  From 

Eq, (55), w e  n o t e  f u r t h e r  t h a t  t h e  behavior  of K would change l i t t l e  

18 



I. 

B ’  FIG. 2. VARIATION OF THE FREQUENCY OF THE BEAM WAVE, ma , AND WAVENUMl3ERS ka , k 
FOR THE NONLINEARLY INTERACTING WAVES OF FIG. 1. 



FIG, 3. VARIATION OF Cu AND THE SPATIAL GROWTH PARAMETER, I K I , FOR THE NONLINEARLY 
INTERACTING WAVES a OF FIG. 1: EFFECT OF VARYING pv /Cu (IN THIS CASE, K IS 

0 Pe 



i f ,  i n s t e a d  of a beam wave, a plasma wave ac t ed  a s  pump. W e  would then 

have 

F igu re  3 i n d i c a t e s  t h a t  f o r  some combination of parameters  K = 0 ~ 

This  p o i n t  i s  determined by r , which can change s ign ,  
aB7 

N e a r  t h e  o r i g i n  of t h e  d i s p e r s i o n  diagram, t h e  corresponding va lue  

of K can be  approximated by use  of E q .  (5O) ,  We o b t a i n  

e 

for va lues  of p t h a t  a r e  no t  t o o  near  t o  t h e  l i m i t i n g  va lue  expressed 

by Eq. (51). 
p o r t i o n a l  t o  t h e  parameter  pv /a . I ts  dependence on CU i s  shown 

i n  Fig.  4. 
t h e  beam wave i s  t h e  pump wave. 

I n  agreement wi th  F ig .  3 ,  w e  f i n d  t h a t  K i s  i n v e r s e l y  pro- 

0 Pe Pb 
A s  Eq. (57) shows, t h i s  dependence i s  r a t h e r  weak because 

So f a r ,  w e  have been d i s c u s s i n g  c a l c u l a t i o n s  of t h e  s p a t i a l  growth 

I n  F igs .  5 and 6 ,  t h e  temporal growth r a t e  i s  given f o r  t h e  same r a t e .  

parameter  va lues  a s  F igs .  3 and 4. 
r e l a t i o n  between h2 and K i s  

From Eq. (36) it  i s  c l e a r  t h a t  t h e  

or a l t e r n a t i v e l y  

l v  9 gB g7 
(59) 

Since  v i s  nega t ive ,  I t  w i l l  be  noted from Figs .  5 and 6 t h a t  $2 

remains f i n i t e  f o r  a l l  0 
g7 

a "  
The i n c r e a s e  i n  K and,6;1 shown by F igs .  3 and 5 when p decreases ,  

and approaches t h e  small-s ignal  s t a b i l i t y  l i m i t ,  i s  an i n t e r e s t i n g  f e a t u r e ,  

See a l s o  Akhiezer e t  a l ,  [1964], f o r  i n s t ance ,  on t h i s  po in t .  
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FIG. 5 .  VARIATION OF UJ 

INTERACTING WAVES OF FIG, 1: EFFECT OF VARYING pv /a 
ANI) THE TEMPORAL GROWTH PARAMETER, h2 , FOR THE NONLINEARLY a 

0 p e  
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FIG. 6. VARIATION OF UQ AND THE TFNPORAL GROWTH PARAIVETER, hl , FOR THE NONLINEARLY 

INTERACTING WAVES OF F I G ,  1: EFFECT OF VARYING UPb/”,, 



4.4, E f f e c t  of P o s i t i v e  Ions  

Taking i n t o  account a t h i r d ,  heavy p a r t i c l e , s p e c i e s  does not  make 

any apprec iab le  change i n  t h e  l i n e a r  d i spe r s ion ,  obtained by s e t t i n g  

D(0,k) = 0 i n  Eq. (42). For an ion -e l ec t ron  plasma w e  o b t a i n  ’ 

2 2 
P i  Pe 

where a i s  completely n e g l i g i b l e  w i t h  r e s p e c t  t o  ~ As t h e  same 

i s  t r u e  f o r  r our  c a l c u l a t i o n s  f o r  K and hz a r e  s t i l l  v a l i d  i n  

t h e  three-component sys t em.  
aB7 ’ 

