
https://ntrs.nasa.gov/search.jsp?R=19710013695 2020-03-11T21:05:59+00:00Z



Report No, S-70-6 

N E W  YORK U N I V E R 3 I T Y  
New York, New York 

TNE BOND STR.ESS IN 4 VT$COEUsl'IC 
PROPELLANT DISK DURTNG TKERMAL SHOCK 

Bernard W. Shaf fer  
P r o f e s s o r  of Mechanical Engineering 

and 

Myron Levltsky 
Assistant Professor  

College of the C l t y  of New York 

Associate  Research S c i e n t i s t  
New york Univers i ty  

Prepared f o r  The Off ice  of Wnivers$ty Affairs 
National Aeronautics and Space AdmlnLstration 

under Research Grant N G L - 3 3 - 0 1 6 - 0 6 7  

September 1970 



THE BOND STRESS I N  A VI$COELASTIC PROPELLANT DISK 
DURING THERMAL SHOCK 

Bernard W. Shaffer  and Myron Levitsky 

Abstract  --- 

The v a r i a t i o n  with time of the bond s t r e s s  i n  a case 

bonded s o l i d  p rqpe l l an t  rocke t  assembly i s  s tudied  under 

condi t ions of' plane s t r e s s ,  when the e x t e r n a l  temperature 

changes ab rup t ly .  Maxwell, Voigt, and Pour element models 

are assumed f o r  the prope l l an t ,  and e f f e c t s  a r i s i n g  fSom 

changes i n  v i s c o e l a s t i c  p r o p e r t i e s ,  thermal expansion eo- 

e f f i c i e n t s ,  and hea t  t r a n s f e r  c h a r a c t e r i s t i c s  of t he  

assembly are s t u d i e d .  It i s  found tha t  the bond stress 

equat ions are separable  i n t o  a s t r e s s  f a c t o r  i d e n t i c a l  t o  

the s o l u t i o n  of t h e  equiva len t  e l a s t i c  problem, and a time 

dependent f a c t o r ,  which i s  a func t i an  of t he  v i s c o e l a s t i c  

cons t an t s .  Quant i ta t ive a spec t s  of the solution a r e  pre-  

gented i n  dimensionless form. 

Iqtroduc ti an * ----.- 

It has been shown [',*I that  when a case bonded rocket  

assembly i s  subjected t o  ambient temperature v a r i a t i o n s ,  thermal 

s t r e s s e s  develap a t  %he bond Surface due t o  d i f f e r e n t i a l  thermal 

expansion of the  s o l i d  p rope l l an t  and i t s  casing.  Under ce r t azn  

CQnd5t5,OnS, these  stresses become high enough t o  cause f a i l u r e  

of the  bond. Their  magnitude may be determined from the  pro-  

,;+ 
Super sc r ip t  numbers i n  pa ren thes i s  r e f e r  t o  the  r e fe rences  
l i s t e d  i n  Bibltography. 



peklant  material p r o p e r t i e s ,  the casing material, the  

g e q n e t r i c a l  conf igura t ion ,  and the r a p i d i t y  of the  ambient 

temperature change 
I n i t i a l l y  the  thermal bond s t r e s s  was explored E U I  

under the  assumption that  t h e  p rope l l an t  has only e l a s t i c  

c h a r a c t e r i s t i c s .  Subsequently, the a n a l y s i s  was extended 

t o  inc lude  some v i s c o e l a s t i c  c h a r a c t e r i s t i c s ,  which r ep resen t  

a more apt  d e s c r i p t i o n  of the p r o p e l l a n t  ma te r i a l  behavior .  

The ex tens ion  was based on t he  assumption, that  the v i s c o e l a s t i c  

p r o p e l l a n t  material i s  of the Maxwell o r  V o i g t  type,  The 

p resen t  r e p o r t  praposes t o  extend t h i s  a n a l y s i s  t o  a somewhat 

more phys ica l ly  r ea l i s t i c  m a t e r i a l  r ep resen ta t ion  of the 

propelzant .  

-- Statement ,. , , pf Problem 

I n  order  t o  def ine  the problem s o  tha t  the r e s u l t i n g  

computations y i e l d  meaningful phys ica l  r e s u l t s  which d o  no t  

become excess ive ly  unwieldy, the range of the p resen t  a n a l y s i s  

w i l l  be r e s t r i c t e d  by s e v e r a l  assumptions. 

At ten t ion  w i l l  be confined t o  a p rope l l an t  g r a i n  con- 

s i s t i n g  of an  annular  d i s k ,  as shown i n  Fig. 1. The d i s k  

has an  i n t e r n a l  r a d i u s  a and an e x t e r n a l  r ad ius  b I 

surrounded by a cas ing  whose i n t e r n a l  and e x t e r n a l  r a d i i  a r e  

b and c r e s p e c t i v e l y .  The d i s k  i s  t h i n  compared t o  i t s  

rad ia l  dArnensions, so  t h a t  the  assembly may be analyzed as 

a problem of plane stress. 

