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ABSTRACT 

Five s t u d i e s  concerned wi th  improving the  understanding 
and c o n t r o l  of combustion i n s t a b i l i t y  i n  l i q u i d  rocke t  
engines a r e  reported.  'The topics include : damping devices  
employing quarter-wave tubes and Helmholtz resonators,mass 
energy sources a s  inves t iga ted  with a shock tube technique, 
unsteady d i f f u s i o n  flame s t u d i e s  r e l a t i n g  to  d r o p l e t  and 
wave phenomena, t he  evaporizat ion model as appl ied  t o  t h e  
annular chamber, and a hydrogenation rocke t  f e a s i b i l i t y  
study. Emphasis is  placed on r ecen t  r e s u l t s  and progress  
on each phase. 
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I. SUMMARY 

Five research  t o p i c s  on the  c o n t r o l  and cause of com-  
bus t ion  i n s t a b i l i t y  i n  l i q u i d  p rope l l an t  rocket  engines 
s tud ied  a t  Princeton Universi ty  during 1970 under a con- 
t i nu ing  NASA Grant a r e  ex tens ive ly  abs t rac ted .  

Theore t ica l  and experimental s t u d i e s  governing 
quarter-wave tube and Helmholtz resonator  e f f i c i e n c y  are 
descr ibed and c r o s s  comparisons made. Although t h e  peak 
of t he  real  p a r t  of t h e  acous t ic  admittance is higher  f o r  
the quarter-wave tube and less volume is required for  equiva- 
l e n t  damping,a narrow frequency response l i m i t s  appl ica t ion .  
Mass-enerqy sources  a t  a number of engine loca t ions  have 
been determined v i a  a step-shaped shock wave. The p r i o r  
chamber condi t ions ,  t h e  shock r e l a t i o n s  and t h e  governing 
one-dimensional r e l a t i o n s  provide the  means f o r  t h i s  de te r -  
mination. Axisymmetric wake d i f fus ion  flame s t u d i e s  r evea l  
s i g n i f i c a n t  i n t e r a c t i o n  between the  o s c i l l a t i o n  and the  m i x -  
ing  and burning processes  i n  the flow f i e l d .  Veloci ty  and 
temperature measurements a r e  reported.  

In  an a n a l y t i c a l  s tudy of nonl inear  combustion in s t a -  
b i l i t y ,  shock waves have been ca l cu la t ed  by numerical methods 
f o r  t h e  annular chamber, The combustion model is based on 
d r o p l e t  evaporation w i t h  more realist ic assumptions. me 
f e a s i b i l i t y -  of w a s  t e s t e d  
w i t h  negat ive r e s u l t s .  Gas sampling was p a r t  of the tes t  
procedure, 
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I1 INTRODUCTION 

This r e p o r t  summarizes the research i n t o  the  methods of 
c o n t r o l l i n g  combustion i n s t a b i l i t y , a n d  i n t o  the  underlying 
causes f o r  t he  phenomena,performed a t  Princeton Univers i ty  
during 1970 under a cont inuing NASA Grant. Five specific 
s t u d i e s  a r e  reported,  Each i s  presented i n  an extended ab- 
s t r a c t  o r  condensed formal r e p o r t  format. When appropr ia te ,  
t he  reader  i s  r e f e r r e d  t o  a more thorough r epor t ing  of the 
ma te r i a l  presented he re in ,  The purpose of t h i s  r e p o r t  i s  t o  
p re sen t  both the  r ecen t  developments i n  i n s t a b i l i t y  research 
and a composite p i c t u r e  of t he  scope of the research conduc- 
ted a t  Princeton. 

A major po r t ion  of the research e f f o r t  is  i n  the a rea  
concerned with damping combustion dr iven o s c i l l a t i o n s .  H e l m -  
h o l t z  resonators ,  o r  l i n e r s  when the  resonators  a r e  used i n  
g r e a t  numbers, o f fe r  an a t t r a c t i v e  means of damping chamber 
pressure  o s c i l l a t i o n s .  Another means of damping pressure  
o s c i l l a t i o n s  u t i l i z e s  the  quarter-wave tube. A v a r i e t y  o f  
designs can be contemplated using the c h a r a c t e r i s t i c s  from 
both types of damping devices .  The jet-flow model i s  used 
t o  descr ibe  the b a s i c  damping mechanism. Cross c o r r e l a t i o n s  
he lp  t o  p o i n t  ou t  t h e  r e l a t i v e  m e r i t s  of  each approach. 

Considering the  sources  of energy necessary t o  " d r i v e "  
the resonant combustion, s eve ra l  a reas  of a c t i v e  study a r e  
described. 

A f t e r  determining the s teady-s ta te  combustion environ- 
ment assoc ia ted  with like-impinging i n j e c t o r  designs both 
t h e o r e t i c a l l y  and experimentally,  a step-shock (shock wave 
followed by a uniform pressure)  is  being used d i agnos t i ca l ly  
i n  the unsteady program. The s t r eng th  of t he  shock is  re- 
corded a s  it approaches the  near region of i n j e c t i o n ;  a l s o  
s tudied  a r e  the changes i n  t h e  uniform pressure s t ep .  Marked 
changes i n  t h e  shock amplitude a r e  l imi t ed  to  t h e  region c lose  
t o  the i n j e c t o r .  The degree of energy add i t ion  governs 
whether the o s c i l l a t i o n  w i l l  continue. Steady-state da t a ,  
the  shock r e l a t i o n s ,  t he  one-dimensional unsteady conservation 
equat ions and the instantaneous pressure  records are used t o  
determine the  mass-energy sources. 

Jet burning, such a s  w i t h  co-axial  i n j e c t o r  elements, and 
the  burning i n  the wake of a p rope l l an t  d r o p l e t  form t h e  b a s i s  
f o r  the j e t  d i f f u s i o n  flame experiment and the c l o s e l y  r e l a t e d  
a n a l y t i c a l  s tud ie s .  A laminar f u e l  j e t  i s  burned i n  an oscil-  
l a t i n g  oxid izer  environment, A t  a well-defined frequency, com- 
bus t ion  i s  enhanced and the  f l a m e  shor tens  and broadens i t s  
p r o f i l e .  Spec ia l  thermocouple and v e l o c i t y  probes, together  
w i t h  shadowgraph records, r evea l  t he  required de t a i l  t o  docu- 
ment the observations.  The s i g n i f i c a n t  f indings both analy- 
t i c a l l y  and experimentally of fe r  one explanat ion f o r  the in- 
s t a b i l i t y  coupling mechanism. 
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The nonl inear  o s c i l l a t i o n s  i n  an annular  combustion 
chamber are examined by a n a l y t i c a l  means. The rate-control-  
l i n g  process  i s  assumed t o  be the  Priem-Heidmann type of drop- 
l e t  vaporizat ion.  A considerable  e f f o r t  was required t o  de- 
termine the  proper per turba t ion  approach. Numerical methods, 
together  with t h i s  approach, revea l  the  an t i c ipa t ed  shock-type 
waves fo r  the  annular motor configurat ion.  

I n  the  r e a l m  of  d i f f e r e n t  propulsion concepts hydrogena- 
t i o n  of monopropellant decomposition was s tudied.  The a i m  
was t o  determine the  f e a s i b i l i t y  of designing a high per-  
formance, low temperature engine with a f te rburn ing  capab i l i t y .  
Gas sampling, t o  revea l  the  composition of the  combustion 

’ products ,  was c e n t r a l  t o  the  inves t iga t ion .  
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111. QUARTER-WAVE TUBES VERSUS HELMHOLTZ RESONATORS : 
THEORIES , EXPERIMENTS, AND D E S I G N  C R I T E R I A  

INTRODUCTION 

In the development of acous t ic  l i n e r s  f o r  the  sup- 
pression of rocket  combustion i n s t a b i l i t y ,  Helmholtz resona- 
t o r s  have been the cen te r  of interest ,  both experimentally 
and t h e o r e t i c a l l y .  However, t he re  a r e  o the r  types of damp- 
ing devices which may be use fu l  under c e r t a i n  condi t ions 
b u t  have no t  y e t  been inves t iga ted  t o  any g r e a t  ex ten t .  A 

major por t ion  of t h i s  work is  devoted t o  the a n a l y t i c a l  study 
of the quarter-wave tube. Construction of the  quarter-wave 
tube is q u i t e  simple. It is a s lender  tube w i t h  one end 
closed and the  o the r  end connected t o  the combustor; i t s  
length is one-quarter of the  wavelength f o r  which the  de- 
v i c e  is  designed t o  absorb and i s  shown i n  Fig. l. The 
Helmholtz resonator  is composed of a c a v i t y  and an o r i f i c e  
a s  a l s o  shown i n  the  same f igure .  

Some general  assumptions a re  made i n  the  study of 
quarter-wave tube and Helmholtz resonators ,  both with s h o r t  
o r i f i c e s  (') and with long o r i f i c e s  (2)  ' ( 3 )  : 1) the  flow in- 
side the tube ,or  ins ide  the  o r i f i c e  of the Helmholtz resona- 
t o r  ,is one-dimensional, 2)  h e a t  t r a n s f e r  is  neglected,  fric- 
t i o n a l  l o s ses  a r e  not  considered except i n  the  ana lys i s  of 
t he  s h o r t  o r i f i c e  Helmholtz resonator '  'I, 3) the  p r i n c i p a l  
damping mechanism involves the  loss of the  j e t  k i n e t i c  energy 
when f l o w  emerges from the tube i n t o  the  chamber, o r  from 
the o r i f i c e  i n t o  the chamber o r  cav i ty  and hence is  c a l l e d  
the jet-flow model: nonl inear  behavior of the f l o w  is  due 
t o  the j e t  formation and d i s s i p a t i o n ( 4 )  ' (5) 
is e s s e n t i a l l y  unchanged; the production of entropy due t o  
the k i n e t i c  energy l o s s  of the  j e t  is neglected s ince  the  
gas volume i n  the chamber o r  i n  the  c a v i t y  is  much l a r g e r  
than the gas flow i n  the  tube o r  i n  the o r i f i c e  and f i n a l l y  
5) t he  gas i s  thermally and c a l o r i c a l l y  pe r fec t .  

4) the  entropy 



-9- 

Helmholtz ~ e s o n o t o ~  

igure I 
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THEORY OF QUARTER-WAVE: TUBE BEHAVIOR 

The a n a l y t i c a l  works on Helmholtz resonators  can be 
found i n  o the r  pub l i ca t ions  ( 1 ) ’ ( 2 ) ’ ( 3 )  and w i l l  no t  be re- 
peated here, For the quarter-wave tube,  the governing 
equat ions a r e  the one-dimensional con t inu i ty  and f r i c t i o n -  
less momentum equat ions w i t h  the i s en t rop ic  r e l a t i o n  re- 
p l ac ing  the energy equation. A f t e r  proper nondimensionali- 
za t ion  and some manipulations,  two first order  wave equa- 
t i o n s  a re  obtained f o r  two unknowns, the speed of sound c 
and the gas  ve loc i ty  u ,  thus  

where t and x a r e  the dimensionless t i m e  and space co- 
o rd ina te s  and f is  def ined a s  the  r a t i o  of  the frequency 
of the o s c i l l a t i o n  i n  the chamber t o  t h e  quarter-wave tube 
resonant  frequency w h i c h  i s  i n  tu rn  equal  to  the  mean speed 
of sound divided by four  t i m e s  of t he  tube length,  Proper 
boundary condi t ions  a r e  needed t o  so lve  these  equations.  A t  

the end of the tube the gas ve loc i ty  
the t i m e .  Subscr ipt  3 denotes the closed end condi t ion  f o r  a 
quarter-wave tube. A t  the chamber side of the tube, two d i f -  
f e r e n t  boundary condi t ions  must be employed, depending on the  
flow d i r ec t ion .  For f l o w  en te r ing  the tube,  t he  chaniber and 
tube en t rance  condi t ions  can be connected through the  quasi-  

u3 must be zero  a l l  

s teady i s en t rop ic  r e l a t i o n ,  

c; c 

w h e r e  W i s  def ined by the following r e l a t i o n  
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and X , p represent  t h e  s p e c i f i c  h e a t  r a t i o  and pressure  re- 
spec t ive ly .  Superscr ip t  + i n d i c a t e s  t he  r e l a t i o n  is  good 
only when flow i s  en te r ing  t h e  tube. Subscr ip ts  1 and 2 rep- 
r e s e n t  t h e  condi t ions i n  the  chamber and a t  t h e  tube entrance.  
With flow coming o u t  of t h e  tube,  t h e  condi t ions  a t  1 and 2 

a r e  r e l a t e d  by the  following equation s ince  t h e  j e t  k i n e t i c  
energy cannot be recovered : 

is introduced f o r  w e  can 
cP 

an average pressure  c o e f f i c i e n t  
v i s u a l i z e  a c e r t a i n  cross-flow i n  t h e  chamber over a "cyl inder"  
formed by t h e  j e t  column. Superscr ip t  - means t h e  above equa- 
t i o n  i s  f o r  outward flow. 