There i s  an i m p l i c i t  assumption i n  t h e  above remarks, however, t h a t  

f o r  t h e  i o n s  a one-dimensional approximation i s  v a l i d .  For t h e  experiment 

t o  be  d iscussed  i n  Sec t ion  5 j  t h i s  i s  no t  t r u e .  

d imens iona l i ty  f o r  t h e  e l e c t r o n s  can  be  expressed by 

The assumptions of one- 

w << Lu 
P e  ce 

where CU i s  t h e  e l e c t r o n  cyc lo t ron  frequency. As c e  
a ,-1 9 Eq. (61) i s  q u i t e  compatible  wi th  c e  

u) >> w 
P i  c i  

and i n  f a c t  t h e  i o n s  do no t  f u l f i l l  t h e  cond i t ion  f o r  

behavior ,  i n  our experiment.  The d i s p e r s i o n  equat ion  

and -1/ 2 
u) a m  

P e  

one-dimensional 

[Eq, ( 4 2 ) l  con- 

sequen t ly  has  t o  be  modified,  and becomes f o r  a co ld  ion-e lec t ron  plasma 

[Bers 19641 

2 
u) 

1 - 2  
2 w 

r- - PC 

k2 

.~ 

2 
p i  

u) 

2 
c i  

1 -  
w2 - w 

= -  
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The r e s u l t  of t h i s  i s  t h a t  i n  a d d i t i o n  t o  t h e  resonance when W 4  W 
P e  ’ 

t h e  d i s p e r s i o n  diagram now shows a cut-off  f o r  

1 /2  2 
c i  

When t h e  plasma d i s p e r s i o n  branch runs  from k = 0 t o  k = a  , i t  now 

has  t o  c u t  t h e  beam d i s p e r s i o n  branch,  The conclus ion  i s  t h a t  such a 

beam-plasma s y s t e m  i s  always uns t ab le .  Under t h e  cond i t ions  (61) and 

(62) i t  i s  a low frequency i n s t a b i l i t y ,  w i t h  a small  growth r a t e  [ V e r m e e r  

e t  a l .  19671. 
i s  

An approximation t o  Eq. (63) i n  t h e  neighborhood of u) 
&h 

and Fig .  7 g i v e s  t h e  d i s p e r s i o n  of both beam and plasma near  0 f o r  &h ’ 
t h e  same parameters  a s  F ig .  1. The s c a l e  f a c t o r  of 250 by which t h e  

v a r i a b l e s  kv /a and Ope have been mul t ip l i ed ,  i s  approximately 

(Mi/me)1’2 where M i s  t h e  m a s s  of an argon atom. , i 

space-charge waves and t h e  low frequency i n s t a b i l i t y .  Th i s  i s  t h e  same 

type  of three-wave i n t e r a c t i o n  a s  w e  have been d i scuss ing .  I f  the beam 

wave i s  aga in  taken  t o  be t h e  pump, and t h e  low frequency i n s t a b i l i t y  i s  

t h e  s i g n a l  wave, t hen  t h e  i d l e r  must be a wave t h a t  propagates  on t h e  

beam, 

however. A s m a l l  m i s m a t c h  Ak[= k - (k + k )I w i l l  be in t roduced  

because t h e  s lope  of t h e  beam d i s p e r s i o n  branch near  t h e  o r i g i n  i s  

s m a l l e r  than  t h e  s l o p e  f o r  high f r equenc ie s .  This  mismatch in t roduces  

a f a c t o r  of exp i h k z  i n  t h e  second t e r m  of Eq. (181, 
t o  be  modified s l i g h t l y  and becomes 

0 P e  

When t h e  beam i s  modulated, i n t e r a c t i o n  i s  p o s s i b l e  between t h e  beam 

I n  genera l ,  there cannot be  a complete match of t h e  wavenumbers, 

a I@ - 7 

Equation (27) h a s  

26 
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F I G ,  7 .  UNCOUPLED BEAM AND PLASMA WAVE CHARACTERISTICS SHOWING THE CUTOFF OF THE PLA 
AT THE LOWER HYBRID FREQUENCY, 