The eas ing  m a t e r i a l  may be e i the r  m e t a l l i c  o r  p l a s t i c ;  

i n  efther event  it i s  assumed t o  be an i s o t r o p i c  e l a s t i c  

2. 



m a t e r i a l ,  The s o l i d  p rope l l an t  i s  a v i s c o e l a s t i c  material, 

Following the usage of' Alfrey and o thers  51 i t s  p r o p e r t i e s  

may be descr ibed i n  terms of one dimensional behavior which 

cha rac t e r i zes  the stress-strain r e l a t i o n s h i p  i n  two independ- 

e n t  modes, i.e., compression and shear. For s i m p l i c i t y ,  t h e  

p rope l l an t  w i l l  be assumed e l a s t i c  rather than v i s c o e l a s t i c  

i n  cmpress ion ,  and i n  the  l i m i t ,  taken t o  be incompressible.  

The bond s t r e s s  w i l l  be s t u d i e d  by comparing r e s u l t s  

obtained from th ree  shear  models; the two element Maxwell 

and Voigt models, and a more genera l  f o u r  element model. 

The one dimensional analogues of t he  m a t e r i a l  p r o p e r t i e s  i n  

pure shear  a r e  shown i n  Fig.  2. The Maxwell model i s  shown 

i n  Fig.  2a, while the V o i g t  model i s  shown i n  F ig .  2b. The 

c h a r a c t e r i s t i c s  of each model are def ined by two parameters,  

an e l a s t i c  and 8 viscous cons tan t .  The f o u r  element model, 

shown i n  Fig.  2c ,  c o n s i s t s  of a Voigt and Maxwell rnGde1 i n  

s e r i e s .  Tt approximates the  behavior of some types of non- 

cross- l inked polymers f a i r l y  well. The ex is tence  of  f o u r  

independent cons tan ts  allows g r e a t e r  freedom in c o r r e l a t i n g  

data which descr ibe  ac tua l  ma te r i a l s  w i t h  mathematical 

equat ions whlch descr ibe  the behavior of  the model. 

I n  d iscuss ing  r e s u l t s  a r i s i n g  from v a r i a t i o n  i n  the  

ma te r i a l  p r o p e r t i e s ,  i t  w i l l  be convenient t o  speak of a 

Maxwell-like or Voig t - l i ke  change, by not ing that  i n  a l i m i t -  

ing seqse,  t he  f o u r  element model may be transformed i n t o  

e i t h e r  of t he  two element models, It i s  useful i n  doing t h i s ,  

t o  eva lua te  the p r o p e r t i e s  of the four element model quant i -  

3 -  



t a t i v e l y  i n  terms of an e l a s t i c  parameter El and th ree  

moduli which have the dimensions of r e c i p r o c a l  time, namely 

The Maxwell makerial i s  charac te r ized  by an i n i t i a l  e l a s t i c  

def'orrnatiqn and u n r e s t r i c t e d  viscous f l o w  under s t r e s s ,  Its 

behavior may be described i n  terms of the f o u r  element model 

a s  the  l i m i t i n g  case,  e i t h e r  as q2+= f o r  which K1>>K2 and 

K1>>K3 J or  when E*+= and K += . The Voigt model has an 3 
t n f i n i t e  r e s i s t a n c e  tcj suddenly appl ied stress, and under 

cons tan t  s t r e s s  tends toward an e l a s t i c - l i k e  behavior.  This 

c h a r a c t e r i s t i c  occurs i n  the  four  element model when both 

The ratio E1/ql should no t  be l e f t  ambiguous by the  

preceding l i m i t i n g  process .  Any ambiguity may be avoided by 

observing tha t  i n  the Voigt - l ike  ma te r i a l ,  t h e  r e l a x a t i o n  

e f f e c t s  assoc ia ted  with the Maxwell element have a r e l a x a t i o n  

time l/K1 

r e t a r d a t i o n  

i n  a manner 

which i s  much g r e a t e r  than the  corresponding 

time 1 / K 3  a A Voigt- l ike m a t e r i a l  thus  behaves 

s i m i l a r  to t he  four element ma te r i a l  for which 

the  two element model is formed when K2+- , K$> K3>> I(: 1 ;  

Another important f a c t o r  i n  eva lua t ing  the  bond s t r e s s  

i s  the temperature d i s t r i b u t i o n  i n  a rocke t  assembly subsequent 

to an ambient temperature change, When the ambient temperature 

changes ab rup t ly  a f t e r  the assembly has been i n  thermal e q u i l i -  

brium w i t h  i t s  surrouodings,  the assembly i s  s a i d  t o  be sub- 

4 .  



j ec ted  t o  a thermal shock. To descr ibe  the  thermal charac te r -  

i s t i c s  of the  assepbly,  i t  i s  convenient t o  introduce a 

dimensionless parameter c a l l e d  the Bio t  number 

where b i s  the e x t e r n a l  r ad ius  of the  p rope l l an t ,  k i s  i t s  

thermal conduct iv i ty ,  and 

( 3 )  1 + -  & -  
1 I 1  - - -  

H - ho hc hi 

The su r face  heat t r a n s f e r  c o e f f i c i e n t  ho i s  evaluated a t  the 

e x t e r n a l  sur face  of the assembly, while the  sur face  hea t  t r a n s -  

f e r  c o e f f i c i e q t  hi i s  evaluated a t  the propel lan t -cas ing  

i n t e r f a c e .  The coe f f i c i en t  hc i s  equal  t o  k,/b&n(c/b) 

where kc i s  the  thermal conduct iv i ty  of the  casing ma te r i a l .  