The method of s m a l l  p e r tu rba t ions  i s  employed i n  
so lv ing  t h i s  problem. Only the  genera l  approach and f i n a l  
r e s u l t s  a r e  discussed here .  Further  information can be found 
i n  o the r  papers ( 6 )  ' ( 7 ) .  

forward i f  t h e  expansion parameter i s  the  amplitude of t he  
pressure  o s c i l l a t i o n  i n  the  chamber. This f i rs t  order  solu- 
t i o n  shows t h a t  the  gas v e l o c i t y  a t  t he  tube entrance becomes 
i n f i n i t e  a s  t he  frequency approaches t h e  resonant frequency 
and the  phase between t h e  pressure  i n  the  chamber and the  
gas v e l o c i t y  a t  t h e  tube entrance is  always 90 degrees o u t  
of phase. The j e t  d i s s i p a t i o n  and chamber flow (ve loc i ty )  
appear through the  second-order boundary condi t ions  so t h a t  
second-order equat ions must be solved t o  see t h e i r  e f f e c t s ,  
The r e s u l t  i n d i c a t e s  t h a t  t he  real  p a r t  of t h e  acous t i c  ad- 
mittance is r e l a t i v e l y  small  except i n  the  region c l o s e  t o  
resonance, The dot ted  curves i n  Figs. 2 ,  3 ,  4 and 5 a r e  t h e  
off-resonance so lu t ions  f o r x  = 1.2 and € = 0.1 and under 
var ious flow condi t ions,  U p  t o  t h i s  p o i n t  w e  can conclude 
t h a t  t he  quarter-wave tube is a narrow-band device and thus  
t h i s  f a c t  makes the  near-resonance study m o r e  demanding. 

The oCf-resonance s o l u t i o n  is  s t r a i g h t -  

W e  have already seen t h a t  t he  o s c i l l a t i o n  becomes 
i n f i n i t e  when t h e  frequency of the o s c i l l a t i o n  i n  the  chamber 
approaches t h e  resonant frequency of  t he  tube i n  the  o f f -  
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resonance study. From t h e  phys ica l  po in t  of v i e w ,  however, 
t h i s  should not be the case s ince  some d i s s i p a t i v e  effect  

would l i m i t  t h e  growth of t h e  o s c i l l a t i o n .  In  t h i s  a n a l y s i s  
t h e  j e t  lo s s  i s  assumed t o  be t h e  only d i s s i p a t i v e  agent and 
the re fo re  t h e  o s c i l l a t i o n  w i l l  reach a maximum when the work 
done on t h e  gas by t h e  pressure  o s c i l l a t i o n  i s  balanced by 
t h e  j e t  d i s s i p a t i o n .  

I t  follows immediately t h a t  the expansion para- 
m e t e r  should be the square r o o t  of the chamber pressure a m p l i -  

tude.  I t  t u r n s  ou t  t h a t  t h e  f i r s t  order unknown has t o  be 
determined by the second order  ana lys i s  and an ordinary d i f -  
f e r e n t i a l  equation i s  obtained fo r  t ha t  unknown, unl ike  t h e  
off-resonance study i n  which only a lgebra ic  equations are  
found. T h e  f i r s t  order  so lu t ion  shows t h a t  i n  addi t ion  t o  

t h e  fundamental, the f i r s t  order  wave has  some higher  odd 
harmonic components, even when t h e  d r iv ing  force (pressure 
o s c i l l a t i o n  i n  t h e  chamber) i s  simply s inusoida l .  This  i s  

not  s u r p r i s i n g  because a quarter-wave tube a l s o  can resonate  
a t  any odd mul t ip le  of t h e  fundamental f requency,  i .e. ,  3 / 4 ,  

5/4, 7/4, etc.  The s o l i d  curves i n  Figs.  2 ,  3 ,  4, and 5 
are t h e  near-resonance so lu t ions .  T h e  real  and imaginary 
p a r t s  of t h e  acous t ic  admittance, XR and EI are shown i n  
Fig.  2 under no chamber flow condition. The curve of CR 
has a high peak bu t  it decreases  q u i t e  r ap id ly  away from 
resonance. T h e  phase 6 between gas  v e l o c i t y  a t  t h e  tube 
entrance and t h e  pressure o s c i l l a t i o n  i n  the chamber is  
given i n  Fig.  3 .  A t  resonance 6 becomes zero  and i s  about 
f 90' i n  off-resonance regions.  With mean chamber flow, t h e  
peak of CR i s  even higher but  t h e  bandwidth is  narrower w i t h  

regard t o  frequency v a r i a t i o n  and negat ive CR is  found i n  t h e  
off-resonance regimes, a s  shown i n  Fig. 4 w h e r e  a represents  
the mean gas v e l o c i t y  and the Mach number of t h e  mean chamber 
f l o w  is  product of c and a. Fig .  5 shows the cases with 
v e l o c i t y  o s c i l l a t i o n  but  without mean flow, a and b U  denote 
the velocity amplitude and the phase between t h e  gas 
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ve loc i ty  and pressure  o s c i l l a t i o n s  i n  t h e  chamber. For a 
t r a v e l l i n g  wave su is e i t h e r  o o r  7L and f o r  a s tanding 
wave, it is e i t h e r  X / 2  o r  3 K / 2 ,  W e  can conclude tha t  
the effect  of the gas  ve loc i ty  i n  the chaniber induces a 
h igher  peak i n  SR b u t  a t  the  same t i m e  g ives  negat ive d; 
away f r o m  resonance. S imi la r  phenomena are obse rved- in  

R 

the work on long-or i f ice  Helmholtz resonators  (2 )  . 
ACOUSTIC LINER EXPERIMENTS : QUARTER-WAVE TUBES 
AND HELMHOLm RESONATORS 

Cold flow study with a i r  a t  room temperature was per- 
formed on a tube with 0.325"  ID^ t h e  frequency of o sc i l -  
l a t i o n  w a s  se t  on 400 Hz. The length  of the tube could be 

var ied  by pushing a p i s ton  i n  and out  of the tube and a 
pressure  t ransducer  w a s  i n s t a l l e d  on the face of the p i s -  
ton. A t  resonance the  tube length  is about 8.48", change 
of f could be achieved by varying the tube length.  The 
tube w a s  loca ted  a t  t h e  pressure  anti-node of a resonant  
duc t  so t h a t  only the pressure  o s c i l l a t i o n  was considered. 
The system was operated under the mean p res su re  of 40 psi ,  
The desc r ip t ion  of t he  apparatus can be found i n  o the r  
works ('' and is  not  given i n  d e t a i l  here. 

show the pressure  amplitude a t  the tube end 
p res su re  amplitude i n  the duc t  
ca l  ca l cu la t ion  (curves) and experiment (do t s )  f o r  d i f f e r e n t  
f . S t a r t i n g  from the exac t  resonance case  f=1.0 (Fig. 6 a ) ,  
the experimental  da t a  follow the  near-resonance so lu t ion  
q u i t e  w e l l ,  and gradual ly  the experiments t u r n  away from the 

near-resonance so lu t ions  and come c lose  t o  the off-resonance 
so lu t ions ,  a s  seen i n  subsequent f igu res ,  W e  a l s o  no t i ce  
t h a t  a s  the amplitude increases ,  the experimental da t a  s h o w  
a t r end  tu rn ing  toward the near-resonance curves,  t h i s  i s  i n  
essence t h e  broadening effect due t o  the increase  i n  the re- 
s is tance,which is found t o  be propor t iona l  t o  the gas veloc- 
i t y ( ' ) ,  a consequence of  the jet-flow model. 

F i g s .  6a t o  6e 
G3 vexsus the 

$ 1 8  from both the theo re t i -  
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A s i m i l a r  cold flow study f o r  a Helmholtz resonator  w a s  
conducted on t h e  s a m e  apparatus.  The o r i f i c e  diameter d 
and c a v i t y  diameter D w e r e  f ixed a t  0.11" and 0.871" respec- 

t i v e l y  but  t h e  o r i f i c e  length 4, could be changed by i n s e r t i n g  
blocks in s ide  t h e  c a v i t y  and v a r i a t i o n  of t h e  c a v i t y  length 
L could be furnished by t h e  in-and-out ac t ion  of a p i s ton  
i n s i d e  t h e  cav i ty .  A p ressure  t ransducer  w a s  a l s o  i n s t a l l e d  
on t h e  p i s ton  face t o  pick up t h e  c a v i t y  pressure v a r i a t i o n .  
T e s t s  w e r e  performed a t  two frequencies ,  400 Hz and 770 Hz, 
t h e  l a t t e r  corresponds t o  t h e  designed resonant frequency 
without end co r rec t ion .  The r e s u l t s  of c a v i t y  pressure  
amplitude fi4 versus duct  pressure  amplitude g1 a r e  p l o t t e d  
i n  Figs.  7 t o  10 i n  which an  a n a l y t i c a l  c a l c u l a t i o n  i s  

based on t h e  work f o r  a s h o r t  o r i f i c e ( l )  (& << A )  and with 
end co r rec t ion  (0.85d). For r e l a t i v e l y  l a r g e  &/a, t h e  theory 
and experiment a r e  i n  good agreement, a s  shown i n  Figs.  7a, 
7b,  8a, 8b; on t h e  other  hand, t h e  experimental po in t s  de- 
v i a t e  s i g n i f i c a n t l y  away from t h e  a n a l y t i c a l  r e s u l t  a s  &/d 
continuously decreases ,  a s  seen  i n  Figs.  9a, 9b, l o a ,  lob. 

On t h e  s e l e c t i o n  of t h e  type of damping devices  f o r  
p r a c t i c a l  purposes, we  must consider  a t  least  two th ings :  one 
is  t h e  performance, t h e  o the r  i s  t h e  volume a v a i l a b i l i t y  or  
weight l imi t a t ion .  Comparison of performance i s  given i n  
Fig. 11 f o r  a quarter-wave tube and a s h o r t  o r i f i c e  Helmholtz 
resonator .  The r e a l  p a r t  of admittance w a s  ca l cu la t ed  f o r  
6 = 0 . 1  and Y = 1.4. I t  is seen q u i t e  c l e a r l y  t h a t  a Helmholtz 
resonator  i s  a broad-band device with a smaller peak but a 
quarter-wave tube has  a h igher  peak i n  CR with a narrower 
bandwidth. To achieve maximum damping, we  tend t o  use a de- 
v i c e  with high CR such a s  a quarter-wave tube.  But i n  prac- 
t i ce ,  any s l i g h t  uncer ta in ty  or  devia t ion  i n  frequency o r  gas  
temperature would r e s u l t  i n  a g r e a t  loss of performance. The 
Helmholtz resonator  is  much less s e n s i t i v e  i n  t h i s  r e spec t  and 
should be considered i n  many s i t u a t i o n s .  From the  volume con- 
s i d e r a t i o n ,  w e  see t h a t  by minimizing t h e  volume of a long 
o r i f i c e  Helmholtz resonator ,  it t u r n s  out  t h a t  t h e  minimum is 
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equal t o  the  volume of the quarter-wave tube. m o t h e r  fac- 
t o r  we must consider  i s  the a c c e s s i b i l i t y  of the damping de- 
v i c e  t o  a given area.  Because of t he  inherent  opening a rea  
r a t i o  with the  Helmholtz resonator ,  we  can pu t  more quar te r -  
wave tubes on a f i n i t e  sur face  than Helmholtz resonators .  
TO improve the frequency response with quarter-wave tubes,  
t h i s  can be accomplished i f  an a r ray  of tubes tuned a t  d i f -  

f e r e n t  frequencies a re  used. I n  conclusion, we  can have 
certain f l e x i b i l i t i e s  a t  our d i sposa l  t o  apply var ious damp- 
ing  devices i n  any p a r t i c u l a r  problem. 

DESIGN PROCEDURES 

From the  t h e o r e t i c a l  developments described i n  R e f e r -  

ences 1-3 and elsewhere, c e r t a i n  design procedures can be 

extracted.  Reference 10 contains  such an ex t r ac t ion  and 
p resen t s  several comprehensive design procedures. In  ad- 
d i t i o n  t o  volume and response considerat ions mentioned ear- 
l ier ,  the designer  should have some idea a s  t o  the  s u f f i c i e n t  
amount of l i n e r  damping required t o  render a given rocket  
motor s tab le .  A l l  t h r ee  aspec ts  of t he  design problem a re  
considered i n  Reference 10. 