Consider ing only s p a t i a l  dependence, t h e  analogous r e s u l t  t o  Eq. (35)  i s  

From t h i s ,  w e  ob ta in  

where K 

match, g iven  by Eq. (46). Parametr ic  growth i s  c l e a r l y  only p o s s i b l e  

when K > Ak/2 . Thus, mismatch in t roduces  a t h re sho ld ,  and a l s o  an 

o s c i l l a t o r y  s p a t i a l  dependence of t h e  ampli tudes fr and ? . 

i s  t h e  va lue  f o r  t h e  non l inea r  growth i n  t h e  case  of a p e r f e c t  0 

0 

B 7 
An e s t i m a t e  of t h e  mismatch i n  t h e  wave numbers can be obtained from 

t h e  d i s p e r s i o n  equat ion  for t h e  beam waves i n  Eq. (49). 
i n s t a b i l i t y  i s  approximated wi th  k << p , r e s u l t i n g  i n  

The low frequency 

The high frequency waves t h a t  propagate  on t h e  beam a r e  approximated 

wi th  k >> p , which g i v e s  

Combining t h e s e  equa t ions  w e  f i n d  

The mismatch may a c t u a l l y  be smal le r  t han  2 /v , because t h e  

i n s t a b i l i t y  does n o t  occur  e x a c t l y  a t  

about t h i s  po in t .  

Pb 0 
(Uhh , k&h) , but  i n  a r eg ion  

F i n a l l y ,  w e  c a l c u l a t e  t h e  coupl ing  c o e f f i c i e n t  and t h e  growth r a t e  

us ing  t h e  above approximations,  From Eqs. (43) and Eq. (46) w e  o b t a i n  
.. 
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5 -  EXPERIMENTAL WORK 

I n  Sec t ion  4, two types  of nonl inear  wave-wave i n t e r a c t i o n s  were 

d iscussed:  f i rs t ,  i n t e r a c t i o n  between a beam space-charge wave and two 

plasma waves, and second, i n t e r a c t i o n  between two beam space-charge waves 

and an  i o n  plasma wave. 

t ype  may have been observed, bu t  t h e  da t a  were very  inconclus ive .  

w i l l  t h e r e f o r e  only d i s c u s s  those  experiments i nvo lv ing  measurements of 

t h e  second type  of i n t e r a c t i o n ,  

I n  our  experiments,  i n t e r a c t i o n s  of t h e  f irst  

We 

7 e 1. Experimental  Set-up 

F i g u r e  8 shows t h e  set-up used. De ta i l ed  d e s c r i p t i o n s  of it have 

a l r e a d y  been g iven  elsewhere (see r e f e r e n c e  t o  F o r r e s t  e t  a l .  1969). 
e l e c t r o n  gun gave t y p i c a l l y  a beam of 20-30 V, 0.5-5.0 mA, which c rea t ed  

a low d e n s i t y  plasma i n  t h e  n e u t r a l  background of argon a t  lod - 
The plasma and beam were immersed i n  an axial. magnetic f i e l d  of about 

500 G, s p a t i a l l y  homogeneous t o  w i t h i n  P 1.5 per  cen t .  

The 

Torr .  

For l aunching  and d e t e c t i n g  waves i n  t h e  plasma or on t h e  beam, two 

probes were a v a i l a b l e  t o g e t h e r  wi th  t h e  i n n e r  g r i d  i n  t h e  gun. One probe 

w a s  f i x e d  i n  a x i a l  l o c a t i o n ,  and could be moved r a d i a l l y .  

could be  moved along t h e  plasma column. Its stem passed t o  t h e  o u t s i d e  

through a Wilson s e a l ,  and had t h e  d e f e c t  of caus ing  p res su re  v a r i a t i o n s  

when i t  w a s  moved, e s p e c i a l l y  when i t  was moved inward. 

of t h e  gun w a s  a t  ground p o t e n t i a l ,  a s  was t h e  plasma chamber. The i n n e r  

g r i d  was connected t o  a v a r i a b l e  v o l t a g e  supply and served t o  r e g u l a t e  

t h e  e x t r a c t e d  beam c u r r e n t .  I t  w a s  a l s o  connected c a p a c i t i v e l y  t o  t h e  

ou t s ide ,  and proved t o  be  a much more e f f i c i e n t  detector of plasma waves 

than  a probe. The beam v o l t a g e  was determined by t h e  s e t t i n g  of t h e  gun 

cathode vo l t age .  