When a rocke t  assembly i s  subjected to a thermal shock, 

the ambient temperature change 

trary equi l ibr ium temperature, varies with time t i n  accord- 

ance w i t h  t h e  r e l a t i o n  

TA , measured from an a rb i -  

T,(t) = 0 t <  0 9 (4) 

If the casing i s  thermally t h i n ,  i t s  temperature T, i s  

immediately a f f ec t ed  by a change i n  ambient temperature s o  that 

on the  o ther  hand, 
TP The temperature within the p r o p e l l a n t  

may be shown t o  vary Independently of the  r ad ius ,  t o  a degree 
of approximation determined by the  Bio t  number C63 



T p ( t )  = 0 t C 0 

T p ( t )  = To (1 - e - p t )  t I > 0 

where f3 i s  a. temperature time constant  equal  t o  twice the 

product: of t he  Bio t  number and the Fourier  number. It i s  a 

func t ion  of geometric and thermal condi t ions .  

Use of the preceding temperature equat ions r e s t r i c t  the 

range of a p p l i c a b i l i t y  of the subsequent s t r e s s  c a l c u l a t i o n s  

t o  a Bio t  number c o n s i s t e n t  w i t h  the  assumption of uniform 

temperature throughout the  p r o p e l l a n t ,  

General Method of  Solu t ion  

E.H. Lee [71 has shown t h a t  t he re  exists a correspondence 

p r i n c i p l e  whereby v i s c o e l a s t i c  s t r e s s e s  a r e  r e l a t e d  t o  the 

s t r e s s e s  of an equiva len t  e l a s t i c  problem. The correspondence 

i s  app l i cab le  t o  q u a s i - s t a t i c  problems of small  sCrain i n  which 

the sur face  f o r c e s  o r  su r f ace  displacements, whichever a r e  

prescr ibed ,  a r e  i d e n t i c a l  i n  the e l a s t i c  and i n  the visco-  

e l a s t i c  problems. 

To transform an e l a s t i c  s o l u t i o n  t o  a v i s c o e l a s t i c  so lu t ion ,  

i t  i s  observed tha t  the v i s c o e l a s t i c  l i n e a r  opera tors  P , Q 

and PI , Q! a r e  r e l a t e d  t o  the e l a s t i c  constants  E and i ~ .  

Youngis modulus and Poisson 's  r a t i o  r e spec t ive ly ,  by the r e l a t i o n s  

6. 



and to G and K the shear  modulus and bulk modulus 

r e s p e c t i v e l y ,  by the r e l a t i o n s  

The v i s c o e l a s t i c  l i n e a r  opera tors  appear I n  the  s t y e s s - s t r a i n  

r e l a t i o n  of a v i s c o e l a s t i c  ma te r i a l  

(9) 

where the  l i n e a r  d J f f e r e n t i a 1  opera tors  

ar n 
Q' = C q; - ar n 

P'  = c p; - 
r = O  a tr r-0 a tr 

and e i j  a r e  the s t r e s g  and s t r a i n  dev ia to r s  r e spec t ive ly ,  

and ekk are three times the mean normal stress kk and where a 

and s t r a i n ,  t ha t  i s  

4.0 ' 'QQ zz 

'kk 'rr e ' 88  * €ZZ 

0 - 0  kk - rr 

i n  a c y l i n d r i c a l  coordinate  system i n  which r 8 and z are 

'the r a d i a l ,  c i r q m f e r e n t i a l  and a x i a l  d l r e c t i o n s  r e s p e c t i v e l y .  

The c o e f f i c i e n t s  p, and p i  a r e  cons tan ts  which depend upon 

the m a t e r i a l  p rope r t i eq .  The stress and s t r a i n  dev ia to r s  are 

r e l a t e d  $c the  stress t ensor  0 i j  and the  s t r a i n  t enso r  ciJ 

by the  r e l a t i o n s  



i s  the Kronecker d e l t a ,  equal  t o  u n i t y  when 

i f j 

The s t r a i n s  a r e  small i n  the problem under cons idera t ion  

15 where 6 

i = j and equal  t o  zero  when 

beqaust: the v i s c o e l a s t i c  p rope l l an t  i s  surrounded by an e l a s t i c  

casing.  The boundary requirements a r e  m e t  by v i r t u e  of t he  

f a c t  tha t  the radial  displgcement of the  p r o p e l l a n t l s  ou ter  

syrfaae i s  r e s k r i c t e d  by the casing both i n  the e l a s t $ c  and 

I n  the viiqcoelastic problems; the i n t e r n a l  sur face  of the 

p rope l l an t  i s  t r a c t i o n  f r e e .  Thus the e l a s t i c  s o l u t i o n  for 

the s t r e s s  i n  a case-bonded p rope l l an t  d i s k  i s  i d e n t i u a l  t o  

the Laplace transform of the s t r e s s  i n  the v i s c o e l a s t i c  

problem, when t i m e  t 5s the  transform parameter. By making 

use of Equations (7)  01" (8) and (lo), where the  t i m e  der iva-  

t i v e s  an,htn a r e  replaced by powers of the  inverse  transform 

parameter 

obtained d i r e c t l y  from an e l a s t i c  s o l u t i o n  by r ep lac ing  the  

pn , the  transformed expression f o r  stress may be 

ma te r i a l  cons tan ts  with the aforementioned equiva len ts .  The 

v i s c o e l a s t i c  s o l u t i o n  f o r  stress can then be obtained by tak ing  

an inverse  Laplace transform of the r e s u l t i n g  expression.  