The designer i s  usua l ly  i n t e r e s t e d  i n  a design t h a t  i s  
optimum i n  some sense. There a re  usua l ly  c e r t a i n  c o n s t r a i n t s  
imposed upon a given problem, and the p a r t i c u l a r  c o n s t r a i n t s  
vary from problem t o  problem. An  optimal design procedure 
t h a t  considers  a w i d e  c l a s s  of poss ib le  c o n s t r a i n t s  i s  now 
presented. The following procedure i s  optimal i n  the  sense 
t h a t  the  required l i ned  sur face  a rea  is minimized. The de- 

s ign  va r i ab le s  a r e  considered t o  be A the  o r i f i c e  cross- 
s e c t i o n a l  area,  the o r i f i c e  length,  V the c a v i t y  volume 
( f o r  1/4-wave tubes,  V = o and 1 = A/4), fL the f r a c t i o n  of 
chamber wal l  a rea  t h a t  i s  l i ned ,  CT the percent  open a rea  
r a t i o  of the  l i n e r ,  and the pos i t i on  of the l i n e r  i n  the cham- 
ber. The design procedure c o n s i s t s  of s a t i s f y i n g  the follow- 
ing  three condi t ions simultaneously: 
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1) choose any value of A, 1 , V such t h a t  A A / V  = 2 

2) choose any value of 1, fL,  Q such t h a t  
t a n  ( 2  r r l / ~ )  

3 )  place  any l i n e d  surface i n  a reas  a t  6r very near  t he  
region where the  unstable  pressure o s c i l l a t i o n s  a re  l a r g e s t .  

Only c i r cu la r - cy l ind r i ca l  combustors are considered here, 

although o the r  geometries a re  t r e a t e d  i n  Reference 10, In  
the  above expressions,  il i s  the  wavelength of  o s c i l l a t i o n ,  

the maximum value of the  square roo t  of t h e  nondimen- 
s iona l  pressure amplitude expected o r  allowed i n  the  chamber, 

the average chamber speed of sound, Xla the  average 

- the  chamber speed of sound l o c a l  t o  the  l i ned  surface,  ClP - 
1Q C 

value of the  r a t i o  of  s p e c i f i c  hea t s  i n  the  chamber, C1 and 
C2 design f a c t o r s  t h a t  account for d i f f e rences  i n  mean t e m -  
pera ture ,  molecular weight, and r a t i o  of  s p e c i f i c  h e a t s  be- 

tween f l u i d  i n  the  backing volume and f l u i d  i n  the  l o c a l  
chamber environment, I f  the  mean temperature and molecular 
weight i n  the backing volume a re  the  same a s  those i n  the  
l o c a l  chamber environment, C1 = loo, otherwise C1 = 0.65, I f  

the  r a t i o  of s p e c i f i c  hea t s  i n  the  backing volume i s  the  same 
a s  t h a t  i n  the  l o c a l  chamber environment, o r  i f  y/A<Ool, 
C2 = 1.0, otherwise C2 = 0.2, The in t ege r  2, describes the  
t angen t i a l  charac te r  of the  mode, 
the  mode, and M and G a re  def ined below. 

the  eigenvalue of 
t 

G = - (  q,+- l )a /zx + E,/2x 
.f && f le M ( 2  - c o s w z ) / 2 x  

In  these l a s t  expressions,  C, is the  c o e f f i c i e n t  of d is -  
charge f o r  the  o r i f i c e  t o  be used when l/,? c 0.1, other-  
w i s e  C, = 1. Me 
nozzle entrance,  
X is  t h e  chaniber length (or  combustion length i f  s h o r t e r  
than the  chamber l e n g t h ) ,  w the  radian frequency of  i n s t a b i l i t y ,  

- 
is  the  mean chamber Mach number a t  the  
ER is  the  real  p a r t  of  the  nozzle admittance, 
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and /n and a r e  the  i n t e r a c t i o n  index and s e n s i t i v e  t i m e  
l a g  of the Crocco _I theory,  In  the  above expression 
f o r  6, only t ransverse  modes are considered and the  e f f e c t  
of  d rop le t  drag has been omitted,  Such r e s t r i c t i o n s  are no t  
p re sen t  i n  Reference 10, 

Condition (1) requi res  t ha t  the  l i n e r  geometry be the 
resonant  geometry, Condition (2)  provides  a c r i t e r i a  f o r  the 
minimum amount of l i ned  surface area required.  Condition (3) 

insures  t ha t  the  l i n e r  w i l l  be used i n  a most e f f i c i e n t  manner. 
The reasoning tha t  leads  t o  the above th ree  condi t ions can be 

found i n  Reference 10  e 

The quan t i ty  M i s  d i r e c t l y  propor t iona l  t o  the r e a l  
p a r t  of the  admittance and (as mentioned previously)  becomes 
l a r g e s t  when = 1/4, Condition (2)  then says t ha t  the  
product fL cr is  minimized ( f o r  v a r i a t i o n  of only 
Thus, the fact  t h a t  the quarter-wave tube provides  f o r  mini- 
mum sur face  a rea  i n  addi t ion  t o  minimum volume should urge 
the designer  t o  se r ious ly  consider  such devices  i n  design, 

Condition (1) makes no d i s t i n c t i o n  between the var ious 
geometrical  forms the l i n e r  may assume (Helmholtz resonators ,  
1/4-wave tubes,  etc,)  , In  the underlying theoryo the dimen- 
s ions  of the cav i ty  volume ( f o r  Helmholtz resonators)  must 
be small  compared t o  the wavelength, However, i n  the quasi-  
s teady l i m i t  0 ,  Condition (1) requi res  t h a t  V become 
very la rge ,  i n  such case the previously s t a t e d  r e s t r i c t i o n  
cannot be s a t i s f i e d ,  It  is  found t h a t  Condition (1) (and the  
expression f o r  M) g ives  accurate  r e s u l t s  f o r  orifice-mean-flow 
v e l o c i t i e s  less than about one-third of  the o s c i l l a t o r y  veloc- 
i t y ,  Because of  Condition ( 3 ) ,  the effects of  chamber f l o w  
do not  a l t e r  Conditions (1) and (2)  Large orifice-mean- 
through flows, and chamber flows a r e  considered i n  Reference 
10 w h e r e  important, Oversizing of holes  i n  cavity-volume- 
l i m i t e d  s i t u a t i o n s ,  evaluat ion of a given l i n e r  design, and 
o the r  p r a c t i c a l  problems are a l s o  considered i n  Reference 10, 



-27- 
I V ,  UNSTEADY MASS-ENERGY SOURCE DETERMINED BY 

A SHOCK TUBE TECHNIQUE 

INTRODUCTION 

A LOX/ethanol motor with r a d i a l  nozzles and a shock 
tube mounted a t  t he  nozzle end was used t o  determine the  un- 
steady mass-energy source. The chamber pressure was 60 p s i a ,  
the  nozzle entrance Mach number was ,314 and the  mixture r a t i o  
was 1,6. The i n j e c t o r  cons is ted  of a 4x4 matr ix  of like-on- 
l i k e  impinging doublets ,  H e l i u m  was used a s  the  d r iv ing  gas. 
A t  the  breaking of the diaphragm, a s t e p  shock i s  generated 
a t  the  nozzle end of the  motor, The pressure  r a t i o  through 
the shock f r o n t  f a r  from the  i n j e c t o r , i s  1.5. A s  t he  s t e p  
shock moves toward the  i n j e c t o r ,  i t s  amplitude and i t s  shape 
a re  modified due t o  i t s  i n t e r a c t i o n  with the  combustion pro- 
cess ,  The amplitude of the  shock f r o n t  is p r a c t i c a l l y  un- 
changed up t o  a few inches from the  i n j e c t o r  where it rapid- 
l y  s t a r t s  increas ing  t o  double j u s t  before  r e f l e c t i n g  aga ins t  
the i n j e c t o r  face,  The pressure  a f t e r  t he  f r o n t  undergoes 
more complicated changes, The shock pressure  versus time 
was thus measured a t  s eve ra l  d i s tances  from the  i n j e c t o r .  
The function p=p(x,t)  and the  shock v e l o c i t y  were thus exper- 
imentally determined, Knowing p=p(x, t) and the steady s t a t e  
ahead of the  shock, the  following dimensionless unsteady 
equations w e r e  numerically solved fo r  p = p ( x , t ) ,  u=u(x, t )  8 

and Q = Q ( x , t )  : 

pt + ( P " L  = 9 

Q is  the  dimensionless unsteady mass-energy source, p i s  the  
gas pressure,  4 
and t is  t i m e .  The quan t i ty  ( ) s tands  fo r  3 ( ) h  t o  

The main purpose of t h i s  experiment i s  t h a t  of studying the  
r e l a t i o n  between the  unsteady mass-energy source and the  
unsteady gas environment. 

i s  the  gas dens i ty ,  u i s  the gas ve loc i ty ,  
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EXPERIMENTAL PROGRAM 

The experimental  hardware used i n  t h e  tes t  program is  
shown i n  Fig.12, The shock tube extends from the  test  cell,  
This tube i s  operated a t  high pressure  and f i l l e d  with helium 
t o  maintain a speed of sound c lose  t o  t h a t  found i n  t h e  ho t  
chamber. The b u r s t  d i s c  which sepa ra t e s  t he  shock tube from 
the  rocke t  chamber burns through a f t e r  approximately 200 
mil l iseconds of  t e s t  operat ion,  thus  genera t ing  the  step 
shock. The rocket  chamber, i n  which the  precise p res su re  
measurements a re  made, c o n s t i t u t e s  t he  l e f t  po r t ion  of  t h e  
f igure .  Combustion gases  exhaust from the cent ra l ly-pos i t ioned  
r a d i a l  nozzle,  

The phys ica l  i n t e r p r e t a t i o n  of t he  recorded shock is  
obtained through t h e  use of Fig. 13 .  S teady-s ta te  s t u d i e s  
show t h a t  most of t h e  s teady combustion has  been completed 
i n  region a . Region b is  necessary f o r  t he  complete for- 
mation of  the s t e p  shock. AS t he  d i s c  breaks,  p a r t  of  the  helium 
rushes o u t  of t h e  nozzle and p a r t  of it rushes toward the  
in j ec to r .  The combustion gases  a re  thus prevented from 
reaching the nozzle and a shock i s  progress ive ly  formed i n  
Region b. F ig , l3  shows a c h a r a c t e r i s t i c  shock h i s t o r y  i n  
t h a t  a s  an expansion wave moves i n t o  H e ,  a shock wave moves 
i n t o  t h e  combustion gases ,  a con tac t  d i scon t inu i ty  i s  p resen t  
(between He,and combustion products) .  The i n t e r e s t i n g  events  
occur when the  shock e n t e r s  Region a ( reg ion  of  a c t i v e  com- 
bus t ion ) ,  A s  t he  shock e n t e r s  t he  non-uniform region, where 
l i q u i d  f u e l  i s  p resen t ,  acous t i c  waves a re  generated due t o  
the  non-uniformity of  t h e  gas  ahead of the shock and fu r -  
t h e r  combustion of t h e  f u e l  ( R ) ,  Notice t h a t  a t ransducer  
pos i t ioned  a t  xt would see no shock f o r  t 1 , L  t (t2, and then 
would see a shock a r r i v i n g  a t  t = t2" 
would be recorded f o r  t2s t dt3. Fina l ly ,  a t  t = t3, the  
t ransducer  would s t a r t  recording the effect  of  combustion 
u n t i l  t = t4, when the r e f l e c t e d  shock a r r ives .  
t h a t  even though a t ransducer  i s  ou t  of  t h e  combustion zone 

Next a f l a t  step shock 

N o t i c e  
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(e.g., i n  zone "b") the  effect of  combustion would s t i l l  be 

recorded f o r  t 
should s t a y  unchanged u n t i l  R is  reached, i r e o ,  f o r  a l l  t rans-  
ducers posi t ioned a t  x 3 x 
e f f e c t  of  combustion i s  f i r s t  not iced i n  the  t a i l  of  t h e  s t e p  
shock and no t  a t  i ts  f ront .  Therefore, it can be shown t h a t  
a l l  devia t ions  from a step-shock shape are due t o  gas  non- 
uniformity and f u e l  burning i n  the  ac t ive  combustion Region a. 

t3" Notice a l s o  t h a t  t h e  f r o n t  of  t he  shock 

The above expla ins  why t h e  R" 

The behavior j u s t  descr ibed was recorded by an a r r a y  of  
p i e z o e l e c t r i c  t ransducers  (6 w e r e  normally used) loca ted  a t  
numerous a x i a l  l oca t ions  i n  the  chamber. Repea tab i l i ty  was 
f i r s t  e s t ab l i shed  by playing the  traces back from the  high 
frequency analog tape and comparing traces a t  the  same a x i a l  
l oca t ion  f o r  a number of runs and f o r  d i f f e r e n t  t ransducerse 
An  example i s  shown i n  Fig. 14. To a r r i v e  a t  a f i n a l  averaged 
pressure-time h i s t o r y ,  the  recorded s i g n a l s  w e r e  t ransmit ted 
through an analog-digi ta l  converter  and on t o  an automatic 
p l o t t e r .  This  allowed each t r a c e  t o  be camrefully equal ized 
based on the  ind iv idua l  t ransducer  c a l i b r a t i o n  as  w e l l  as 
providing add i t iona l  freedom i n  the  choice of  amplitude 
sca les .  These t y p i c a l  r e s u l t s  are shown i n  Figs.15 and 16. 

