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FOREWORD

The work described in this report was performed by Mechanical Technology Incor-
porated under NASA Contract NASw-1705. The overall objective of this contract
was to develop a comprehensive dynamical theory of forced-convection beiling in
liquid metals. This report covers the second aspect of this study; namely, the
evaporation rates for various thermo-hydraulic processes in forced convective

boiling with superheat.

The work was done under the technical management of Mr. S. V. Manson, NASA

Headquarters, Nuclear Power Systems.



TABLE OF CONTENTS

Page
INTRODUCT LON o o e e o e e 1
VOID DYNAMICS e e e 3
GROWTH RATE OF BUBBLE IN SUPERHEATED LIQUID _ . .o oo 3
Background ..o —————— 3
Analysis 6
ResuUlts 16
PROPAGATION OF CENTRAL VAPOR VOID INTO SUPERHEATED LIQUID ___._.______. 21
Description of Problem __ __ . o o o o o e 21
Analysis oo 22
CONSTITUTIVE EQUATIONS FOR VAPOR GENERATION IN NON-EQUILIBRIUM FLOWS .___. 33
BUBBLE FLOW REGIME . o e e e 35
ANNULAR FLOW REGIME o o o o o e e e e e e e e e e 43
DISPERSED FLOW REGIME _ o o o o e 46
SUMMARY OF CONSTITUTIVE RELATIONSHIPS FOR VAPOR GENERATION IN ONCE-THROUGH
BO L R L e e e e e o e e e e e ————— e e 56
REFERENCE S o o o e o o e e e e o e e e e e e 60
FIGURES 64
NOMENCLATURE  _ e 78
APPENDIX I o o e e e e e A-1
APPENDIX II B-1

APPENDIX III c-1

iii



INTRODUCTION

The combination of excellent thermal conductivity, high vaporization temperature
and moderate vapor pressure possessed by alkali metals makes them very attractive
for use as working fluids for Rankine cycle space power systems. Consequently,
considerable effort has been devoted recently toward development of once-through
alkali metal boilers in which the liquid metal enters subcooled, is vaporized and
departs as saturated or superheated vapor. Much of the work to date has concen-
trated on boilers for potassium and sodium, and considerable attention has been

paid to the problem of achieving stability of operation'of such boilers.

A number of traditional instability mechanisms for boiling flow have been recog-
nized for some time, e.g. "Ledinegg Excursions and liquid metal boilers are sub-
ject to these instabilities as well as are water boilers. The problem of the
stability of liquid metal boilers, however, is further complicated by the fact
that liquid metals can exhibit very large degrees of superheating before incep-
tion of boiling. This makes dynamic analysis of boiling liquid metal flow quite
difficult because one can no longer assume that the flow is in thermodynamic
equilibrium. Moreover, the superheating of liquid metals appear to give rise to
a unique type of flow instability associated with drastic flow regime changes in

the boiling channel. This instability is of the following nature.

When power input to the heated length of a liquid metal boiler is steadily in-
creased from zero, a point is reached when the flow temperature at the exit of
the heated length reaches saturation temperature. Due to the tendency of liquid
metals to superheat in the liquid phase, further increase in power often does

not result in inception of boiling, but rather leads to the condition that super-
heated flow exits from the heated length. As power is further increased, however,
a point is reached where the degree of superheat at the exit .is:sufficiently
large such that nucleation of vapor bubbles will occur and boiling will commence.
The boiling will then tend to propagate upstream into superheated liquid, causing
a sudden change of flow regimes and resulting in undesirable rapid temperature
fluctuations in the boiling channel. The vapor liquid interface then can (a)

reach a stable position, (b) oscillate within a finite =zone, or (c) be swept back



out of the boiler to reenter later as superheating again accumulates. The latter
two modes are, of course, deemed unstable and are to be avoided if possible.
Which mode occurs is governed by the thermo-hydraulic characteristics of the boiler

and its associated flow loop.

Because of the technological importance of liquid metal boilers, an analytical
program was undertaken at M.T.I. under NASA Contract Number NASw-1705 directed
toward obtaining solutions for the thermo-hydraulic liquid metal boiler stability
problem. The crux of this study is the problem of the nonequilibrium behavior of

liquid metal flows.

The program was carried out in two phases. The first phase is concerned with
the prediction of incipient boiling, and the corresponding study has been doc-
umented in a topical report, MII-69TR45, "A Review of Criteria for Predicting
Incipient Nucleation in Liquid Metals and Ordinary Fluids,'" by J.H. Vohr and
T. Chiang [Ref. &41].

This document is the second topical report of the subject contract and is con-
cerned with the various vaporization processes subsequent to incipient boiling

in the forced convective flow of a superheated liquid. In particular,
approximate derivations in closed form for the growth of a submerged single vapor
bubble and for the propagation of a large central void in a forced convective
flow are carried out. 1In addition, general expressions for the vapor generation
rate are constructed not only for above two processes but also for the annular

and the dispersed flow regimes.



VOID DYNAMICS

GROWTH RATE OF BUBBLE IN SUPERHEATED LIQUID

Background

The growth rate of a vapor bubble in an infinite, superheated liquid is a basic
physical pﬁéhomenon which plays a role in many fluid mechanical and heat transfer
processes. As such, it has been the object of a considerable amount of analytical
study. Solutions for bubble growth rate have been obtained which consider that
this growth is controlled solely by hydrodynamic forces, by heat transfer, by mass
transfer, or, more generally, by a combination of these effects. These solutions
will be cited below in the course of a general discussion of the physical problem

of the growth of a vapor bubble.

Consider a vapor bubble of radius RV in an infinite liquid medium as shown in Fig-
ure 1. Let us assume that Pv’ the pressure inside the bubble, is due entirely to
the vapor pressure of the liquid surrounding the bubble i.e. no noncondensible
gases are present in the bubble. Let us also assume that the bubble is in a con-
dition of static equilibrium at RV = Ro such that the vapor pressure inside the
bubble is sufficiently greater than the liquid pressure P_ so as to just balance

the surface tension force 20‘/RO i.e.
P =P + 20/R (1)
v ® o

For PV to be greater than P°° requires that the liquid at the bubble surface be

superheated by an appropriate amount
ATS =T -T 2)

where T°° is the temperature of the liquid and’ﬂmt is the saturation temperature

corresponding to Pw,

Let us denote the temperature in the liquid just at the bubble surface as TL° Let
%
us further denote PL as the saturation vapor pressure corresponding to TL° At
the initial condition of the static equilibrium we have
* -
T =T 3 P =P (3) -



This equilibrium condition is, however, unstable because if the bubble radius is
increased slightly i.e. RV becomes slightly greater than R05 then the pressure
inside the bubble will be greater than that required to maintain equilibrium a-
gainst surface tension forces and the bubble will commence to expand. As this
occurs, three distinct mechanisms come into play to control the growth rate of
the bubble. These are: 1. Inertia forces associated with acceleration of the
liquid radially outward from the expanding bubble surface, 2. Heat transfer
associated with the necessity of vaporizing liquid to fill the growing vapor
bubble, and 3. Mass transfer, also associated with the necessity of vaporizing

liquid into the bubble. Let us see how each of these mechanisms acts.

First, if the liquid had infinite thermal conductivity and a very high coeffici-

ent of vaporization, then T, would remain equal to Too and no significant differ-

ence between PV and PL* wou%d be required to produce vaporization into the bubble.
Hence, Pv would remain constant at the saturation vapor pressure corresponding to
T, throughout the growth of the bubble and growth rate would be controlled entirely
by the force required to accelerate liquid radially outward by the expanding bub-
ble surface. The solution for bubble growth rate under these conditions was ob-

tained by Rayleigh (Ref. 2) and will be described in the next section.

1f the thermal conductivity of the liquid is finite, then the necessity of provid-
ing heat transfer to the growing bubble to maintain vaporization will require that
TL decrease below T, If thermal conductivity of the liquid is sufficiently low,
then the bubble growth rate will be substantially controlled by this heat transfer
process. Under these conditions, Pv will be maintained at a value very near to

that required to just overcome P_ and surface tension forces i.e.

(4)

s

<

and TL will be the value of saturation temperature corresponding to Pv“ The prob-

lem of calculating bubble growth under this thermally controlled condition becomes,
essentially, a problem of calculating the rate of heat transfer to a growing spher-
jeal surface with boundary temperature TL given by the condition cited above. Rate

of bubble growth is governed, of course, by the rate of liquid vaporized by this

heat transfer.



Solutions to bubble growth rate where growth is limited by the heat conduction

in the liquid have been obtained by a number of investigators [Refs. 3,4,5,6,7,8].
The solutions obtained are valid for what is referred to as the asymptotic later
stages of growth where surface tension effects are no longer significant. Under

these condtions, PV can be set approximately equal to P_ (see Eq. (4)).

As has been pointed out by Theofanous, et al [Ref. 9], the growth rate of a vapor
bubble tends to be governed more by ‘inertia forces during its early stages of
growth and more by heat transfer during its later stages. For liquid metals,
however, vapor bubble growth tends to remain dominated by inertia forces or mass
transfer resistance throughout all of the significant growth period of the bubble.
Hence, analyses which consider that the growth rate is controlled solely by heat

transfer are not applicable to liquid metals.

A third possibility exists wherein the growth of a vapor bubble could be con-
trolled solely by mass transfer considerations. The net evaporation rate from

the inner surface of the bubble can be expressed approximately by the relation-

ship?'t'*
, 4mR_2c P, P
mn o= —Y L. X (5)
i A/
ZWB 2 V TL Tv
&

where R = gas constant, C = vaporization coefficient, and Tv is the temperature
of the vapor within the bubble. The assumptions involved in this relationship
are that the coefficients for evaporation and for condensation are numerically
equal, that the vapor molecules have a Maxwellian distribution, and that the ab-
solute rate of vaporization is the same in a vacuum as it is at pressure PVD This
equation is based on a model which considers vaporization to be the net result of

molecules diffusing toward the interface at a statistical mass rate per unit area

RT g
given by Py Zi , and molecules diffusing away from the interface at a
’ RT. g P_*
e o . . % L “c * L
statistical mass rate per unit area given by o, \/—-EF”“—, where Py T

L
A value of C = 1 implies that all molecules which drift toward the interface are

absorbed there (condensed) while new molecules are freely supplied (vaporized)

« |RTI g
at the interface to diffuse away at rate p; *-5%-—2 . A value 0of C < 1 implies

that these mechanisms of condensation and vaporization are equally suppressed.

*%This is the relationship used in reference 9,



From Eq. (5) we see that if the vaporization coefficient is appreciably less than

*
1, a significant difference between PL

produce mass flux into the growing bubble. For C very small, bubble growth rate

and Pv must be maintained in order to

will be controlled by mass transfer rather than by heat transfer or by hydrodynamic

forces. Under these circumstances, T, will approach T _and PV will be given by

L

Eq. (4). Substitution of these values for TL and PV into Eq. (5) above will then
yield an expression appropriate for bubble growth rate controlled entirely by mass

transfer considerations.

In physically real situations, bubble growth rate is affected by all three mecha-
nisms: liquid inertia, heat transfer, and mass transfer. Analyses of bubble growth
rate in which all of these effects are taken into account have been performed by
Theofanous, et al [Ref. 9], by Bornhorst and Hatsopoulas [Ref. 10j, and by Waldman
and Houghton [Ref. 11]. 1In each of these analyses, however, solutions for growth
rate were obtained only by numerical integration of nonlinear differential equa-
tions using a digital computer. Hence none of these analyses provide a very con=
venient means for the engineer to calculate bubble growth rates for particular

situations of interest.

In this present report there is developed an analysis which, by dint of a few
reasonable simplifying assumptions, allows one to obtain a closed form algebraic
solution for bubble growth rate including effects of liquid inertia, heat transfer
and mass transfer. The solution is valid for all phases of bubble growth rate
from initial phase to final phase, and is found to agree well with more exact

analyses of other investigators. A description of this analysis follows below.

Analysis

The present analysis of bubble growth rate follows, in some basic respects, the
analysis of Theofanous, et al in that it employs the same physical assumptions
concerning mass transfer relationships and liquid temperature profiles that these
authors used. In the Theofanous approach, however, there are obtained five non-
linear ordinary differential equations in time which must be integrated simultan-
eously from an initial condition to obtain bubble radius as a function of time.
In the present analysis, approximate algebraic equations rather than differen-
tial equations are written which must be satisfied at each instant of bubble
growth. A simultaneous solution to these algebraic relationships provides a
closed form algebraic expression for ﬁv’ the rate of change of bubble radius,
which may be solved for any particular instant in the growth cycle of a bubble.

The analysis proceeds as follows:



A first condition which must be satisfied at any instant in the growth cycle of

a vapor bubble is that, due to comnservation of energy, the work done by the bubble
on the surrounding liquid as the bubble expands from its initial condition of equil-
ibrium (Rv = Ro) must equal the kinetic energy imparted to the liquid. According

to Rayleigh [(Ref. 2], the kinetic energy of an infinite body of liquid surrounding

an expanding bubble of radius RV and surface velocity Rv is given by

ZﬂpLévz R 3
K.E = R e A (6)

Be

The net work done by the bubble on the liquid in expanding from initial radius RO

is
R
v 2 20
Work = 4m g Rv (PV -5 Pw) de (7N
v
R
(8]

In the Rayleigh solution for growth rate, heat transfer resistance in the fluid
is neglected and it is assumed that the vapor pressure PV inside the bubble is

constant and in thermodynamic equilibrium with the liquid at temperature Tm i.e.

Pv is the saturation vapor pressure corresponding to T . Let us denote this val-
* ¥
ue of vapor pressure as PL°° . With PV constant at PLco , Eq. (7) integrates to
give
3 2
work = Lr3{ e F-p] [1- %o ) 2 1 - o (8)
3 v Leo ® R 2
RV v RV

Equating (6) to (8), and solving for Rv’ we obtain

3 2
. 2g 5 R R
R = — (® -P) |1- & - 36 |1 - & 9)
v 30, Lo o RV3 R sz

which is the so-called "extended'**Rayleigh solution for bubble growth rate.

**Rayleigh did not consider surface tension in his original analysis.



This solution is not used in the present analysis. Instead, a more general but

approximate form for Eq. (9) is obtained below which permits taking account of

heat and mass transfer.

If heat and mass transfer resistance is considered, then one finds that as Rv

increases from Ro’ PV will not remain constant but will decrease monotonically
*

from PLco

In particular, from the results obtained in Ref. 9, we expect PV to decrease

rapidly at first as RV increases from Ro, but then to decrease much less rap-

idly with RV as Rv/Ro becomes on the order of 3 or 4. This behavior of PV is

shown schematically in Fig. 2.

Examining Eq. (7), we note that the factor sz in the integrand gives heavy
weighting to values of PV taken at larger values of Rv i.e. at values of RV
near the end of the range of integration rather than at values of RV near Ro'
Considering this, plus the anticipated behavior of Pv with RV as shown in Fig.
2, it seems reasonable to treat the variable PV in Eq. (7) as a constant hav-
ing the value that PV obtains at the end of the range of integration. Making

this approximation in evaluating Eq. (7) we obtain

4dn o 3 ) Ro3 3¢ Ro2
= =2 - - = - = ] - e
Work 3 R, [PV Pw] 1 3 = 5 (10)
R v R
v v
and our resultant expression for ﬁv is
N ~ 2gc Ro3 30 R02
R = (P -P) 1- -] - =11- — (11)
\ 3oL \" ] R 3 RV R 2
v v

In Eqs. (10) and (11), Pv is the as yet unknown vapor pressure in the bubble at

the time when the bubble radius is Rv.



We next consider the thermal relations that must be satisfied during the growth
process of the bubble. The energy equation for the growing vapor bubble is

derived in Appendix IITI where it is obtained that

dUu P P
v v dv _ dq. : S (R
at T od T TwttIop o’ (12)
de
where v is the time rate of change of the total internal energy inside the
bubble, V is the volume of the bubble, %%’ is the rate of heat transfer into the

bubble, u is the specific internal energy, P. is the pressure of the liquid just

L

at the bubble surface, and J is the conversion factor to change Btu's to ft-lbf,-
In this present analysis, we will use the following approximate expression for

this energy equation

49 = 2 ;
e hfg 4npv Rv Rv. (13)

In essence, Eq. (13) states that the heat flux into the bubble can be predominately
accounted for by considering the heat of vaporization associated with the increase
in mass of the bubble, neglecting the changes in mass associated with changes in
vapor density. The specific terms that are neglected in going from Eq. (12) to

Eq. (13) are indicated in Appendix III where Eq. (13) is derived.

In order to express the heat flux %%, we shall assume a quadratic form for the

temperature profile in the liquid surrounding the bubble as was done in Ref. 9.%

R -r |’
T = T°° + (TL - Tm) §;—f:—§; (14)

-where RL - Ry is the thickness of the thermal boundary layer surrounding the
growing bubble. RL is an unknown variable yet to be determined. Using Eq. (14)

*
The significance of this assumption for the form of the temperature profile is
discussed fully in Ref. 9. The conclusion reached there is that this assumed
form is quite adequate for the purpose of determining bubble growth rate.
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the rate of heat transfer into the bubble can be written as

(T, = T)
9Q - 4rg 4z ~8m R L (15)
dt vKLdrr=Rv KL(RL-R)
Substituting Eq. (15) into Eq. (13) one obtains
(T, = T .,
2K_L (RL —’R.) e hfg Py Rv. (16)

A further thermal relation that must be satisfied during the growth rate of a

bubble in an infinite medium is that the total heat transferred to the growing

bubble must come from the cooling of the superheated liquid surrounding the bubble
Expressed mathematically, this condition is

R ()

(CP)LDL 4ﬂr2 (Too - T) dr

1]

(17)
R, (t)

where T is given by Eq. (l4). 1In general, the quantity (RL - RV)/RV is much less

, we can make the approximation that r = RV in the integral

than unity.* Therefore
on the right hand side of Eq. (17).

Making this approximation, and substituting
for dQ/dt by means of Eq.

(13) and for T by means of Eq. (14) one obtains

-t ) . 2 (T =T ) j‘
By, 47 [Pv R,” R, dt = C, ° 4R, ® ~R, )2 (RL r) (18)
0

“This assumption is based on data from Ref. 9.
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One should note that in obtaining Eq. (18) we make use of the fact that the
integral on the right hand side of Eq. (17) is to be evaluated with t held con-
stant at the value corresponding to the upper limit of the integral on the left
hand side of Eq. (17). Hence R_V is a constant in the expression on the right

hand side of Eq. (18) and could be brought outside the integral.

Neglecting the variation of 0y with time, which is consistent with the assumptions

involved in obtaining Eq. (13), we can integrate Eq. (18) to obtain

R 3
o _ _ - :

hfg P, R.V 1 ;ﬁg CP Py (T, TL) (RL RV) (19)
v

where RO is the radius of the vapor bubble at t = 0 and R_V is the radius of the

bubble at time t.

A fourth condition to be satisfied during bubble growth pertains to the rate of
vaporization mass transfer. As noted earlier, the net mass evaporation rate from
the inner surface of the bubble was expressed approximately by Eq. (5). In our
present analysis, we make the further approximation that the temperatures TL and
Tv can be replaced in Eq. (5) by the temperature T, - With this approximation we

obtain

Yy (B —P) (20)

Consistent with the approximations made in obtaining Eq. (13), m may be written

as

m = o 4w * R, (21)
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Equating Eqs. (21) and (20) we obtain

R =

C
v ‘. VamRr (P = P) (22)
v

A further relationship required to solve our system of equations for év is a

relationship between the difference in saturation vapor pressures, PL* r PL ,
o0
and the difference in temperatures Tw- TLo In general, this relationship can

be approximated quite well over a nmarrow temperature range by writing

P - P ® g (Tm—TL) (23)

*
where PL°° denotes the saturation vapor pressure corresponding to T, and where k

is the average slope of the curve of vapor pressure versus temperature over the

range from TSa to T&, i.e.

t

P - P
Lo =
kK =5 =T = (24)
© sat

Equations (11), (16), (19), (22), and (23) constitute a sufficient number of
algebraic equations for us to obtain solutions for the unknown variables ﬁv, Pv’

*
PL s TL’ and RLQ The algebraic work required to achieve this is as follows:
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First by eliminating (RL - RV) between Eqs. (16) and (19) we obtain

3
R
2 p%r & |1--2
fg v Vv Vv R 3
2 v
(T -T.)" = (25)
= L 2Cy P Ky,
Substituting for T_ - TL in Eq. (23) from Eq. (25) yields
1/2
. R03
RVRV l-—-g
% % R
P -B " = & hg o A (26)
Leo L g v 2C, o K
Solve Eq. (26) for iv
2 %2
. Cre =P ) Cy o K
R = 27)
v R 3
K.z hf2 02 R 1 - -2
g vV 3
R
v
Set Eq. (27) equal to Eq. (22)
5 (P * % 2
Fro ) Sy Ak _c N 28
3 0 27TRT L v (28)
k2 h_ 0 R |1 -~
_fg v v 3

R
v

The density pv in Eq. (28) can be expressed in terms of the pressure PV by means

of the perfect gas law
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(29)

Unfortunately, this substitution introduces a new unknown variable Tv’ the temper-

ature of the vapor inside the bubble.

Theofanous et al solved this problem by

considering simultaneously the mechanisms for mass and heat transfer kinetics.

Here we shall simply use the approximation

P

—

RT
sat

~

v

where %atjs the saturation temperature corresponding to P°°

(30)

. T

. is chosen as a
sat

temperature for evaluating pv because an accurate evaluation of pV is important

only when growth rate is controlled by heat or mass transfer; and according to

Ref. 9, if the growth rate is completely controlled by heat transfer then TV—+ TS

%
Eq, (28) is a quadratic equation in PL .
oy by means of Eq. (30) we obtain

*
Solving for PL

at’

and substituting for

P o 2
x _ k3 v _ x _ 2 Q
Bo= B+ V (®, -~BP)Po+P (2) (31)
where
2 2 R
Ck b R [l - —‘-’5
g v R,
9 = (32)
R:3/2 1/2 ﬂ)1/2 .
sat:"e (gc KL v oL
Substituting Eq. (31) and (30) into Eq. (22) yields
. CRTsat g % P o % 2
c - AN - 2 ®
R, B\ 2mr, Plo "Bt 3 (Fr, ~PJPO+P" ()

(33)
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Equating Eq. (33) to Eq. (11) to eliminate év’ we obtain, finally, after some

rearranging

41‘|'RT°° R03 30 Ro2
- @ ~-P)H) Il -—]- = {1 « = =0 (34)
SQL v © RVB RV RVZ

Eq. (34) is an algebraic equation implicitly relating the unknown bubble vapor
pressure Pv to other known physical variables. It may be solved for Pv’ and the
resulting value for PV substituted into either Eq. (33) or Eq. (11) to obtain
the bubble growth rate Rv'

A convenient means for solving Eq. (34) is by Newton-Raphson iteration. The
solution scheme is described in Appendix T. The solution scheme is implemented
by means of a simple computer program, a listing for which is also provided in

Appendix I.