The o t h e r  

The o u t e r  g r i d  

- 

Connection of t h e  i n n e r  g r i d  t o  a spectrum analyzer  demonstrated 

t h a t  t h e  gun r eg ion  was very  noisy .  The s t r e n g t h  of t h e  n o i s e  depended 

s e n s i t i v e l y  on t h e  dc v o l t a g e  on t h e  i n n e r  g r i d .  Under some condi t ions ,  

p a r t s  of t h e  gun n o i s e  spectrum were found t o  propagate  i n t o  t h e  plasma. 

General ly ,  i t  w a s  found t h a t  a q u i e t  gun r eg ion  was a s soc ia t ed  w i t h  a 

beam-generated plasma w i t h  only a s m a l l  a x i a l  d e n s i t y  g rad ien t .  
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FIG, 8. EXPERIMENTAL SET-UP 



To avoid s t r o n g  r e f l e c t i o n  of waves from t h e  end of t h e  plasma tube,  

a g r a p h i t e  cone was mounted on t h e  energy ana lyzer .  

5.2.  The Plasma Parameters  

A powerful method of determining beam and plasma parameters  i s  t o  

measure t h e  wave d i s p e r s i o n  c h a r a c t e r i s t i c s  of t h e  system. The convent ional  

set-up used t o  measure t h e  r e l e v a n t  phases  and ampli tudes i s  i l l u s t r a t e d  

i n  F ig ,  9 .  
or t o  t h e  i n n e r  g r i d  of t h e  gun. The d e t e c t o r  set-up a s  a whole w a s  

a c c u r a t e l y  square-law, 

Cables A and B could be connected t o  e i t h e r  of t h e  probes,  

I t  should be emphasized t h a t  some c a r e  i s  needed t o  use  the  p a r t i -  

c u l a r  s i t u a t i o n  dep ic t ed  i n  F ig .  9. S ince  t h e  g r i d  i s  10 - 20 dB more 

e f f e c t i v e  i n  launching  waves than  i s  a probe, t h e  o s c i l l a t o r  s i g n a l  must 

no t  be  allowed t o  l e a k  through t h e  hybrid j u n c t i o n  and t h e  v a r i a b l e  

a t t e n u a t o r  t o  t h e  gun. By connect ing a probe t o  a spectrum analyzer ,  i t  

was checked t h a t  any beam modulation due t o  t h i s  e f f e c t  was below t h e  

d e t e c t i o n  l e v e l  used i n  t h e  measurements. 

Another source  of concern w a s  secondary emission from t h e  probes,  

caused by beam bombardment. It  w a s  found t h a t  s i g n a l s  c a r r i e d  by t h e  

r e s u l t i n g  s t reams of secondary e l e c t r o n s  could be more pronounced than  

t h o s e  propagat ing  through t h e  plasma. For  t h i s  reason, t h e  exciter 

probe was not  allowed t o  p e n e t r a t e  i n t o  t h e  beam. 

R e f e r r i n g  t o  F ig .  1, w e  see t h a t  a h igh  frequency s i g n a l  e x c i t e s  t h e  

s y  
two beam waves:, t h e  slow beam space-charge wave wi th  wave number k 

and t h e  f a s t  wave, 

amplitude p a t t e r n  i n  t h e  plasma tube, wi th  a wave number k .  C=(ks - kf)/21. 