Since the  most extreme pressure amplitude va r i a t ions  of t he  
shock f r o n t  w e r e  found t o  occur near  the  i n j e c t o r ,  i n  a num- 
ber of tests a l l  s i x  t ransducers  w e r e  t i g h t l y  c lus t e red  i n  
t h a t  region. 

MASS-SOURCE DETERMINATION 

Having experimentally determined p = p ( x , t ) ,  the  unsteady 
mass-energy source (Q=Q (x8 t) ) and the  o the r  unsteady gas  
va r i ab le s  (u=u(x, t) , p=y(x@ t) ) , w e r e  determined a s  follows: 

F i r s t ,  the  s teady s ta te  ahead of t he  shock w a s  deter-  
mined by a technique which d id  not  requi re  any assump- 
t i o n s  about the d rop le t  drag and vaporizat ion processes ,  
Some of  the  r e s u l t s  obtained by t h i s  technique w e r e  pre- 
sented a t  t he  1969 ICRPG meeting and the  technique 
i t s e l f  i s  discussed i n  more d e t a i l  i n  Reference 1 2 0  
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Second, t he  Rankine-Hugoniot equat ions w e r e  appl ied  
through the  shock f r o n t  thus determining the  i n i t i a l  
condi t ions  f o r  t he  unsteady flow which follows the  
shock. 
Third, t he  prev ious ly  given t h r e e  unsteady, one-di- 
mensional conservation equat ions w e r e  solved f o r  
p = p ( x , t ) ,  u = u ( x , t )  , and Q = Q ( x , t )  by using 
the measured p = p ( x , t )  . 

The measured p=p(x , t )  is  given i n  dimensionless form 
i n  Fig. 1 7  and the  computed p = p ( x , t )  , u=u(x , t )  and 
Q=Q(x , t )  a r e  given i n  Figures 18, 19  and 2 0  r e spec t ive ly .  
I t  i s  important t o  no t i ce  t h a t  no use has  been made of any 
drop drag and vapor iza t ion  equations,  The Q so determined 
can then be considered a s  an absolu te  mass-energy source t h a t  
any unsteady drop burning model must reproduce t o  be acceptable ,  
Notice a l s o  t h a t  the  unsteady gas va r i ab le s  a r e  now a l s o  known, 
so  t h a t  t he  environment wi th in  which the  unsteady burning of 
the drops occur is  now completely known. The next  s t e p  is 
t o  concentrate  on var ious unsteady drop burning models and t o  
see how they f i t  t he  a l ready  known unsteady gasdynamics en- 
vironment. This s t e p  has  no t  y e t  been completed, 

CONCLUSIONS 

1) The use  of a s t e p  shock t o  probe for unsteady mass-energy 
sources i n  a l i q u i d  rocke t  motor was demonstrated. Careful  
con t ro l  of the experiment a s  w e l l  as repea t ing  the  t es t  con- 
d i t i o n s  with replacement t ransducers  w a s  necessary t o  f i rmly  
e s t a b l i s h  each datum po in t ,  

2 )  U s e  of the experimental da t a ,  toge ther  with a knowledge 
of t he  s teady-s ta te  condi t ions  and the  shock r e l a t i o n s ,  allows 
one t o  c a l c u l a t e  the  mass-energy source. 
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V. THE EFFECT OF EXTERNAL PERIODIC DISTURBANCES 
ON A X I S Y ~ T R I C  WAKE DIFFUSION FLAMES 

INTRODUCTION 

In  the  s tudy of combustion i n s t a b i l i t y  i n  l i q u i d  propel- 
l a n t  rocke t  motors, it has  been proposed t h a t  t he  mixing and 
burning of fue l '  and ox id ize r  e i t h e r  i n  t h e  wake formed by the  
oxid izer - r ich  gas stream behind the  f u e l  d rop le t s  o r  i n  t h e  
shear  l aye r  between ad jacent  fue l - r ich  and oxid izer - r ich  
streams could provide t h e  energy feedback necessary t o  d r ive  
high frequency o s c i l l a t i o n s  i n  the  combustion chamber, ( 1 3 )  (14) 

In t e rac t ions  of  acous t i c  f i e l d s  a s  w e l l  a s  f i n i t e  amplitude 
o s c i l l a t i o n s  w i t h  boundary l aye r s ,  jets and wakes have been 
previous ly  reported i n  the  l i t e r a t u r e ,  ( 8 )(E) (16) In those 
s t u d i e s  it has been shown t h a t  t he  i n t e r a c t i o n  of the o s c i l -  
l a t i o n s  with t h e  mean flow f i e l d  may lead  t o  e a r l i e r  t ran-  
s i t i o n  t o  turbulence,  increased rates o f  hea t  t r a n s f e r  and 
o the r  l i n e a r  and nonl inear  phenomena. 

In  the  p re sen t  i nves t iga t ion ,  t he  e f f e c t  of f i n i t e  ampli- 
tude pe r iod ic  d is turbances ,  imposed a t  t he  boundaries of  axisym- 
m e t r i c  j e t  d i f fus ion  flames has  been s tudied ,  The i n t e r a c t i o n  
of the ex te rna l  o s c i l l a t i o n s  with the  flow f i e l d  causes non- 
l i n e a r  changes i n  the  mean flow s t r u c t u r e  r e s u l t i n g  i n  an in- 
creased burning r a t e  of t he  f u e l  pe r  u n i t  volume of  t h e  flame. 
A marked reduct ion of t he  mean flame length  and f l a t t e n i n g  of  
t he  mean temperature d i s t r i b u t i o n s  t akes  place.  The proposed 
procedure f o r  measuring the burning rate pe r tu rba t ion  due t o  
the o s c i l l a t i o n s  i s  a l s o  presented. 

EXPERIMENTAL APPARATUS AbTD PROCEDURE 

A choked stream of na tu ra l  grade propane is exhausted a s  
an axisymmetric j e t  of 1/2" diameter i n t o  a g l a s s  chanher ( l o "  
diameter,  open a t  one end)and ign i t ed  by a torch (see F i g .  

2 1 ) .  A uniform ve loc i ty  d i s t r i b u t i o n  of about 3 ft/sec i s  es- 
t ab l i shed  a t  the burner outlet.. An o s c i l l a t i n g  a i r  stream flow- 
ing a t  a mean ve loc i ty  of 1 ft/sec around the propane j e t  i s  

introduced i n t o  the  10-inch diameter chaniber v i a  a system 
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which c o n s i s t s  o f  a needle valve mounted i n  p a r a l l e l  with a 
b a l l  valve ro t a t ed  by a geared down va r i ab le  speed motor, 
The frequency of  o s c i l l a t i o n s  i s  con t ro l l ed  by the  motor 
speed while t he  amplitude is var ied  by a l t e r i n g  the  r e l a -  
t i v e  amounts of  a i r  pass ing  through t h e  needle-bal l  valve 

system. 

Measurements of temperature d i s t r i b u t i o n s  i n  the  o s c i l -  
l a t i n g  flames have been made using ,003" P t - P t  10% Rh bare 
thermocouples and .0015" P t .  30% Rh-Pt 6% Rh bare  and coated 
thermocouples. The temperature da t a  was cor rec ted  f o r  radia-  
t i o n  losses .  Veloci ty  measurements w e r e  made using a 1/16" 

d i a ,  P i t o t - s t a t i c  tube and a h e a t  f l u x  probe. ??he h e a t  f l u x  
sensor  c o n s i s t s  o f  a nitrogen-or water-cooled gold-coated 
quar tz  tube ( ,006"  o.dol ,004" i.d.) with a .05" long P t  f i lm 
as the  s e n s i t i v e  area.  For the  cold flows a ,00015" tungsten 
ho t  w i r e  was used, Radial  and a x i a l  t r ave r ses  of  the o s c i l -  
l a t i n g  flames w e r e  conducted a t  four  f requencies  ( f  = 2 ,  

6 1/4, 15 ,  25 Hz) and two d i f f e r e n t  amplitudes of  t h e  ex ter -  
n a l  flow o s c i l l a t i o n s  as  w e l l  as i n  s teady  s t a t e .  In tens ive  
measurements necessary t o  c a l c u l a t e  t he  burning ra te  w e r e  
a l s o  c a r r i e d  ou t  a t  one a x i a l  s t a t i o n  (x/D = 4 ) .  The experi- 
mental d a t a  was recorded on tapes ,  and reduced by a high 
speed computer using an A/D converter.  Average and r m s  values  
of  the f luc tua t ing  v e l o c i t i e s  and temperatures w e r e  ca lcu la-  
t ed  and p l o t t e d  a t  var ious po in t s ,  

EXPERIMENTAL RESULTS AND DISCUSSION 

The e f f e c t s  of t he  ex te rna l  unsteady motion on the  mean 
s t r u c t u r e  of t he  flame i s  shown i n  Figs.22 and 23. The o s c i l -  
l a t i o n s  cause a shortening and corresponding widening of  t he  
o s c i l l a t i n g  flame as compared t o  the  s teady state. %e shadow- 
graph p i c t u r e s  suggest t h a t  t he  ex te rna l  o s c i l l a t i o n s  i n t e r -  
acted with the  flame i n  the laminar flow region c lose  t o  the  
burner  o u t l e t ,  A t  15 Hz t he  o s c i l l a t i o n s  cause a symmetric 
widening of  t h e  flame f i e l d  and d i s rup t ion  of t he  p o t e n t i a l  
core  region which c o n s i s t s  mainly of gaseous fue l .  The e f f e c t s  
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Figure 22 
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Figure 23 
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increase  with the amplitude of  t he  o s c i l l a t i o n s .  The i n t e r -  
ac t ion  of  t h e  ex te rna l  o s c i l l a t i o n s  i s  a l s o  frequency depen- 
dent. Experimentally the  maximum d i s rup t ion  occurs a t  15 Hz. 
The e f f e c t s  shown diminish with increas ing  frequency a s  shown 
by the 44 Hz shadowgraphs. The same decrease i s  witnessed 
a t  f requencies  I below 15 Hz. 

Figure24 shows the  v a r i a t i o n  of  t h e  temperature on the  
j e t  a x i s  under s teady and o s c i l l a t o r y  conditions.  The in- 
creased mixing and i n t e n s i f i c a t i o n  of t h e  burning due t o  the  
o s c i l l a t i o n s  i s  again seen. Higher temperatures and shor t e r  
p o t e n t i a l  core  regions a re  assoc ia ted  w i t h  increased ampli- 
tudes of t he  ex te rna l  o s c i l l a t i o n s .  

The maximum value o f  t he  r m s  temperature f luc tua t ion  i s  
p l o t t e d  as a funct ion of t he  a x i a l  p o s i t i o n  i n  Fig.25. It i s  
seen t h a t  an ampl i f ica t ion  of t he  temperature o s c i l l a t i o n  i n  
the  flame occurs between 4 and 6 diameters downstream of the  
burner  o u t l e t ,  A decay of t he  r m s  va lues  followed by an in- 
c r ease  of  amplitude due t o  turbulence occurs fu r the r  down- 
stream, The f igu re  a l s o  suggests  t h a t  t he  onse t  of turbulence 
i n  flames may be expedited by l a rge  amplitude ex te rna l  o s c i l -  
l a t i ons .  

The measurements i n  Figs.24 and25were c a r r i e d  o u t  using 
a bare .003" P t  10% Rh thermocouple. Due t o  the p o s s i b i l i t y  
of  c a t a l y t i c  ac t ion  a t  t he  thermocouple, t he  ac tua l  numbers 
i n  these  f igu res  may no t  be r e l i a b l e  b u t  the ind ica ted  t rends  
would be expected t o  be t rue .  