In addition to Pv and ﬁv’ two other quantities which are of interest to calculate
are T - TL, the temperature difference across the thermal boundary layer sur-
rounding the growing vapor bubble, and (RL - RV), the thickness of the thermal
boundary layer. The first of these quantities may be obtained by combining Eq.
(25) and (30)

P R, f{v R
- L RT , ZCV o KL 3 (35)

The second of these quantities may be obtained by substituting Eq. (35) above in
Eq. (19)

3
2 R
R -R = R ke (36)
v v c R R R >
v pL v Vv A



Results

Curves of bubble growth rate ﬁv versus dimensionless bubble radius ratio Rv/Ro‘
as obtained from the present simplified closed form analysis are compared in
Figs. 3 and 4 with corresponding curves obtained from the more exact numerical
integration analysis of Theofanous et al [Ref. 97. Figure 3 is for sodium at
14.7 psia with a superheat of 273 F while Fig. 4 is for water at 1.47 psia with
a superheat of 4.81 F. In the case of sodium, agreement between the present
analysis and that of [Ref. 97 is very good. For sodium, the initial bubble
growth rate is controlled by fluid inertia forces for values of vaporization
coefficient C = 1 and C = o, This is evidenced by the close agreement of the
curves labeled C = » and C = 1 with the curve shown for the "extended" Rayleigh
solution (Eq. (9)). At higher values of Rv/Rb’ i.e., later in time in the growth
cycle, heat transfer begins to exert an increasing important influence on growth
rate resulting in a reduction in growth rate below that predicted by the

"extended'" Rayleigh solution.

For low values of the vaporization coefficient C, (C <« 10~1) the bubble growth
rate begins to be increasingly limited by mass transfer considerations. However,
even for values of C as low as 10-2, agreement between the present analysis and
that of Theofanous remains quite good. This. indicates that the simplifying
assumptions employed in arriving at Eqs. (10) and (20) of the present analysis

are quite reasonable for this situation,

In Fig., 4, for low pressure water, there is a greater discrepency (up to == 16
percent) between the bubble growth rates predicted by the present analysis and
those predicted by the Theofanous analysis than was obtained in the case of
sodium. Curves for the extended Rayleigh solution (growth entirely dominated
by inertia effects) and the Scriven solution (growth entirely controlled by heat

transfer effects) are also included in Fig. 4. Comparison of the results of the

16

present analysis or the Theofanous analysis with these limiting solutions indicates

*
Physically, C cannot be greater than unity. However, setting C = « is a
convenient mathematical way of neglecting mass transfer resistance.
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that for water both inertial and thermal effects are significant in controlling

growth rate throughout most of the growth process

To try to uncover the reason for the discrepency between the present work and
the Theofanous predictions for growth rate in low pressure water, some of the
simplifying assumptions made in the present analysis of heat transfer to the
growing bubble were checked quantitatively for the case investigated., The first
assumption to be checked was whether or not the terms within the brackets on the
right hand side of Eq. (C-14) in Appendix III could, indeed, be neglected at the
point of maximum growth rate which, for C = «, occurs at RV/R0 = 6. Calcula-

tions based on the present analysis give:

. - ~2 Btu
(hV hL) Py RV = 6 x 10 :
in"-sec
R dp
v v o_ -4 Btu
(h - hL) T - 6.6 x 10 —z
in"-sec
e R -t
3 % Qt ’ .
in"-sec
.I.{.Xl jd_]i\i = - 3.7 10'5 _Btu
37 dt L ,
in“-sec

Hence we see that neglect of the last three terms above compared with the first

term is, indeed, justifiable.

Another simplifying assumption made in the present heat transfer analysis of a
growing bubble was that the quantity (RL - R.v)/R.V is much less than unity. This
assumption was used in deriving Eq. (19). From the present calculations for

bubble growth in water, it was determined that (RL'~ R.v)/RV was always less
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than .06, and generally less than .02 throughout the growth of the bubble.
Hence, the assumption that this is much less than unity should not lead to gross

erroxr.

The final simplifying approximation checked was the approximation that the vari-
able PV could be treated as a constant in the integration of Eq. (7). 1In
checking this, it was found that although this is a reasonably accurate approxi-
mation for the situations where bubble growth rate is dominated by a single
mechanism, either hydrodynamic forces, heat transfer or mass transfer, it is not
very accurate for the case where heat transfer and hydrodynamic forces are both
controlling the bubble growth process. In short, therefore, it is this
approximation that is responsible for the discrepencies noted in Fig. 4. However,
since the discrepencies noted are only on the order of 16 percent, it seems
reasonable to conclude that the present approximate solution for bubble growth
rate still constitutes a useful tool for bubble growth rate calculatiomns,
particularly in view of the relative simplicity it offers compared to other more

exact solutions.

The present analysis of bubble growth rate can be used quite conveniently to
obtain data for use with a constitutive equation for nonequilibrium vaproization
of liquid metals in the bubble flow regime. This constitutive equation is con-
sidered later in this report. Looking at the bubble growth rate curves in Fig. 3,
one sees that in the vicinity of the point of maximum growth rate for highly
superheated sodium, growth raﬁe remains fairly conétant over a wide range of

bubble radius, i.e. from RV/R0 = 10 to say R,V/Ro = 10,000.* Noting that for

this case, Rb ¥4 x 10-‘5 in., we see that bubble growth rate can be considered
to remain fairly constant for 0.0004 < vag 0.4. Since a bubble radius of 0.4
inches represents a size which is on the order of the radius of typical once

through liquid metal boiler tubes, it seems reasonable to say that once bubbles
reached this size, the flow regime would change from bubble flow to some other

transition regime between bubble flow and annular flow. Essentially, then, it

wta
The same is true for water but over a much more limited range of RV/Ro'
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seems quite adequate to consider bubble growth rate év to be constant throughout
most of the meaningful part of the growth cycle and that the maximum value of év
could be chosen as this characteristic growth rate. 1In line with this approach,
curves are presented in Figs. 5, 6 and 7, showing the maximum value of bubble
growth rate versus degree of superheat for water, potassium and cesium. Curves
are presented in each figure for three values of vaporization coefficient C.
These curves of characteristic growth may be useful in analyzing nonequilibrium

vapor generation following inception of nucleation in superheated liquid metals.

The variation of maximum bubble growth rate with system pressure at constant
superheat © shows some interesting characteristics depending on the value

chosen for C the vaporization coefficient. For large C (C > 1) in potassium,
bubble growth rate is controlled entirely by fluid inertia effects, and the growth
rate increases monotonically with system pressure due to the fact that the driving
L: - PLK)/(TOO - T), in-

creases with system pressure. On the other hand, for very low values of C (C <

force for bubble growth, represented by the term k = (P

10-2) bubble growth rate is controlled by mass transfer considerations, and tends
to decrease with system pressure due to the fact that the vapor density, Py
increases with pressure. For values of C between 1 and 10_2, bubble growth rate
demonstrates a maximum at some particular value of system pressure. This behavior

is illustrated in Fig. 8.

From Fig. 6 or 7, one can see that for even modest degrees of superheating in
liquid metals, bubble growth rates (assuming C = 1) are very rapid, so rapid in
fact that one would question whether a bubble flow regime would ever be obtained
in boiling metal flows. TFor example, consider a liquid potassium boiling flow
with an inlet velocity of two feet per second (;'60 cm/sec). If the superheat at
inception of nucleation is as little as 4 F or higher, which it is certainly
likely to be, then the bubble growth rate will be equal to or greater than the
inlet flow velocity and a vapor bubble, once initiated, would tend to grow to
fill the duct before moving any significant distance down the duct. This
situation does not tend to occur in boiling water flow, not because bubble growth
rates in superheated water are not comparably high, but simply because bulk

superheats of even this small order of magnitude tend not to develop in boiling
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water flows.

Little information is available for determining values of the vaporization co-
efficient C for liquid metals. A discussion of experimental measurements of C for
various fluids is given in Ref. 9. There it is noted that liquid metal studies
reported by Griffith indicate that values of C for Hg, K and Na are 1 only at

very low pressures and decrease with pressure to become as low as 5 x 10_2 at one
atmosphere. However, considerable disagreement still exists concerning the in-

terpretation of measurements of C.

In the case where bubble growth rate is greater than flow velocity, the possibility
exists that flow would pass directly from an all liquid situation to an annular
type flow regime. Associated with this type of situation is the question of the
stability of the location of the beginning of such an annular flow regime. If

a considerable degree of superheat were required to initiate nucleation, then the
possibility exists that the point of beginning of the annular flow regime may

move upstream into the superheated liquid preceding the point of inception of
nucleation. This postulated changing of position of the beginning of an annular
type flow regime without development of new nucleation sites on the wall of the
heated duct we shall refer to as propagation of a central vapor void. An analysis

of this potential mechanism is presented in the next section.
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PROPAGATION OF CENTRAL VAPOR VOID INTO SUPERHEATED LTQUID

In this section is developed an approximate analysis of the dynamics of a central
void in a boiling flow in which thermodynamic equilibrium is not necessarily main-
tained. The analysis is based on a simple "shock front" constitutive model for
vapor generation into the central void. A particular dynamic situation is con-
sidered wherein the void develops from inception of boiling at the exit of a heated
duct. This analysis contains, as a special case, the situation of a central void

stably located at some point along the heated duct.

The constitutive equation for vapor generation for a central void under conditions

of thermodynamic nonequilibrium is explicitly formulated in a later section.

e

The void propagation analysis presented in this section provides an example of how

s

this constitutive relation is used.

ey
E:X

Description of Problem

Consider the situation of a heated duct containing a flowing alkali metal where

q, the heat input to the duct per unit length, is gradually increased to the point
where incipient nucleation of boiling will occur at the exit of the duct. With
alkali metals, it usually requires a substantial degree of superheat (as much as
100°F to 300°F) to produce incipient boilingq Hence, when boiling first does occur,
very large vapor voids will be created almost instantaneously due to the very rapid
growth of vapor bubbles in highly superheated liquid metals (see previous section

on bubble growth rate). In the situation being considered, the liquid will be super-
heated for some distance upstream of the duct exit. Hence, there is a strong likli-
hood that once incipient nucleation does occur, the wvapor void generated will prop-

agate upstream into superheated liquid by the mechanism of void growth rather then

by the mechanism of having nucleation progress upstream along the wall of the duct.

Experimental evidence does suggest that once incipient nucleation does occur [Refs.
12 and 13] boiling propagates rapidly upstream to roughly the point where the liquid

is at saturated temperature. Under some circumstances, however, boiling may not be
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stably maintained at this location, but rather the boiling may be quenched, and
the vapor void washed downstream, the liquid in the duct then becoming super-
heated again until incipient nucleation occurs at the duct exit and the process
repeats itself. This cyclical instability is unique to forced convection boiling
of liquid metals and represents, obviously, an undesirable operating condition

for the boiler.

In the following pages of this report are developed the equations and relation-
ships governing the propagation of a vapor void upstream or downstream in

a heated duct from the instant in time when incipient nucleation first occurs
at the exit of the duct. In the analysis, a number of simplifying assumptions
are made to bring out the essential physical mechanisms. However, the basic

analysis could readily be developed with a higher degree of accuracy or generality.

‘Analysis

Consider Fig. 9 which shows a vapor void in a heated duct moving with velocity v
into a liquid flow which is moving downstream with instantaneous entrance velocity
Vie We denote the instantaneous position of the nose of the void as z = 4. We
further denote the locations just upstream and just downstream of the nose of the
void by z = 4 and z = z+, respectively. Associated with the very rapid change

in flow cross section area in going from z = 4 toz=4 + there is a sharp
change in pressure, which we shall denote simply as AP. The pressure change

extending from z = 0 to z = £% we denote as &P given by equation (37) below:

5 .

- fo V70 o, V. 4

B o= — L L _ L L + AP (37)
ch gC

The next expression we write is for the superheat, 8, defined as the difference
between the temperature in the liquid just ahead of the nose of the moving wvoid,
i.e., at z = £ and the saturation temperature corresponding to the pressure just

downstream of the head of the bubble, i.e., at z = 2%, This & is the driving
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force for vaporization into the head of the moving void. Using the approximate

relation that

n

dT —_—
sat (Tsat) * (dp e (38)
entrance

an expression may be written for & as follows:

£ 4T —_
9 = —2— + 9, - (& AP (39)
0 VNA(C ) in dp
L L P
L
where q = the heat input per unit length of duct
A = cross sectional area of the duct
(CP) = gpecific heat of liquid
L
e, = temperature of liquid at entrance to duct minus saturation
in . .
temperature at inlet ( ein may be negative)
dT - , . .
(35 = change in saturation temperature with pressure

(dT/dp)Sat may be evaluated approximately from the Clausius-Clapeyron equation at

the inlet condition.

4T T,
(EE sat ) zgzgjjiﬁz—j 0
in
where Tin = inlet temperature of liquid
(hfg)in = heat of vaporization of liquid evaluated at inlet pressure
p; = saturation density of vapor evaluated at inlet pressure
J = nmechanical equivalent of heat,

The next quantity for which an expression is to be obtained is the vapor mass flow

quality X'(z) referred to a control volume moving upstream with the void at velocity
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v. This control volume is shown in Fig. 10. Pure liquid flow enters this con-
trol volume at a mass flow rate given by pL(Vi 4+ v)A. TFrom the end of the con-
trol volume which at the instant shown is located at some arbitrary position

z > J, there issues a mass flow rate of vapor given by pv(Vv + v) A where ¢ is
the fraction of the cross section area of the duct that is occupied by the vapor

phase at the position z. X'(z), the vapor mass flow quality at z, is defined as

mass flow vapor through moving
OV(VV +v) o control surface divided by

X' =

41
DL(Vi + v) total mass flow through moving (1)

control surface

Note that this definition pertains to the vapor flow rate through a control sur-
face moving at velocity v rather than the vapor flow rate past a stationary point
on the wall of the duct, the latter being the more common method of defining two
phase flow quality. The prime superscript will be retained on X' to indicate the

fact that X' is defined with reference to a moving control surface.

At the head of the moving vapor void there will be, in general, a very rapid gen-
eration of vapor due to sudden release of superheat from the liquid coming in
contact with the vapor interface. Associated with this sudden generation of vapor
there will be a sudden increase in vapor void fraction « and an accompanying sharp
pressure change AP, mentioned earlier. This pressure change is due to the rapid accel-
eration of the liquid in flowing around the head of the vapor void. 1In the pres-
ent analysis, it is convenient to treat these rapid changes at the head of the
void as discontinuities much in the same way as the quantities pressure, density,
temperature and velocity are considered to change discontinuously across a moving
normal shock. That is, at z = £ in Fig. 9, X' and & are zero and pressure is
denoted by Pz=£- . At z = ¢+, an infinitesimally short distance down-stream past
the nose of the bubble, X' and & are considered to have changed discontinuously

to values denoted as Xk and o) while pressure has changed discontintously by

the amount denoted by AP.

"Returning now to the problem of obtaining an expression for X', this can be ac-

complished approximately by assuming that the f£low into and out of the moving
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control volume in Fig. 10 can be treated as a steady flow process and by noting
that for such a steady flow process, conservation of energy yields the result

that

q(z — &) =[pv(vv+v) o A hv+ pL(VL+v)(1—=oz) A h_L:I

(42)

A —t

where the subscript z={ denotes quantities evaluated just before the head of the

moving void.

In writing Eq. (42), kinetic and potential energy of the flow are neglected®*, 1In
assuming that the flow through the moving control volume can be treated approximately
by steady flow relations, it is assumed that the rate of change of internal energy
inside the moving control volume is negligible compared with the rate of change of

enthalpy of the flow passing through the control volume,

Now, assuming that at z > £ we have thermodynamic equilibrium between the liquid

and vapor phases, then hV in Eq. (42) can be written as

h, = h, + hfg (43)

where hfg is the latent heat of vaporization evaluated at z > £,

Substituting Eq. (43) into Eq. (42) we obtain

q(z — £) = o, (V, + v) aA hfg + {[pV(V_V +v) ot op (V)L — )] A hL}z>/&

~ Lo (7 +v) A thz=z_ (44)

For the liquid phase, differences in enthalpy can be expressed approximately by

|

| = (C
2> 4

_ )
z=4 P L

by, —h (Tyap = Tyoy) (45)

%
A derivation of this relationship may be found on pages 240-241 of Ref. 14,
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With the assumption of thermodynamic equilibrium at z > £, Tz>£ will be the

saturation temperature at z > £ and Tz=z_ - Tz>£ can then be expressed as
= - 4T '
Tomtm " Tp>g = ° (dp) A’ (2) (46)

where © is given by Eq. (39) and where AP'(z) denotes the pressure change occurring

from z = £+, just after the head of the moving void, up to the arbitrary position

z > 4. An analytic expression for AP'(z) will be derived later.
For steady flow through the control volume moving with the void, the rate of

change of mass within the control volume is assumed to be negligible and con-

servation of mass gives
- i~ q
p_V(Vv +v) o+ pL(VL + v)(l — ) pL(VL + v) (&47)

Substituting Eqs. (45), (46) and (47) into Eq. (44) yields

q (z — 2)

il

pV(VV + v) oA hfg

(48)

0 vy [0 - @ o]
sat

Dividing through by QL(Vﬂ + v) A»hfg,and employing the definition of X' given by
Eq. (41) we obtain, finally

(c,)
P
, _ qg(z-4) L _ 4T ;
X'(2) = o (7 + V) AR + By [9 G cat be (Z)] (49)

fg

which applies for z > 4.
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The flow quality X'Z’ just after the head of the void (i.e. at z=£f) is given by

(CP)LL 0

—_— ,

X', = — (50)
fg

Next we turn attention to the problem of obtaining an expression for the velocity
v of the moving slug. To do so, we must consider in detail the physics of the
flow in the vicinity of the nose of the bubble. Consider Fig. 11. Along the cen-
ter liquid streamline which approaches the nose of the bubble, the pressure would
first increase as the fluid decelerates in approaching the stagnation point at

the center of the nose of the void. The stagnation pressure achieved would be

V! + v)?

2gC

(51)

PO = P+ pL

where P is the static system pressure in the liquid just ahead of the bubble.

From the stagnation point, the liquid would then accelerate very rapidly in passing
around the bubble with an accompanying sharp decrease in pressure, the final pres-
sure obtained by the liquid in accelerating around the bubble being given by P 4+ AP
where, as noted earlier, AP denotes the sharp pressure change occurring across the
nose of the moving void. (The physical significance of AP now becomes clearer al-

though an expression for AP yet remains to be derived).

Inside the vapor void, just across the interface from the stagnation point, there
is a vapor pressure PV which, neglecting surface tension, must equal the stagna-

tion pressure.

(Vi + v)2

28, (52)
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Tf the approximation-is made that’ thermodynamic equilibrium . is maintained across
the~bubble interfacegrthean§ must . equal  the vapor pressure corresponding to. the

temperature Ié .~at the nose.of the-bubble. This vapor pressure would be given

=4~
by
P = P4 —= o + & e (53)
v (Ql) dp sat
dP” cat

Equating Eqs. (52) and (53) and solving for v we obtain

- 2g, 0 .
vo=-V o+ — g T (54)
L )
P sat
. dT ) %*
where CEE is obtained from Eq. (40) and O is obtained from Eq. (:39) .

One can note that Eq. (54) provides a criterion for the conditions under which a
vapor void will propagate upstream into superheated liquid. For such propagation

v must be positive, which is true only if

2g ‘a
) - dTg’ AP > VI', (55)
L (Grme )
P
sat

If this condition is not satisfied, the vapor void will be washed downstream by

the entering liquid flow. To evaluate Eq. (55), however, requires an expression
for AP. This expression will be obtained later, and the criterion for void prop-
agation upstream will subsequently be reformulated by substitution of the expres-

sion for AP.

* Note that when Eqs. (37), (89) and (40) are substituted into Eq. (54), the
pressure change AP is eliminated.
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A momentum balance across the head of the void requires that

- .1'_ 2 2 1 2 g
s Layo (VAT + (1-ap) o (V)7 = o (V)7 (56)
Also,consideration of Bernoulli's relationship in the liquid film yields

_ 5k 2 2
AP = —;é: L0 = (407 (57

A complementary relation of Eq. (41) is

V. +v
]
Vn+v

1-X'" = (1-o) ¢

;@

) (58

Eliminating AP, V_, and VV amongst Eqs. (41), (56), (57), and (58), one obtains

oy a, * 2 1
(-p;) —;]L—— + 5 - ('1—_‘;? ] a-xp°- 5 =0
Or
(1-2¢, )+ (1-2¢ )2 + (2 B-I-'- (l-o )2 + (1-2e,) ]
%) % %y b ) %, 2
Xk = ale Y (59)

D.
S N
Z(DV)(I Olz) + o, (1-20

2



Substituting Eq. (58) into Eq. (57):

2
1

- ' (60)
lozz

e

AP:
2gc

110y {1 -
(Vn+v)

Levy [Ref. 337, has obtained analogous results for a ‘steady staté two-phase flow.

Eqs. (60) and (54) are two independent equations in the unknowns AP and v. Sub-
stituting for AP in Eq. (54) by means of Eq. (60) we obtain, after rearranging

v =- V' + ey

L (l-Xk)

QI‘ (6e1)

(dp)sat

The criterion for propagation of a void upstream in a flowing channel becomes,
then

E

Qo) [ 28 __fL__.> v (62)
(1-X") 0 dT L
J L (E—
P gsat

We can note at this point that.a necessary: condition fok an 4nhular void. to be
steadily maintained tn'a heated duct without benefit of nucleation'is that the
inequality Eq.. (62) above be an equality, - Under this condition, the present .

analysis reduces to the steady state solution for the flow'areound such an annular
void.

Next we consider the evaluation of AP'(z), the pressure change along the void from

z=£+ back to z>f. To evaluate AP'(z) we continue to employ the concept that the

30



flow through a control volume moving with the head of the void is quasi-steady.
This is, we assume that the time rate of change of quantities within this moving
control volume can be neglected compared with the net rate of change of quanti-
ties passing thréugh the control volume. Taking a control volume extending from
_z=.£;+ to z >{ as shown in Fig. 11, we can note that the pressure change over the
length of this control volume will be due to the wall shear stress resulting
from the flowing liquid plus the change in momentum of the flow passing through
the moving control volume. The pressure changé due to wall shear stress can be

evaluated approximately by

2 2
c £ ¥y
-B —— dz (63)
+ gc
z=4

where the friction factor f would be evaluated as the usual duct friction factor

based on the Reynolds number defined by p. V. D/u. The velocity V. is given by
7 L L L

voev o= aw GED (64)

The pressurechangﬁ.ﬁum12=ﬁ+ to z>{ due to the change in momentum through the con-
trol volume, evaluated with respect to a frame of reference moving at velocity v,

is given by

. 2 1 22 2
(VL + v) (1-x")2 (1-X' ) S Y X',
—fy Ty~ eyt & TS )
& ) Py 2

Combining expressions (63), (64) and (65) we obtain

31
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fo . 2
- L (=X
—AP'(2) = S . ch {(V£+v) (-0 v] dz
z=}
t 2 ! 2 2
+ sz T V) (1‘X')2 (1 Xz) + EL Zii - Ez_ (66)
L g (1-a) oyt o, @™ 3,

In the above equations, X', @) are needed for all £ < z.< L, With a quasi-steady
flow field, which is nearly time independent, Equatiomn (62) may be used directly
for all z. This would be a simple extension of Levy's '"momentum exchange model"
[Ref. 33]. For the more general problem, the "momentum exchange model" can be
further extended by reverting to the spaced-fixed flow weighted quality defined

as

@,V
= - (67)
ap V. + (1 a)oLVL
then Eq. (59) should be replaced by
oL %2 1 ) (1-20) 2
) o+ 3 s (1-X)" -1 = const. (68)
°y (1-a)

The constant in Eq. (68) can be evaluated by using (Vv’ VL’ @) at z=4 in Eq. (67)

to find the corresponding value of X.