For l a r g e  k, k i =  Upb/vo 

CD d i r e c t l y .  

kf . These waves w i l l  i n t e r f e r e  and produce a s p a t i a l  

1 

, so  t h a t  measurement of t h i s  q u a n t i t y  g ives  

Pb 
To measure t h e  plasma d i s p e r s i o n  c h a r a c t e r i s t i c s ,  i t  i s  p r e f e r a b l e  

t o  e x c i t e  wi th  a probe Wave y i n  F ig ,  1, propagat ing  towards t h e  gun 

wi th  a nega t ive  phase v e l o c i t y .  I n  t h e  o t h e r  d i r e c t i o n ,  t h r e e  waves a r e  

exc i ted ,  one plasma wave and two beam waves, 

i n t e r f e r e n c e  p a t t e r n  i n  t h e  plasma, and correspondingly complicated 

measurements t o  i n t e r p r e t .  Typical  phase and ampli tude measurements on 

Wave y a r e  i l l u s t r a t e d  by t h e  i n s e t  i n  Fig.  10, I n  t h i s  case,  t h e  wave 

These g i v e  a doubly p e r i o d i c  
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F I G ,  9. MICROWAVE INTERFEROMETER 



FIG. i o .  DISPERSION OF PLASMA WAVE PROPAGATING TOWARDS THE GUN (Wave 7 OF FIG. 1). 
(THE DASHED L I N E  INDICATES THE DISPERSION OF THE BEAM SPACE-CHARGE WAVES. 

AND F I R S T  GRID VOLTAGE = -40 V) 
TYPICAL, MEASUREMENTS OF PHASE AND AMPLITUDE ARE SHOWN I N S E T  FOR ib = 1.0 mA, 



i s  launched by t h e  a x i a l  probe, and de tec t ed  by t h e  gun g r i d ,  

d i s p e r s i o n  diagrams r e s u l t i n g  from such measurements a r e  shown i n  F ig .  10. 

The beam plasma frequency i s  about 2 EJMz i n  t h e  Oe5 mil case,  and t h e  beam 

d i s p e r s i o n  curves  f a l l  c l o s e l y  around t h e  dashed l i n e .  The s lope  of t h e  

plasma d i s p e r s i o n  curve  i s  /2np = 29 X 10 c m  [see Eq. (47)I, and 

t h e  f u l l  t h e o r e t i c a l  d i s p e r s i o n  curve  CEq, (44)I f i t s  through t h e  measured 

p o i n t s  f o r  u) /2n - 200 MHz and p 7. 

Some 

6 -1 
Pe 

P e  
F igu re  10 demonstrates  t h a t  i t  i s  f e a s i b l e  t o  achieve experimental  

d i s p e r s i o n  c h a r a c t e r i s t i c s  t h a t  should be  l i n e a r l y  s t a b l e  i n  t h e  h igh  

frequency reg ion .  

t h a t  t h e  plasma was indeed s t a b l e .  As can be  a n t i c i p a t e d  from t h e  

d i s c u s s i o n  i n  S e c t i o n  4.4, t h e  system i s  s t i l l  uns t ab le  i n  t h e  low f r e -  

quency range (below 1 MHz) a t  f r equenc ie s  t h a t  a r e  approximately equal  

I t  w a s  checked independent ly  wi th  a spectrum analyzer ,  

c i  t o  W (me/Mi)1'2 = CU , with  
P e  P i  
To make t h e  system more s t a b l e ,  

t h e  experimental  parameters  could be  

by a s l o t t e d  s t a i n l e s s  steel  tube  38 
i n d i c a t e d  i n  Fig.  9. The d i s p e r s i o n  

<< w w 
p i  &h p i  

and t o  i n c r e a s e  t h e  range  over which 

var ied ,  t h e  plasma was surrounded 

cm i n  d iameter  and 40 cm long, a s  

c h a r a c t e r i s t i c s  shown i n  F ig .  10 

were measured i n  t h i s  tube .  

t h e  plasma i s  inhomogeneous over  t h e  f i r s t  2 cm, and i s  u s e l e s s  f o r  

measurements. Th i s  i s  i l l u s t r a t e d  by t h e  da t a  i n s e t  i n  F ig ,  10 which 

show an anomalous ampli tude i n c r e a s e  over t h e s e  2 cm, compatible  wi th  a 

s t r o n g  d e n s i t y  decrease .  The plasma homogeneity w a s  checked f u r t h e r  by 