The primary quan t i ty .o f  i n t e r e s t  i s  the  burning r a t e  per- 
t u rba t ion  due t o  the  i n t e r a c t i o n  of the o s c i l l a t i o n s  and the  
j e t  flow f i e l d .  I To determine the  instantaneous burning rate 
i n  the  j e t  d i f fus ion  f l a m e  t he  following parameters have t o  
be measured 

(i) 

(ii) the  gas dens i ty  p , the gas streaming ve loc i ty  v' and 

the instantaneous flame pos i t i on  from which orfe can 
c a l c u l a t e  the ve loc i ty  of t h e  flame sur face  

t h e  f u e l  concentrat ion YF a t  t h e  flame surface.  

vflame. 



e 
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Figure 25 
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Then the  instantaneous mass burning r a t e  

I 4. 9 

e n, y~ flame f r o n t  % = P ( V r e l  

where 
.c * 

flame = v  - v  F v" re1 

-c 
i s  the  f u e l  d i f fus ion  ve loc i ty  vF 

c 
V is t h e  f u e l  flow ve loc i ty  r e l a t i v e  t o  the  

f l a m e  f ron t ,  

The gas dens i ty  determination r equ i r e s  accurate  measure- 
ments of t he  l o c a l  gas temperature and pressure .  Figure 26  

shows d e t a i l e d  temperature p r o f i l e s  i n  the flame region i n  
s teady s ta te  a t  the a x i a l  s t a t i o n  x/D = 4. The major e f f e c t  
of t he  coa t ing  i s  on the  oxida t ion  r eac t ions  on the  o u t e r  
edqe of t he  flame, t he  coated thermocouple reading as much 
a s  3OO0C lower than the  ba re  thermocouple. On the  f u e l  s i d e  
the  py ro lys i s  r eac t ions  a re  no t  a f f ec t ed  by the  thermocouple 
and the  temperature readings a re  v i r t u a l l y  i d e n t i c a l ,  ~ l l  
subsequent measurements a re  be ing  taken with coated thermo- 
couples, The accuracy of t he  temperatures i s  very important 
s ince  it w i l l  in f luence  the  accuracy i n  the determination of  
both the  gas ve loc i ty  and the  f u e l  concentration. 

A r a d i a l  temperature d i s t r i b u t i o n  a t  4 diameters down- 
stream of the  burner  o u t l e t  is  shown i n  Fig.27,  The o s c i l l a -  
t i o n s  mainly r e s u l t  i n  t he  f l a t t e n i n g  of t h e  average tempera- 
t u r e  p r o f i l e  and an increase  i n  the  spread of the thermal 
layer .  Due t o  increased mixing, t he  maximum flame temperature 
i s  lower than the  s teady-s ta te  value, t he  e f f e c t  being l a r g e r  
with increas ing  amplitude of  the ex te rna l  o s c i l l a t i o n s ,  

The instantaneous flame pos i t i on  can be determined from 
s t r eak  photographs a s  w e l l  a s  by point-by-point temperature 
measurements. Figure 28  shows the  r e s u l t s  from the  s t r e a k  
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photographs, After  c a l i b r a t i n g  the f i lm,  the l i m i t s  of  move- 
ment of the  most luminous zone of the  flame can be determined, 
I n  the  steady s t a t e  the separa t ion  between the  peak tempera- 
t u r e  po in t  and t h e  edge of t he  flame a s  pred ic ted  by s t r e a k  
photographs i s  ,029". Assuming t h i s  d i s tance  t o  remain the  
same i n  the  o s c i l l a t o r y  condi t ions,  t he  instantaneous flame 
p o s i t i o n  can now be determined, In  Fi9 ,29  the pred ic ted  flame 
movement from s t r eak  photographs i s  compared t o  a peak tem- 
pera ture  p r o f i l e  i n  t he  flame region, The change i n  the  wave- 
shape of t he  thermocouple s igna l  provides a f a i r l y  r e l i a b l e  
ind ica t ion  of t he  l i m i t  of flame movement. The r e s u l t s  from 
the  s t r e a k  photographs agree f a i r l y  we l l  with the  temperature 
measurements, Using a timing mark from the  o s c i l l a t i o n  de- 
v ice  2he flame pos i t i on  can be p l o t t e d  over a cycle  of o s c i l -  
l a t i o n  and the  flame ve loc i ty  can be calculated.  

Preliminary ve loc i ty  measurements i n  the  flame a re  pre- 
sented i n  Fig. 30, The p i t o t - s t a t i c  probe s igna l  i s  read by 
a Datametrics va r i ab le  capacitance transducer,  D u e  t o  prob- 
lems of coolant  hea t ing  i n  the hea t  f l ux  probe the  measure- 
ments with t h a t  probe a re  r e l i a b l e  only i n  the  ou te r  region 
of the  flame, The da ta  with the  two probes agrees f a i r l y  w e l l .  
The ve loc i ty  p r o f i l e  i n  a cold j e t  i s  a l s o  shown f o r  compari- 
son. The peak i n  the a x i a l  ve loc i ty  i n  the  region of the maxi- 
mum temperature of the  flame i n d i c a t e s  the  p o s s i b i l i t y  of 
e i t h e r  buoyancy e f f e c t s  o r  pressure grad ien ts  i n  the  flow f i e l d  
and these have t o  be inves t iga t ed  fur ther .  

The magnitude of t he  r a d i a l  ve loc i ty  i s  expected t o  be 
very small i re. ,  5-10% of the  a x i a l  v e l o c i t y  and it is  pro- 
posed t o  c a l c u l a t e  the r a d i a l  ve loc i ty  v by using the  con- 
t i n u i t y  equation and the  experimentally measured values of 
t he  a x i a l  ve loc i ty  u and the  gas dens i ty  p i n  the  flow f i e ld .  

- 

The f i n a l  parameter t o  be obtained i s  the  fue l  concentra- 
t i o n  a t  t h e  flame surface.  The t h e o r e t i c a l  procedure t o  ca l -  
c u l a t e  t h i s  parameter from the  temperature measurements is  out- 
l i n e d  i n  t h e  following subsection. 
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Determination of t h e  Fuel Concentration 

The t h e o r e t i c a l  ana lys i s  of  the wake flow f i e l d  shows 
that  i n  the incompressible l i m i t  t h e  equat ions f o r  t h e  
Schvab-Zeldovich va r i ab le s  4, and c. = “(I 
become i d e n t i c a l  and so lu t ions  can be 

I k  

l i n e a r l y  r e l a t e d .  
Considering t h e  mixing reg ion  between t h e  f u e l  region 1 

and the ox id ize r  region 2 t h i s  g ives  - 

where t h e  subsc r ip t s  i n d i c a t e  t h e  boundary values i n  the 

2 regions.  
S u b s t i t u t i n g  f o r  t h e  d e f i n i t i o n s  of t h e  Schvab-Zeldovich 

va r i ab le s  t h e  following expression i s  obtained 

Assuming the Burke-Schumann flame sur face  model, i .e. ,  

y,= 0 i n  t h e  f u e l  region, t h e  f u e l  concentrat ion can be 

ca l cu la t ed  from t h e  measured temperature d i s t r i b u t i o n .  - 
Also, then t h e  f u e l  d i f f u s i o n  v e l o c i t y  I/ can be ca l -  F 

cula ted  by F i c k ’ s  Law. 

The instantaneous burning r a t e  i n  the flame can thus  be 

ca lcu la ted .  The major ob jec t ive  of t h e  research program i s  

to  determine whether t h e  burning r a t e  pe r tu rba t ion  due t o  t h e  
i n t e r a c t i o n  between t h e  o s c i l l a t i o n s  and the d i f f u s i o n  flame 
f low-field i s  s u f f i c i e n t  i n  magnitude and phase t o  d r i v e  t h e  
o s c i l l a t i o n s  by i t s e l f  o r  i n  combination w i t h  the response 
funct ions f o r  o t h e r  regions around the drople t .  
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CONCLUSIONS 

The burning and mixing processes i n  j e t  d i f f u s i o n  
flames i n t e r a c t  with ex te rna l  p e r i o d i c  dis turbances 
t o  a s i g n i f i c a n t  degree over a range of f requencies ,  
The response i s  maximum a t  a c e r t a i n  c r i t i ca l  f r e -  
quency. 

T h e  i n t e r a c t i o n  appears t o  t ake  p l ace  mainly i n  t h e  
near region of the flame, ( 4 8 diameters) w h e r e  t h e  
per iod of o s c i l l a t i o n  and the d i f f u s i o n  t i m e  ac ross  
t h e  mixing l a y e r  are of t h e  same order .  The mean 
flame length  decreases and t h e  mean width increases .  

A procedure f o r  c a l c u l a t i n g  t h e  instantaneous burn- 
ing  r a t e  has  been ou t l ined  and prel iminary measure- 
ments of some of t h e  parameters have been achieved. 
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V I ,  CALCULATIONS ON ROCKET COMBUSTION INSTABILITY 
W I T H  A DROPLET EVAPORIZATION MODEL 

INTRODUCTION 

The emphasis i n  t h i s  research i s  t o  f ind  a nonl inear  com- 
bus t ion  model t o  explain the occurrence of t ransverse com- 
bus t ion  i n s t a b i l i t y  character ized by f i n i t e  o s c i l l a t i o n  amp- 

l i t u d e s  and the  poss ib le  appearance of shock waves. Clear ly  
the o s c i l l a t i o n s  cannot grow i n d e f i n i t e l y  b u t  are l i m i t e d  
by nonl inear  e f f e c t s  i n  the given combustor environment. 
The l i n e a r  o r  nonl inear  behavior of o s c i l l a t o r y  combustion 
depends fundamentally on the processes  which, s t a r t i n g  from 
the in j ec t ed  propel lan ts ,  lead t o  the formation of  combus- 
t i o n  gases. It  is indeed the  e f f e c t  of the o s c i l l a t i o n s  on 
these processes  and, hence, on the  combustion ra te  i tself ,  
t h a t  suppl ies  t o  the  system an amount of  feedback energy 
s u f f i c i e n t  t o  balance the energy absorbed by d i s s i p a t i v e  and 
o the r  damping processes  and thus determines the f i n a l  oscil- 
l a t i o n  amplitude, In  t h i s  presenta t ion  the  purpose is t o  
supply the l a t e s t  r e s u l t s  obtained with t h i s  model i n  regard 
t o  the  nonl inear  e f f e c t s  on pure t r a i s v e r s e  i n s t a b i l i t y .  

ANALYSIS 

Under appropriate  assumptions (Ref. 1 7 )  , the  combustion 
chamber equat ions between normalized va r i ab le s  are the follow- 

In  the second equat ion the d rop le t  drag has  been neglected;  
cons i s t en t ly ,  w e  assume tha t  the  d rop le t  motion i s  uniform 
with 
is supposed i n s e n s i t i v e  t o  the  chartiber condi t ions,  It is t o  
be not iced t h a t  Eqs, (1) can be combined to give 

2 e=  2 ~ ;  = constant ,  provided the  i n j e c t i o n  ve loc i ty  



-58-  

which can be used in s t ead  of  the  con t inu i ty  equation. 

For the s implest  d rop le t  evaporat ion model t he  source 
s t r eng th  Q coincides  w i t h  the evaporat ion rate,  which can 
be assumed t o  be propor t iona l  t o  the  square roo t  of  t h e  
Reynolds number. The r e s u l t  can be w r i t t e n  i n  the form 

w h e r e  g,; 

i s  the volume of the  d rop le t  r e l a t ive  t o  i t s  i n j e c t i o n  
volume, and 
t o  the gas. The f a c t o r  C w i l l  be assumed t o  be a con- 
s t a n t  determined by the s teady-s ta te  condi t ions.  However, 
i n  more sophis t ica ted  models it depends i n  an i n t r i c a t e  
fashion on the  instantaneous condi t ions b u t  no t  on the  
Reynolds number. 

i s  assumed t o  have only the  a x i a l  component 
w 

,,u represents  the  i n j e c t i o n  rate p e r  u n i t  area, V 

is  the ve loc i ty  of the d r o p l e t  r e l a t i v e  're1 

In  order  t o  s tudy the  p o s s i b i l i t y  of  t ransverse  in-  
s t a b i l i t y  w i t h  t h i s  model, t he  geometry of  the chamber (see 
Fig.31) is  reduced t o  an annulus of  very small  thickness ,  so 
t h a t  the r a d i a l  dependence can be disregarded and the  quant i -  
t i es  depend only on the t i m e  t, on the a x i a l  va r i ab le  x 
and on the c i rcumferent ia l  va r i ab le  y. I f ,  moreover, we  
concentrate  f o r  s impl i c i ty  only on t ransverse  spinning waves, 
w e  can assume a more r e s t r i c t i v e  dependence on x and on the  
combined va r i ab le  e = ft-y,  w h e r e  f represents  t h e  nor- 
malized frequency, Then Eq, ( 2 )  and the  c i rcumferent ia l  momen- 
t u m  equat ion can be w r i t t e n  a s  

8 
4 u.& +-p (sc*-cQ)= G)[+ y ( 2 u t u - u - y ~ ) ]  2 

2- ( f -r) Pe + 7 
(4) 

(f-fl)T* +. ul'r - ( V g p ) + e  =-( ' / r )  Qr 
w i t h  u, v represent ing the axial  and circumferei3tial com- 
ponents of  q. 

L 

Each va r i ab le  is now developed i n  a series of powers of  
a s m a l l  parameter related t o  the combustion i n t e n s i t y ,  such as 
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t he  i n j e c t i o n  r a t e  pe r  u n i t  a r e a p  . W e  have : 
2 2 d-=yr4 t p 5 +.-. 