CONSTITUTIVE EQUATIONS FOR VAPOR GENERATION IN NON-EQUILIBRIUM FLOWS

In this section there will be developed expressions for calculating the net rate
of vapor mass formation per unit volume, Fv’ under conditions of thermodynamic
non-equilibrium. Essentially, FV can be defined by the continuity equations for

the vapor phase

3(ap ) 3
St a3 e¥) =T, e

In Ref. 21, a somewhat similar expression was defined as

ga; [Q-a)p ] + -aa; [-a)p V] =1 (70)
where

_ ap V. + (1-a)p. V.

v = vV L L (71)

ap, + (1-)p
The continuity condition for the mixture is
o lap. + (1-a)p. ] + 2 lap V. + (1-a)p.V.] = 0 (72)
at v L dz v v L'L
Combining Eqs. (69), (70), and (72), one finds

ro+T, = 32 [(Q-a)p (V-¥))]

o) oz(l-o")pvQL

= 3 [“pv*' T-aa v, -v)] (73)
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By considering heat balance, Fv can be calculated as (Ref. 1)

3h dh oh oh
= /8 4 1 2B . L Ly - - v
Iy = hfg PO Y: (-0 (Bt RS Ay ) - Py (Bt Ay
(74)

With thermodynamic equilibrium, h. and hv are known functions of pressure; there-

L
fore, Eq. (74) can be reduced to

dh
- L/ 4 L 3 _ (. L 2 2
(Fv)th.eq. - hfg At [J dt (1 Ol)DL (dp zat (Bt + dz
dh
Y x-N 2
- oo, (5 gat G + Vv, 3)° (75)

where (dhL/dP%atand (dhv/dp%atare respectively enthalpy-pressure derivatives of

saturated liquid and vapor.

If, however, thermodynamic equilibrium does not prevail, then hL and hV cannot be
determined as known functions of pressure but rather they, along with Fv, must be
determined by detailed analysis of the heat and mass transfer mechanisms in the
flow. Since such mechanisms depend sigﬁificantly on the nature of the two ph;se
flow regime that is occurring, different expression for FV will be obtained for

different flow regimes. Each expression for Fv’ in terms of the appropriate par-

ameters, can be considered as the constitutive equation of evaporation appropriate

to a particular flow regime of a non-equilibrium evaporation process.

In deriving expressions for FV, three flow regimes will be considered. These

are: (a) bubble flow regime, (b) annular flow regime and (c) dispersed flow



regime. Transition flow regimes occurring between bubble flow and annular
flow such as froth flow, coalecscing flow, [Ref. 16] etc. will not be con-
sidered here because it is presumed that in such flows, there would be suf-
ficient interfacial surface area between liquid and vapor phase for thermo-
dynamic equilibrium to be maintained, Essentially, vapor generation rate
in such transition regions would not be separately considered but would be
handled analytically by assuming that the expression for FV develope& for
bubble flow regime could be extended to join with the expression for FV

developed for the annular flow regime.

BUBBLE' FLOW REGIME

In flows in which a high degree of superheating can occur before inception
of nucleation occurs, it is possible, even likely, that a bubble flow regime
may not occur but instead, a single nucleate bubble may grow almost instan-
taneously to fill the duct cross section area before it is swept any appreci-
able distance down stream. If this occurs, then the flow in the heated tube
will pass either directly from superheated all-liquid flow to annular flow
or will develop a transient void propagation situation such as was analyzed

in the previous section

One can develop a rough criterion for whether a bubble flow regime will develop

35

or not by considering the relative magnitude of bubble growth rate to flow rate.

One can readily see that if Rv’ the rate at which the radius of a vapor bubble

grows in superheated liquid, exceeds the all liquid flow velocity in the heated

duct, then a bubble, once nucleated, will tend to grow to a size which fills the

duct before it has been swept away from its nucleation site. For example, if we

consider liquid potassium flowing in a duct at an inlet velocity of, say, 20

inches per second, then we can say that if bubble growth rate is greater than
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this value, bubble flow will not occur. Turning to Fig. 6, which gives curves of
maximum bubble growth vs. superheat for liquid potassium, we see that for mass
transfer coefficient C = 1.0, bubble growth rate will exceed 20 inches per second
(50.8 cm/sec) for values of superheat greater than only 3.5°F. Since this degree
of superheat is very likely to be obtained, we can see that the bubble flow re-

gime is quite unlikely to occur in liquid metal flows.

Although it seems unlikely that the bubble flow regime will be obtained in boiling
liquid metal flows, it does remain likely that such a flow regime will be obtained
in boiling water flow and, of course, it is always Eoséible that it will occur in
liquid metal flow under some conditions*, Therefore it remains worthwhile to con-
sider the expression for FV that would apply in this flow regime. Assuming oy to

be constant, the expression for FV would be simply

o0
n(Rv,z,t) 9
S A - DV 41 RV RV de (76)

where n(Rv,z,t) de dz is the number of vapor bubbles ly%ng in the size interval
RV to RV + de and in the length interval z to z + dz. Rv’ the bubble g;:wth rate,
can be determined from Eq. (33) as a function of RV and bulk temperature . There-
fore the problem of determining FV in the bubble flow regime resolves itself into

a problem of determining the bubble density n(Rv,z,t), This problem is considered
below briefly for the general case where nucleation of bubbles occurs over a finite
heated length due to arbitrary source strength S(z,t) and also in detail for the
simpler but quite practical case where vapor bubbles originate from a single nu-
cleation source. The latter situation would be approximately obtained when, for

example, so called "hot fingers' are used to control or stabilize nucleation [Ref.
17]. ‘

--------------- .- -

For example, if the Vaporizétion coefficient of mass transfer, C, is on the order
of .01

%% Eq. (33) is really valid only for infinite bulk temperature fields which are con-
stant in space and time. However, it may be used to provide approximate values
for RV for cases where bulk temperature varies with space and time.
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Somewhat in analogy with the problem of diffusion of neutrons in nuclear reactors
[Ref. 18] the one dimensional bubble density function n(Rv,z,t) can be observed to

obey a diffusion equation of the form

on 2 - : -
35t b o3, (V) + (oR ) 0 (77)

where Vv (z,t) is the velocity of the vapor bubbles in the z direction. Eq. (77)

is subject to the "boundary' condition that
n(Ro,z,t) RV (RO,Z,t) = 8(z,t) (78)

where Ro is the nucleation radius of vapor bubbles, and S(z,t) is the nucleation
source strength in bubbles per second per unit length. Conceptually one can con-
ceive of solving this equation by numerical integration. TFor example, given an
initial source distribution S(z,0), an initial bubble density n(Rv,z,O) an initial
velocity distrib?tion Vv(z,o), and an initial temperature distribution T(z,0), one
could determine Rv(Rv,z,G) from Eq. (37) and then determine 3n/3t (Rv,z,O) from
Eq.(77). n(Rv,z,t) at the next time step t = At could then be directly determined
from

i 2n
n(Rv,z,t) = n(RV,z,O) + 3t (RV’Z’O) At (79)

Vv(z,t), S(z,t) and T(z,t) would have to be separately determined from an appro-
priate equation of motion, an energy equation and a constitutive relation for the
nucleation source strength S. These latter relationships themselves would be
quite complex, but presuming that these relationships could be determined, Eq. (77)
would serve as the governing equation for determining the bubble distribution

n(RV,Z,t) which, in turn, could be used to calculate FV from Eq. (76).

To illustrate how the above equations may be used, let us consider the special
case where vapor bubbles are nucleated at a single discrete source. The analyt-

ical formulation of this problem is given below.
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Consider a superheated liquid flowing in a duct in which inception of nucleation
occurs at the point z = z' where bubbles of initial radius R0 are generated at a
single discrete cavity at a rate of So bubbles per second. As these bubbles are
swept downstream, they grow due to superheat of the liquid surrounding them. As
a consequence of the growth of these bubbles, the mean flow velocity Vm(z,t) in-
creases with distance z and the liquid temperature T(z,t) would tend to decrease

back toward an equilibrium value.

In analyzing this flow situation, we can consider a total bubble density N(z,t)
bubbles per inch without regard to bubble size since, at any point z, all the
bubbles would be of the same size having come from the same source and experi-
enced the same time history. N(z,t) can be seen to be related to £(z,t) the

spacing between consecutive bubbles, in the following way

N(z,t) = 72?%23 (80)

e.g. if at any point z, consecutive bubbles were 1/10 inch apart, then the bubble

density N would be 10 bubbles per inch.

We can now proceed to formulate this non-equilibrium two-phase flow problem fol-
lowing approximately the approach outlined by Zuber and Dougherty in Ref. 1.
First we write the continuity equation for the vapor (i.e. Eq. (69)) assuming

%
the vapor density to be constant

d(aV )
ele v .
v Bt + v dz 1qv (81)

- a0 0 O W A0 m e MO Mo Gm me G0 Ao an an

For simplicity, we shall consider an incompressible analysis here. Our justif-
ication for this is that the rate of change of vapor mass content in boiling
flows associated with changes in vapor density are usually negligible compared
with the rates of creation of vapor mass due to boiling.
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The continuity equation for the mixture

2 =N -
3t [ozpv + (l-o) pL] + 32 [ozpvvv + (1-) P, VL] = 0 (82)
The momentum equation for the mixture
1)a 3 2 27, 2=
3 St [épvvv + (1-0) DLV%] + 32 [aovvv + (1-o) QLVL ] +
g
Z X ‘
+ :. [%pv + (l-a) pL_] + 5, =0 (83)
The energy equation for the mixture

ahv ahv BhL BhL
w [ F * Vom0 ['a? oy 'a‘z—]

- )4
+ ' h.= St

oy 2
o+
e

(84)

Egs. (81) through (84) may be viewed as four field equations relating the 7 un-
known variables* o, > Vv’ VL’ @, P, 37/3z and T" where 37/3z represents the fric-
tional pressure drop for the two-phase flow in the duct. In order to solve for
these variables, we need to develop further relationships for the variables ¢,
Fv’ d3T/dz and also develop a relationship between VV and VL° These relation-

ships we can refer to as constitutive relationships. In particular, we are

interested in developing the constitutive relationship for FV for the flow

e e - - - o o - -

Note that, for simplicity, the heat flux q is being considered as a known vari-
able. 1In general, it would not be known but would be determined by heat trans-
fer considerations requiring a further constitutive equation.



situation we are considering.

First, following Reference 1 we can express dT/dz in terms of the Lockhart-

Martinelli correlation

.
Loy (85)
where
0.9 0.5 0.1

oy Vp (1-2) o H

v L
e T | Tova o b, (86)

pV v pL LJ‘V

with Hy, and Hv being viscosities of the liquid and vapor phases respectively.

Vm, the mean velocity of the mixture, is defined as total volume flow divided by

duct cross-sectional area. Vm is given by

v,oo= oV 4+ (1-a) V. (87)
we can define a vapor drift velocity s as the difference between VV and Vm i.e.,
s = V_ -V (88)

The vapor slip s would have to be experimentally determined for bubble flow.
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Since we are not primarily interested here in determining s, let us presume that

we have an appropriate constitutive equation from which we can evaluate s, which

we shall write symbolically as

s = 8 (Vv’ VL’ @ W etc.) (89)

The void fraction o at any point is given simply by

N 4TR
@ = 3 3 (90)




which introduces into our system of equations the two new variables N(z,t) and
R (z,t).
(750

wa
The constitutive equation for ' is, for our discrete source flow
v

_ 4mN
l-‘v T A v Rv Rv (1)
which is merely a specialization of Eq. (76) for the case where bubbles of only
one size exist at any given location z. Eq. (91) introduces the new variable
RV(TL’ P, RV) and, implicitly, the new variable TL which is the liquid tempera~
ture. RV would be obtained from Eq.(33) i.e. from the analysis performed of

bubble growth rate in superheated liquid. TL would be obtained from the energy

equation as shown below.

The energy equation (84) may be rewritten explicitly in terms of the liquid tem-
perature TL and local pressure P if we assume that the vapor phase behaves like
a perfect gas and that the liquid and vapor phase are of the same temperature
(not necessarily equilibrium temperature). For a perfect gas, the enthalpy hv

is a function only of the temperature, so we may rewrite Eq. (84) as

dh 3T dh 3T (éT DT
v L v L - L L
ap [(———dTL T + VV — -——-] + (1-o) pL(CP)§—— + v j]

ar,’ 3z iEY: L 2z
- 4 1l 2P
+ T ohe = 3 + 7 3% (92)

where dhv/dTL represents a known thermodynamic function.

We can develop further relationships for our new variables N(z,t), Rv(z,t) and

RV. Following a bubble, the total time rate of change of bubble spacing 4(z,t)

- G e A Gw o W MO o o ma e

Eq. (91) is valid only for o, = constant.
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following a bubble z

We can also note that the increase in the spacing £ between consecutive bubbles

comes about because of the fact that bubble velocity increases!with z. Hence, we

can write
v
. = L5 (94)
t following a bubble
Equating (93) and (94) we obtain
v
34 % _ X
e V3 Tt (95)

Substituting £ = 1/N into Eq. (95) from Eq. 80 and differentiating we obtain

N2 ot N2 z N 3z
or
ta o W 57
N ot T N @z 3%

Note that this result could have been written directly from the general equation
for bubble diffusion (Eq. (77)) by integrating the equation with respect to Rv
and applying the relations

J” n de = N (98)

= 0 (99)

A boundary condition for Eq. (97) is that
SO
N = Jo oat z = z' (100)
v

where, as noted earlier, S0 is the number of bubbles nucleated per second at the

single discrete source located at z = z',
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A further relationship which we can write down is that the total time rate of

change of bubble radius RV following a bubble is

BRV R BRV «3RV
A ZER . = .=— + — (1o
ot following h ot - v 2z

a bubble

This provides a differential relationship for the space and time variation of
Rv(z,t) in terms of bubble growth rate RV. Eq. (97) can be obtained by substi-
tuting Eqs. (97) and (91) into the incompressible continuity equation for the

vapor phase (Eq. (81)) and hence does not represent a new independent equation.

We now have established a sufficient number of independent equations to deter-
mine the discrete source flow problem under non-equilibrium flow conditions.

We have a total of 11 unknown variables, Vo P, T, o, N, R R, Fv’ 31/3z,

>
and s. These are related by four equations which could be referred to as field
equations (Eqs. (8l), (82), (83) and (92); three equations which express either
geometric or kinematic relationships between the variables (Eqs. (88), (90) and
(97); and four equations which can be referred to as constitutive equations
(Eqs. (85), (89), (91) and (33)). Of these, the significant equations from the
standpoint of non-equilibrium flows are Eqs. (89) and (33), which provide the

constitutive relationships necessary to calculate FV, the mass rate of vapor

generation.

ANNULAR FLOW REGIME "' °

In the annular flow regime, vapor flows in a large continuous vapor core in the
center of a duct while the liquid flows predominantly in an annular film along
the wall of the duct. The annular flow regime in 'classical' boiling flows of
ordinary fluids develops by coalescing of bubbles formed in the bubble flow re-
gime. However, in liquid metal flows, we have seen that bubble growth rate may
be sufficiently high so that an annular flow regime may develop immediately

from inception of a single bubble.

The present consideration of the annular flow regime will include both the steady
state situation where the "head'" of the annular flow regime remains at a fixed

location and also the dynamic situation, analyzed earlier, where a central void



may propagate along a duct due to superheating of the liquid upstream of the

annular void.

In an annular flow regime, downstream of the "head" of the regime, the inter-
facial surface area between liquid and vapor phases should be sufficient to
maintain thermodynamic equilibrium between these phases. Experimental measure-
ments of wall temperature obtained with liquid metal boiling flows [Ref. 13 and
19], which are the most prone to superheating, indicates that thermodynamic
equilibrium is fairly closely obtained in the annular flow regime. Some slight

superheating of the liquid layer along the duct wall woﬁld be expected to occur

due to the necessity of maintaining a temperature gradient in this layer to con-

duct heat to the vaporizing interface, but this should be negligible. Greater
superheating of the liquid layer could conceptually occur if the vaporization
coefficient C at the vapor-liquid interface were sufficiently low. (See Eq.

(5)). However, there is no evidence to suggest that this occurs.

For the reasons cited above, it will be assumed that for annular flow thermo-
dynamic equilibrium does prevail downstream of the head of the annular void so
that, in this region, Fv can be calculated from the energy equation (Eq. 75))
i.e., a separate constitutive equation for FV is not required. This is not so
however, in the region at the head of the annular void i.e. at z = 4. Here,
at the start of the annular flow regime, there will be a very rapid release of
superheat from the liquid flowing around the head of the void. This will be
so whether the annular flow regime is or is not preceded by a bubble flow re-

gime.

Because this release of superheat at the head of the annular flow regime would
be very rapid, it seems reasonable to treat it as an instantaneous release, as
was done in the analysis of a propagating void. Mathematically we can express

this instant release in terms of a delta function &§(4)
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S £(z) 8(L) dz

z<4

2>4
S £(z) 8(1) dz

z<f

' at z = L becomes

FV = [épv(V€+v)]

g £(z) 8(8) dz = 0
z>4

£(4)

8(4)

=1
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(102)

(103)

To find (VV + v), it is necessary to solve a simultaneous set of equations pre-

viously given as Egs. (50), (56), (61), (41):

(Cp) e
L
X = ——— (104)
L h
fg
(1-20,) + 1/ (1-20)* + « [2—OL (1-0,)% + o, (1-2a,))
4 ) 4 oy 4 4 £
' —
X, = % o ; (105)
-2} (1- -
2650 (ra)” + (120
1-&2 2gC 2] .
Vi +v) = (G AT any (106)
- dT/d
L 1 Xﬂ DL( T/ p)sat
- 1 1
dzpv(vv +v) = X, o (vL + v) (107)
where,
@ = superheat at the head of the void based on the pressure on its down-

stream side.
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V£ = liquid velocity ahead of the void.

Across the head of the void, there is a pressure drop, which is needed to determine

6. This was derived earlier as Eq. (60):

2

2 (108)

2gc l-az

o, (V] + w2 | 1-x

AP

The expressions given here neglected vapor bubbles immediately ahead of the void
(or annular flow region). As pointed out earlier, this would be valid for boiling
of liquid metals with superheat [Refs. 12 and 13]. If one should desire to allow
for bubbles ahead of the void then Fv at z = f becomes

Fv = [épv(vv + v) 4 osz(VV + v) e 5(4) (109)
z=J z=J
To determine (Vv + v) + and (Vv + v) _, an analysis on the propagation of
z=} z=4

void into a bubble flow region must be carried out.

DISPERSED FLOW REGIME .

In forced convection flows which are being heated to total evaporation, a condi-
tion will be reached where the mass flow rate of vapor will be sufficiently high
so that the mass flow rate of liquid will be carried predominantly in the form
of droplets suspended in the vapor stream rather than flowing as a continuous
liquid layer along the duct wall. This high vapor quality flow regime is re-
ferred to as the dispersed flow regime or fog flow regime. Because of the fact
that there is not a continuous layer of liquid along the wall in the dispersed
flow regime, the heat transfer characteristics for this type of flow are quite
different from those of annular flow. In the latter flow regime, all heat is

transferred from the duct wall to the liquid layer which, being essentially in
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thermodynamic equilibrium with the vapor core, tends to evaporate either by means
of surface evaporation at the vapor-liquid interface or by nucleation of new vapor
bubbles in the liquid layer at the duct surface. In the dispersed flow regime,
however, since the duct wall is not continually covered by liquid, some heat is
transferred directly to the vapor phase, and thence to the liquid droplets in the
vapor phase. Even for those areas of the duct wall "covered" by liquid patches
due to diffusion of droplets to the duct wall, the mechanism of heat transfer
tends usually to be that of film boiling, in which heat is transferred to a thin

vapor between the liquid and the duct wall and thence to the liquid patch.

Since, in the dispersed flow film boiling regime, heat is transferred first

to the vapor phase, considerable vapor superheat is likely to result because this
superheat is the primary driving force for evaporation in the film boiling process
[Ref. 20]. Hence, thermodynamic equilibrium cannot be presumed to exist in this

region and a constitutive equation is required for determination of Fvu

One can consider a number of physical mechanisms leading to evaporation of the
liquid droplets in a dispersed flow regime. One mechanism is the '"flashing' of
the droplets due to the pressure drop along the direction of flow. This par-
ticular mechanism has been analyzed by D. Dougherty [Ref. 21] and a constitutive
equation derived for this process of evaporation. Dougherty's derivations are

included as Appendix II for the convenience of the reader.

A second mechanism for evaporation is that of heat transfer to the vapor and
thence to the liquid droplets in the flow. For this mechanism, heat transfer
to the vapor could be estimated by some accepted correlation for all vapor con-
vective heat transfer. Heat transfer to the droplets could then be estimated
on the basis of a number of recent experimental studies of heat transfer to

droplets suspended in superheated vapor [cf. Refs. 22, 287.

A third mechanism for evaporation of liquid in the dispersed flow regime is the
impingement of droplets directly on the duct wall due to turbulent diffusion, At
low heat fluxes, these liquid droplets may directly contact the wall, so that

the heat transfer mechanism is one of solid to liquid. It is much more likely,
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However, that the heat flux level in "once through" evaporators would be suf-
ficiently high so that a "film boiling" vapor layer would develop between
impinging droplets and the duct wall; a "Leidenfrost" type of heat transfer

mechanism then exists for these droplets.

One possible approach to analyzing the isolated problem of the vaporization rate
of droplets impinging on the duct wall would be to assume that all droplets
transferred to the wall by turbulent diffusion are evaporated. The problem then
becomes one of calculating the droplet diffusion rate. Attempts to analyze this
problem have been made in connection with trying to predict burnout in forced con-
vection boiling (Refs. 23 and 24]. The principal difficulty in the development

of such analyses has been that of determining realistic diffusion coefficients

for droplets.