Due t o  t h e  gap between t h e  tube  and t h e  gun, 

- 
us ing  t h e  a x i a l  probe a s  a negat ively-biased Langmuir probe, measuring 

t h e  i o n  s a t u r a t i o n  c u r r e n t ,  i Within t h e  narrow tube,  i changed +' + 
by k 2 per  cen t ,  w i th  a probe v o l t a g e  of -20 V, S imi l a r  r e s u l t s  were 

obta ined  wi th  a f l o a t i n g  probe, 

Some obse rva t ions  were made of t h e  f l o a t i n g  p o t e n t i a l .  This  was 

found t o  be about 1.9 V, and va r i ed  by less  t h a n  1 pe r  cent ,  except over 

t h e  f i r s t  3 cm, where i t s  va lue  might jump i r r e g u l a r l y  by a f a c t o r  of ten .  

F l u c t u a t i o n  l e v e l s  i n  t h e  beam c u r r e n t  could be  measured wi th  t h e  

energy ana lyzer  shown i n  F i g .  8. 
Oe5 and 3 per  cen t ,  dec reas ing  w i t h  i n c r e a s i n g  gas  pressure .  

i n  t h e  kHz range  were weaker by a f a c t o r  of about t en .  

The 60 Hz l e v e l  va r i ed  between 

F luc tua t ions  
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I t  i s  a p p r o p r i a t e  t o  emphasize a t  t h i s  po in t  t h a t  t h e  experimental  

s t u d i e s  desc r ibed  h e r e  should be  regarded a s  exp lo ra to ry  r a t h e r  t han  

complete, and t h a t  t h e  measurements presented  here pose problems which 

have no t  y e t  been reso lved .  Two of them a r e  suggested by Fig ,  10. The 

f i rs t  i s  t h e  very  l a r g e  experimental  va lue  of 

compared w i t h  the  va lue  of 

e x c i t a t i o n  of t h e  lowest  r a d i a l  mode i n  a t ube  wi th  1.9 cm rad ius .  The 

second unexplained phenomenon i s  t h e  very r ap id  l i n e a r  damping of t h e  

wave amplitude.  S ince  LD << cu t h i s  cannot  be a t t r i b u t e d  t o  Landau 

damping. S ince  P w 10 Torr ,  i t  cannot be a t t r i b u t e d  t o  c o l l i s i o n a l  

damping e i ther .  Phase mixing due t o  d e n s i t y  f l u c t u a t i o n s  i s  a p o s s i b l e  

c o n t r i b u t i n g  f a c t o r  (see below), but  does n o t  seem adequate t o  exp la in  

t he  observed s t r e n g t h  of t h e  damping. 

h a s  t h e  undes i r ab le  e f f e c t  of i n h i b i t i n g  measurements on plasma d i s p e r s i o n  

above 100 MHz i n  t h e  0.5 mA case,  when t h e  phase measurement i s  l i m i t e d  

t o  two f r i n g e s  or less .  

p w  7 ~ which i s  t o  be 

p x  1.3 t o  be expected from Eq. (13) f o r  

Pe , -4 

Whatever i t s  o r i g i n ,  t h i s  damping 

2.3- Three-wave I n t e r a c t i o n  

Under c e r t a i n  cond i t ions ,  which depend very  s e n s i t i v e l y  on t h e  

beam v o l t a g e  and gas  p re s su re ,  t h e  lower hybr id  i n s t a b i l i t y  descr ibed  i n  

Sec t ion  4.4 i s  exc i t ed  and shows a c l e a r l y  def ined  spectrum. The peak 

ampli tude i s  l a r g e s t  f o r  p 

c d s  and v e l o c i t y  

i s  about 10 

Experimental ly ,  t h e  o s c i l l a t i o n s  were found t o  be e f f e c t i v e l y  i n  phase, i . e .  

phase d i f f e r e n c e s  along t h e  plasma column of l e s s  t han  30'were measured. 