Using the foregoing concept, Shaf fer  and Levitsky [31 have 

shown tha t  the  Laplace transform of t he  time dependent visco-  

e l a s t i c  rad ia l  bond stresg is given by the expression 

8. 



2 b2 - a 
2b2 

O(P) = 

where the  s u b s c r i p t s  c and p refer  t o  the casing and the  

p rope l l an t  r e spec t ive ly ;  and where 

il func t ion  of  the dimensions and e las t ic  constants  of the 

casing,  

= Poisson's r a t i o  f o r  the casing ma te r i a l  

Ec = Young's modulus f o r  t he  casing ma te r i a l  
% 

a ? b , c =  dimensions of the  assembly as shown in Fig. 1 

Z: thermal expansion c o e f f i c i e n t  of the casing 

a = thermal expansion c o e f f i c i e n t  of the propel lan t ,  
ac 

P 

The variable p i s  the  transform parameter i d e n t i f i e d  by the  

operator  r e l a t i o n  p = a/'at T c ( p )  and Tp(p )  a r e  the 

Zaplace transforms with r e s p e c t  to time of the mean tempera- 

t u r e  of the cas ing  and p rope l l an t  r e spec t ive ly ,  i . e ,  

- - 

where 

9. 



T(p t )  i s  the space-time temperature d i s t r i b u t i o n  within the 

assembly expressed a s  a func t ion  of the dummy rad ia l  va r l ab le  

Q . When the  temperature throughout the  casing o r  p rope l l an t  

i s  uniform r a d i a l l y ,  Equations (15) and (16) show 

- i" T o H ( t )  e-Ptdt = T O  Tc(P) = J 
0 

where H ( t )  i s  the Heaviside u n i t  func t ion  defined by 

H ( t )  = Q t < 0 

M ( t )  = 1 t >  - 0 

and 

Use i s  made here of the res t r ic$ed  temperature v a r i a t i o n s  

expressed by Equations (5) and (6) e 

For a ma te r i a l  which i s  e l a s t i c  i n  cQmpres$im, i t  i s  

convenient t o  w r i t e  the  r a t i o  of l i n e a r  operators ,  

P f  1 
= E g  

where, i n  view of Equations (8) and (22)  E i s  a v i s c o e l a s t i c  

coriatant r e l a t e d  t o  the e l a s t i c  bulk modulus K by the r e l a t i o n  
B 

EB = 3 K  ( 2 3 )  

S u b s t i t u t i n g  Equations ( 1 9 ) J  (21), and ( 2 3 )  i n t o  Equation 

(13) shows tha t  bond stress i n  the  assembly may be w r i t t e n  



X t  i s  now convenient t o  def ine a new parameter, 

which i s  independent of and thus no t  a f f ec t ed  by any subsequent 

v a r i a t i Q n s  i n  the  v i s c o e l a s t i c  shear  p r o p e r t i e s  of the p rope l l an t  e 

With th i s  new parameter the bond s t r e s s  expression may be w r i t t e n  

i n  the form 

The time dependent bond s t r e s s  a ( t )  i s  then, i n  p r i n c i p l e  

determined once the ma te r i a l  p r o p e r t i e s  of the  p r o p e l l a n t  i n  

shear  a r e  spedfied by the operator  f r a c t i o n  P/Q . 
Solu t ions  f o r  V i scoe la s t i c  Mater ia l s  

Let us  now s p e c i a l i z e  the  bond s t r e s s  equat ion derived 

i n  the  previous s e c t i o n  f o r  a Maxwell material, f o r  a Voigt 

ma te r i a l ,  and for the genera l  fou r  element material. 

For a Maxwell m a t e r i a l  i n  shear ,  the stress s t r a i n  law 

may be w r i t t e n  

i s  an e l a s t i c  parameter and ql a viscous cons tan t .  

11. 



Comparison w i t h  Equation (9) i n d i c a t e s  t ha t  for a Maxwell 

m a t e r i a l  the polynomial f r a c t i o n  P/G may be w r i t t e n  i n  

terms of the  operator  p as 

- 

S u b s t i t u t i o n  of Equation (28) i n t o  Equation (26) shows t h a t  

Rearrangiqg terms cf the l a s t  equat ion gives  

( 5  .& 
where the new 

and 

U D 

parameter 6 i s  defined by the r e l a t i o n  

The inverse  Laplace transform t o  Equation ( 3 0 )  may be obtained 

by p a r t i a l  f r a c t i o n s ,  y i e ld ing  

which i s  the expression f o r  t he  time dependent bond s t r e s s  i n  

a case bonded r ccke t  assembly, w i th  a Maxwell type p rope l l an t ,  

12 I) 



under temperature condi t ions of Equations (5) and (6)  

S imi l a r ly ,  s ince  the s t r e s s - s t r a i n  law for t he  shear  

p r o p e r t i e s  of a Voigt ma te r i a l  i s  

- 
the operator  expression f o r  PA may be w r i t t e n  

s o  t h a t  Equation (26) becomes 

3T0(b2 - a2)  

b 2  t 3a2 

Subsequent c a l c u l a t i o n s  a r e  made mwe convenient by 

rear ranging  Equation (36) s o  t h a t  i t  reads 

where 

The inve r se  Laplace transform t o  Equation (37) i s  taken 

again by pa r t i a l  f r a c t i o n s ,  and g ives  



where 

For f u t u r e  comparison with the  corresponding bond stress 

equat ion for a Maxwell p rope l l an t ,  the preceding equat ion i s  

r e w r i t t e n  as 

where 

The s t r e s s - s t r a i n  law for t he  fou r  element moue1 of 

t he  form i l l u s t r a t e d  by Fig.  2c is 

It may be w r i t t e n  i n  the  form of Equation ( g ) J  namely 

(42) 