Aside from the mechanism of "flashing," the best available comprehensive attacks
on this problem appear to be the works of Laverty and Rohsenhow [Ref. 20] and
Forslund and Rohsenhow [Ref. 25], In both investigations significant super-
heating was observed in the dispersed flow regime of forced convection flow of
boiling nitrogen. The first of these works offers an analysis of dispersed flow
boiling based on consideration of heat transfer from superheated vapor to liquid
droplets. The latter work extends this amalysis by including the effects of
droplet breakup, '"Leidenfrost' heat transfer from the wall to the droplets, and
modifies the drag coefficient for accelerating droplets. A general description
of a method for calculating FV for dispersed flow, based on the work of Laverty

and Rohsenhow and Forslund and Rohsenhow, is given below,

Forslund and Rehsenhow assumed that entrained droplets, being sufficiently dispersed,
probably would not encounter one another., They postulated that the identity of each
droplet remains distinct until it impinges on the wall, whereupon it receives heat
directly from the wall and becomes completely evaporated. If the slip velocity
exceeds that which is allowed by the critical Weber number, then Forslund and
Rohsenhow assumed that each droplet would divide in two. Weber number is defined

as

We = o (V- VL)2 5/c (110)

where & is the droplet diameter.
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The critical Weber number has been determined experimentally,[Refso 26 and 29],
to range between 6.7 to 9.6. Presumably, the range reflects some Reynolds num-
ber influence. A- recommended value for critical Weber number suggested in [Ref.
25] is

We) ritical = 7°° (111)

Putting aside the problem of droplet breakup for now, one can write

N &N
L =N Ly _
St + 3z (NLVL) + (6t ) 0 (112)

w

where NL is the number of droplets per unit volume, and (SNL/6t)w is the rate of
wall impingement, which can be estimated according to experimentally determined
"Leidenfrost" heat transfer data. According to [Refs. 25,27], for horizontal ducts,

(6 NL/ét)w was found to be

SBH 1°2NI / g p 1/ K AT /
- 3
8t D&(1 ATL) (ﬂ53/5)1/3 pLCP 1 7 AT

where &, is the effective acceleration perpendicular to the axial direction and
may include the centrifugal acceleration if spiraled inserts are used. The vapor
properties (uv, Kv’ CP) are to be evaluated at the average of the wall temperature,
Tw’ and the local saturation temperaturea‘%at. D is the diameter of the duct. AT:

and AT: are the dimensionless wall and liquid superheats

ML = Cp(T - T Dby (114)
* —
AT, = (CP)L(TL LI LY (115)

TL is the temperature of the superheated liquid droplets and (CP) is the constant
L

pressure specific heat of the liquid.
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The vapor generation rate is numerically equal to the liquid evaporation rate.

Therefore, one can write

3 3 83
I‘V=- at[ =~ )QL]+3—[N( )pLVL] (116)

Making use of Eq. (112), one obtains

8-, Ly . Iy x-N 8.y g3
Ty e oy, (6tw 6LL(at+VL Y (117)

The droplet diameter, §, changes as its surface evaporates under the combined heating
from the superheated vapor environment as well as its internal superheat (flashing).

Therefore, from the energy balance, one can write

rr 3 3
5P hfg(—+VL 30 & = (q"+q 2
or 2
g 2 T I A
e Ny L Grt VL 3 0 - E, (" + qf ) (118)
g
Therefore,
2
3 8N M8 N
L
e e R e CUE T (119)
W Ig

where, qs is the heat flux from the superheated vapor and is given by

™, § (V.- V)8 1/2 13 ) SR
q" = m (2 + 0.55 | =it Pr }———— AT (120)

fg Yy CP



*
according to Ref. 28, ATV is the dimensionless vapor superheat

C,(T-T )
* _ Py "sat
AT = I (121)

fg

Here, various vapor properties (KV, CP’ - Pr) should be evaluated at the film
temperature or (T€+ TsaéVZ. Pr is the Prandtl number of the vapor’. The heat

flux due to droplet internal superheat was derived in Ref. 21 to be

) «2 [8,° 72 .2
™, 8 . 3N, K (A7) - [ () - 1 (1-AT;) .
R Yt T @) 3 (122)

6
L i *
() -1 (1-41)

where KL is the thermal conductivity of the liquid, and Gi is the initial droplet
diameter. Examining Eqs. (113), (119), (120) and (122), one may make some inter-
esting qualitative observations. According to the critical Weber number condi-
tion (110), the droplet diameter would be proportional to the surface tension.
Thus, for a given value of NL63, the "Leidenfrost" term would be relatively more
important for a liquid with a larger surface tension. Also, the '"flashing' term
would be more important if the thermal conductivity is large. For these reasons,
these two terms should become relatively more important in liquid metal boiling

than in water boiling.

The droplets tend to follow the vapor flow closely. Therefore (VV- VL)’ which
appears in Eq. (120) expressing the convective heat transfer between vapor and
the droplets, may be neglected in the first approximation. However, if the vapor
is rapidly accelerating, then a finite slip would develop, which in turn would

accelerate the droplets. The relation between droplet acceleration and velocity

slip is
e o) 3 CDDV(VV- VL)2
a, = GtV 32 ot % 5 + o8, (123)

P
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g, is the component of gravitational acceleration along the duct. CD is the drag
coefficient and has been measured by Ingebo [(Ref. 26] as well as by Forslund and
Rohsenow [Ref. 25]. Fig. 12, which is reproduced from Ref. 25, shows the drag
coefficients for liquid droplets (CDI) as measured by Ingebo as well as for the

1, > 5500 ft/seczu

Forslund and Rohsenow found in their experiments that for larger droplets, typ-

solid sphere (CD2)° Ingebo's data was generally taken with a

ically a. < 500 ft/secz, CD2) was more accurate. Therefore, they recommended

L
the following interpolation formula:

Cp = Cp, +F (Cpp- CDZ) (124)
where
. 2
0 if ay < 500 ft/sec
F = (aL- 500) /5000 4if 500 < ap < 5500 (125)
1.0 if a > 5500

Having determined (VV— VL)’ the Weber number can be calculated from Eq. (110) to
test if breakup would take place. 1In fact, Egqs. (110), (l1ll), and (123) can be

combined to yield the breakup criterion:

o 2
L &
a- 8, . > 5.625 (126)

If breakup should take place, and if one original droplet should split into two;

[}

) 209)

after before

(127)

(8) - 73

after

(8

before
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In order to use Eqs. (120) and (121), TV is needed. If the heat input to the

duct is known, then a heat balance yields

8N. 3
L 2 2 Ly (38 AT
2 CP[:Bt (avav) + 3z (uvavTv)] + (ét )« 6 )DL hfg(1 ATL)
D w
(128)
The void fraction & can be calculated from
3
- - me
o = 1 NL ( 6 ) (129)

One would expect that o =~ 1 would be an adequate approximation in most situations.
If the wall temperature, Tw’ instead of the heat input is known, then the vapor

temperature can be calculated according to the single phase heat transfer formula:

2 -3
CP [at (avav) + 3z (avavTv)]

vavD 08 0.4 Kv
= 0.076 (—) Pr° — (T - T ) (130)
uv D2 w v

The vapor-phase mass velocity can be calculated from the formula

oszVV + (l-@) pLVL = G
3
or TT5
oV = S AL AL
v v 63 (131)
11



To carry out computations according to the above analysis, it is necessary to
first establish the conditions at which the dispersed flow regime begins. There
appear to be three plausible mechanisms for the liquid phase to cease to form a
continuous film on the duct wall. First of these is entirely of hydrodynamic
nature. Then, the mechanism is primarily a surface wave instability, and the
relevant parameters are vapor phase dynamic head, liquid viscosity and surface
tension. A well known empirical flow regimes map reflecting such views is due
to Baker [Ref. 30]. The "Baker Chart" is reproduced as Fig. 13. Similar ideas

are contained in Refs. 31 and 32. A second mechanism which is also hydrodynamic

in nature, concerns the diffusion rate of the droplets from the core to the wall.

Transverse acceleration field, gravitational or centrifugal, would be a princi-
pal physical parameter in this case. Refs. 23, 34, 35, and 36 expounded this

idea. This last concept can be approximately expressed as

ON 3

4 L o L.
—m = (e 20 h
nD2 q (6t )w ( 6 ) P fg at transition (132)

A third view addresses attention to the surface evaporation rate and thus would
bring out heating rate as a principal variable [Refs. 37, 38, 39 and 401, 1In
any case, in so far as the disappearance of the liquid layer would substantially
alter the heat transfer mode, criteria for '"Critical Heat Flux" probably have
some significance in the transition of annular flow to dispersed flow in forced
convection boiling. At the present, there is no experimental data on the trans-
ition conditions for liquid metal boiling. Presuming that the transition con-
dition could be determined, then the initial droplet diameter may be estimated

from the critical Weber number. That is

8 = ——l:50

2 (133)
pV(VV-VL)

transition
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Together with the knowledge of flow quality, or void fraction, the initial value

of NL can be determined from Eqs. (129) and (133), then computation of boiling

dispersed flow can commence.
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SUMMARY OF CONSTITUTIVE RELATIONSHIPS FOR VAPOR GENERATION IN ONCE-THROUGH BOILER

In preceding sections of this report there have been put forth constitutive rela-
tionships for calculating FV, the net vapor generation per unit volume, in various
boiling flow regimes. Below is discussed how these relationships may be combined
or linked together to permit one to predict vapor generation at each position a-
long a once~through boiler in which the flow is not, in general, in thermodynamic
equilibrium. 1In discussing this problem two different situations will be con-
sidered: (a) the situation in which the point of inception of boiling in the
duct wall and a bubble flow regime exists for some 1engfh downstream of this in-
ception point, (b) the situation in which boiling first takes place in a duct

as a result of superheated flow coming directly in contact with the interface or

head" of an annular vapor void.

The question of which of these situations is likely to prevail can be answered

by means of the following analytical considerations.

If boiling first takes place in a duct by the mechanism of having nucleation take
place at a site along the duct wall, then it seems physically reasonable to ex-~
pect that such nucleation should satisfy the criteria for incipient nucleation
set forth in Ref. 39, That is, for nucleation to take place at the duct of a
wall requires a degree of superheating which is at least roughly predictable by
the equations presented in Ref. 39. . With this degree of superheat determined,
one can next make the following calculations to determine whether or not a bubble
flow regime will develop downstream from the boiling nucleation sites. One first
calculates the maximum growth rate év of a single vapor bubble corresponding to
the degree of bulk superheat associated with inception of nucleation. In making
this calculation one has to make some decision concerning the appropriate value
to use for C, the coefficient of vaporization*, Having determined (liv)maXB one

can then apply the rough criterion that for bubble flow to develop (Rv) must
max

There is little experimental information available at present to guide one in
this choice. Hopefully, more information will become available in the future.
At present it is recommended that one tgke C = 1.
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be less than the inlet velocity of liquid into the boiler tube. Should this
criterion be met, then one would proceed to analyze the flow in the duct in the

following manner.

For a first attempt to treat force convection boiling flow, the single discrete
source model may be analyzed. Most of the important physical features would be
displayed in the results of such an analysis. The experience gained in the math-
ematical treatment of this simpler problem would be a logical starting point for
the development of a comprehensive analysis which would synthesize a statistical

distribution of nucleation sites on the duct wall.

As liquid superheat is released in the bubble flow regime due to growth of dis-
crete bubbles, a point will be reached where the bubble flow regime will cease
and a transition to a higher vapor flow rate type of flow regime will occur. As
noted earlier, insofar as calculation of Fv is concerned, it is proposed that

it be considered that bubble flow be followed directly by annular flow, and that
transition flow regimes such as slug flow or coelescing flow be neglected. Our
constitutive model for annular flow is that at the "head" or start of this flow
regime, all superheat present in the approaching liquid flow is released immedi-
ately, and that downstream of this point, for the remainder of the annular flow
regime, thermodynamic equilibrium be maintained. The point at which the bubble
flow regime would be considered to end would be determined as a function of
vapor flow quality according to the best empirical data available for mapping

flow regimes. [ ¢ £ Ref. 16].

In summary then, our overall model for thermodynamic non-equilibrium vapor gen-
eration in flow situations where annular flow would be proceeded by bubble flow
is one of incipient nucleation occurring at a degree of superheat predicted by
the criteria of Ref. 39, followed by gradual and continuous release of super-
heat due to individual bubble growth rate. This is then followed by instantan-
eous release of all remaining superheat as the start of the annular flow regime
is reached, and the maintaining of thermodynamic equilibrium throughout the re-

mainder of the annular flow regime.



58

Should bubble growth rate at the point of inception of nucleation be sufficiently
large such that a bubble flow regime would not be obtained, then the situation
would be quite adequate by "flashing" of superheated liquid into a flow regime
having a continuous central vapor void. The constitutive model for this flow
situation would be one of immediate and discontinuous release of liquid superheat
at the head of this annular flow regime. The problem to be solved relevant to
this flow regime concerns the stability of the location of the "head® of the ann-
ular flow regime. The question of whether or not the head of the central vapor
void can remain fixed in space can be answered by applying the criterion for
vapor void propagation developed earlier in this report. Should this criterion
predict that the vapor void head velocity v be zero, then the head of the void
will remain stably *attached! to the point of inception of nucleation. Should
this criterion predict that v be negative, than the void would tend to be washed
downstream and one would again be forced to consider the existence of a bubble
flow regime preceding an annular flow regime. Should this criterion predict

that the void tend to propagate upstream, then one would be led into an analysis
of the propagation of a central void, such as the one developed earlier in this
report, in order to determine whether the head of the central void can take up a
stable position or would tend to oscillate indefinitely, leading to an instabil-
ity of the type frequently observed in liquid metal boiling flows when consider-

able superheat is required for inception of nucleation.

For both the situation where annular flow is preceeded by a bubble flow regime
and the situation where it is not, the condition will finally be reached in a
once~through boiler where the liquid content of the flow is sufficiently small
such that a continuous liquid film is not maintained over the periphery of the
duct, and the flow will pass from the annular flow regime to the dispersed flow

regime.

Experimental information on the transition from the annular regime to the dis-
persed flow regime is limited to ordinary fluids and the effect of heat flux has
been postulated to be related to the "critical heat flux" burn-out correlation.
Consistent with the latter thinking, a heat balance between the vaporizing heat

of the impinging droplets and the input heat flux provides a condition which
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should be an upper limit estimate in the extent of the annular flow regime, since
additional hydrodynamic effect would be present to breakup the liquid film on the
duct wall. The transition from annular to despersed flow regime can be delayed

by employing swirl-inducing tube geometries for once-through boiler.

Once the dispersed flow regime is reached, further evaporation of the liquid drop-
lets would again take place with superheating simultaneously present in the vapor
phase, in the droplets themselves, as well as at the duct wall. So far as a

total field description of the hydraulic system, the dispersed flow regime is
relatively more completely defined at the level of phehomenological first prin-
ciples. The actual computation, however, is contingent on the availability of
adequate initial conditions, which would be, at least in part, dependent on the

upstream history of other flow regimes.
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Infinite Superheated Liquid

/r— Edge of Thermal Boundary Layer

Fig. 1 Schematic of Vapor Bubble Growing in Infinite Superheated Liquid
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Vapor

Fig. 9 Schematic of Propogating Void in Duct
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NOMENCLATURE
ap =  Droplet acceleration
A = (Cross sectional area of the duct
C = Vaporization coefficient
CD =. Drag coefficient for liquid droplets
(Cphy) = Steady-state dtag coefficient for liquid droplets
(CDZ) = Steady-state drag coefficient for solid sphere
(CP)L Constant pressure specific heat of liquid
tz =  The number of vapor bubbles lying in the size interwval
R, to R, + dR,
D =  Diameter of the duct
f =  Friction factor
8. = Q@rayitational constant
8n =  Effective acceleration perpendicular to the axial direction
g, =  The component of gravitational acceleration along the duct
hfg = Latent heat of vaporization
(hfg)in =  Heat of vaporization of liquid evaluated at inlet pressure
(dhﬁ/dp)sat = Enthalpy - pressure derivatdéves of saturated @apor
(dhL/dP)sat = Enthalpy - pressure derivatives of saturated liquid
by, =  Specific enthalpy of saturated ‘apor
hy, = Specific enthailpy of saturated liquid
J = Mechanical equivalent of heat converting thermal to mechanical units

Thermal conductivity of the vapor

&

=
&
n

Kinetic energy

“Thermal conductivity of the liquid

=8

=
I

Spacing between consecutive bubbles; also axial location of the
nose of the void
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Pr
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Location just downstream of the mose of the void

-Axial location just upstream of the nose of the void

Net evaporation rate of fluid

Bubble density in the size interval between RV and R, + de
Bubble density per unit length

Number of droplets per unit volume

Static system pressure in the liquid just ahead of the bubble,
also denoted as Pz=z-

Pressure change across the nose of the moving void
Pressure change occurring from L+ to z > 4

Prandtl number of the vapor

Vapor pressure inside the bubble

Pressure of the liquid at the bubble surface
Saturation vapor pressure corresponding to TL
Saturation wapor pressure corresponding to T
Liquid pressure

Heat input per unit length of duct

Liquid side conduction heat flux at droplet surface

Heat flux into the liquid drpplet from the superheated vapor
Rate of heat transfer into the bubble

Radius

Gas constant

Nucleation radius of vapor bubbles
Vapor bubble radius

Bubble radius growth rate



Radius at edge of the thermal boundary layer in the liquid
Vapor slip
Nucleation source strength

Number of bubblesinucleatéd per second at the single disckete
source located at z = z"

Time
Time interval used in numerical integration

Temperature

Saturation temperature - pressure derivative

"Dimensionless wall superheat

Dimensiondess liquid superheat

Inlet temperature of liquid

Température of the vapor within the bubble
Temperature in the liquid at the bubble surface
Saturation temperature corresponding to P
Wall temperature

Liquid temperature at the nose of the bubble
Temperature of the liquid

Specific internal energy of the liquid

Time rate of change of the total internal energy inside the
bubble

Propagation velocity of void
Volume of the bubble
Mass weighted mean velocity

Mean velocity of the mixture
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dT/d2
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Velocity of liquid at duct. entrance

Velocity of the vapor bubbles in the z direction
Weber number

Flow weighted quality

Flow quality just after the head of the void

Dimensionless parameter in Lockhart-Martinelli correlation,
see Eq. (86)

Vapor mass flow quality

Axial distance
Frictional pressure gradient for the two-phase flow in the duct

The fraction of the cross section area of the duct that is
occupied by the vapor phase &t the position z

Net rate of liquid mass formation per unit volume based on
mean convection

Net rate of vapor mass formation per unit volume

! Droplet ‘'diameter

Initial dropiet diameter

Dirac delta function at £

Wall inpingement rate of liquid droplets

Superheat
Superheat of liquid at entrance to duct (may be negative)

Average saturation pressure - temperature derivative between

Tsat and T,



]

Viscosity of the liquid phase

Viscosity of the vapor phase

Liqdid density

Vapor density

Saturation density of vapor evaluated at inlet pressure
Surface tension

Wall friction shear stress

Dimensionless patameter défined by Eq. (32)
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APPENDIX T
SOLUTION SCHEME FOR EQUATION (38) AND LISTING OF ASSOCIATED COMPUTER PROGRAM

Let us symbolically denote Eq. (34) as
‘Y(PV) = 0 (A-1)

where Y(Pv) represents the entire left hand side of Eq. (34). Let us denote the
existing nth guess at the solution of Eq. (A-1) as PVn and the n + 1 guess as

P Since we want to select PV such that

vn + 1° n+1

‘Y(PVn +1) = 0 (A-2)

we can use the relationship

dY(Pvn)

dP
v

‘Y(Pvn+1) = Y(Pvn) + (p -P ) =0 (A-3)

vn + 1 vn

in order to determine our n + 1 guess for Pv' Solving (A-3) for PVn 41 Ve obtain

Y(Pvn)
Pm+1 = P ¥ _) (a-4)

dpP
v

This is, in essence, the Newton-Raphson method for iterating to find the roots of
an equation. It converges very rapidly provided the initial guess for PV is rea-

sonably close to the root being sought.

To apply the method expressed symbolically by Eq. (A-4) to Eq. (34), we need to
obtain the derivative of the left hand side of Eq. (34) with respect to Pv i.e.
dY/dPV. This derivative is



%
1
d‘i’(Pv) I’LQ° 1/2 PLco o)
———— = CRT | - +
dP_ sat| p 2 p, * 2
v 2 Lo \ o'
Pv PV 1 o' + (2 )
] 2nRTm/30L a-5)
411‘RT°° Ro3 35 RO2
P -P) |1 -—==|- =2 [1-—==
3pL v ® RVS RV RVZ

Since the solution we seek for PV must give a positive value to the radical in
%
Eq. (11) and also must be less than PLco , we can state that our solution must

lie in the range .

R02
1 - ;_3
30 v
P+ R 3 < Pv < PLOQ (A-6)
v Ro
1 - ;—3
v

a reasonable first guess at a solution for Pv’ which we'll denote as Pvl’ would

be halfway between the limits on PV set by (A-6) i.e.

[ R
1-=
P .= 1/2 | @  +p)+ 2 Y (A-7)
vl Lo © R 3
v Ro
1_.—-—
L R 3 J
v

Our next guess for Pv i.e. PV2 would then be given by Eq. (A-4) i.e.



A-3

ST
v2 vl dY(Pvl)
dp

(a-8)

and so forth.

In using Eq. (A-4) to iterate for the solution for Pv’ one must constantly check

to make sure that the n + 1 guess for PV predicted by Eq. (A-4) satisfies the in-

equalities indicated by (A-6). If Eq. (A-4) predicts a value for PVn +1 which
% :
is, say greater than PLco , then one must not accept this value for PVn 1 but
should, instead, evaluate P from the relation
von + 1
*
PVn + PLco
Pms+1 °© 2 (A-9)

One then returns to Eq. (A-4) to evaluate PVn + 2

Similarly, if Eq. (A-4) predicts a value for P which is less than the lower

vo + 1

limit on P , one must then evaluate P from the relationship

v vn + 1
-
[ Roz
L-—3
30 Rv
PVn +1 = 1/2 1>Vn +P + e EETY (A-10)
v Ro
l — S—
- R 3 -
v

In principle, the iteration scheme outlined above for solving Eq. (34) can be
done by hand, convergence to a very high degree of accuracy (four significant
figures) being obtained usually in three to four iterations. However, the
algebra involved in evaluating Y(PV) and dY(PV)/dPV is tedious, and since the
iteration scheme is very easy to program for a computer, this was done. For
the convenience of the reader, this program is listed on following pages in
this Appendix together with a description of the input to the program. The

program is written in FORTRAN IV for a Control Data Corporation 6600 computer.



COMPUTER PROGRAM FOR DETERMINING BUBBLE GROWTH

A computer program has been written for solving the equations described in the

text using a Newton Raphson Convergence technique.