The ampli tude of t h e  o s c i l l a t i o n s  were observed t o  be cons tan t  i n  space 

and i n  t i m e ,  implying t h a t  t h e  i n s t a b i l i t y  w a s  s a t u r a t e d .  The amplitude 

of t h e  f l u c t u a t i o n s  i n  t h e  i o n  s a t u r a t i o n  c u r r e n t  t o  a probe could be a s  

h igh  a s  10 p e r  cent of t h e  t o t a l  c u r r e n t .  The i n s t a b i l i t y  f requency was 

near  t h e  i o n  plasma frequency.  Below p = Torr ,  t h e  frequency w a s  

found t o  be p ropor t iona l  t o  t h e  beam plasma frequency, and above lov5 Torr, 
when an e l e c t r o n  plasma i s  formed, t h e  frequency w a s  p ropor t iona l  t o  gas  

p re s su re .  Furthermore, t h e  i n s t a b i l i t y  was noted t o  be independent of 

magnetic f i e l d .  These f a c t s  t oge the r  provide  s t rong  evidence t h a t  t h e  

lower hybr id  i n s t a b i l i t y  w a s  indeed being exc i t ed .  

loc5 Torr  and Vb 20-50 V. With beam 
8 > 10 

cm,-which i s  l a r g e  compared t o  t h e  l e n g t h  of t h e  appara tus .  

UPi/2n: w 100 kHz, t h e  expected wavelength vo - 
3 

36 



T h i s  w a s  manifested 0 "  
The i n s t a b i l i t y  was s e n s i t i v e  t o  changes i n  v 

by t h e  narrow peak i n  t h e  low frequency spectrum becoming a broad no i se  

band for small  changes i n  v 

spectrum was r e l a t i v e l y  c l ean ,  t h e  three-wave i n t e r a c t i o n  w i t h  two beam 

space-charge waves could b e  observed r e a d i l y :  Modulating t h e  beam a t  

some h igh  frequency caused s idebands t o  appear cn both s i d e s  t h a t  a r e  

e x a c t l y  d i sp l aced  by t h e  frequency of t h e  low frequency i n s t a b i l i t y .  

F ig .  11 shows an example. I t  w a s  checked by mezns of a low frequency 

spectrum ana lyse r  t h a t  beam modulation d id  not  have any c o n t r o l l i n g  

i n f l u e n c e  on t h e  low frequency i n s t a b i l i t y ,  nor  d id  i t  i n f l u e n c e  t h e  homo- 

g e n e i t y  of t h e  plasma, d i scussed  i n  t h e  previous  s e c t i o n ,  The s idebands 

a t  double  t h e  low frequency i n  Fig.  11 demonstrate  a coupl ing between 

two beam waves, and a low frequency component t h a t  i s  exc i t ed  independent ly  

Under cond i t ions  when t h e  low frequency 
0 "  

a t  about 2 Ukh . 
involved i n  t h e  coupl ing.  

F igu re  12 shows t h e  growth i n  space of a l l  waves 

Summarizing, t h e  fo l lowing  p r o p e r t i e s  were v e r i f i e d  by our experiments.  

F i r s t ,  t h e  f requency and ampli tude of t h e  s idebands r e l a t i v e  t o  t h e  c e n t e r  

f requency were independent of t h e  modulation ampli tude f o r  source  powers 

between -15 dBm and -k 7 dBm. Second, t h e  ampli tudes and f r equenc ie s  of 

t h e  s idebands were independent of modulation frequency. Third,  t h e  

r e l a t i v e  ampli tudes of t h e  s idebands increased  w i t h  gas  p r e s s u r e  and 

decreased wi th  beam v e l o c i t y .  

3.4. Discuss ion  - 
Although, i n  view of t h e  incomplete  n a t u r e  and understanding of 

our measurements commented on above, t h e  r e s u l t s  presented  h e r e  should 

be regarded only a s  pre l iminary ,  F ig .  1 2  does provide  sugges t ive  evidence 

t h a t  t h e  three-wave coupl ing  indeed l e a d s  t o  an "explosive" type  of 

i n s t a b i l i t y  i n  which a l l  t h r e e  waves grow i n  ampli tude t o  s a t u r a t i o n .  