1 e=. 4 +pp ,  '/A 
& = / t u 4  "/" uz i - - e .  

4- .--. ' 

2 
i Q =r Q 4  t ,u' Q, .... I 9 

The dens i ty  can be w r i t t e n  a s  9 = A+p(p,/")+ --. ., s ince  it is  
e a s i l y  shown t h a t ' t o  t he  f i r s t  order  the  t ransformations are 
i s en t rop ic  i f  t he  combustion is  conveniently d i s t r ibu ted .  
Evidently,  both * and Q must s t a r t  with t h e  f i r s t  o rder  
t e r m ,  s i nce  they must vanish f o r  = 0. I f  we  choose the  
reference length,  with r e spec t  t o  which x and y are nor- 

P 
malized, t o  be the  c i rcumferent ia l  development of  t he  cham- 

ber, w e  ob ta in  f o r  t he  frequency the  development f? = 4 + / u f 4 +  .. 
I n s e r t i n g  the  developments i n  E q s .  (4) w e  g e t  the  f i r s t  o rder  
equat ions 

a,)( = Q 4  ( 6 )  

W e  observe t h a t  the  so lu t ion  of  these  equat ions can 
indeed be a spinning wave with p., and g, independent of  x 
and a, = %.,or U,=o (where w ,  i s  the  s teady value and U!, 
is  the  per turba t ion)  provided Ql= 0 , t h a t  i s  the  combus- 
t i o n  rate per turba t ion  i s  of  the second order  with r e spec t  t o  
i t s  s teady value g, = U d R  . 
given by P4/g = J; = cp (e )  , 
The second order  equat ions obtained from E q s .  (4) are 

8 R e  +(P, -$)+,a + uax - r 2 e  *h ( U 4 x  - 5 e )  =Q, 

I - c 

- 
The so lu t ion  of  (5) i s  then 

being an a r b i t r a r y  funct ion,  

f ( 9 4 - 4 4 )  y;g - $- P Z G  ++ P&€? = - Q, 5 
Adding t h e  two equat ions and replacing the  so lu t ion  of  Eqs .  
(4)  w e  f i nd  

(7) 
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The value of fl can e a s i l y  be obtained f o r  a wave con- 
t a i n i n g  a shock from the  shock ve loc i ty  Which, t o  first 
order ,  must be equal t o  the  a r i thmet ic  mean between the  wave 
velocities on t h e  two s i d e s  of t he  shock (obtained f r o m  t h e  sum 
of the  corresponding p a r t i c l e  and sound v e l o c i t i e s ) .  Hence, 
we  g e t  

t he  subsc r ip t  m i nd ica t ing  the  mean value a t  t he  shock. 
F ina l ly ,  mult iplying Eq, (6) by /u and Eq, (7) by /u2 and 
adding, we  can w r i t e  the following equation between unde- 
veloped va r i ab le s  

a, =(rt 4)p-gw)uQ - - 1  u, + Q 

This equation can be in t eg ra t ed  from the  i n j e c t o r  ( x = o8 
a = 0) t o  t he  nozzle entrance ( X =  c :  = an) 8 where under 
the assumption of very s h o r t  (mult iple)  nozzle, the Mach 
number must remain cons tan t  so t h a t  t o  second order  accuracy 

The r e s u l t  is  L 

I f  Q i s  known i n  terms of v , Eq. (8) i s  an equation which 
can be used t o  f ind  the wave shape w(e). 

It is  t o  be observed t h a t  the condi t ions f o r  t he  second 
order  v a l i d i t y  of Eq, (8) are t h a t  IV /<<. (  

L e t  us now examine the consequences of Eqs. ( 3 )  , H e r e  d/dt 
represents  the  s u b s t a n t i a l  de r iva t ive  following t h e  d r o p l e t  

a n d 1 @ ' I = 1 Q - a \ 4 < z .  

and can be replaced 
the accuracy of t h e  

of t he  equation f o r  

by -f + '/ax , Consistent w i t h  
above ca l cu la t ions  we  can rep lace  9 

V ( w i t h  V = 1 a t  t h e  in j ec to r )  is  

312 

and Y''" by 'lt */z . The so lu t ion  
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and hence w e  ob ta in  

f o r  t he  integrand i n  the  l a s t  t e r m  of  Eq. (8). Phe equa- 
t i o n  f o r  v is now e n t i r e l y  def ined f o r  assigned va lues  of  

c8 'n# U t ,  y a n d ' e  . 
t o  the case of  shock-type waves, and 
value a t  the shock w i t h  the frequencyf=4, f q 4  fl 
less waves, of course,  vm is  meaningless, b u t  f i s  st i l l  
meaningful, and vm should be simply replaced by (z ) . ( f - 4 )  

I n  t h i s  case ins t ead  of the unknown vm t o  be determined 
simultaneously w i t h  t he  so lu t ion  v(@) 8 w e  w i l l  have the 
unknown frequency f t o  be determined also i n  the same t i m e  
as t h e  so lu t ion  v (  8 ) O f  coursel  the same Eqs. (3)  hold 
f o r  the s teady condi t ions ,  w i t h  

Q = a  From these equat ions one ob ta ins  the r e l a t i o n  

It must be observed t h a t  it applies 
vm rep resen t s  the mean 

For shock- T 

It 4 

v = 0, q r e l s l U , - ~ [ ,  and - -  
x -  

- 
and the d i s t r i b u t i o n  (x) t o  be inse r t ed  i n  the expression 

- .  
above. Observe t h a t  p=Uq/  " e  is  of o i l )  s ince  t h e  in- 
j e c t i o n  and the nozzle en t rance  ve loc i ty  a r e  gene ra l ly  of  
comparable magnitudes. Hence, w e  must d i s t i ngu i sh  three 
cases.  For p 4  1 we ob ta in  the d i s t r i b u t i o n  from 

w h e r e  w e  have def ined 

H e r e  b r ep resen t s  the s teady-s ta te  l eng th  of  the combus- 
t i o n  zone, w h e r e  the values  4 = and V=O are reached 
first. 
In the o the r  case, p71, we  ob ta in  

e 

n 
It is  related t o  the d rop le t s  l i f e t i m e  Z by b=2 &it 

o( = K - ( K + ? r ) L  0 
2 4 3  
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Fina l ly ,  t he  except iona l  case f = 1 should be t r e a t e d  
sepa ra t e ly ,  b u t  we  s h a l l  d i s r ega rd  it, 

I n  a l l  cases, t o  be cons i s t en t ,  b must always be 

s u f f i c i e n t l y  smaller than e so as t o  prevent  unburned 
d rop le t s  f r o m  reaching the  nozzle during o s c i l l a t i o n s .  

Then i n  the  ca l cu la t ion  of  @(x,e )dx  t h e  integrand w i l l  
vanish a t  a c e r t a i n  s t a t i o n  p r i o r  t o  e (bu t  gene ra l ly  
# b) determined by the  vanishing of V e After  t h i s  s t a -  
t i on ,  V and Q must be taken zero, 

Observe t h a t  i f  e and b a r e  of  O ( 1 )  8 Eq, (14) shows 

LE 

t h a t  8 t h a t  is, of  
according t o  our  assumptions, and cons i s t en t ly  

with the  f a c t  t h a t  Q must be o f  O ( r )  and V of  0(1) 

C must be of t he  same order  as a': 
o( F'") 
It i s  then e a s i l y  seen from Eq, (9) and (10) t h a t ,  because 
pC.. i~)~,. .-"I '/4 - J ut - cz 1 ' I t  is  of O(,P ' /~ )  l i k e  I e - 1 '/t I 

8 and the re fo re  ~ - 6  i s  of  - f/L L.= (~ ' ' ' -v '~)  i s  o f  o(1) l i k e  V 
O(p) l i k e  z. 
v a l i d i t y  of Eq, (8) is  no t  s a t i s f i e d ,  T h i s  only means t h a t  
t he  assumption P d x  = 5~ = = 0 cannot be s a t i s f i e d  
and t h a t  i n  r e a l i t y  even t o  f i rs t  o rde r  t he  spinning wave 
cannot c o n s i s t  of  pure ly  t r ansve r sa l  pe r tu rba t ions ,  De- 

s p i t e  t h i s  mathematical inconsistency, it i s  thought t h a t  
t he  in t eg ra t ion  of Eq. (8) can provide i n t e r e s t i n g  informa- 
t i o n  s ince  it conta ins  the e s s e n t i a l  f ea tu re s  of t he  gas- 
dynamical t r u e  process  and of t h e  pure ly  evaporat ive combus- 
t i o n  mechanism. 

Hence, one of  t he  two condi t ions  f o r  t he  

r 

SOLUTION AND DISCUSSION OF RESULTS 

The so lu t ion  of  t he  r e s u l t i n g  nonl inear  integro-  
d i f f e r e n t i a l  Eq. (8) g ives  the  unsteady behavior f o r  t h e  
t r ansve r se  ve loc i ty .  Such a so lu t ion  has  been found by a 
numerical method using an i t e r a t i o n  procedure, The Eq, (8), 

af ter  s u b s t i t u t i o n  of  t he  l a s t  t e r m  i n  developed f o r m ,  may 
be rewr i t t en  a s  follows: 
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where A,B ,  and D are cons tan t  and M ( 8 )  is  the  i n t e g r a l  t e r m ,  
I f  t he  R.H,S. of  Eq. (12 )  is  def ined a s  g ( 8 ) ,  one ob ta ins  

There i s  a s ingu la r  p o i n t  f o r  e=@* such t h a t  v = vm and 
t o  have a phys ica l  meaning it must be : 

gp" )  = o 

In t eg ra t ing  Eq. (13) over  t he  per iod  

w e  ob ta in  

(14) 

and consider ing t h a t  

(15)  

In t eg ra t ion  of Eq, (13) y i e l d s  the  formal r e l a t i o n  

Equation (17) may be considered a s  a quadra t i c  r e l a t i o n  f o r  
v ( 0 )  and, t he re fo re ,  has  two so lu t ions .  It may be r e a d i l y  
seen t h a t ,  i n  t he  case where a shock e x i s t s  and v (1 )  = v(O) ,  
w e  must have 

Because we a r e  only i n t e r e s t e d  i n  real-valued so lu t ions  t h a t  
a r e  continuous a t  8 =e", it must be t h a t  t he  radicand i n  
Eq, (19) be a minimum (=O) a t  e= e*. This is  cons i s t en t  
with the f a c t  t h a t  g (  e*) = 0. The i t e r a t i o n  procedure used 
f o r  the numerical so lu t ion  begins with assuming v (  6 ) = v (0) + 
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+ #  ( 6 )  where (0)  = 0 ,  a sawtooth p r o f i l e  was assumed, 
U s e  has  been made of Eq.  (16) t o  ob ta in  v(O),  Knowing v(0)  

and Cp ( 8  ) # v (  8 ) i s  immediately known and may be subs t i t u t ed  
i n t o  the R.H.S. of  Eq ,  (18) and vm is  determined from Eq, 
(19). Equation (18) is  then used t o  c a l c u l a t e  a new v ( e> ) , 

W e  a r e  now ab le  t o  f ind  o u t  a new + ( 8  ) from 

and again use i s  made of  Eq, (16) t o  ob ta in  a new v (0 )  8 and 
so on, u n t i l  t he  sequences f o r  v (  8 ) and vm converge. 
s u l t s  f o r  p<1 and forp2.1 are shown i n  Fig.32 and Fig, 33 
f o r  d i f f e r e n t  values  of z . 

Re- 

CONCLUSION AND REMARKS 

Rather than seeking t h e  general  so lu t ion ,  w e  have re- 
s t r i c t e d  ourse lves  t o  t h e  narrower ob jec t ive  of looking f o r  
pe r iod ic  so lu t ions  i n  the  c i r cumfe ren t i a l  va r i ab le  y These 
so lu t ions  w e r e  found t o  e x i s t  and a r e  s t a b l e  from a mathe- 
mat ica l  standpoint.  The so lu t ions  are shock-type and repre- 
s e n t  the l i m i t i n g  cyc le  of uns tab le  opera t ion  t h a t  i s  pro- 
duced i n  a nonl inear ly  way. 

The t r ansve r se  ve loc i ty  d i s t r i b u t i o n s  shown i n  Fig, 32 

and 33 i n d i c a t e , t h a t  f o r  a same p 8 as the  d rop le t  l i f e t i m e  
g e t s  smaller  and smaller, t he  shock amplitude reaches h igher  
values.  