An input description, listing and example of input, output follows:

Input Description

Card 1 Format (55H)
Title Alphameric description of case to be investigated
Card 2 Format (1015)
NINT Iteration limit - usually set equal to 20, When

exceeded, indicates a possible error in input.

NCV Diagnostic control - when set equal to 1, program
prints number of iteration step and pressures
currently being used by the Newton Raphson technique.
Used for debugging purposes, Usually set equal to O,

LAST Set equal to 0 for another case to follow. Set equal
to 1, indicates the last case will be read.

NOOFC Total number of coefficients of vaporizations to be
read.

MAXRV Set equal to 0 for normal use., Set equal, to 1 if
interest is only in the maximum value of R As soon

as program determines a decrease in R it w111 procede
to the next set of conditions. If more accuracy is
desired, resubmittal is required with finer increments
around the maximum Ry attained.

Card 3 Format (8E10.3)

PA Ambient pressure of liquid (Pa), units - 1b/in2

TA Ambient temperature of liquid (T ), units - °R
TASTAR Saturation temperature of liquid corresponding to P

(T *), units - °R

Card 4 Format (8E10.3)

BKL Thermal conduction of liquid corresponding to T
(KL), units - BTU/(sec.in °R)



cp
RHOL
SIGMA

PLSTAR

Card 5

RHOV

R
ADDC(1)
ESP

Card 6(a — MORER =

A-5

Specific heat of liquid corresponding to T (C ),
units - BTU/(1b °R)

Densigy of liquid corresponding to T. (p.), units -
. L
1b/in

Surface tension corresponding to T (g), units -
1b/in

Saturation pressure of liquid corresponding to T
(P *), units - lb/ln2

Format (8E10.3)

Den81ty of vapor corresponding to T (p ), units
1b/1n

Gas constant of vapor, units - in/°R

First value of coefficient of vaporization

Convergence limit (usually ,001)

1) Format (3E10,3,1I5)

(RR =

RRI
RRF
RINC
MORER

Ex,

Card 7

ADDC(T)
I>2 NOOFC

Radius Ratio = R /R
v/ "o

Initial value of Rv/Ro
Final value of R /R

v "o
Increment

Set equal to 0 indicates another set to follow. Set

equal to 1 indicates the last set is being read. This
parameter allows the program to build an array of R /R
in unequal intervals by using sets of equal 1ntervaYs°

RRI RRF RINC MORER
2, 10. 1, 0
20, 100, 10. 0

200, 1000, 100, 1

Format (8E10,3)

Additional values of the coefficient of vaporization,
This card may be omitted if NOOFC equal to 1,
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OO O00

OO

loNele]

PROGRAY GRONTH (INPUTSsOUTPUT«TAPES=INPUT s TAPE6=0UTPUT)

BURKBLE GRrOWlr wilt HEAT TRANSFER -~ JULY 151969 '
DIMENSION Ra(30)sADDC(10)
FAL(P)= FACZ¥ ((PLSTAR/P=1.)+PHI/2.=SART ((PLSTAR/P~1.)%¥PHI+(PHI/2)*
1%2))
FAZ(P) = FACL® SURT((2./(3.%RHOL)*((P=PA)#RR3=(3.%SIGMA/RV#RR2)))
1#GC)
FAlIP(P)=FACe*¥ (O¥PHI*PLSTAR/P##2/5QRT ((PLSTAR/P«1,) #PHI+PHI®*#2/4,)
1 -PLSTAR/B#%2) '
FAPP(F) = 9¥FACI¥RR3¥*¥SURT((26 7/ (3 #RHOL) / ((P=PA) #*RR3= (3 *SIGMA/RVHR
1R2)) ) #5C)
NR=56
Nw=6

12 READ(NRS100)

WRITE (Nws LOO)
READ (NRe103) wWINTaMNCVILASToNUOFCaMAXRY
PI = 3.1%415y

GC = [IN/SECHH#Z
GC = 43p,ude

PHYSICAL PrROFERTIES OF LIQUID

BKL=THERMAL COnNWUCTIVITY - BTU/R=IN=-SEC
CP=SrECIFIC RrERAT- BJusLs-R

PA= PRESSUKE =~ L/ INE%Rp

RrHOL= DENSITY ~ LB/ 1N%%3

DELH= LAaTENT REAT vaPORIZATION- BTu/LB

SICMA= SUKFACE lTensIon = L/IN

TA = TEMF - K

FLSTAR = SATURATION PRESSURE AT TA = LB/IN##2
TASTAR=TEMPERKATURE AT PA- K

READ(NRs1UL) PASTASTASTAR
KEAD(WRe101) BKLeCPerRHOLSDELHeSIGMAPLSTAR

PHYSICAL PrOPERTIES CF VAPOR
RHOV=DENSITY AT SATUKATIUN CONDITIONS AND TA = LB/IN##3
R = GAS. CONSTANT = IN/K
C = COEFFICIENT UF VAPORIZATION
RU=2,,%S1GMA/ (FLSTAR=PA)
RU= INITIAL opUsstE KADIUS - IN

READ(NrRs1U1) KHOVeks ADDC(1) sESP

WRITE(Nws112) PAsTAsTASTAR

WRITF (Nwell3) BKLsCPoRKHULsDELHsSIGMASPLSTAR
WRITE (Nws108) RHOVeRakO
XRK={PLSTAR=FA)Y/(TA-TASTAR)

NORAD=1 ‘

kRr IS RV/RO MOREK =19LAST SET s =0sANOTHER SET TO FOLLOW

10 READ(NRs102) RRIsRRFsRINCeMORER
RAD (NORAD) =RrRI
200 NORAD=NORAD+1
1F(RAD(NORAD~1) . GE.RRF) GO TO 99
1F (NORAD.GT+30) STOP1
RAD (NORAD) =RAD (NORAD=1) +RINC

A-6



99

20

26

-

70

80

GO TO 200

IF (MOREK.EQ.U) GO TO 10
NORAD=NORAD=1
IF(NOOFCoeGTsl) READ(NRs101) (ADDC(I) s I=2sNOOFC)
DO 30 J4=1sNOUFC

MAX=()

C=aDDC ()

WRITE (Nwella)C

OLDRV=RO

OLUTIM:Oe

N=(

FACZ=C#Kr*TASTAR
OLDDOT=0.

DO 40 K=1sNORAD

Rre=RAD (K)

Ne= SGRT(TA #8 #PI#R##3/GC) *BKLH¥CPH*RHOL#*TASTAR

FACl = SuRT{(Z2.%¥PI% R * TA / GC)
RRlea"le/PH*%3
KRZ=] o=] e /RR% %2

RV = RR # RO

P2 = 3, * SIGMA/kV #* RRZ2
PV=((PA+P2/HRI3)+FLSTAR) /2

D1 = C¥% DELH#%2 #  XKK##2 # RV #RR3
Pl = Dilsbe

IF(NCV.EWa0) GO TOU 25
WRITE(Nws1l0) PHI

GO TO 26

IF(N.EWe1l) GU TG 26

WTITE(Nwel109)

DO 70 I=1eNINT

Pl =(PV=FA) # RR3

P3 = (PLSTArR =PV )

Pa = P33 % pPHI + (PRI/ZZ.)%®¥%2
IF(PVeLTepPrA) GO TO 40

Al=FALl (Pv)

PyI=Al=-FA2(PV)

PSIP= FALIF(PV)=FA2P(PV)

Py2 = =pSI/PSIP + PV

IF(NCV.EQs0) GO TO 27
WRITE(Nw2106) IsPVvePVZ ,
IF(PV2.GT.PLSTAR) PVZ2={(PV+PLSTAR) /2.
IF(PV2LT (PA+P2/KR3)) PVZ2=(PV+PA+P2/RR3)/2¢
PSI2 = FAl(PVY2) = FAZ(PV2)

CHECK = ABS(PSIZ2/FAl1(PV2))
IF(CHECK.LTsESP) GO TO 80

PV = PVe

CONTINUE

WRITE(Nws104) NINTsPVsRV

GO TO 40

PV = PV2

RVDOT = FAl(PV)/FAC]

DELR = SQRT(2.%BKL/(CP# RHOL®* RV# RVDOT)#RR3)

DELT = DELH¥* PV #SQRT( RV#RVDOT/(2.,#BKL#CP# RHOL)*RR33iR/?A§Tﬂﬁ
DOTAVE=(RVDOT+OLDDOT) /2. -

TIME = (RV=OLDRV)/DOTAVE+OLDTIM

IF (MAXRV-EQs1AND<RVDOT-LT-0LDDOT) MAX = 1}
OLDORV=RYy

OLDTIM = TIME
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OLDDOT = RVDOT
IF(NCV.EQsl) WRITE(NW5109)
RV=RV#2,54
RVDOT=RVDOT#2.54
WRITE(Nwsl05) RRsRVePVsRVDOT:DELRsDELT s TIME
N=1
IF (MAX.EQs1) GO TO 30
40 CONTINUE
30 CONTINUE
WRITE(NWs111) ESF
IF(LAST.EQe0) GO TO 12
CALL £XIT
100 FORMAT (55h ) )
101 FORMAT (8E10.3)
102 FORMAT(3E10.3915)
103 FORMAT(1015)
104 FORMAT (21 MAXIMUM ITERATION OFI4,23H CURRENT VALUE OF Pv 1Ss El0.
13 10H AT Rv OF sE10.3 /)
105 FORMAT (7(1Xs€1164))
106 FORMAT(I1592EL447)

108 FORMAT (/30X 19H*#3# VAPOR ###/30X9 19HPHYSICAL PROPERTIES/26KXs
1 30HDENSITY GAS INITIAL /24Xs35HAT AMB-TEMP CONSTANT
2 BUBSLE RADs / 25Xs30hR(LB/IN#%#3) (IN/R) (IN) /22X93E12.4)

109 FORMAT(3Xs6HHADIUS 97X 9SHVAPORsOXeSHVAPORs TX s THRATE OF 66X+ 6HCHANGE »
16X e 6HCHANGE s 0 X e 4HTIME/3Xs5HRATIOs8Xs 6HRADIUSsSX s 20HPRESSURE Ry C
2HANGE95X97HIN RADs 94X s B8HIN TEMP/17Xs4H(CM) 65X 20H(LB/IN##2) (CM/
3SEC) s 17X TH(DEG=R) s6X9s5H(SEC) /)

110 FORMAT (1H1918Xs1HIs6X92HPVe11X93HPVZeb6X9SHPHI = $sE14.7)

111 FORMAT (/15X 16HAKOVE UATA USED sE8.1+27H AS A CONVERGENCE CRITERIO
1N )

112 FORMAT (/27Xscor*#% AMBIENT CONUITIONS ###/35X,23HTEMPERATURE SATU
IRATION /29X ¢ BAPKESSURE s6Xs2HOF s 7X e LIHTEMPERATURE/37X,23HLIWUID

2 AT AMBL.PRESS /25A910M(LB/IN#%2)s 2(13H (DEG=R) )/22X93E12e4 )
113 FORMAT (/30X lonitex LIQUID ###/30Xs LOHPHYSICAL PROPERTIES//5Xs
1 75H THERMAL SPECIFIC DENSITY LATENT HEAT SURF ACE

2SATURATION /5Xs

3 75H CONDUCTIVITY HEAT VAPORIZATION TENSION
4 PRESSUKE /5Xs

5 75H(BTU/R=IN=SEC) (BTU/LB=R) (LB/IN®*#3) (BTu/LB) (LBZIN)
6 (LB/IN#2) / 4Xs6E12:4)

114 FORMAT(I1H1+14Xs30HCOEFRFICIENT OF VAFPORIZATION = 5 E8.1)
- END o '



1

WATER
20 0
1.47
8.600E~06
2.837€e~-06
24
20.
el

RV/R0O VS rVDOT

1 &4
579.5 574.69
l. » 03572
1025, ls
10, 1.
100. 10,

01 10.

1026,
«001

«426E-03 1,687

4,505E-02
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WATER RV/RO VS RVDOT

wssd AMBIENT CONDITIONS #3%
TEMPERATURE SATURATION

PRESSURE OF TEMPERATURE
LIQUID AT AMB.PRESS
(LB/ZIN¥®3#2) (DEG-R) (DEG~R)

1.4700E+00 5.7950E+02 5.7469E+02

e LIQUID  ##=
PHYSICAL PROPERTIES

THERMAL SPECIFIC DENSITY LATENT HEAT SURFACE
CONDUCTIVITY HEAT VAPORIZATION TENSION
(BTU/R=IN=SEC) (BTu/LB~-R) (LB/IN#¥#3) (BTUu/LB) (LBZIN)
8.6000E~06 1.0000E+00 3,5720e-02 1.,0260E+03 4.2600E-0¢4

) VAPOR i
PHYS1CAL PROPERTIES .
DENSITY _GAS INITIAL
AT AMB=TEMP CONSTANT BUBBLE RAD.
(L/ IN##%3) (IN/R) (IN)

2,8370E~06 1.0250E+03 3.9263E~03
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SATURATION
‘PRESSURE

(LB/IN#%#2)
1.6870E+00



RADIUS
RATIO

2.0000E+00
3.0000E+00
4.0000E+00
5.0000F+00
6.0000FE+00
7.0000E+00
B.0000E+0Q0
9.0000E+00
1.0000F+01
2,0000E+01
3.0000F+01
4,0000E+01
5.0000E+01
6,0000FE+01
7.0000F+01
8.0000E+01
9.0000E+01
1.0000E+02

COEFFICIENT OF VAPORIZATION =

VAPOK
RADIUS
(CM)

1:99456=02
2.991RFE=-02
3.9891E-02
449B64E=-02
5.9836E-02
6.9809E-02
7.9782E-02
BeYTS4E=02
9.9727E=02
1. 9Y45E~G ]
2.9918E~01
3.9891E-01
449864E-01
5.9836E-01
6.9809E=01
7.9782E501
B.9754E-01
9.97275-01

VAPOR
PRESSURE
(LB/IN#*#2)

1.6351E+00

1.6116E+00

1:9962E+00
1.95847£+00
1:5754E+00
1.9676£+00
1.5609E+00
1.9550£+00
1.2498E+00
1e91776+00
1.5021e+00
1.4%31E+00
l.4875E+00
1l.4838E+00
lea4812E+00
1.,4793E+00
1.4779E+00

lo4768E+00

1.0E+00
RATE OF CHANGE
RV CHANGE IN RAD
(CM/SEC)
3.2271E+01 6.4986E-02
4,3068E+01 4,8184E~02
4,7231E+01 4,0288E~02
4.8832E+01 3+5576E=02
4,9251€+01 3.2393E-02
4,9061E+01 3.0073E=02
4.B538E+01 2.8296E=02
4,7TB2TE+01 2.6883E=02
4,700BE+01 2.5729E=02
3.8258E+01 2.0176E-02
3.1434E+01 1.8175E~02
2.6409E+01 1.7172E=02
2:2638E+01 1.6589E=02
1.9742E+01 1.6217E=02
1.7460E+01 1.5965E=02
1.5627E+01 1,5785E=02
1.4130E+01 1.5651E=02
1.2883E+01 1.5550E=02

CHANGE
IN TEMP.
. (DEG=R)

1.,0735E+00

- 1.5705E+00

1.9018E+00
2+1547E+00
2¢3605E+00
2.5343E+00
2.6846E+00
2.8167E+0Q0
2.9343E+00

3.,6676E+00

44,0299E+00
4.2398E+00
4e3724E+00
4.4616E+00
4,5240E+00
4,569TE+00
4a6044E+00
4.6310E+00
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TIME
(SEC)

6.1806E~04
8.8281E=04
1,1037E-03
1.3113=03
1.5147E-03
1.7175E=03
1.9219E=-03
2.1289E=03
2.3392E~03
4.6784E-03
7.5404E=03
1.0989E-02
1.5055E=02
1.9761E-02
2.5123E=02
3.1151E-02
3.7854E-02
4.5238E~02



RADIUS
RATIO

2,0000£+00
3.0000E+00
4,0000E+00
5.0000E+00
6.,0000E+00
7-0000E+00
8.0000E+00
9.0000E+00
1.0000E+01
2.0000E+01
3.0000E+01
4.0000E+01
5.0000E+01
6.0000E+01
7-.0000E+01
8,0000E+01
9.0000E+01
1.0000E+02

COEFFICIENT OF VAPORIZATION =

VAPOR
RADIUs
(CM)

1.,99456=02
2.9918E~-02
3.9891E-02
4.9864F -0z
50,9836E~02
H.9809E-06¢
T.9782E~-02
8.,9754E~02
9.,9727E-02
1.9945€-01
2:9918E-01
3.9891E-01
4,9864E-01
5.9836E=01

6.9809E-01"

7.97826-01
8,9754E=01
9.,9727E-01

VAPOR
PRESSURE
(L3/ IN*#2)

1.5223E+00
1eoY31E+00
1.5758E+00
lo50639£+00
1.9949E+00
le®477E+00
1.5418E+00
1.5368E+00
1e5324E+00
1.5073E+00
1.4957E+00
1.4890E+400
1,4847E+00
1.4819E+00
1.4798E+00
1.4783E+00
1.4771E+00
1.4762E+00

1.0E-01

RATE OF CHANGE
RV CHANGE IN RAD.
(CM/SEC)

2e28l0E+01 T7.7296E~02
3.2030E+01 5.5873E~02
3.5988E+01 4.6154E=02
5-77406*01 490467E"02
3.8427E+01 3:6672E~02
3.8548E+01 3.3927E=02
3.8349E+01 3.1834E~-02
3.7961E+01 3.0175E=-02
3.7463E+01 2.8822E=-02
3.1311E+01 2.2302E-02
2.6271E+01 1.9881E~02
2.2483E+01 1.8611E=02
1.9588E+01 1.78B34E~02
1.7317E+401 1,7315E=~02
1.5499E+401 1.6945E-=02
1.4014E+01 1.6669E~02
1.2781E¢01 1.6456E=02
1.1743E+01 1.6287E~02

CHANGE
IN TEMP.
(DEG=R)

8.9548E~01
1.3388E+00
1.6388E+00
1.8693E+00
2+U0579E+00
2e2180E+00
2.3571E+00
2.4800E+00
2s5900E+00
3.2952E+00
3.6684E+00
3.9011E+00
4, 0595E+00
4.,1731E+00
4+2584E+00
4.3244E+00
423770E+00
4.4196E+00
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TIME
(SEC)

8o 7440E=04
1.2381E=03
1.5313E-03
1.8019E=03
2.0637E~03
€+3228E-03
2e5822E-03
2.8436E-03
3.1080E~-03
6.0082E"'03
94721E=03
1.3563E=02
1.8304E-02
2s3709E-02
2.9787E-02
366545E=02
4,3989E~02
5.2121E=02



RADIUS
RATIO

2.0000E+00
3.0000E+00
4.0000E+00
5.0000E+00
6.0000E+00
7+0000E+00
8.0000E+00
9.0000E+00
1.0000E+01
2.,0000E+01
3,0000E+01
4.,0000E+01
5.,0000E+01
6.0000E+01
7.0000E401
8.0000E+01
9.0000E+01
1.0000E+02

COEFFICIENT OF VAPORIZATION =

VAPOR
RADIUS
(CM)

1.9945E~02
2.9918E-02
3.9891E~02
4,98B64E-02
5.9836E-02
6.9809E~-0¢2
7.9782E-02
8.9754€£-02
9.9727E~02
1.9945€-01
2.9916E~-01
3.9891E-01
4,9864E =01
5.9836F=01
6.9809F£-01
7.9782E=-01

B,9754E-01-

9.9727E-01

VAPOR
PRESSURE
(LB/ IN##2)

1.6102E+00
1.5717E+00
1.5496E+00
1.5355E+00
1.5257E+00
1.5185E+00
1.,5131E+00
1.5088E+00
1.5053E+00
1.4890E+00
1.4831E+00
1.4801E+00
1.47682E+400
1.4769E+00
1.4759E+00
1.4752E+00
1.4746E+00
1.4742E+00

1.0E~02

RATE OF CHANGE
RV CHANGE IN RAD.
(CM/SEC)

5.4107E+00 1.5871E-01
842404E+00 1.1016E-01
9.7738E+00 8.8563E=02
1.0658E+01 7.6150E~02
1.1187E+01  6.7967E=02
1.1507E+01 6.,2098E=02
1.1696E+01 5,7643E=02
1.1800E+01 5.,4122E~02
1.1846E+01 5,1253E~02
1.1246E+01 3.7213E-02
1,0349E+01 3.1675E-02
9.5502E+00 2.8556E~02
B.8668E+00 2,6507E~02
B.2799E+00 2.5041E-02
7.77126+00 2.3930E-02
7.3258E+00 2+3055E-02
6.9320E+00 2+2345E-02
6.5812E+00 2¢1756E-02

CHANGE
IN TEMP,
(DEG~R)

4.3289E-01
6+699SE~01
8.3985E-01
9.7535E-01
1.0895E+00
1.1889E+00
1.2775E+00
1.3575E+00
1.4307E+00
1.9508E+00
2.2831E+00
2.5274E+00
2.7192E+00
2.8759E+00
3.007SE+00
3.1201E+00
3.2180E+00
3.3041E+00
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TIME
(SEC)

3.6863E~03
591474E“03
6.2546E~03
7.2308E~03
8.1438E-03
9.,0227E=03
9,8823E-03
1.0731E=02
1o1575E=02
2.0212E=02

209448E=02

3.9471E~Q2
5,0301E~02
6+1933E~02
7+4360E=02
B.75T1E~02
1.0156E=01
1.1632E=01



RADIUS
RATIO

2.0000E+00
3.0000E+00
4,0000E+00
5.0000E+00
6.0000E+00
7.0000E+00
8.0000E+00
9.0000E+00
1.0000E+01
2.0000E+01
3.0000E+01
4,0000E+01
5.0000E+01
6.0000E+01
7.0000E+01
8.0000E+01
9,0000E+01
1.0000E+02

COEFFICIENT OF VAPORIZATION =

VAPOR
RADIUS
(CM)

1:9945E~02
2.9918g-02
3.9891E-02
4o 9B64E-02
5.9836€~02
6.9809E-02

7.9782E~02

B8.9754E~02
9.9727E~-02
1.9945E£-01
2.9918E-01
3.,9891-01
4,9864E~01
5,9836E~01
6.9809E-01
7.9782E-01

8.9754E-01

9.,9727E~01

VAPOR
PRESSURE
(LB/IN®#2)

1.63726+00
1.6144E+00
1,5982E+00
1,5877E+00
1:5783E+00
1.5704E+00
1.5636E+00
1:5576E£+00
1.5523E+00
1.5191E+00
1.5030£+00
1.4937£+00
1.4879e+00
1.4840E+00
1,4814E+00
1.4794E+00
1.4780E+00
1.4769E+00

1,0E+01

RATE OF. CHANGE
RY CHANGE IN RAD.
(CM/SEC) ’
303560E*01‘ 6e3726E“02
4,4522E+01 4,7391g-02
4,8659E+01 3.9692E-02
5.0227E+01 3,5078E=(2
S5.0604E+01 3.1957E~02
5.0371E+01 2.9680E=-02
4,9805E+01 207934E=-02
4.9052E+01 2.6545E-02
4.8193E+01 2.5411E£=02
3:9114E+01 1.9954E-02
3.2066E+01 1.7995E-02
2.6884FE+01 1.7020E-02
2.3003E+01 1,6457E=02
2.0027E+01 1.,6101E=02
1.,7688E+01 1.5862E=-02
1.5813E+01 1.%692E~02
1.4283E+01 1.5567E=02
1.3012E+01, 1.5473E=~02

CHANGE
IN TEMP.
(DEG=R)

1.0961E+00
1,5995g+00
1,9340E+00
2.1894E£+00
2.3972E+00
2:5726E+00
2.T7241E+00
2.8573E+00
2.97S7E+00
3.7119E+00
4.0725E+00
44,2793€+00
44,4085E+00
4,4944E+00
4,5540E+00
4,5972E+00
4 ,6296E+00
4,6543E+00

ABOVE DATA USED 1.0E-03 AS A CONVERGENCE CRITERION
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TIME
(SEC)

5.9433E~04
8.4977E~04
1,0638E~03
1,2655E~03
1:4633E~03
1.6609E-03
1.8600E=03
2.0617E~-03
202668E‘03
445513E~03
7+3535E=03
1.0737E~02
1,4735E=02
1.9370E=02
2+4659E=02
3.0613E~-02
3.7240E=02
4 454 TE=02



APPENDIX IT
Reference 21 is reproduced in its entirety in the following pages for the conven-

ience of the reader.
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A. TINTRODUCTION

Interest in vapor film lubrication has been spurred on by new technological re-
quirements, e.g., steam cooled nuclear power plants, and by the overall potential
advantages of using steam instead of conventional oil lubrication in rotating
Rankine cycle machinery. Some of the advantages to be gained by steam lubrication
are reiterated from the references given in Parts I and II of this report. They

include:

1. Elimination of a separate lube o0il system with associated pumps, sumps,

coolers, filters, controls and piping.