Making the  formal s u b s t i t u t i o n  p = a / a t  Equation (42)  

may be r e w r i t t e n  

14 



where the  parameters A,B,C and D a r e  given by 

1 A = - -  

E2 
Vl2 

c = -  

S u b s t i t u t i n g  Equation (43)  i n t o  Equation (26) shows t h a t  the 

transformed bond s t r e s s  takes  the  form 

(45) 
When the  quadra t i c  expression i n  the  denominator i s  fac tored  

i n  terms of i t s  r o o t s ,  

where the roots R4 and R- a r e  giveng f o r  the  moment, as 

I n  t h i s  form, i t  i s  simple t o  take the  inverse  Laplace t r a n s -  

form of the bond s t r e s s  by pa r t i a l  f r a c t i o n s ,  r e s u l t i n g  i n  

the t i m e  dependent bond s t r e s s  expression 



2 
Re -P (f3 + D - aR@) R' Q (1 - aR)  @D R*t h2 = e 

(R* - R-)(RC 4. f3) 

f With the no ta t ion  R- = R - + E where 

the bond s t r e s s  may be more simply w r i t t e n  i n  the  form 

where 

Equations (50) - (53),  taken toge ther ,  give the v a r i -  

ation with r e s p e c t  t o  time of t h e  bond stress with a fou r  

element p rope l l an t  model i n  a case bonded assembly. 



Discussion of  Resul t s  

The expressions developed for t h e  bond s t r e s s  v a r i a t i o n  

i n  the th ree  cases  of the  Maxwell type,  V o i g t ,  and fou r  element 

p rope l l an t  models have been p u t  i n t o  a genera l  form 

a ( t )  = so F ( t )  (54) 

-4 comparison among the th ree  p e r t i n e n t  Equations ( 3 3 ) ,  (40),  

and (52)  shows t h a t  So i s  the  same i n  each case,  

2 2  ac E To (1 - a /b ) 
2 - 

so - IT- + 2JE t -  7 + 7 353 

(55) 

s u b j e c t  to proper i n t e r p r e t a t i o n  of t he  e l a s t i c  parameter E e 

That Is, under suddenly appl ied cons tan t  loading f o r  the 

Llaxwell and f o u r  element models, E r ep resen t s  an e l a s t i c  

modulus assoc ia ted  w i t h  an i n i t i a l  deformation of t he  

p rope l l an t ;  f o r  the V o i g t  model, i t  rep resen t s  the e l a s t i c  

behavior a t  i n f i n i t e  t ime. The common cons idera t ion  i s  t h a t  

viscous e f f e c t s  a r e  inopera t ive  i n  the c o e f f i c i e n t  

Further  s tudy then shows 

s t r e s s  produced when the temperature of the  casing changes by 

an amount To 

temperature.  The condi t ions under which the magnitude of S o  

may be decreased for a f ixed  temperature change a r e  e s s e n t i a l l y  

So e 

S o  t o  be i d e n t i c a l  w i t h  the  e l a s t i c  

while the  p rope l l an t  i s  s t i l l  a t  the i n i t i a l  

s i i n i l a r  to those discussed f o r  the e l a s t i c  case i n  p r i o r  papers (12) 

O f  course,  i n  the  v i s c o e l a s t i c  problem, v a r i a t i o n s  of the time 

dependent f a c t o r  F ( t )  may be more s i g n i f i c a n t  than So i n  

determining the maximum bond s t r e s s  t o  which an assembly may be 

sub jec t ed ,  



The complex manner i n  which the  equations f o r  F ( t )  

depend upon the  var ious phys ica l  parameters precludes much 

q u a n t i t a t i v e  a n a l y t i c a l  d i scuss ion  of t h e i r  s i g n i f i c a n c e .  

Ins tead ,  a number of computations w i l l  be performed i n  order  

t o  i n d i c a t e  the genera l  c h a r a c t e r i s t i c s  of t he  time dependent 

f a c t o r .  Severa l  conclusions may be drawn on t h i s  basis. 

The numerical work w i l l  be r e s t r i c t e d  t o  a s t e e l  

encased s o l i d  p rope l l an t  rocke t  whose phys ica l  dimensions, 

a,b = .5 and c - b = .Olb are r e p r e s e n t a t i v e  of an  assembly. 