Increasing the  ve loc i ty  of  t he  gas a t  the  nozzle entrance 
(with respect to  a cons tan t  value of t he  l i q u i d  ve loc i ty  which 
f o r  convenience has  been taken 0,1), and f o r  cons tan t  drop- 
l e t  l i f e t imes ,  h igher  shock amplitudes r e s u l t ,  

Before drawing any conclusion on t h e  behalf  of  stable 
and uns tab le  regions of operat ion,  pe r iod ic  behavior o f  t he  
shock-type so lu t ion  has  t o  be found with r e spec t  t o  t i m e  and 
t h i s  is  the  purpose of t h i s  cont inuing inves t iga t ion ,  
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V I I ,  HYDROGENATION ROCKET FEASIBILITY STUDIES 

INTRODUCTION 

The concept t h a t  launched t h i s  i nves t iga t ion  i n t o  the  
p o s s i b i l i t i e s  of using hydrogenation as an energy source 
app l i cab le  to ,  rocke t  propulsion was based on the  previous 

The document ou t l ined  the  work of Glassman (1965) (18) 

t h e o r e t i c a l  advantages t o  using a b i p r o p e l l a n t  system of 
hydrogen and an ace ty l en ic  hydrocarbon. These advantages 
included high performance with the  c r e a t i o n  of products  
very conducive t o  a f te rburn ing;  s p e c i f i c a l l y ,  gaseous 
methane and hydrogen. C h a m b e r  c h a r a c t e r i s t i c s  i n  such a 
r eac t ion  w e r e  r e l a t i v e l y  low pressure  and temperature. 

The ace ty l en ic  hydrocarbon used i n  t h i s  p a r t i c u l a r  in- 
The r a t i o n a l e  f o r  v e s t i g a t i o n  was methyl acetylene (C3H4) .  

t h i s  choice was s a f e t y ,  a s  t he  l i m i t s  of f l amab i l i t y  (per- 
c e n t  f u e l  i n  a i r  which w i l l  combust) and the  s e n s i t i v i t y  t o  
shock w e r e  both much less than an a l t e r n a t i v e  such a s  acety- 
lene  (C2Hz) .  

Methyl acetylene (MA) is  a monopropellant. In a t h r u s t  
chamber pressur ized  t o  twenty atmospheres, it w i l l  decompose 
t o  the  p r o d u c t ' s  g raphi te  ( f i n e  carbon p a r t i c l e s )  and hydro- 
gen. The performance based on t h i s  mode of operat ion would 
be u n a t t r a c t i v e  f o r  propuls ive app l i ca t ions ,  Calcu la t ions  
i n d i c a t e  t h a t  the s p e c i f i c  impulse would be less than two 
hundred seconds. The addi t ion  of hydrogen, however, o f f e r s  
the p o s s i b i l i t y  t h a t  the  r eac t ion  w i l l  be forced t o  a hydro- 
genation of the unsaturated hydrocarbon. Ultimately only 
methane and hydrogen would then be formed a s  products.  
Equilibrium c a l c u l a t i o n s  r e v e a l  t ha t  under the  inf luence of 

twenty atmospheres of chamber pressure,  the following r eac t ion  
marks t h i s  product l i m i t :  

C3H4 + 1 2  H2 -3 3cH4 + 8 H2 ( 16 0 OOF) 
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Higher hydrocarbons would almost c e r t a i n l y  be produced 
a l s o ,  b u t  t h e i r  low equi l ibr ium cons tan ts  i nd ica t e  t h e i r  per- 
centages would be small. For example, t h e  equi l ibr ium con- 
s t a n t  f o r  ethene (C2H4) a t  2250°F is  2-6  x 
of magnitude smaller  than t h a t  of methane. The r a t i o  of twelve 
moles of hydrogen per  mole of MA (or  molar mixture r a t i o ,  
m m r  = 1 2 )  was a r r ived  a t  as the  completion r a t i o  by an i t e r a -  
t i v e  product and temperature determination method. 

o r  four  orders 

High performance expectat ions w e r e  drawn from the  pro- 
1 

p o r t i o n a l i t y  I - (T/MW)5 where 1 is  the  s p e c i f i c  impulse, 
T is the  chamber temperature, and MW i s  the  average molecular 
weight of the  products.  Although the  temperature is l o w  i n  
the  monopropellant mode (no hydrogen added) and i s  depressed 
f u r t h e r  by the  hydrogen, the  low molecular weights assoc ia ted  
with a hydrogenation r eac t ion  more than compensate, r e s u l t i n g  
i n  a high s p e c i f i c  impulse. In  p a r t i c u l a r  f o r  the  hydrogena- 
t i o n  r eac t ion  a s  depicted above, a performance of over 350 
sec. of impulse would be expected. 

SP SP 

Applications of a successfu l  hydrogenation system could 
include use a s  a f i r s t  s t age  booster .  Ambient oxygen could 
be u t i l i z e d  i n  the  a f te rburn ing ,  c r e a t i n g  a ram-jet type 
t h r u s t e r .  The ma te r i a l s  required fo r  such an app l i ca t ion  
need n o t  be of exo t i c  na ture  due t o  t h e  low pressure  and t e m -  
pe ra tu re  requirements. The b a s i c  s i m p l i c i t y  of design, the  
p o s s i b i l i t y  of reuse,  and the  large-quant i ty  f u e l  p r i c e  (20) 

would a l l  a i d  i n  making such a rocket  economically f eas ib l e .  

TEST HISTORY 

P r i o r  t o  t h i s  per iod  of i nves t iga t ion ,  some information 
had been obtained, Temperature measurements during i n i t i a l  
runs c l e a r l y  confirmed t h e  expected low chamber temperature. 
The monopropellant mode of operat ion produced the  h ighes t  
temperatures, b u t  even these  w e r e  below 2300°F. 
of hydrogen reduced the  chamber temperatures, a s  expected, 
t o  values  below 220O0F, 
ber axis w e r e  a l s o  measured, The combustion chamber was 

The add i t ion  

Temperature p r o f i l e s  along the  cham- 



-70- 

twelve inches long: a uniform temperature p r o f i l e  w a s  
e s t ab l i shed  f o r  more than three-quarters  of t h i s  length.  
I t  w a s  a l s o  found t h a t  the  addi t ion  of hydrogen increased 
the  performance of the rocket  s i g n i f i c a n t l y  above the  mono- 
p rope l l an t  mode of operat ion.  This  i n i t i a l  addi t ion  of 
hydrogen occurred a t  low molar mixture r a t i o s .  It  w a s  no t  
poss ib le ,  however, t o  comment with c e r t a i n t y  as t o  the 

composition of the exhaust  products,  It  was shown t h a t  the  
increased performance could r e s u l t  from e i t h e r  of two mech- 
anisms: (1) the  hydrogenation reac t ion  was proceeding, a t  
l e a s t  i n  p a r t ,  y i e ld ing  gaseous products  of a low molecular 
weight: ( 2 )  the  hydrogen was behaving a s  a low molecular 
weight working f l u i d  f o r  the methyl acetylene decomposition. 
O f  course some combination of these two was possible .  Before 
proceeding t o  higher  mmr, it was decided t o  develop a gas  
sampling and analyzing technique t o  determine the  composition 
of the exhaust products.  I t  i s  toward t h i s  goal  tha t  the  
e n t i r e  e f f o r t  was d i rec ted .  

SAMPLING 

The technique of obtaining a gas sample has proven t o  
be a d e l i c a t e  operat ion.  Two prime requirements had t o  be 

m e t  i f  a representa t ive  sample was t o  be captured: (1) the  
gas  sample had t o  be quenched immediately t o  prevent  f u r t h e r  
chemical reac t ion ;  ( 2 )  the  e n t i r e  sample system had t o  remain 
f r e e  from contaminants. The f i rs t  of these requirements was 
m e t  by use of a water-cooled probe. It was assembled from 
three ,  concentr ic  tubes and a inachined t i p .  All material 
was s t a i n l e s s  s teel ,  The o v e r a l l  dimensions w e r e  30" x 1 /2"  
O.De The t i p  was machined to -  provide a nozzle entrance t o  
the  inner  tube.  T h i s  design provided gas  dynamic cool ing as  
w e l l  as metering. The outer  two tubes provided the  jacke t  
f o r  the  cool ing water flow. It  was found t h a t  when plumbed 
t o  a c i t y  w a t e r  supply, the  probe reduced the sample gas t e m -  
pera ture  from chamber l e v e l s  of 220o0F t o  approximately 100°F. 
The c h a r a c t e r i s t i c  t i m e  f o r  t h i s  cool ing w a s  of the  order  of 
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one mill isecond. The second requirement w a s  complicated by 
the  presence of t h e  f i n e ,  powdered carbon i n  the  exhaust. 
The added requirement f o r  remote operat ion increased the  
d i f f i c u l t i e s ,  e,g., the  solenoid valves  e i t h e r  f a i l e d  t o  
c l o s e  properly,  o r  plugged with carbon completely. AS t he  
system was f i n a l l y  operated,  the sample was trapped i n  a 
h e l i x  of 1/4" s t a i n l e s s  steel  tubing by using two b a l l  valves ,  
operated simultaneously by a pneumatic p i s ton .  The design 
of the "sample b o t t l e "  e l iminated dead zones i n  t h e  gas flow. 
The gas samples w e r e  obtained a t  a p re s su re  of 20  p s i g  t o  
i n h i b i t  contamination f r o m  the atmosphere, The a c t u a l  
samples w e r e  taken from the cen te r  of t he  combustion cham- 
ber j u s t  before  the  nozzle entrance.  Chamber temperature 
was measured i n  t h e  s a m e  r a d i a l  plane.  The flow was assumed 
t o  be chemically f rozen i n  passing through the  probe nozzle. 

The ana lys i s  of the  product sample was conducted with 
the  H e w l e t t  Packard 7 6 2 0 ~  Gas Chromatograph Analyzer (GCA) ,  

B y  a f fo rd ing  a temperature programming c a p a b i l i t y ,  t h i s  
GCA provides a higher  r e so lu t ion  and sharpness of recorder  
peaks than the  fixed-temperature type u n i t ,  The temperature 
program used i n  t h e  product a n a l y s i s  w a s  from -86OC t o  12OoC 
w i t h  l i q u i d  n i t rogen  a s  the  cool ing agent. The column used 
was 1 2 '  x 1/8" O.D. s t a i n l e s s  steel tubing packed wi th  Parapak 
Q (mesh s i z e  80/100). The sensing element i n  the  equipment 
was a s tandard thermal conduct iv i ty  ce l l  wi th  helium as the  
c a r r i e r  gas. 

The curves obtained represent  the  number and r e l a t i v e  
a?-andance of c o n s t i t u e n t  gases. The extreme sharpness of 
these curves allows the  use of peak he igh t  a s  the  measure 
of abundance. The pos i t i on  of each gas peak and the  he igh t  
these peaks reached i n  a known concentrat ion w e r e  obtained by 
analyzing a c a l i b r a t i o n  gas under opera t ing  condi t ions  iden- 
t i c a l  t o  those a t  w h i c h  the sample a n a l y s i s  was performed. 
In  t h i s  way a l l  the sample peaks have been q u a n t i t a t i v e l y  
i d e n t i f i e d  with the  exception of a f e w  higher  hydrocarbons 
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(C3, C4) which represented only one or two percent  of the  
sample, 

RESULTS 

The tests of the  hydrogenation rocke t  ind ica ted  t h a t  
an upper l i m i t  f o r  mmr exis ts ,  which is w e l l  below the de- 
s i r e d  opera t ing  p o i n t  of m m r  = 12 .  Several  a t tempts  w e r e  
made to  i n j e c t  hydrogen a t  l e v e l s  corresponding t o  mmr)  4.3. 

In  each case the  decomposition r eac t ion  extinguished imme- 
d i a t e l y .  The same r e s u l t  occurred f o r  e i t h e r  of two hydro- 
gen i n j e c t i o n  schemes: (1) s t e p  input  of hydrogen mass flow 
t o  a p r e s e t  l eve l :  ( 2 )  ramp input  of hydrogen mass flow from 
m m r  = 0. One set  of da t a  ind ica ted  t h a t  the  problem stemmed 
f r o m  excess ive ly  high i n j e c t i o n  v e l o c i t i e s .  However, t h a t  
i nd ica t ion  was shown t o  be f a l s e  when at tempts  t o  s u s t a i n  
r eac t ion  a t  l o w e r  i n j e c t i o n  v e l o c i t i e s  ( l a r g e r  i n j e c t i o n  
p o r t s )  f a i l e d  t o  r a i s e  the mmr l i m i t .  N o  v a r i a t i o n  was i m -  
posed on the  temperature of t he  hydrogen f o r  two reasons. 
F i r s t  the  supply of f u e l  was n o t  g r e a t  enough t o  begin a new 
series of tests. second, much of t he  a t t r a c t i v e n e s s  i n  the  
system d-ue t o  s i m p l i c i t y  i s  l o s t  i f  t he  hydrogen must be 

preheated. 