2. Elimination of bearing oil seals with potential gains in reliability,
simplicity and reduced axial length of the machine. Exhaust steam

from the bearings can be vented directly into the machine casing.

3. Operation of the bearings at or close to the turbine temperature thus

sharply reducing temperature gradients within the machine.
4. Reduction of contamination and fire hazards.
5. Potential reduction in machinery size, weight and cost.

This investigation was supported by the Atomic Energy Commission for the purpose

of devéloping analytical methods to predict the static and dynamic behaviour of
vapor lubrication films with particular emphasis given to steam lubricated bearings.
Earlier steam lubrication studies showed that the presence of condensate in a vapor
lubrication film is critical to bearing performance. Thus a theory and model for
two-phase film lubrication was needed. To these purposes a general theory for two-
phase Reynolds' film flow has been developed. This analysis describes the static
and dynamic behaviour of a dispersed two-phase film flow including the effects of

a change of phase.

In part I the general two-phase film flow equation is obtained. This equation is
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exactly the same as the general non-condensible gas lubrication equation with the
exception of a vapor sink or a vapor source term which accounts for the effect of
a phase change. It is shown that the flow of a saturated vapor lubrication film
depends on two dimensionless numbers: the standard Strouhal number S8, and the
phase change number N. When the ratio N/S is small, the characteristics of a
saturated vapor film should resemble those of a non-condensible gas film. Con-

versely, for large values of this ratio a significant difference is to be expected.

In Part II a non-equilibrium two-phase lubrication film model is developed. From
this model the constitutive equation of condensation and/or evaporation is obtained
and combined within the framework of the general two-phase Reynolds' equation ob-
tained in Part I. The constitutive equation must be specified to obtain a complete

set of equations for the film pressure profiles and flow rates.

As a first step toward solving the general two-phase lubrication equations, the
steady state, one-dimensional evaporative film was analyzed. This simple bearing
film geometry can also be used to synthesize externally pressurized steam journal
bearing configurations. The results of the analysis show the major thermo-hydro-
dynamic parameters of wet vapor bearings and the influence these parameters, such
as the inlet moisture fraction, the liquid-droplet Weber number, the evaporation

relaxation constant have on the film pressure and flow rate.



B, Part I:

The Field Equations for Two Phase Reynolds

Film Flow with a Change of Phase
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1. INTRODUCTION

1.1 Significance of the Problem and Applications

The importance of condensation and evaporation processes in traditional drying,
distillation and Rankine Cycle power systems is well known. However, more re-
cently, it has been shown, Refs. [l, 2, 3] , that these phenomena are critical

to process fluid lubrication concepts using saturated vapors.

The systems where such advanced lubrication concepts are being considered include
stationary power plants, shipboard machinery, remote operating underwater, sur-
face and space power plants, etc. Some specific application for saturated vapor
lubrication are pressurized and self-acting steam bearings for stationary and
mobile power plant machinery, also seals for saturated vapor and/or liquid in

feed pumps and turbo machinery. The working fluids of interest are water, organic

compounds and liquid metals.

The precedent for saturated vapor lubrication has been established by the rather
well developed gas (non-condensible) lubrication technology, Refs.[é-- 9] .
The growth of this technology and its impetus centered upon the development of a
realistic and reliable lubrication theory for predicting bearing and seals per-
formance. This theory and applications evolved from the well known Reynolds'
lubrication equation extended to include the effects of compressibility, Ref. &
In general, the agreement between theoretical prediction based on this equation,

and experimental data for gas (non-condensible) lubricant has been satisfactory.

However, experiments of Refs. [1, 10] s with éaturated vapor lubricants, have

shown that the presence of a relatively small amount of condensate in a lubrica-
tion film can cause gsignificant changes in the lubrication film pressure profile
and dynamics. These changes could not have been predicted by analyses based on

Reynolds equation for gas (non-condensible) lubricants.

What is required therefore is an extended lubrication theory for two-phase, vapor-

liquid mixtures which accounts for the effects of a change of phage. Such a theory
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and formulation should be applicable to both static and dynamic analyses.

1.2 Purpose and Significance of the Report

This report has two purposes:

First, to present a general formulation which describes the dynamic behavior of
two-phase, vapor-liguid flow of lubrication films, and second, to derive an equa-
tion equivalent to Reynolds equaticn, which takes however, into account the effects

of evaporation and/or condensation.

Intuitively it could be expected that the formation of a condensate acts as a
vapor sink whereas the evaporation acts as a vapor source in the lubricant film
flow. This indeed is the case as shown by the equation derived in this report:
the processes of condensation and/or evaporation are accounted for by a net sink

and/or source. term in a two-phase, Reynolds lubrication film flow.

The results derived in this report clearly demonstrate that the effects of the
vapor sink and/or of the vapor source term can become of primary importance in

determining the static and dynamic chavacteristics of saturated vapor bearings.

The general formulation and analysis presented herein is of particular interest
because it can be readily applied to the important conditions of thermodynamic

non-equilibrium between the vapor and the liquid phase.
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2. FORMULATION

2.1 The Physical System

The physical system to be analyzed consists of a vapor either slightly super-
heated or at saturation with entrained\droplets flowing between two solid sur-
faces. Depending on operating conditions, these droplets can undergo evaporation
and/or condensation. For example, with the vapor wet at the inlet, droplets may
start evaporating as the pressure drops along the channel. Similarly, droplet
nucleation and attendant vapor condensation can take place in flows having time

and/or spatially variable clearances.

Clearly, if the temperature of the solid surface is below saturation, the vapor
will condense on the wall forming a liquid film. This aspect of the problem,
i.e. separated two-phase flow, is however not considered in this report. It is
assumed here that the temperatures of boundary surfaces are above or at satura-
tion temperature. Since the evaporating or condensing droplets are dispersed
in the vapor phase, we are considering here a problem of dispersed, two-phase

flow in thermodynamic non-equilibrium.

2.2 Assumptions and the Governing Set of Equations

In order to formulate the problem we shall make the following assumptions:

1) The vapor phase behaves essentially as a perfect gas.

2) The density of the liquid is constant.

3) The effects of droplets is to change the density of the mixture.

4) The effect of droplet concentration on the viscosity of the mixture

is neglected.

5) The effect of the relative velocity between the two-phases is neglected,

i.e., the flow of the mixture is assumed to be homogeneous.
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6) The energy equation can be decoupled from the momentum and the continu-

ity equations.

These assumptions and their validity are considered and discussed in more detail

in the appendices to this report. Suffice to say here that the first and the

last assumption are customary in gas bearing

analyses and have been examined al-

ready in the literature (see for example, Ref. E7]).

In view of these assumptions and following Refs. [11, 12] , the problem is formu-

lated in terms of three field equations and three constitutive equations. The

three field equations are:

The continuity equation for the mixture:

X L gy (V) =0

ot (1)
where p and v are the density and the velocity of the mixture.
The equation of motion of the mixture:
%% =~ grad P+ Vz ; + (B + p) grad (div ;) 2)

where in view of the fourth assumption, p is
is the bulk viscosity. We note that because
stress tensor, Ref. Elé], which accounts for

between the vapor and liquid phase, does not

the viscosity of the vapor and A
of the fifth assumption the drift
the effect of the relative velocity

appear in Eq. (2). The magnitude

of this term is evaluated in Appendix B for the flow regime analyzed in this paper.

The third field equation is the continuity equation for the liquid,which as a

consequence of the fifth assumption, can be written as¥*:

*Note that the homogeneous flow assumption implies that the velocities of the
liquid, of the vapor and of the mixture, are all equal.
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%%Q + div (oev) = I} 3)

where ¢ is the mass concentration of the liquid and where the source term I}, is

the mass rate of liquid formation per unit volume.

The three constitutive equations which are needed to completely define the prob-

lem are:

The thermal equation of state for the mixture:

e

1l _ 1-c
P P + Pe “)

g

where pg and P are the densities of the vapor and of the liquid.

The thermal equation of state for the vapor, which in view of the first assumption,

is given by:

g RT (5)

We note that the thermal equation of state for the liquid does not appear since

according to the second assumption, Ps in Eq. (4) is a constant.

The final equation is the constitutive equation of condenstaion or of evaporation:

I, = I, ® (6)

which specifies the mass rate of liquid formation or disappearance per unit



volume. It depends on the rate of droplet nucleation as well as on droplet con-
densation and/or evaporation. The significance of this constitutive equation in
non-equilibrium two-phase flow is discussed in more detail in Ref. [ll] . It is
shown there that the constitutive equation of vaporization and/or of condensation

plays a primary role in determining the degree of thermal non-equilibrium.

It can be seen from the foregoing that the problem is formulated in terms of six
variables: p, 3, P, c, pg, I} which are defined by six independent equations, i.e.
by Eq. (1l)through Eq.(6). It is of interest to note here that whereas a gas bear-
ing problem is formulated in terms of three equations, i.e., Eqs.(1),(2)and(5), the
presence of droplets in vapor-liquid two-phase bearings requires three additional
equations, i.e., Eq. (3), (4) and (6), in order to physically describe the prob-

lem as well as to define it mathematically.

2.3 Dimensionless Groups and Equations

In order to express the governing set of equations in a dimensionless form we
shall use the standard approach of gas bearing analyses (see for example Ref. [i])

expanding it however to take into account the effect of phase change.

Congider a thin vapor film bounded by a plane at y = 0 which may move only in the
x and z directions, and a surface y = h (x,y,z,t). Denoting by ho and L the char-
acteristic lengths in the normal and lateral directions, the 'thin film" approx-

imation implies that

ﬁ' =2
o
I

= e<<1 (7)

In gas bearing problems this ratio is of the order of € f\JlO-S°

Following the standard approach of gas bearing analyses we shall define the fol-

lowing dimensionless quantities.
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X Z
x¥ = T, zF = T , y* = % (8)
pho2
* = % =
t ot , P VL (9)
u W v
u¥* = —‘;’ W* = V s vk = n) (10)
(o]
° 2
0 % = B R p* = (11D
g pa pa

where V is the characteristic velocity for the lateral motion; P, is the ambient,
, -1 . .

i.e., reference density, and @ =~ is the relevant time scale of the motion; for

example if the surface y = h (x,y,z,t) is oscillating in the vertical direction

o is the frequency.

The continuity equation for the mixture, Eq. (1), can be expressed in a dimension-

less form by means of the relation above, thus

where S is the Strouhal number defined by

- WL
S =5

(13)

Similarly, the equation of motion, i.e. Eq. (2) can be cast in a dimensionless

form, thus the x component becomes:



Resp*[@'§+ v g—;—:'] + Re € [u*‘ayi+ w M:]=- ol

at* ax* a P ax*

2 2 2 2
a u* 2 Q u* a u¥* AHL a a u* BW* a v
+ > + € o + 2 + G )[jax* Gx + 32 * 8 §§§§§¥J

(14)

where, following the customary definitions (see for example Ref,(:7] ), the

"'squeeze! Reynolds number Re , is given by:

Re = —5—— (15)

R = -2 (16)

In most gas bearing applications, Refsu[:4 - 81], the groups Res and eRe are
small whereas the Strouhal number is of the order of unity. For example,

ReSAJ 0.05, eReAJ 10-3 .102 = 10-1, and S~ 1. Consequently, it follows
from Eq. (14) that for the "thin film" approximation the x component of the

equation of motion can be reduced to:

2
v *
%5; = 9 uz + O(eRe, Res, €ZS, 62, €2 h) a7
oy*

Using similar arguments it can be shown, Refs.{lL- 9:], that the other two com-

ponents, i.e., the y and z components reduce to:

B-14



oP% 2., 2.B 2 2
ES;; = 0+4+0 € 8t, € 8§ oo €S Res, € ReS (18)
and
2
%
gz: = o Y + 0 € Re, Re , €2 S, 62, e2 B (19)
82*2 8 H

Finally, the continuity equation for the liquid, Eq. (3), can be expressed in

dimensionless form, thus

] [aéi::) .\ b(p’;;x*)] . [a<p§;:*> s a(p;t;:fo] g 209

where S is the Strouhel number defined by Eq. (13), and N is the phase change

number, given by

r

Pa

Before proceeding further with the analysis, it is desirable to elucidate the

meaning of this dimensionless group. Multiplying the numerator and the denomin-

ator of Eq. (21), by the cross sectional area A, of the film we obtain

I}LA

N = — (22)
paVA

Since LA is the scale of the film volume, the numerator of Eq. (22), denotes the

mass rate of liquid formation by condensation(or disappearance by evaporation)
in the vapor film, whereas the denominator represents the total mass flow rate

through the film.
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It can be seen from the foregoing that the dynamic characteristics of saturated
vapor bearings depend on four dimensionless groups: the "squeeze® Reynolds num-
ber, Eq. (15); the Reynolds number, Eq. (16); the Strouhal number, Eq. (13);
and the phase change number Eq. (21).

Whereas the first three groups appear also in gas (non-condensible) lubrication
problems, the last one appears only in two-phase flow bearing problems where it
was introduced through the continuity equation for the liquid. The importance

of the phase change number as a scaling parameter, is discussed further in sec-

tion 4 of this report. We shall proceed now with the derivation of the governing

equation.



3. DERIVATION OF THE EQUATION

It was noted in Ref.{:9:]that the lubrication theory is the hydrodynamic analog
of shell theory, since the thickness of the film is much smaller than its lateral
dimensions. Consequently, the dependence upon one of the three spatial variables
can be eliminated from the hydrodynamic equations. This observation is used in
deriving the Reynolds equation, upon which the entire gas lubrication technology
is based. In particular, the continuity equation is integrated across the film
and the Navier-Stokes equation is used to evaluate the quantities appearing as

integrands.

The same approach can be used in deriving the governing equation for two-phase
lubricant films. However, as the density of the mixture depends on the concen-
tration (see Eq. (4)), the equation which is obtained from the equation of motion
and the integrated continuity equation is a function of concentration. This
functional dependence can be eliminated by means of the integrated continuity
equation for the liquid. The results yield the governing equation for dispersed,
two-phase lubrication film flow in which the phase change number N, appears as a

sink or a source term.

In order to integrate the equation it is necessary to define the boundary con-
ditions. Following the standard approach in lubrication analyses, these will

be taken as:

at y* =0 : u* = Ug
w'k =w*
o

vk = 0 (23)



whereas at y* = %_ = h¥*:
)
u¥ = Uﬁ
(24)
V¥ = Vﬁ
w¥ = Wg
h¥* h h*
and V§=S%§+u*%+w*%z—* (25)

The last equation is a kinematic condition which states that a fluid particle

at the surface y* = h*(x¥*,z*,t*), moves with the same velocity of the surface.

With these boundary conditions, the integration of the continuity equation for

the mixture, i.e., of Eq. (1), across the film thickness yields:

h* h*
* Yo Hrase
% Qo* ey S(p*u*) g op*w*) * =
ks S 4 s pvvr 4 S dy +f S ayx =0 (26)
0 0
Recalling that
h(x) h(x)
d df dh
an f(y) dy = dx dy + {} ax . (27)
0 0
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and in view of the boundary conditions, i.e., of Eqs. (24)and (25) the continuity

equation for the mixture, Eq. (26), can be expressed as

h* h
S 'g%; (p*h*) + —a—S; [ p*u"‘dy* + __5__ p'*w*dzfc = 0 (28)
0

qz*
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Following the same procedure we can integrate the continuity equation for the

liquid, Eq. (20), across the film and obtain:

h* h*
S S%; (p*h*c) + gi; p¥cu*dy® + 'g%; prewkdz® = <N>fﬁ; (29
0 0
b
where N is averaged over the film thickress so that <N> equals %1* - N dy*
0

We shall examine now the integrals in these two equations.

The density of the mixture p* which appears in Eq. (28) and Eq. (29) is given by

the constitutive equation of state for the mixture, Eq. (4), thus

1 1-
Gy (30)
g

For most problems of practical interest the mass concentration is much smaller
than unity, whereas the density of the liquid is considerably larger than that

of the vapor. Consequently, Eq. (30) can be approximated by

pv'c
p* o= 1o (31)

which will be valid as long as:

Pe
c << Py (32)
Pet Py

The density of the vapor pg* in Eq. (30) and Eq. (31) is specified by the thermal
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equation of state, expressed here by the perfect gas law, Eq. (5). It is stand-
ard procedure in gas lubrication analyses to neglect the temperature variation
across the gas film. Furthermore, in view of Eq. (18), the pressure is assumed
to be constant across this film. It follows then from the equation of state that
the gas density does not vary in the y* direction. Similar arguments can be ad-
vanced in the present problem. Consequently, as a first approximation, the den-

sity of the vapor pg in Eq. (31), will be constant across the vapor film.

With this approximation, the substitution of Eq. (31) in Eq. (28) and Eq. (29)

leads to:
h¥* h¥*
o) *
O {8 x4y = LESP S T S wroooe 2
S dt* Y 1-c¢ )+ ox* pg l-c dy*) + Jz* pg l-c dy*®y = 0
0 0
(33)
and
h#* h¥*
8 )rg i c S ¢
[ e -fi‘g— h*) + S pg* (—I-—-c-) u® dy¥*) + S pg'a'c (—]::)wic dy* ) = <N>h7’:
0 0
(34)

By subtracting Eq. (34) from Eq. (33) we obtain:

h¥* h¥*
S __a_ pg* h* + _.a_

St* u* dy:’: + -ﬁ—— p * wk dy¥*

a* p % -
X g oz* g

1l
1
S
=
o
=
%

The integrands in this equation can be evaluated once the velocities u* and w¥*

are determined from the equation of motion and the appropriate boundary conditions.
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For the problem under consideration, the three components of the Navier-Stokes
equation reduce to Eq. (17), (18) and (19), whereas the boundary conditions are
given by Eqs.(23),(24) and(25). Then it can be easily shown, Refs. E4 - 9:},

that the two lateral components of the velocity are given by:

1 P* 2 i % ] %
vo- g Sa Y W A-iR e @ F oo (36)
and
1 JP* 2 gk % %
w*:-—z--g;h* La-H + wr-w Tovow (37)

Substituting these two equations in Eq. (35), and upon evaluating the integrals

we obtain:

6 .*., r . 7 - 3 P*
128 3%7 Pp * h¥*) + 33; h pg* (J% + Lﬁ) h#* pg* ?—T
+ o 6h* %* 5 %Y - 13 X OPEN | <. > %
Sz% h Pe Wk + wo) h¥ ¥ S 12 (N )h (38)

which for a perfect gas and isothermal process, reduces to:

< 9 R 3 P
128 3i% P*h* 7+ Sx* 6h*P* (UF + U¥) - b*" P* Sfo? +

-ﬁ— *x % %) -~ :k3 iP—’E = = <> *
+ S 6h* P (wh+w0) h*~ P* e 12 {(N)h (39)

Eq. (38), i.e., Eq. (39) is the governing equation for dispersed, two-phase lub-

rication film flow.




B-22

4. DISCUSSION

4.1 The Vapor Sink or Source Term

By examining Eq. (38), it can be seen that the governing equation for dispersed,
two phase lubrication film flow differs from the standard Reynolds equation by the
presence of a sink or source term on the right hand side. Since this term repre-

sents the only difference, it is desirable to analyze it in more detail.

As was already noted in Section 1, it could be expected intuitively that the for-
mation of condensate acts as a vapor sink in the lubrication film flow, whereas

the evaporation acts as a vapor source. This observation is indeed suppbrted by,
and expressed in, quantitative form in Eq. (38). The sink or source term which
appears on the right hand side of Eq. (38), depends on the dimensionless film
thickness and on the phase change number, which is a function of the liquid source
I} , see Eq.(21)and Eq.(3). The strength of this source is specified by an approp-
riate constitutive equation of condensation and/or evaporation, Eq. (6), which in

general depends on a particular two phase flow regime, Refs. [11, 13] .

The flow regimes of interest to the present problem are the dispersed droplet con-
densing and evaporating flows. For condensing flows, the liquid source I; depends
on the rates of droplet nucleation and vapor condensation on these droplets. For
evaporating flows, I} depends on the droplet number density, size distribution and
rate of evaporation, Ref. [ll] . In either case the constitutive equation of

condensation and/or evaporation is a strong function of the vapor saturation pres-

sure.

For condensing flows, the liquid source I} in Eq. (3) is positive. It follows
then from Eq. (21), that the phase change number N is also positive. Consequently
for condensing flows, the term on the right hand side of the governing equation,
Eq. (38), acts as a vapor sink, since it has a negative sign. Conversely, for
evaporating flows I} and therefore N are negative; the right hand side of Eq. (38)
becomes then positive and acts as a vapor source. In absence of condensation or

of evaporation I} and therefore N are zero, reducing Eq. (38) to the standard
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Reynolds equation for gas (non-condensible) film flow.