The m a t e r i a l  p r o p e r t i e s  t y p i c a l  of a s tee l  casing a r e  

6 E, = 30 x 10 p s i  

IJ, = 0.3 

= 7.3  x in / in ,PP 

6 G = 11.53 x 10 p s i  

where p, i s  Po i s son l s  r a t i o ,  and G i s  the shear  modulus, 

obtained f r G m  E, and IJ., . It i s  f u r t h e r  assumed t h a t  the 

thermal expansion c o e f f i c i e n t  of t he  p r o p e l l a n t  i s  s iEi lar  t o  

vulcanized rubber ,  namely a = 2 ~ l O - ~  in/in/OF e Since the  F 
behavior of the  p rope l l an t  i n  compression has been assumed 

e l a s t i c ,  t he re  i s  no loss i n  p re sen t  c a l c u l a t i o n  i f ,  as a 

l i m i t i n g  case,  the p rope l l an t  i s  made incompressible,  s o  t ha t  

may be 

I n  

p r o p e r t i e s  

cf f o u r  inc 

EB taken i n f i n i t e l y  la rge .  

the  case of the  four element model, the  v i s c o e l a s t i c  

of the  p rope l l an t  i n  shear  a r e  governed by the choice 

ependent parameters,  two e l a s t i c  cons tan ts  El and 

E2 , and two viscous parameters,  ql and q2 (L To avoid a 

d i r e c t  numerical choice of a l l  f o u r  q u a n t i t i e s ,  and thereby 

render  the r e s u l t s  somewhat more genera l ,  i t  w i l l  be convenient 
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t o  p re sen t  the numerical work i n  terms of the  r a t i o s  

iC2 , and K prev ious ly  def ined.  I n  add i t ion ,  by s tudying 

the  dimensionless s t r e s s  r a t i o  a(t)/So r a t h e r  than the  bond 

stress i t s e l f ,  the  m a p i t u d e  of t he  remaining e l a s t i c  parameter 

may be l e f t  a r b i t r a r y .  No numerical values  need be assigned 

to t he  K’s , providing tha t  the r e c i p r o c a l  of one, say  

i s  chosen a s  the  u n i t  of the  time s c a l e  aga ins t  which the  bond 

s t r e s s  v a r i a t i o n  w i l l  be measured, f o r  t he  o ther  t ime-l ike 

parameters K2 , 

KI . 
and K3/K1 for the  p rope l l an t .  

K1 , 

3 j  

K1 

and 0 , may be measured w i t h  r e s p e c t  t o  K3 
It i s  then necessary only t o  s p e c i f y  the r a t i o s  K2/K1 

L e t  u s  f i rs t  consider t he  inf luence  of t he  ra te  of 

temperature change on the  thermal bond s t r e s s .  Since there  i s  

l i t t l e  information a v a i l a b l e  on the  magnitude of v i s c o e l a s t i c  

m a t e r i a l  cons tan ts ,  it w i l l  be necessary t o  choose an a r b i t r a r y  

s e t  of m a t e r i a l  p r o p e r t i e s ,  say The time 

dependent f a c t o r  i n  the bond stress may be evaluated f rom 

Equations ( 5 O ) ,  (5l), and (53) f o r  d i f f e r e n t  values  of the  

temperature r a t e  parameter f3 (. The r e s u l t s  of  t h i s  c a l c u l a t i o n  

a r e  presented i n  F ig .  3, which shows v a r i a t i o n  of t he  stress 

r a t i o  a( t ) / ’So with r e spec t  t o  the  dimensionless time t * K 1  , 
p l o t t e d  on semilog coordinates  e 

K3 = K2 - - K1 . 

For a l l  r a t e s  of temperature change the re  i s  a charac te r -  

i s t i c  change of s i g n  i n  the  bond s t r e s s  a s  the  curve @ =: (a cons t an t )  

c rosses  the  dimensionless time a x i s .  T h i s  a r i s e s ,  as a subse- 

quent c a l c u l a t i o n  w i l l  show4 from the r e l a t i v e  magnitudes of 

the  thermal expansion c o e f f i c i e n t s ,  as wel l  as the  r a t e  a t  which 



t he  temperature of the p rope l l an t  changes. Increas ing  

values of f3 , corresponding to higher  r a t e s  cjf temperature 

v a r i a t i o n ,  cause an inc reas ing ly  severe change from the  

i n i t i a l  s t r e s s  and a more r a p i d l y  occurr ing peak. A l t e rna te ly ,  

s low v a r i a t i o n s  i n  the temperature of t he  p r o p e l l a n t  r e s u l t  

i n  a lower peak s t r e s s  which occurs somewhat l a t e r  i n  dimen- 

s i o n l e s s  t ime. Hence small  values  of @ a r e  d e s i r a b l e  as 

a means of minimizing s t r e s s .  

I n  v iew of the d i f f e rence  i n  p r o p e r t i e s  which may 

c;ccur among r e a l  p rope l l an t s ,  i t  i s  of i n t e r e s t  t o  s tudy  the  

e f f e c t s  of d i f f e r e n t  combinations of the fou r  element parameters 

on the bond s t r e s s  v a r i a t i o n .  Spec i f i c  s t u d i e s  cannot be con- 

ducted because da ta  i s  lack ing .  Ins tead ,  some of t he  co- 

e f f i c i e n t s  w i l l  be permitted to vary but  i n  accordance with a 

d e f i n i t e  sequence, One such sequence i s  t o  consider  those 

changes i n  t h e  r e l a t i v e  values  of K1 , K2 and K which lead ,  3 
i n  

It 

by 

of 

the l i m i t ,  to a two element Maxwell type p r o p e l l a n t  model. 