The most probable explanation f o r  the l i m i t  i n  mmr a t -  
t r i b u t e s  an unacceptable h e a t  l o s s  from the  decomposing 
methyl acetylene t o  the  incoming hydrogen. This a b i l i t y  
of the  hydrogen can be rea l i zed  by comparing the  h e a t  ava i l -  
ab l e  i n  the  monopropellant r eac t ion  and comparing it t o  the  
h e a t  required to  raise the  hydrogen t o  a temperature near the 

measured chamber temperature. Using t h i s  overly s impl i f i ed  

approach it is  seen t h a t  approximately h a l f  of the  h e a t  ava i l -  
ab l e  i s  required t o  increase the  hydrogen temperature. It  

would be necessary t o  inves t iga t e  t h e  r eac t ion  k i n e t i c s  t o  
determine the  a c t u a l  balance of h e a t  production and absorpt ion 
t h a t  u l t ima te ly  determines whether t he  combustion would ex- 
t inguish.  The i n j e c t i o n  of hydrogen i n  a gradual ramp was 
then chosen a s  the experimental approach t o  probe t h i s  balance.  
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The i n a b i l i t y  of the ramp technique t o  determine a p r e c i s e  
maximum value i n  m m r  was a t t r i b u t e d  t o  experimental scatter 
(of t h e  order  of 4.0 2 .2 mmr) . 

Representat ive da t a  f o r  t he  ope ra t iona l  l i m i t s  can be 

found i n  t h e  Lable below. These two l i s t i n g s  a r e  typical 
of s eve ra l  t es t  runs a t  each mmr. 

m m r  C* Product Composition 
% CH4 % H, % C ( s )  

TC 

0 2750 fps  2250°F 18 18 64 
3.6 4700 2100 45 34 2 1  

A f t e r  ob ta in ing  these  d a t a ,  a c a l c u l a t i o n  was made t o  
check the normally assumed a d i a b a t i c  na tu re  of a rocket.  It  

was found t h a t  n e i t h e r  of the above cases  correspond t o  
a d i a b a t i c  operat ion,  b u t  i n  f a c t  a 30% h e a t  l o s s  was assoc ia ted  
w i t h  the monopropellant mode and an 18% loss w i t h  mmr = 3.6 
operation. Such l o s s e s  w e r e  suspected because the f u e l  flow 
r a t e s  w e r e  very low f o r  economy reasons and the  combustion 
chamber was constructed w i t h  th ick  copper wal l s .  Since a 
more meaningful eva lua t ion  of a rocke t  system can be made 
from the  a d i a b a t i c  condi t ion,  a scheme was introduced t o  cor- 
rect  the da ta  t h a t  w e r e  obtained. An  i t e r a t i v e  procedure was 
der ived t o  change the chamber temperature, and thus a l t e r  the  
r e l a t e d  r eac t ion  k i n e t i c s ,  u n t i l  the a d i a b a t i c  condi t ion  was 
achieved (21).  

ex is tence  of t he  following modified condi t ions:  
The r e s u l t s  of the procedure ind ica ted  the 

* Product Composition 
% CH4 % H2 % C ( S )  

TC 
mmr C 

0 3200 f p s  2900°F 10  27 63 

3.6 5000 2100 35 40 25 
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CONCLUSIONS 

From t h i s  experimental program several p r i n c i p a l  con- 
c lus ions  may be drawn. 

(1) the  addi t ion  of hydrogen t o  the  decomposition 
r eac t ion  of methyl acetylene does provide in- 
c reases  both i n  rocket  performance and methane 
conten t  i n  the  exhaust  gases: and 

( 2 )  it appears t h a t  an upper opera t iona l  l i m i t  on 
mmr e x i s t s  which i s  w e l l  below the  most des i r ab le  
operat ing po in t ;  and 

( 3 )  the  goa ls  of low temperatures,  high performance, 
and combustible exhaust products  w e r e  shown t o  
be achieved only i n  p a r t .  

Only f o r  the  except ional  appl ica t ion  (e.g. w h e r e  H2 
bo i lo f f  might be u t i l i z e d )  might one expect  t h i s  concept 
t o  be employed based on the  promise shown t o  date .  
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V I I I .  CONCLUDING REMARKS 

The use of quarter-wave tubes as a means t o  damp com- 
bus t ion  i n s t a b i l i t y  w a s  shown t o  have seve ra l  advantages and 
disadvantages,  when compared t o  the  Helmholtz resonator  de- 
s igns.  A higher  peak of t he  r e a l  p a r t  of the  admittance,in- 
d i ca t ing  improved damping, is l imi t ed  t o  a very narrow fre- 
quency band. The a b i l i t y  of the  quarter-wave tube t o  damp 
the  odd h igher  frequency modes can, a t  t i m e s ,  be used t o  
advantage. E f fec t ive  use of volume i n  the  quarter-wave tube 
conf igura t ion  allows add i t iona l  damping u n i t s  t o  be employed 
and c a r r i e s  t he  range of app l i ca t ion  t o  lower f requencies ,  
These c h a r a c t e r i s t i c s  a re  use fu l  i n  t h a t  they increase  the 
f l e x i b i l i t y  of applying var ious damping devices i n  a pa r t i cu -  
l a r  app l i ca t ion .  Experiments a re  confirming the  t h e o r e t i c a l  
f ind ings  . 

Experimental and t h e o r e t i c a l  r e s u l t s  from the  d i f f e r e n t  
flame s tud ie s  continue t o  ind ica t e  t h a t  the response of  t h e  wake 
of a burning d rop le t  t o  ve loc i ty  o s c i l l a t i o n s  may be l a rge  
enough t o  d r ive  conibustion i n s t a b i l i t y .  The experimental pro- 
gram t o  probe the  f luc tua t ing  flame i s  q u i t e  complex s ince  
the  accuracy is  very demanding and o f t en  the measurement 
means i s  a t  t he  l i m i t s  of  t he  s ta te-of- the-ar t .  Similar  ex- 
perimental  d i f f i c u l t i e s  w e r e  overcome i n  the  mass-energy sources  
research.  There, through the  use of experimental measurements 
of the  pressure  t ime-history 02  t he  step-shaped shock pulse  
tracer, a knowledge of t he  p r i o r  s teady-s ta te  combustion con- 
d i t i o n s ,  t he  shock r e l a t i o n s ,  and us ing  the  one-dimensional 
conservat ion equat ions,  mass-energy source d i s t r i b u t i o n s  have 
been determined. The  sources vary w i t h  a x i a l  pos i t i on  i n  the 

rocket  chamber a s  would be expected. 

The a n a l y t i c a l  study of annular chambers so as t o  properly 
formulate the  mechanisms responsible  f o r  combustion i n s t a b i l i t y  
and p r e d i c t  the f i n a l  wave shapes t h a t  would r e s u l t  has  pro- 
gressed considerably.  The numerical r e s u l t s  a r e  indeed 
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reveal ing the an t i c ipa t ed  shock-type waves. AS parameters 
a re  var ied  c e r t a i n  s t a b i l i t y  t rends  have become evident ,  

Sampling of the  combustion products of the  hydrogenation 
rocket  have revealed t h a t  the  improved performance is  a re- 
s u l t a n t  of the hydrogen a c t i n g  as a working f l u i d  r a t h e r  than 
the  des i red  fundamental chemical changes. These da ta  tend t o  
discourage f u r t h e r  work based on the  hydrogenation approach, 
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NOMENCLATURE 

a 

A 

C 

l a  C 

5 . e  

P 
C 

C 

cD 

Ch 

P C 

d 

D 

@ R  

f 

SP 
I 

& 

L 

6: 

Veloci ty  amplitude (see pg. 16) 

O r i f i c e  c ross -sec t iona l  a r ea  

Constants i n  Sect. VI 

Steady-state length of  t he  combustion zone 

Speed of sound 

Average chamber speed of sound 

Chamber speed of sound l o c a l  t o  the  l i ned  su r face  

Spec i f i c  h e a t  of gases 

Constant i n  Sect. VI 

Discharge c o e f f i c i e n t  

Hyperbolic cosine 

Pressure c o e f f i c i e n t  

Or i f i ce  diameter of Helmholtz resonator  

Helmholtz cav i ty  diameter (Seck. 111) 
Burner diameter (Sect. V) 
R e a l  p a r t  of t he  nozzle admittance 
Frequency 
Frequency r a t i o  (Sect. 111) 

Fract ion of t he  chamber wa l l  a r ea  l i ned  

RHS Of Eqe 12, pg. 6 3  

Defined i n  equation on pg. 25, r e l a t ed  t o  the  
i n  phase energy add i t ion  i n  the  combustion charnber 

Spec i f i c  impulse 

Length of Helmholtz resonator  o r i f i c e  
Combustion chamber length  

Length of Helmholtz cav i ty  

Acoustic admittance 

Imaginary p a r t  

Real p a r t  



-78- 

Instantaneous m a s s  burning rate % 
M Defined by equation on pg. 25 

Me 
M ( Q >  I n t e g r a l  t e r m  o f  Eq. 8, pg. 6 3  

Mw Molecular weight 

n I n t e r a c t i o n  index 

P Pres sure  

- 
Mean chamber Mach number a t  nozzle entrance 

Sh 

svT 
t 

T 

U 

t i  

n 

U 

U 

V 

+ 
V 

V 
4 

flame 
+ 

re1 V 

Magnitude of vec tor  v e l o c i t y  

Vector v e l o c i t y  

Liquid vec tor  v e l o c i t y  

I n j e c t i o n  ve loc i ty  

V e l r c i t y  of d r o p l e t  r e l a t i v e  t o  the  gas 

Dimensionless unsteady mass-energy source 

Hyperbolic s i n e  

Eigenvalue descr ib ing  i n s t a b i l i t y  mode (Tables 

Time 
A-1,2 R e f .  10) 

Temperature i n  chamber 

Local gas v e l o c i t y  
Gas v e l o c i t y  i n  quarter-wave tube (Sect. 111) 
Axial v e l o c i t y  component (Sect, V) 

Axial component of l i q u i d  v e l o c i t y  

Nozzle entrance a x i a l  v e l o c i t y  

Radial  v e l o c i t y  component (Sect. V) 
Circumferent ia l  v e l o c i t y  component (Sect. V I )  

G a s  streaming v e l o c i t y  

Veloci ty  of flame sur face  

Fuel flow v e l o c i t y  r e l a t i v e  t o  t h e  f l a m e  f r o n t  
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V 

W 

X 

x 

Y 

yF 
a 

B 

'd 

%a 

& U  

6 

€0 

0 

e '  
0* 

x 
M 

V 

5 

P 

0 

Helmholtz c a v i t y  volume 
Volume r a t i o  of the d r o p l e t  ( r e l a t i v e  t o  i t s  

Fuel d i f f u s i o n  v e l o c i t y  
i n j e c t i o n  volume) (Sect. VI) 

Defined by equat ion on pg. 10 

Axial  space coordinate  

Chamber length ( o r  combustion length  i f  less 
than chamber length)  

Circumferent ia l  v a r i a b l e  

Mass f r a c t i o n  f u e l  a t  f l a m e  sur face  

Mean gas v e l o c i t y  i n  the chamber 

Rat io  of _nozzle entrance v e l o c i t y  t o  the l i q u i d  
v e l o c i t y  $ 

6 
R a t i o  of s p e c i f i c  h e a t s  

Average value of the s p e c i f i c  h e a t s  i n  the chamber 

Phase angle between gas v e l o c i t y  and pressure  
o s c i l l a t i o n s  i n  the  chamber 

Pressure o s c i l l a t i o n  amplitude 

Maximum value of the square root of the non- 
dimensional pressure  amplitude 

Equivalent t o  ft-y 

Dummy va r i ab le  used  on pg. 64 

Singular  p o i n t  

Wavelength 

I n j e c t i o n  rate per u n i t  a r e a  

In teger  descr ib ing  t a n g e n t i a l  character of mode 
(Table A-1,2, R e f .  10) 

Dummy v a r i a b l e  

G a s  dens i ty  

Percent  open a r e a  r a t i o  of l i n e d  sur face  
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T Sens i t i ve  t i m e  l a g  
Droplet  l i fe t ime (Sect. V I )  

I Arb i t r a ry  func t ion  

Q Function of 8 (pg- 65) 

rg) m g u l a l  frequency of i n s t a b i l i t y ,  rad ians  

Subscr ip ts  

I Imaginary p a r t  

m A r i t h m e t i c  mean value a t  t he  shock ( S e c t . V I )  

R Real p a r t  

t D e r i v a t i v e  with r e spec t  t o  t i m e  ) / a t  
1,2,- . Order of series expansion ( S e c t . V I )  

1 Per t a in ing  t o  the chamber 

2 Pe r t a in ing  t o  the  en t rance  

3 Per t a in ing  t o  the quarter-wave tube end 

Superscr ip ts  

(-1 Mean o r  s teady-s ta te  value 

( 1 '  Perturbat ion 

(-7 Vector 

(-1 Vector (Sect. VI) 

( ) +  Inward flow 

( 1- Outward flow 

Trans formed dependent va r i ab le s  
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