The growth does not  seem t o  be due t o  t h e  l i n e a r  i n s t a b i l i t y  of t h e  beam 

waves for t h e  fo l lowing  t h r e e  reasons .  F i r s t ,  t h e  growth occurs  when t h e  

beam i s  modulated a t  a frequency above t h e  plasma frequency,  Second, t h e  

system i s  s t a b l e  i n  t h e  high frequency reg ion ,  a s  shown i n  Fig.  10. 

t h e  lower hybrid i n s t a b i l i t y  only shows s p a t i a l  growth when t h e  beam i s  

modulated. Under c o n d i t i o n s  f o r  which t h e  coupl ing shows up c l e a r l y ,  

T h i r d ,  
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FIG.  11. FREQUENCY SPECTRUM I N  THE BAND AROUND THE BEAM MODULATION FREQUENCY. 
( p  = 10-5 M R R ,  Vb = 100 V, ib =1.7 mA,MODULATION FREQUENCY I S  230 M H z .  
DETECTION I S  LINEAR) 



F I G ,  12. SPATI& GROWTH OF THE THREE WAVES INVOLVED I N  THE NONLINEAR COUPLING 
( p  = 2 x 10-5 TORR, vb = 50 v, ib = 2e5 m ~ ,  DETECTIQN IS LINEAR, 

INSTRUMENT BANDWIDTH I S  10 kHe, THE LOWER HYBRID INSTABILITY I S  AT 
80 kHz. THE S E N S I T I V I T Y  O F  THE RECORDER VARIES FOR THE FOUR TRACES) 



t h e r e  i s  no i n d i c a t i o n  of a t h re sho ld  f o r  t h e  i n s t a b i l i t y  t o  occur.  

Such a t h re sho ld  might be caused by wave damping or by a mismatch i n  t h e  

wave numbers. The wavelength of ampli tude o s c i l l a t i o n s  due t o  t h e  

mismatch i s  c a l c u l a t e d  from Eqs. (68) and (69) a s  2nv /m % 100 cm, 

We see t h a t  t h i s  i s  of t h e  o r d e r  of t h e  l e n g t h  over  which t h e  growth i s  

measured, so  t h e  mismatch may be neglec ted .  

0 Pb 

With t h e  a i d  of Eq. (TO), t h e  non l inea r  growth f o r  paramet r ic  

e x c i t a t i o n  of t h e  s idebands i s  found t o  be 

K = 10 -1 Iv,l cm -1 ( V  i n  v o l t s )  , a 

where 

numbers by f r equenc ie s  w e  f i n d  t h a t  

IVal i s  t h e  ampli tude of t h e  pump wave. Replacing t h e  wave 

(74) 

This  r e l a t i o n  i s  found t o  hold q u a l i t a t i v e l y  f o r  t h e  i n t e r a c t i o n  of beam 

waves w i t h  a low frequency wave. With a modulation frequency of 80 MHz 

i n  Fig.  12, t h e  wavenumber of t h e  beam wave k FZ 1.3 cm , whereas  t h e  

experimental  growth r a t e  K w 0.07 c m  A d i r e c t  comparison w i t h  t h e  

c a l c u l a t e d  growth r a t e  i s  no t  y e t  poss ib l e ,  however, a s  i t  i s  d i f f i c u l t  

t o  work i n  a range where t h e  paramet r ic  formulas a r e  v a l i d .  

-1 
a -1 

The coupl ing must b e  d i f f e r e n t  i n  t h e  two cases  of t h e  lower and t h e  

h ighe r  frequency s idebands.  The Manley-Rowe r e l a t i o n s  expressed by Eq. (2 )  

demand t h a t  t h e  wave wi th  t h e  h ighes t  frequency be a nega t ive  energy wave 

f o r  exp los ive  growth t o  occur .  A s  modulation a t  t h e  gun e x c i t e s  both 

beam waves, t h e  low frequency i n s t a b i l i t y  appa ren t ly  i n t e r a c t s  wi th  both 

of them. Coupling wi th  t h e  f a s t  beam wave would r e s u l t  i n  t h e  upper 

frequency sideband be ing  a slow beam wave, whi le  coupl ing w i t h  t h e  slow 

beam wave would r e s u l t  i n  t h e  lower f requency sideband being a f a s t  beam 

wave. 
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