can be seen f rom Fig.  2c tha t  such a p a t t e r n  may be obtained 

keeping El and ql cons tan t ,  bu t  varying the v iscGsi ty  

the  element q2 . The e f f e c t  i s  equiva len t  t o  keeping K1 

cons tan t  while varying K 2  and K3 a I f ,  a r b i t r a r i l y ,  K2 

, then i n  e i t h e r  l i m i t ,  a s  K1 becomes i s  s e t  equal  t o  

very much l a r g e r  than 

smaller  than K2 K3 the  fou r  element ma te r i a l  t e n d s  

toward a Maxwell-like l i m i t  e The corresponding s t r e s s - t i m e  

curves fcr various values  of t he  r a t i o  

Fig.  4 f o r  

K3 
K2 -z K3 , or as K1 becomes very much 

K2/KI. a r e  shown i n  

f3 = 2K1 . 
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I n  looking f o r  a sequence of changes for K1 , K2 
and 

l i k e  model, s e v e r a l  f a c t o r s  must be taken i n t o  cons idera t ion .  
K3 

which would a l t e r  a fou r  element model t o  a V o i g t -  

I n  a Voigt ma te r i a l  the f i n a l  s t r e s s  i s  determined by the 

e l a s t i c  parameter E2 and the f i n a l  s t r e s s  should remain 

cons tan t  i n  the  l i m i t i n g  process .  Consequently, 

be kept cons tan t  and 

s c a l e .  The parameters K1 and K2 may then be var ied as 

discussed e a r l i e r  t o  eva lua te  the  e f f e c t  of i nc reas ing  s t i f f -  

should K3 
used as the dimensionless t i m e  tK3 

ness i n  the p rope l l an t  m a t e r i a l .  The r e s u l t s  of some numerical 

ccmputations wi th  @ = 

r a t i o  s c a l e  has been d i s t o r t e d  i n  order  t o  present  d e t a i l s  

a r e  shown i n  Fig.  5. The time- 2K3 

near the  o r i g i n  but  still accommodate a r e l a t i v e l y  l a rge  range.  

It  i s  seen tha t  high values  of the  i n i t i a l  e l a s t i c  parameter 

lead t o  an  inc reas ing  i n i t i a l  s t r e s s  as wel l  as  a l a r g e  peak 
El 

i n  the subsequent s t r e s s  r e v e r s a l ,  a l though the  l a t t e r  w i l l  

be governed by the  Maxwell-like compliance K1 , as we l l .  

Methods for determining the  parameters El E2 , ql 
and 

r e l a x a t i o n  da ta  have been discussed i n  the  l i t e r a t u r e  e 

7 2  based e i t h e r  upon v i b r a t i n g  reed t e s t s ,  o r  creep and 
B1 

Appropriate values  of the parameters for s p e c i f i c  p rope l l an t s  

nay be determined experimentally and s u b s t i t u t e d  i n t o  the  

equat ions of the  p re sen t  paper t o  eva lua te  the a f f e c t  of changes 

G f  p rope l l an t  chemistry.  

The change i n  s i g n  of the  bond s t r e s s  may be i n t e r p r e t e d  

phys ica l ly .  A s  the  i n i t i a l  dimensions of the cas ing  changeg 

followed by an expansion o r  con t r ac t ion  of  the p rope l l an t ,  due 

t o  the r e l a t i v e  thermal expansion c o e f f i c i e n t ,  t he re  develops 

an over-compensation of the  dimensional change r e l a t i v e  to the  
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cas ing -  For example, i f  the  casing con t r ac t s  i n i t i a l l y  

causing a compressive bond s t r e s s ,  i t  i s  subsequently followed 

by a con t r ac t ion  of the p rope l l an t  which could be l a r g e  enough 

s o  t ha t  the  p r o p e l l a n t  would draw away from the  cas ing  i f  i t  

were unbonded. With bonding, however, contac t  i s  maintained 

and t e n s i l e  s t r e s s e s  develop. Their magnitude depend upon 

the  thermal expansion c o e f f i c i e n t s ,  the r e l a t i v e  r a p i d i t y  of 

the temperature r i s e ,  and the v i s c o e l a s t i c  cons t an t s .  

The inf luence  of the  r a t i o  of thermal expansion 

c o e f f i c i e n t s  may be r e a d i l y  determined and the r e s u l t s  of 

some computations a r e  shown i n  Fig.  6 e  A s  the  r a t i o  

cxR = ap/ac 
a l s o  decreases ,  It seems t h a t  s u f f i c i e n t l y  low values of the 

decreases ,  the  magnitude of the  stress r e v e r s a l  

r a t i o  aR a l s o  cause the s t r e s s  peak t o  appear a t  l a t e r  times. 

Concluding Remarks 

Equations have been obtained f o r  the thermal bond stress 

i n  a case bonded c y l i n d r i c a l  p rope l l an t  g r a i n  f o r  r a d i a l l y  

independent p rope l l an t  temperature p r o f i l e s .  Various visco-  

e l a s t i c  p r o p e l l a n t  ma te r i a l s  have been considered, such as 

those represented by a Maxwell model, Voigt model, 

a n d a four  element model which may be thought of a s  a series 

combination of t h e  aforementioned. The r e s u l t i n g  bond stress 

equat ion i s  separable  i n t o  t h e  product of two f a c t o r s  

f(t) so , i s  i d e n t i c a l  w i t h  the e l a s t i c  bond 
s t r e s s  produced by the  temperature d i s t r i b u t i o n  a t  zero  time 

for t he  Maxwell and four-element models, and a t  i n f i n i t e  time 

for the Voigt model. I n  making use of t h i s  i d e n t i f i c a t i o n ,  

So and 

'The former, 

the  e l a s t i c  p rope l l an t  cons tan ts  appearing i n  So must be 



evaluated a t  the  corresponding time l i m i t s ,  

The time dependent f a c t o r  f ( t )  i s  a func t ion  of a l l  

the  p rope l l an t  parameters.  It has a s i g n i f i c a n t l y  l a r g e  range 