It is well known that the rates of droplet nucleation, condensation and evapor-
ation are strong functions of the vapor pressure. Since the phase change number
N, depends on these processes it can be expected that the right hand side of Eq.
(39) will be a strxong function of vapor pressure among others. Thus, if either

or both P* and h* oscillate, the right hand side of Eq. (39) will become a pul-
sating source or sink. Clearly, such a pulsating source or sink will have a
significant effect on the dynamic characteristics of the vapor film. Since this
term does not appear in the Reynolds equation for gas (non condensible) films, it
is not surprising that this latter equation was not adequate in describing and
predicting the observed behavior of saturated vapor bearings. It is of interest
to note in closing that even for a constant phase change number N, the right hand
side of Eq. (39) can have the effect of a pulsating source or sink because of its

dependence upon this film thickness h#.

4.2 Scaling Criteria

When planning experimental investigations or considering design alternatives it
is desirable to have available criteria which can be used to scale a physical
process of an engineering system. In this section we shall discuss the role of

the phase change number N as a scaling criterion.

It was noted in Section 2 that N represents,the ratio of the net liquid formation
in the vapor film to the total vapor-liquid mass flow rate through the film. It

is instructive to express this number also in terms of the two characteristic time
constants of the process: the transit time T and the characteristic frequency of

phase change Q, Refs.[lz, 14, 15] .

We observe that the ratio L/V in Eq. (21) is a fluid particle transit, i.e. resi-

dence time T, thus

= T (40)

<t
I
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whereas the ratio I}/pa is the characteristic frequency of condensation (or of

evaporation) Q, i.e.
I}
- = (41)
pa

which scales the rate of phase change Refso[:lZS 14, 15 j. The phase change
number can be expressed then also as the product of the particle residence time

T and the characteristic frequence of phase change Q, thus

QT 42)

=
L]

It can be expected therefore, that the equality of the phase change number N,

in two different systems will ensure that the phase change has progressed equally
in both. 1If this condition is not satisfied, the dynamic conditions of the two
systems will not be similar, since the phase change in one would have progressed

further than in the other.

We note that the phase change number expressed as a product of the characteristic
frequency of phase change and the particle residence time, is of a form similar
to the Damkohler first group, Ref. [16] , which is one of the most important
similarity criteria used in sealing chemical reactors as well as jet and rocket
engines, Ref. [179 18] . It is recalled here that Damkghler first group is de-
fined as the product of the particle residence time and the chemical reaction
frequency for reacting gases or for reacting liquids. In Ref. [12 - 15] we ob-
served that in two phase flow problems with a change of phase, the characteristic
frequency of evaporation @, has the same meaning as the reaction frequency in
chemically reacting gases. It can be expected therefore that in two phase flow
systems with a change of phase, the phase change number N, will play the same

1]
role as Damkohler first group in chemically reacting systems.
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The governing equation, Eq. (39), indicates that the static and dynamic character-
istics of dispersed two phase lubrication film flow depends on two dimensionless
groups: the phase change number N given by Eq. (21), i.e. Eq. (42), and the

Strouhal number, Eq. (13), which in view of Eq. (40), can be expressed also as

S = or 43)

Since the effect of a phase change appear only in the phase change number N, it

can be expected that the ratio

wn =
]
gl

(44)

will reflect the importance of condensation or of evaporation on the dynamics of
saturated vapor bearings. For very small values of this ratio, the dynamic char-
acteristics of a vapor bearing should be similar to that of a gas (non-condensible)

bearing. Whereas for large values, a significant difference should be expected.

By definition, the phase change number, Eq. (13) depends on the constitutive equa-
tion of condensation or evaporation, Eq. (6), appropriate to the particular flow
regime. It was noted in Ref. [11:]that at present the constitutive equation of
evaporation or condensation are not known for some flow regimes and only in a
rudimentary manner for others. It was stressed therefore in Ref.|:llj , that the
determination of these constitutive equations and their experimental verification
should constitute the primary objective of future investigations. This is par-
ticularly true for liquid metal systems which are characterizedbby a high degree

of thermal non-equilibrium.

The constitutive equation of condensation and evaporation for lubrication film
flow are presently under investigation. Part II of this report develops the con-

stitutive equation for evaporative film flow. However, it can be stated already
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that depending on the form of such a constitutive equation, the governing equa-
tion for dispersed two phase lubrication film flow, Eq. (39), predicts different

static and dynamic characteristics of saturated vapor bearings.



1Y)

2)

3)

4)

5)
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5. CONCLUSIONS

The governing equation has been derived for dispersed, two-phase lubrication
film flow. It can be used to predict both the static and the dynamic char-

acteristics of saturated vapor bearings.

It was shown that the processes of condensation and/or evaporation are ac-
counted by a dimensionless phase change number N, which appears respectively
as a vapor sink or a vapor source in the governing equation. When this number
is zero, the equation reduces to the standard Reynolds equation for gas (non-

condensible) lubrication film flow.

The effect of this source or sink term on the static and dynamic character-
istics of the vapor film were discussed. It was concluded that this effect

can become the dominant when the sink or source pulsates.

It was shown that the flow of a saturated vapor lubrication film depends on
two dimensionless numbers: the standard Strouhal number S, and the phase
change number N. The significance of the latter number as a scaling criter-
ion was discussed. 1t was shown that when the ratio N/S is small, the char-
acteristics of a saturated vapor film should resemble those of a gas (non-
condensible) film. Conversely, for large values of this ratio a significant

difference is to be expected.

In the development of the vapor lubrication technology it can be expected
that the governing equation Eq. (38), i.e. Eq. (39) described in this report
will play a role similar to that which the Reynolds equation has played in

the development of the gas (non-condensible) lubrication technology.
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NOMENCLATURE

M,L,T,0

Cross sectional area of the film[sz

Mass concentration of the 1iquid[-:]

Film thickness ELJ

Characteristic length in the lateral direction [Lj
Phase change number, Eq. (21) or Eq. (42)

Film. pressure [M L-'1 T-ZJ

"Squeeze" Reynolds number, Eq. (15), [-j

Gas constant [LZ T-'2 9-1]

Reynolds number, Eq. (16), E-j

Temperatupe{egf S
Time[ T )

Strouhal number, Eq. (13) or Eq. (43) C-]
x component of the velocity [LT-]']

-

|
o

The x component of the velocity evaluated at y = h and y = 0, [L T-lj
y component of the velocity[ L T-lj
Reference velocity in the lateral direction [L T-l ]

z component of the velocity [L T_lj

[
o

The z component of the velocity evaluated at y = h and y =

)

Greek letters:

Volumetric:. liquid-phase..source generation rate [:ML-3 T-lj
h /L[ -]

Density of the vapor-liquid mixture, [M L-3]

Vapor density [M L-3-!

Liquid density[ M L™

Ambient density [M L

Bulk viscosity of the vaporEM L_l T—l]

Vapor viscosity [M L“l T-l]

Particle transit time, Eq. (40)[Tj

P



2
il

g
]

Frequency of oscillation T-1

Superscript: * denotes dimensionless quantities

Subscript: o denotes reference values

Characteristic frequency of phase change, Eq.

@n[rt]
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APPENDIX A

" The Effect of Concentration on the Viscosity

There are several methods and equations which have been proposed for evaluating
the effect of the concentration on the viscosity Moo of the mixture. Among them

perhaps the best known is that of Einstein, Ref.[:19] s given by:
w, = B(l +2.5q) (a-1)

where p is the viscosity of the continuous phase and ¢ is the volumetric concen-
tration. The assumption used in deriving this equation limits its validity to
a < 0.05. For higher values of ¢, Roscoe, Ref. [:20:) and Brinkman, Ref. [:21:] ,

have proposed the following relation:

po= —t—— (A-2)

m (1_a)2.5

In the present analysis the effect of concentration on the viscosity was neglected,
i.e., it was assumed that By = M- In order to demonstrate the validity of this
assumption we shall express the volumetric concentration g, by means of the mass

concentration ¢, thus
o Pf= cp (a-3)

whence in view of Eq. (31), we obtain

P
« - =) a6)



B-33

It is evident that in the present problem, ¢ is very much smaller than unity,

justifying its omission from Eq. (A-1).



APPENDIX B

The Effect of the Drift Stress Tensor

When the equation of motion of the two phase mixture is expressed in terms of the
center of mass, the effect of the relative velocity between the two phases sppears
as a drift stress tensor, Ref.[]lj]. In the present problem this drift stress
tensor was omitted from the equation of motion, In order to show that this omis-

sion was permissible, we shall evaluate the X component of this term which is given,
Ref. [12] , by

D

2
Txx = (1) op v (B-1)

which in view of Eq. (31), can be reduced to

XX g r (B-2)

T g f (8-3)

It can be determined from the equation of motion of a droplet located in a vapor
stream with a pressure gradient. Neglecting the effects of virtual mass and of

acceleration on the drag, the equation of motion for the laminar, i.e. Stokes

flow regime is given by:

41 .3
P T3

3 ax (B'A‘)



where r is the radius of the droplet.
The scale of the relative velocity can be easily evaluated by considering a flow
with constant liquid velocity, for which Eq. (B-4) reduces to:

H
5 U (B-5)
r2

We introduce now the dimensionless relative velocity ur*-defined by

ur
* = — B- 6
u n (B-6)

where 7 is the scale of the relative motion, to be determined from Eq. (B-5).

Substituting Eq.(B-6) in Eq. (B-5) and recalling that the pressure and the X

coordinate are scaled by Eq. (9) and Eq. (8), we obtain the dimensionless form
of Eq. (B-5)., i.e.,

2
h ™
P¥ 9 )
ARl SR (8-7)

Since the dimensionless pressure gradient and the dimensionless relative velocity

are of the same order of magnitude, the scale of the relative velocity must be

given by
2
a1 . 2
v o9 (ho) (B-8)

Considering even a large droplet with a diameter equal to say ho/2, Eq. (B-8)

indicates that the velocity ratio is still negligibly small, i.e., equal to 1/72.



Since the relative velocity is smaller (by approximately two orders of magnitude)
than the lateral velocity, Eq. (B-2) indicates that in the present problem, it
was permissible to neglect the effect of the drift stress tensor, i.e., of the

relative velocity.



B-37

APPENDIX C

The Effect of Phase Change on the Temperature

It is shown (see for example Ref.[:5, 7] ) that gas (non-condensible) lubrication
film flow can be considered as isothermal. Here we want to examine under what con-
dition it is permissible to neglect the effects of phase change on the enthalpy of
the film.

Defining by ig and if the enthalpies of the vapor and of the liquid respectively,

the enthalpy of the mixture is then given by

) 0
]

n cif + (1l-c¢) ig (c-1)

i-i
- e )

It can be seen that the enthalpy of the mixture can be approximated by that of

or

e
]

the vapor as long as
1 f
c |[-B—= << 1 (C-4)

Consequently as long as this inequality is valid it is permissible as a first

approximation, to neglect the effect of phase change on the mixture enthalpy.
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C. Part II: The Constitutive Equation of Evaporation and/or

Condensation for Non-Equilibrium Dispersed Film Flow



1. INTRODUCTION

1.1 Steam Lubrication Studies

Condensable-vapor, being a common process fluid, has been considered for lubri-
cating surfaces requiring relative motion within or in close proximity to a
condensable~-vapor environment. In particular, steam lubricated bearings have
recently been studied for applications in rotating Rankine cycle machinery,
Ref. El, 2] . These studies showed that the presence of condensate in the 1lub-
rication film was critical to the bearirng performance. Tests of an externally
pressurized journal bearing configuration, Refs. EB, AJsupplied with either

saturated or superheated steam demonstrated that;

1. A dry steam lubrication film would perform as predicted by the com-

pressible Reynolds' lubrication theory.

2. A small moisture fraction of condensate introduced into the lubri-
cation film can cause a noticeable perturbation in the dry film

pressure profile and flow rate.
3. The presence of condensate in the film may induce a bearing instabil-
ity (steam hammer) which would not exist for a dry film under the

same bearing operating conditions.

To understand and control this phencomena, a realistic model for high quality

two-phase film flow is required.

1.2 Dispersed Two-Phase Film Flow Model

The basic elements of the two-phase thermo-hydrodynamic film flow model are:

1. Derivation of the two-phase field equations

B-39

2. Derivation of the constitutive equation of evaporation and/or condensation.
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Part I was concerned with the first aspect of the two-phase film flow model,

Part II the second aspect of the model which in particular assumes:
a. Entrained liquid droplet flow.

b. Non-equilibrium droplet evaporation and/or condensation neglecting
surface energy effects, i.e. "capillary superheating" is assumed to

be negligible.
c. Moisture weight fractions much less than unity.

Justification for considering a liquid-droplet flow regime is based in part on
the fact that the boundaries of the lubrication film were locally superheated in
the series of tests reported in Ref°[l+j° Thus a separated two-phase flow of
film wall condensate and bulk vapor is highly improbable. The condensate, when
present was carried over from the steam supply into the begring film or it was
formed in the feed supply region, RequSJ9 and subsequently stripped off in
the form of small droplets. Typical Weber numbers ngZDH/cf , for the feed
supply region of externally pressurized bearings, are much greater than the
critical value (17, Ref. [6:] ) for film stripping. Also the stable droplet
Weber number criteria, Ref,E7:]shows that maximum ratio of the liquid-droplet
diameter and film clearance is approximately 1/5, see section (3). Therefore
in accordance with the results of Appendix B in Part I of this report, droplets

of this size range will be essentially entrained in the vapor flow.

It should be noted that a superheated vapor film environment for steam lubricated
externally pressurized bearings is typical, and an operating condition which can
be readily designed into pressurized vapor bearings due to the vapor film pres-

sure gradient and the attendant drop in the local saturation temperatures.

The phenomenological aspects of a steady-state non-equilibrium dispersed two-
phase film flow primarily involve the evaporation of condensate which in droplet
form is transported through the pressure gradient of the vapor-liquid mixture,

and thereby caused to flash into vapor. This flow regime is illustrated in Fig.I.
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The evaporation rate is controlled by the thermal diffusion of heat energy to the
vaporizing surface of the liquid droplets. Because of the large thermal conduc-
tivity and volumetric heat capacity of the liquid droplets compared to that of the
vapor phase, the majority of the latent heat for evaporation is supplied by the
available thermal energy of the liquid droplets themselves. The available thermal
energy of a droplet, which is initially in thermal equilibrium with its environ-
ment or superheated, increases in the presence of a decreasing environmental pres-
sure since the liquid superheat increases with respect to the local saturation

temperature of the evaporating droplet surface.

Due to the droplet evaporation the specific volume of the vapor-liquid mixture
increases in the direction of the flow. This steepens the film pressure gradient
which further increases the specific mixture volume. The formulation of this
complex regenerative process is greatly simplified by the fact that the evapora-
tion process is insensitive to the vapor phase bulk temperature level. This
insensitivity as previously noted, and as shown in Fig. 1, is a consequence of

the small vapor-liquid interface heat flux ratio.

In general, dynamic film flow effects can lead to condensation of the vapor phase
on the entrained liquid droplets. This occurs if the local film pressure is per-
turbed such that it exceeds the inital saturation pressure of the droplets at the
film inlet. 1In the case of pressurized vapor bearings the film pressure under
dynamic conditions does not exceed the bearing supply pressure. The temperature
of the liquid droplet condensate introduced into the film, usually, see Section
(3), equals the supply saturation temperature which is therefore never exceeded

in dynamic or steady state film flow. This implies that evaporation effects
dominate both the static and dynamic behavior of pressurized wet vapor bearings.
It should also be noted that the non-equilibrium model for the constitutive
equation of evaporation and/or condensation does not include condensate nucleation
which requires local supersaturation of the vapor phase and depends upon surface
energy effects. Extensive studies of nucleation phenomena in supersaturated vapor
flow have been amply reported in the literature, e.g. Ref. [8] . In Ref. ES]

it is also shown that "capillary superheating' of condensate droplets is signifi-

cant only for very small droplets, R < 10_5 in. The present model for the
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constitutive equation of evaporation and/or condensation will be extended to
include condensate nucleation and 'capillary superheating® in a future publi-

cation.

1.3 Purpose of the Investigation

The purpose of this analysis is to develop a general constitutive equation for
evaporation and/or condensation in a (non-nucleating) two-phase vapor film flow.
The analysis combined with the results of Part I then complete the generalized

dispersed two-phase film lubrication equation.

This two-phase Reynolds lubrication equation which is applicable for both dynamic
and static film flows is then specialized to consider the steady-state evaporative
strip film flow. This latter analysis clearly shows the major thermo-hydrodynamic
parameters for vapor bearings and the influence these parameters, such as the inlet
moisture fraction, the ratio of the film residence and droplet evaporation time,

and the initial droplet superheating have upon an evaporative two-phase film flow.

Also the implications of this analysis on the dynamic behaviour of vapor bearings

are discussed.
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2. ANALYSIS

2.1 The Constitutive Equation of Evaporation and/or Condensation

The unique parameter in the general two-phase Reynolds' equation as obtained in
Part I, is the net volumetric liquid mass formation rate, I}. Consider therefore
a dispersed two-phase fluid element of mass m which contains N liquid droplets
entrained in the vapor phase and flowing in a thin film. The assumption of an
entrained droplet flow, implies small droplets which have a short inertial relax-
ation time constant. Under these flow conditions, secondary droplet formation,
due to collisions and shear fracture, is negligible so that the droplet number

density in a fluid element, n = N/m, remains constant with time, and therefore

3
IR/R,)
[yl ] e SRR
T = & [<m> &) mpf] =S @ )

and since the density of the mixture p, for mass concentrations ¢ << 1 is approx-

imately pg/l—c, I" from Equation (1) is given as

£
3 3
e,  d®/R) d@®/R,)
e = o (1-ci> dt = PG Tar @)

Equations (1) and (2) assume that the liquid droplet density P is constant, and

that R equals the volume weighted mean droplet radius.

Also it should be noted that a positive time rate of change of the normalized drop-
let mass (R/Ri)3 signifies the occurrence of condensation, and a negative rate of
change in droplet evaporation.In the following section the equation for the mean
droplet radius as a function of the local film pressure is developed. This relation-
ship in conjunction with Equation (2) will define the constitutive equation for a

dispersed two-phase film flow.
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2.2 Non-Equilibrium Droplet Dynamics

Liquid droplets of mean initial radius Ri are assumed to enter the film having a

£i =
5 > Ts’ i.e. the local saturation tempera-

flat radial temperature profile at a temperature, T_.,K6 > Tgi° When these droplets
are transported into a region where Tf
ture (TS) as determined by the local static film pressure is less than the initial
droplet temperature, the liquid surface of the droplets evaporates. Alternately

when TS > T the vapor phase condenses on the entrained droplets. The rate of

evaporationf:nd/or condensation is governed by the diffusion rate of thermal en-
ergy to the liquid-vapor interface and the latent heat of vaporization of the
fluid. The liquid~vapor interface will be essentially at the local equilibrium
pressure and temperature throughout the evaporation process, so that in the case
of evaporation, thermal energy will difuse from both the liquid and bulk vapor
phases as shown in Fig. I. The ratio of the liquid phase and vapor phase inter-
face heat fluxes is proportional to [(kpCp)f/(kpCp)g:]l/2 , which for most fluids
is much greater than unity. Therefore this analysis only considers the diffusion
of thermal energy within the liquid phase of the droplets to and from the vapor-

liquid interface.
The non-equilibrium droplet evaporation and/or condensation model is thus reduced
to finding the surface heat flux of a spherical liquid droplet having a time vary-

ing surface temperature equal to the local saturation temperature.

A mass and energy balance at the liquid droplet surface requires that

6 = - pfhng (3)

where ¢ is the surface heat flux, P the droplet density, hfg the latent heat of

vaporization and R the time rate of change of the droplet radius.



With a spherical coordinate system fixed in a droplet, and assuming polar and
azimuthal symmetry, the time dependent temperature field of a droplet being

transported through the bearing film is given as

N , Ty~ Tf):] L (Tgm T
:5 or |t or - 3;’ ot ()

Integrating Equation (4) with respect to r gives

oT k R o(T_..- T.)
= 0

Combining Equations (3) and (5) agﬁ”using the boundary condition that the temper-

ature of the droplet surface is equal to the local saturation temperature, one

obtains
3 R
A dRT _ d _ 2
"3 dc T 4t é (Tgy= Tg) v pdr (6)
h, - C . (T..- T)
where \ & fg pf £i 5. s approximately (h - C )Y/ C and essenti-

c pf f1
ally constant for mgny fluids since hg for most vapors is a weak function of

temperature. Integrating Equation (6) then gives

_ . 2
(Ri -R7) = g (Tfi Tf) r© dr (7)

w >

The asymptotic droplet evaporation can be readily obtained from Equation (7) by
substituting the asymptotic saturation temperature for the droplet temperature

(Tf) and integrating to obtain
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= 2 (8

3 ! =
Thus ®/R) > > [1-6 Junere 5= ¢ 1 /m
In the case of saturated steam the ratio of the available and latent heat §,
is approximately 1/3 over a wide range of pressures so that the asymptotic unevapor-

ated droplet mass fraction is greater than 2/3.

Following Von Karman's integral boundary layer method, an approximate solution of
the heat-balance integral given by equation (7) can be obtained by prescribing a

rational droplet temperature profile such as

(r,.- 7) EEy . r'<r<R
fi s R_l.u 3> -~ —
T:Ei- Tf == (9a)
0 ; 0 <r<r!
when r'/R > 0, and
T.-T, =~ (T..-T) (&I : 0 <r <R (9b)
fi f fi “s’ “R-r’ ? =" =
when r'/R < 0.
Note (l-r'/R) defines the droplet thermal diffusion layer thickness.
Substituting Equations (9) into Equation (7) gives
4 : ’ ;2
Qr'/R) |1+ 2 &+ 2 & |, r'R>0 (10a)
4\ .3 _3.,.3 3R 3 R
3 (Ri - R7)/R

~

(Tfi- Ts)

1, r'/R .
g[l -3 (1-r'/R):] ; r'/R<O (10b)
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Equations (10) are shown in Fig. 2.

Note that Equation (lOb) is asymptotically correct, for when

R, - R (T., - T)
t'"/R 2w , z = o £i = (11)

in agreement with Equation (8).

Also in accordance with Equation (10a) and (10b) when (r'/R) = 0 the evaporation

process is approximately (3/4) completed since

(_];_3___.) = % (_iL_____S_) 12)

To complete the solution of Equation (7), the droplet thermal diffusion layer
thickness (1-r'/R) must be defined in terms of the droplet radius and the thermal
driving force, (Tfi - TS). This relationship can be obtained from the vapor-liquid
mass-energy balance Equation (3), and the droplet surface temperature gradient

obtained from Equations (9), giving

. k
f
- U a= - -
(1 r'/R) RR o.h (Tfi Ts) (13)
ffg
. . dR
where R = T

Equation (13) combined with Equations (10) define the local dynamics of the
droplet-vapor interface in the thermal potential field, (Tfi - TS). The result-
ant system of first order non-linear differential equations is complicated by the

fact Equations (10a) and (10b) are discontinuous in the time domain. However a
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good approximation for Equations (10a) and (10b) which is continuous over the

entire range of r'/R < 1 is given as

1- 1R = _ELZ._Z. (14)

1- (9/%)

3 3
~R* %*
where 0 = 4X(; R _)é3§
( fi s

and the normalized droplet radius R¥, is defined by the ratio of instantaneous
droplet radius R, and the initial radius Ri’ of the droplet as it enters the

film.
A comparison of Equations (10) and (14) is shown in Fig. 2. -

Combining Equations (13) and (14) gives the following first order non-linear

differential equation for the normalized droplet radius

-R -R* .
5 s ( 3 y o+ (_..3 )y = F(T¥%) (15)

2
(Ri/3) /af

here the characteristic droplet evaporation-condensation time FE T
w ara sti p apora c sat s Tp 1-6(1-Ti*) .