of v a r i a t i o n ,  which may produce peaks of s t r e s s  s e v e r a l  times 

the  i n i t i a l  va lue ,  

I n  a t tempt ing  t o  minimize the  bond s t r e s s ,  t h e  fol low- 

i n s  p o i n t s  appear t o  be of importance. The e l a s t i c  behavior 

of t he  p rope l l an t ,  e i t h e r  under i n i t i a l  loading o r  a t  long 

times d i r e c t l y  a f f e c t s  So . This,  toge ther  wi th  o the r  f a c t o r s  

pointed out i n  previous e l a s t i c  analyses  i n d i c a t e  a d i r e c t i o n  

f o r  decreasing the  magnitude of 

appear tha t  the i n i t i a l  e l a s t i c  modulus should be kept  as 

small as p r a c t i c a l ,  

So . I n  p a r t i c u l a r ,  i t  would 

The s t r e s s - t ime  p a t t e r n  i s  d i r e c t l y  influenced by the 

r a t e  of temperature change and the  r a t i o  of t h e  thermal expan- 

s i o n  c o e f f i c i e n t  of t h e  p rope l l an t  t o  that  of the  cas jng ,  

Both q u a n t i t i e s  should be lcept small t o  minimize the  stress 

peak a r i s i n g  from the change of' s i g n  i n  f ( t )  e 

23 



BIBLIOGRAPHY 

1. 

2. 

3. 

4. 

51 

6. 

7. 

8 .  

Thermally Induced Bond S t r e s s e s  i n  Case-Bonded Propel lan t  
Grains,'' E r i c  E.  Ungar and Bernard id. Shaf'fer, American 
Rocket Soc ie ty  Journal ,  Vol. 30, No, 4, pp. 366-368, 
Apr i l  1ybO. 

tl 

Thermal S t r e s s e s  i n  an I n f i n i t e ,  Hollow Case-Bonded 1I 

Cylinder," by S.A. Zwick, J e t  Propulsion, V o l .  27, 
NO. 8, pp. 872-876, August 1957. 

Thermal Bond S t r e s s e s  i n  Case-Bonded Viscoe la s t i c  
Propel lan t  Disks," by Bernard W. Shaf'fer and Myron 
Levitsky, Journal  of the Aerospace Sciences,  V o l ,  29, 

11 

NO, 7, J u l y  lgb2, pp. 82'7-633. 

"YIechanical Behavior of High Polymers," T.  Alfrey,  
New York, In t e r sc i ence  1948. 

Mathematical S t ruc tu re  of t he  Theories of Visco- 
e l a s t i c i t y ,  B.  Gross, Herrnann and Cie, Paris 1953. 

I1 

II 

"The Temperature D i s t r i b u t i o n  i n  a Case-Bonded Cy l ind r i ca l  
Rocket Assembly," by Myron Levitsky and Bernard W. Shaffer ,  
American I n s t i t u t e  of Aeronautics and Astronaut ics  Journal  , 
V o l .  1, No. 12, Dee. 1963, pp. 2870-2872. 

Stress  Analysis i n  Vi scoe la s t i c  Bodies," E .  H. Lee, 
-- Quarterly of Applied Mathematics, Vol. X I I I ,  No. 2, 

11 

PP e 183-1909 July 1955 

On F i t t i n g  a Four Element V i scoe la s t i c  Model t o  Measured 
Complex Compliance Functions,'' by D. R.  Bland, and 
E.  H. Lee, Technical Report No. 13, under Contract NOrd  
11496, Divis ion of' Applied Mathematics, Brown Universi ty ,  
June 1955. 

11 
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CROSS S E C T I O N  OF A 

S O L I D  P R O P E L L A N T  R O C K E T  



FIGURE 2A 
T!dO ELEMENT MAXWELL EODEL 

FIGURE 2E 

TWO ELEMENT VOIGT MODEL 

FIGURE 2 C  

FOUR ELEMENT MODEL 
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Figure  3 
Bond S t r e s s  His tory  f o r  Seve ra l  Rates  of Temperature 
Change i n  t h e  P rope l l an t .  P rope l l an t  Model K1 = K2 = 

K3 * 
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D IMENS I ONLESS STRESS- c /S0 

Figure 4 
Bond S t r e s s  History f o r  Maxwell-like Var ia t ions  of Propel lan t  
P r o p e r t i e s ,  Temperature Time Constant p = 2K1 
A - Pure Maxwell 
B - K 2 =  K 3  = . 2 K 1  

C - K 2  = K 3  = K 
D - K2 = K3 = 5k1 
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ENS IONLESS STRESS - C/S0 

Figure 5 
Bond Stress H i s  tory f o r  Voigt-l ike Var i a t ions  o f  Propellant 
Prope r t i e s .  Temperature Time Constant ,3 = 2K3 
A - Pure Voix t  
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DIPSENS IONLESS STRESS- 07% 
Figure 6 

Bond Stress History for Several Values of  the  R a t i o  of 
Thermal Expansion CoefPLcients aR e Temperature Time 
Constant B = 2K1 P r o p e l l a n t  Model K1 = K2 = 

K3 

30 