2
. . _ | _sa-mm L
the thermal driving potential F(T®) = T-5(1-T *)' , and T® = T
i fi

The product of the characteristic droplet evaporatior-condensation time and the
normalized droplet radius raised to the fifth power TDR*59 defines a first order

time lag for variations of the quadratic droplet mass fraction. The asymptotic

3
1-R *
droplet mass fraction C——J£§~)D as given by Equation (15) is d F(@w*) which

R *
oo
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§(1-T *)
equals Ijgzif%—;s . Thus the asymptotic evaporation fraction given by Equation
i

(15) is exact and agrees therefore with Equation (8).

The forcing function F(T*) is determined by the thermal driving potential which

is determined by the initial droplet temperature Tfi and the local saturation
temperature Tsu It should also be noted that the droplet evaporation-condensation
model includes the effect of introducing droplets which are initially superheated
or subcooled into the vapor film. This is clearly shown in the thermal forcing
function which in the case of evaporation equals the ratio of the specific heat
available for evaporation, and the specific latent heat of the droplets reduced

by their initial specific superheat.

The Clapeyrcon equation gives the relationship between the local saturation temper-

ature and the film pressure so that

= - NT fa P (16)

where the Trouton number N, equals ‘RTfi/thg and P = p/pi,

T

In obtaining Equation (16) it is assumed that the latent heat is essentially
constant, the specific volume of the vapor is much greater than that of the

liquid phase, and the vapor phase behaves as an ideal gas.

Also the initial condition for Equation {16}, i.2. P = 1 is defined by the

initial fractional droplet superheat ratio (1‘Ti*)/Ti*"

Combining and rearranging Equations (15) and (16) gives

3 2 3 2
5 d L-R#% 1-R*
R* —_ A\ . ; - . = Y
TD dt 3 3 F(E 17



2 T % 2
=(—20 [ S
where F(P) =177 L T ior
i T
. . 5 5/3 .
In accordance with Equation (8), 1 >R¥% > (1-8) and when § < < 1 Equation
2
1-R+>
(17) is approximately linear in the variable ¥ = 3" . In the case of
%
steam 1 > R*5 > .5 . R
Linearizing Equation (17) then gives
d¥ -
oS+ v= R (18)
Integrating Equation (18) one obtains
t 1/2 -1
3 t-&,
R*¥ (t,P) = J 1 + F(P) exp (- ;7‘7 ac (19)
D
0

Combining Equation (19) and Equation (2) one obtains the general constitutive

equation for evaporation and/or condensation in a dispersed two-phase film flow

t 1/2. -1
PC.

i D t-
= = - d 0
Ff T Dt 1+ F(P) exp [ - ] € (20)

vi D

0
D . . .
where -— = gubstantial derivative.
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2.3 . Steady State Evaporative Film Flow

Formally Euqation (2Q) combined with Equation (39) in Part I of this report com-
pletes the dispersed two-phase Reynolds' film flow equation. This equation
describes both the static and dynamic film pressure profiles and flow rates of

a dispérsed two-phase film flow including the effects of a non-equilibrium change

of phase.

As a first step toward obtaining an understanding of non-equilibrium two-phase
film flow phenomena, the preceding general equations have been used to analyze
steady state, one dimensional, evaporative two-phase film flow. Besides lending
clarity and tractability to the analysis, the simple film flow geometry considered
in this study, Fig. I (semi-infinite strip bearing), can also be used to synthe-

size the steam journal bearing test configuration of Ref.[:4j .

The general two-phase Reynolds' equation as obtained in Part I, for the case of
a strip bearing configuration without relative motion between the boundaries,

under steady state conditions reduces to

3
4} _h” dp § _ < >
dx 12p P dx ﬁTvi h 1-|f (1)

In a steady state dispersed two-phase film flow the thermodynamic forcing function

F(T*) is always positive, i.e. (T., - TS) > 0. Therefore the liquid droplets

fi
evaporate as they traverse the film, and in accordance with Equation (2) Ff averaged
across the film under steady flow conditions is given as
h
2
= L dR*”
<Ff> ~ h peg v T (WY (22)
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Since u = 6(%)(1 - ﬁ) ﬁ% where Q is the mass flow rate per unit width of the

bearing film, Equation (22) becomes

{re) = ¢ @ ) (23)

dx

where R*> (y/h) (L-y/h)d (y/h)

&) = & (24)

(y/h) (1-y/h)d(y/h)

Combining Equations (21) and (24) gives

2 T Ce @

24pQ RT i
where ¢, 8 ———52

1 h3

Integrating Equation (25) and requiring that the negative gradient of the quadra-

lic pressure distribution for a dry film equals C., gives

13

2

g%' =0 [1 T Cy <R*3>J (26)

1
1+¥

Since the instantaneous mean droplet mass fraction <R*3> , equals < 1/2

equation (26) becomes
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ap’ S
ax - " G |t- <1+Y1/2>J (27)

The quadratic evaporation fraction ¥, is determined from Equation (18) which for

steady flow conditions becomes

T4 == + ¥ F(P) (28)

Equations (27) and (28) define the steady state film pressure profile, and flow

rate.

To solve Equations (27) and (28) it is most convenient to first eliminate the
spatial coordinate and solve for the quadratic evaporation fraction ¥, as a
function of pressure, and the transverse coordinate of the film, y. Dividing

these equations one obtains

D

Tf(y)

—d—‘*'—g + ¥ = F(P) (29)
dP

pihL
6(y/h)(1-y/h)Q GTgi ’

where the y dependent film transit time -7

and ¢, < < 1.
i

f(y), is defined as

The ratio of the droplet time constant 7. and the characteristic film transit

D
time Tf(y) defines a local evaporation relaxation parameter. If the evaporation
relaxation parameter is much less than unity this implies that the asymototic
evaporation rate will be established near the inlet region of the film. In the
case of a relaxation parameter much greater than unity only a small amount of

evaporation will occur within the film.

Rearranging Equation (29) one obtains
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3 3
-2 i - = -d_ I
i [3v(y>]} SRR [rw(y)] <0

where vy(y) = TD/ T ()

Integrating Equation (30) by parts,one obtains the approximation

3

. EQ) SRR € 5.2 40 ]

¥(P,y) ~F(B) \1 - F(p) exP 3y (y) S
Thus
‘ 9 1/2
T * 1-T,* 3
1/2 ___];___ . —_A_______ - M_l
YU (Byy) = ML - 1-N fnP L T % exp[ 3\((}7)]
1..
1 NTZnP
(32)
&

where T = ITE?I?ET;S
i

/2

The normalized droplet evaporation fraction Y /M, is shown in Fig. 3 as a
function of the local film pressure ratic P, the evaporation relaxation constant
Y, and the initial fractional superheating cf the liquid droplets, (1-Ti*)“ The

Trouton number for steam (NT =~ 1/10) was used in these calculations.

Combining Equations (27) and (32) one obtains the film pressure profile by

quadratures, such that

2 %X < >
1 - P° =~ | —— PdP (33)
¥ f 1H,l/z
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For equal mass flow rates the wet film pressure drop is less than that of a dry
film.  Moisture fractions much less than unity do not significantly influence
the pressure profile when the evaporation relaxation constant yavg is either
much greater or much less than unity. A large value of Yav implies that the
majority of the evaporation process occurs at the exit region of the film where-
as Yo much less than unity causes the entrained droplets to rapidly attain the

asymptotic evaporation rate at the inlet region of the film.

As noted previously, the droplet evaporation time is proportional to (Riz/af),
thus the initial droplet size is critical in the determination of Yav which

is proportional to the ratio of the droplet evaporation time constant, and

’\'D,

the film residence time, T.. The experiments and analysis reported in Ref. 7

f
allow a rough determination of the mean-maximum droplet radius. The atomization
of liquid droplets in two component spray nozzles of various configurations
showed that the fineness of a low-viscosity liquid droplet spray is approximately
inversely proportional to the kinetic energy of the gas phase relative to the

droplets, thus

P V2re1
R, < 30 —E—252 (37)
i-— £ 2g
o
2p RCVZ\Ml
Equation (37) is based on a critical Weber number, s o e for stable
droplets equal to 12. o°f
Combining this result with the definitions of T and T one can show the

fav D
ratio of the droplet evaporation time cornstant and the average film transit

time is proportional to (2gopgcf)2//afng3 where ¢g_ is the liquid phase sur-

f
face tension and G is the mass flux of the film. In the case of the externally

pressurized steam journal bearing tests, Refso[:3, 4:], 1/10 < Yoy < 1.

Figure 3 shows the strong effect the evaporation relaxation number <y, and the
initial droplet superheat fraction (l-Ti*) has on the evaporation process. As ¥

decreases the rate of evaporation increases due to the reduced thermal inertia
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where ¢y € <:1 and, in accordance with the averaging operator defined by

Equation (24), Equation (33) becomes

1 1
2 |G e5F
1-P* || - 12 (y/B) (1-y/n) |—775| pd(y/h) dP (343
2 /2
P. 14y
* P 0

A comparison of wet and dry film pressure profiles obtained from Equation (34) are
shown in Fig. 4, for a range of inlet moisture fractions s and film pressure
ratios, Pa. The mean evaporation relaxatien constant Y.y indicated in Fig. 4

equals TD/Tfav where the average film transit time T is defined as pihL/Q‘RTgi"

fav

From Equation (33) it should be noted that

P, 2 ClL
(l+c.) 1 - |— > (35)
i P 2
Py
2 2
P,
* Dr pa
The right hand side of the inequality (35) equals ;——1 - |5
1 wet t Dry
where Py and P are respectively the dry film inlet pressure and wet

Dry Wet
film inlet pressure for equal film mass flow rates. Then for practical film

pressure ratios (pi/pa)2 > > 1, one obtains the relationship

1 < ;_.125_2 <l+ec, (36)
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3,  DISCUSSION

3.1 The Congtitutive Equation for a Non-Equilibrium Change of Fhase

A general constitutive equation for evaporation and/or condensation in a two-
phase vapor film has been obtained, in a convective (Lagrangian) coordingte
system. The dynamic behavior of the ccnstitutive equation is governed by the
time rate of change of the mean dropiet mass. The temporal behavior of the
quadratic droplet mass fraction whether evaporating or condensing is described
by a first order time delay equation with a time constant proportional to the
ratio of the initial droplet surface area and thermal diffusivity. The forcing
function for the droplet evaporation and/or condensation is determinad by the
thermal driving potential between the internal droplet temperat:ure and a time

varying surface saturation temperature.

The heat-balance integral method, Ref. 9, is the basis of the non-equilibrium
droplet dynamic analysis. While not exact the tractability of the method

strongly reccommends itself for this complex phase-change prcblem.

Formally, the comstitutive equation as obtainaed here when cowbinad with the
results of Part 1 gives the complete equaticn for a dispersad two-phase Reynolds'
film flow. As a first step toward applying these analvsis, a steadv state evap-
orative strip film flow was considered. This idealized configuration is par-
ticularliy useful for synthesizing the pressure-flow characteristics of externally

pressurized vapeor lubricated journal bearings.

3.2 Izportant Parameters

s

The rescits of these steady state analysis clearly show that the total vapor
film pressure drop is only slightly modified by the presence of a small inlet
film moisture fraction. On the other herd the presence of condensat2 can

dramatically effect the dynamics of a two-phase film flow. These dynamic ef-

fects are discussed in the following section.
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For equal mass flow rates the wet film pressure drop is less than that of a dry
film. Moisture fractions much less than unity do not significantly influence
the pressure profile when the evaporation relaxation constant Yav’ is either
much greater or much less than unity. A large value of Yav implies that the
majority of the evaporation process occurs at the exit region of the film where-
as v much less than unity causes the entrained droplets to rapidly attain the

av
asymototic evaporation rate at the inlet region of the film.

As noted previously, the droplet evaporation time is proportional to (Riz/aﬂ)’
thus the initial droplet size is critical in the determination of Yau which

is proportional to the ratio of the droplet evaporation time constant, and

’TD,

the film residence time, T The experiments and analysis reported in Ref. 7

£
allow a rough determination of the mean-maximum droplet radius. The atomization
of liquid droplets in two component spray nozzles of various configurations
showed that the fineness of a low-viscosity liquid droplet spray is approximately
inversely proportional to the kinetic energy of the gas phase relative to the

droplets, thus

pgvzrel
Ry = 30 P )
o
2
2o RV rel
Equation (37) is based on a critical Weber number, = gcc for stable
droplets equal to 12. o°f
Combining this result with the definitions of T oy and T, one can show the
+d

ratio of the droplet evaporation time constant and the average film transit

time to (2g pgcf)2 /&fngB where cf is the liquid phase surface tension and
o

G is the mass flux of the film. In the case of the externally pressurized

steam journal bearing tests, Refsa(:39 4] . 1/10 < Yav < 1.

Figure 3 shows the strong effect the evaporation relaxation number vy, and the
droplet superheat fraction (1~Ti*) has on the evaporation process. As vy

decreases the rate of evaporation increases due to the reduced thermal inertia
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of smaller droplets. When (l-Ti*) increases,the degree of droplet superheating
at the inlet to the film increases which also causes a more rapid evaporation

of the droplets. Droplet superheating can be obtained by rapidly throttling the
wet vapor before it is fed into the film. Under these conditions the droplets
will typically retain their initial temperature during the expansion (droplet
transit time < < TD), and thereby are.superheated with respect to the saturation
temperature of the throttled pressure at the inlet to the evaporative film. Ex-
ternally pressurized vapor bearings traditionally use fed hole throttling to
obtain bearing stiffness (compensaticn). At optimum design stiffness the ratio
of the film inlet pressure and bearing supply pressure is typically 3/4. 1In the
case of an externally pressurized steam lubricated bearing Ti*, for the above
pressure ratio is approximately .95 over a wide range of supply pressures (3-25

atm.).

3.3 Dynamic Effects

Of the three major wet-vapor film flow parameters;

a) inlet moisture fraction (ci)
b) evaporation relaxation constant (Yav}

¢) droplet superheat fraction (lei*)

The latter two parameters are the most gensitive to dynamic film flow effects.
The inlet moisture fraction is typically fixed by the vapor supply conditions
and independent of the vapor film flow. &n exception to this situation was

noted in Ref. 5 where it was shown that envircnmental tempergture of the film
inlet can cause local condensation of the vapor being supplied to the film. It
should be noted though, that the magnitude of the dynamic flow effects reflect

the level of the inlet moisture fraction.

It has been shown that the initial droplet size is influenced by the film flow

rate and that the evaporation constant y 1is ivversely proportional to the cube
av

of the film mass flux, therefore the droplet evapcration rate and the mass stor-

age in the film will be gensitive to variations in the film flow.
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A varying flow rate in a bearing film will also modify the compensation pressure
ratio and thereby change the initial droplet superheat fraction (l-Ti*). This

dynamic effect will also change the film mass storage rate.

The damping and stability of a vapor bearing depend upon the dynamics of the film
mass storage. If the time constant iz tco large to store vapor and increase the
mean film pressure as the compensated film inlet pregsure is increased, the bear-
ing will be poorly damped or unstable. &ince an increasing irlet film pressure
will decrease the droplet superheat fraction and retard droplet evaporation the
mean film pressure will build more slowly than iv a dry film. This dynamic mass
storage effect in conjunction with the dynamic effects of the evaporation relax-
ation number causes a wet-vapor bearing to have a unique stability boundary com-

pared to that of non-condensing gas bearings.

Thus, the above stezady-state evaporative film analysis is but a first step toward
a dynamic analysis of vapor films and the evaiuation of vapor bearing stability
maps. In this regard, Equations (39} of Part I and (20} of Part II form the basis

of a dynamic evaporative film analysis.
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4. CONCLUSIONS

A non-equilibrium two-phase film flow model has been developed. The model
postulates that evaporation and/or condensation of liquid droplets entrained
in a8 vapor film flow is determined by the thermal driving potential of the
internal droplet temperature and the local time varying surface saturation
temperature of the droplets. The model is applicable to the analysis of
steam lubricated bearings.

A constitutive equation of condensation and/or evapofation was obtained for
a two-phase film flow including the effects of a non-equilibrium change of
phase. This constitutive equation combined with the field equations of a
two-phase Keynolds' film flow developed in Part I complete the equation for

the static and dynamic film pressure profiles and flow rates.

The steady state, one-dimensional evaporative film flow was analyzed. This
analysis identified three major thermo-hydrodynamic parameters of a wet vapor
film flow: a) the inlet moisture fraction, b) the evaporation relaxation
constant, c¢) the initial dioplet superheat fraction. This analysis showed
the influence of these parameters upon the droplet evaporation fraction, and

the film pressure profile.

Finally the dynamic effects of the inlet liquid droplet Weber number and,
the above thermo-hydrodynamic parameters on a wet vapor lubrication film

were discussed.
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NOMENCIATURE

Units M,L,T,6

O o o
o

=

Hh
(1]

L]

H ot B WK O ™Y oOb 2 Ry 4 T

[

<

Greek

H << 3 oo Q

Ua

Mass concentration of the liquid [ j

Heat capac1ty[L T lj

Hydraulic d1.ameter[ ]

Film thickness [Lj

Latent heat of evau;oo!:a\tiom[:L2 I‘wzj

The mechanical equivalent of he at[ ]

Thermal cc;raductivity[MI.EI.‘-3 0 ]

Length of the strip filmEL]

Trouton number, Eq. (16), gj]

Droplet number dens1ty M

Film pressure (:ML

Normalized film pressure, Eq (16), [ ]

Vapor-liquid mass flow rate per unit width of fllm[:MT L-lj
Radial coordinate in liquid droplets[ j

Radius of a liquid droplet[L]

Vapor phase gas constant

Time[T]

Temperature [G]

The x component of the local film velocity [LT-l_‘J“

Mean velocity of the vapor in the film supply region[LT-l]

Transverse film coordinate[ Lj

+
[
)
2]
w

Thermal diffusivity [ 12 7! ]

Ratio of stored and latent heat, following Eq. (8), [-:]

Ratio of stored and net heat of vaporization, following Eq. (32) [-j
Evaporation relaxation paramerer, Eq. (30), [-j

Velumetric liquid-phase source generation rate [ML"3 T ]

Dummy vari.able[~]
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in = wr, [o7h]

-1 -1
o = Vapor viscosity [ML T ]
P = Density of liquid-vapor mixture[:ML-3]
o = Surface tension [MT—ZJ
4 = Droplet time constant[:'.[‘]
T = Film residence time [:T]
£ -3
6 = Heat flux[mMr ]

= The quadratic evaporation fraction[:-:
Superscript

denotes total derivative with respect to time

* denotes dimensionless quantities
Subscripts

av denotes average quantity

f denotes liquid phase

g denotes vapor phase

denotes initial value
rel denotes relative to the liquid-droplet phase
s denotes saturation value

o denotes asymptotic value
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APPENDIX TIT

ENERGY EQUATION FOR VAPOR BUBBLE

Consider the vapor bubble shown in the sketch below

Vm(t + At)

JPL(t + At)

time t time t + At

We consider as our thermodynamic system the vapor bubble at time t plus a layer
of liquid around the bubble of infinitesimal thickness Ar which contains the
volume of liquid VL = Ar awRi which will vaporize into the bubble in the time
interval from t + At. Thus, we are taking as our control system a material
volume Vm which always contains the same mass of fluid. Applying conservation

of energy to this material volume, neglecting kinetic and potential energy, we

have

l = e —
R i . T T (c-1)

where Um is the internal energy of the material volume Vm’ P

L
the outer surface of the volume,-%% is the heat transfer into the volume, and

is the pressure at



Ec represents the energy stored in the surface tension of the vapor bubble. The

term d Ec/dt can be expressed as

d E
o _ 1 — av -
& -7 G TR (C-2)
where V represents the volume of the bubble specifically. Noting that
d Vm _dv . d VL .
dt dt dt
and using Eq. (C-2) we can write Eq. (C-1) as
P
_C_ll}_ + _P:[:‘.ﬂ 4+ _l = ﬁ (0_4)
dt J dt dt dt

The change in internal energy in the material volume can be divided as follows:

dt dt dt

where Uv and UL are the internal energies of all the vapor and liquid respectively

inside the material volume. dUL/dt can be written as

du.
L = — -
it = u, m (C-6)

where up is the specific internal energy of the liquid and m is the mass rate of

change of vapor contained within the bubble. dVL/dt may be written as
m (c-7)

Substituting Eqs. (C-6) and (C-7) into Eq. C-4) we obtain Eq. (12) of the text



au_ P . 1P .
av - + = 2 _
® T T ik tym 3 m (c-8)

By neglecting certain terms, Eq. (C-8) can be greatly simplified. First, we can

write
H P
____dUV + _I.,lﬂ = _dv A __._dV (C-9)
dt J t dt J dt

where HV is the total enthalpy of the vapor. Similarly we can write

D A (C-10)
L gL/ L
dH
v
We can express ET as
dHV d(hV m) . dhv
ac & - o hym v omE (C-11)

where m is the mass of vapor contained in the bubble. m may be written as

drR do
o _d.‘.... é. 3 = 2 v f"_ 3 __Vv —
L <3 pV’TRV) = AdmelR oI Y 3Ry R (C-12)
Now, hL is the specific enthalpy of the liquid just outside the bubble. If we

assume that the temperature of the liquid just outside the bubble is the same as

the temperature of the vapor inside the bubble, then we can write

h_ — h. = h (C-13)

where hfg is the latent heat of vaporization.

Combining Eq. (C-8) through (C-13) we obtain



3
drR 47R° dp dh dp
dQ 2 v v Lh v v tv ] (C-14)

= —X - 4
it = Peg TRy T 3 LPee 3 T d

1
J

Now we make the important simplifying assumption that the terms within the

brackets on the right hand side of Eq. (C-14) are negligible compared to the

first terms on the right hand side. With this assumption, we obtain

dR

a o 2 _v -
0t hfg bmo R 3¢ (C-15)

which is Eq. (13) in the test.

We can note here that the validity of neglecting the terms in the brackets in
Eq. (C~14) can be checked a Posteriori once the solution for bubble growth
rate is obtained. This check does not provide .absolute assurance that the

terms are negligible but at least does provide a check on the self-consistency

of the analysis.
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