
N A T I O N A L  A E R O N A U T l C S  A N D  S P A C E  A D M I N I S T R A T I O N  

Technical Memorandum 33-478 

Applications of Two - Dimensional 

Integral - Equation Theory to 

Re flector-Antenna Analysis 

J E T  P R O P U L S I O N  L A B O R A T O R Y  

C A L I F O R N I A  I N S T I T U T B  O F  T I C H N O L O Q Y  

P A S A D E N A ,  C A L I F O R N I A  

May 15,1971 

https://ntrs.nasa.gov/search.jsp?R=19710016796 2020-03-11T20:09:54+00:00Z



N A T I O N A L  A E R O N A U T I C S  A N D  S P A C E  A D M I N I S T R A T I O N  

Peehnical Memorandum 33-476 

Applications of Two - Dimensional 

Integral-Equation Theory to 

Reflector-Antenna Analysis 

W. V. 7: Rusch 

J E T  P R O P U L S I O N  L A B O R A T O R Y  

C A L I F O R N I A  I N S T I T U T E  O F  T E C H N O L O G Y  

P A S A D E N A ,  C A L I F O R N I A  

May 15,1971 



Prepared Under Contract No. NAS 7- 100 
National Aeronautics and Space Administration 



P R E F A C E  

The work descr ibed  i n  th is  r epo r t  was  performed by the 

Telecommunications Division of the J e t  Propuls ion Laboratory,  

J P L  Technical  Memorandum 33-478 
. * ~  

Ill 



ACKNOWLEDGEMENT 

The au thor  w i s h e s  to thank M r .  D. A. Bathker  f o r  continuing 

i r r t e r  e st  and valuable  technical  d i scuss ions ,  and to acknowledge 

Mr, J. A. Hatfield f o r  p r o g r a m m i n g  the  in tegra l -equat ion solution. 

Srr addition, M r .  R. A. Norman  provided invaluable a s s i s t a n c e  wi th  

c o m p u t e r  l ia ison.  

J P L  Technical  Memorandum 33-478 



CONTENTS 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  I . Introduction L 

. . . . . . . . . . . . . . . . . . . . . . . . . .  A . Reflector-Antenna Analysis  1 

. . . . . . . .  B . The In tegra l  Equation fo r  the Induced Cur r en t  Density 2 

I1 Two-Dimensional  Integral-Equation Theory . . . . . . . . . . . . . . . . . .  4 . 
. . . . . . . . . . . . . . . . . . . . . .  . A Plane-Wave a t  Oblique Incidence 4 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 . Incident E-Wave 9 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 2 Incident H-wave 1 3  

. . . . . . . . . . . . . . . . . . . . .  B . Genera l  F ie ld  a t  Normal  Incidence 5 6  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 . Incident E-wave 25 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 2 Incident H-wave 1 7  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3 . Examples  18 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  I11 . Scat ter ing P a r a m e t e r s  23  

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  A . Extinction Cross.Section 2 3  

. . . . . . . . . . . . . . . . . . .  . B Different ia l  Scat ter ing C r o s s  -Section 26 

. . . . . . . . . . . . . . . . . . . . . . . .  C . Equivalent  Aper tu re  Radiation 2'7 

. . . . . . . . . . . .  . 1 Radiation f r o m  a one-dimensional  ape r tu r e  27 
. . . . . . . . . . . . . . . . . .  . 2 E-wave induced f ie ld  ra t io .  IFRE 29 
. . . . . . . . . . . . . . . . . .  . 3 H-wave induced f ie ld  rat io.  IFRH 30 

. . . . . . . . . . . . . . . .  4 . IFR f o r  a r b i t r a r y  l inear  polar izat ion 311 
. . . . . . . . . . . . . . . . . . . . . .  5 . IFR fo r  c i r c u l a r  polar izat ion 3 3  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  IV . Numer ica l  Studies 38 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  A . Right-Circular  Cylinder 38 

. . . . . . . . . . . . . . . . . .  . B Two Coupled Right-Circular  Cylinders 41 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  C . Square  Cyl inders  44 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  . " .  . 1 O n e c y l i n d e r  . .  44 
. . . . . . . . . . . . . . . . . . . . .  2 . A r r a y  of four square  cyl inders  48 

. . . . . . . . . . . . . . . . . . . .  D . Scat ter ing f r o m  a Parabol ic  Cylinder 49 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 1 Line f eed  49  
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 2 Radar  cross .sect ion 58 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  V . Conclusions 96 

J P L  Technical  Memorandum 33-478 Ti 



CONTENTS (contd)  

Append ix  A. Der iva t ion  of t he  B a s i c  Two-Dimens iona l  I n t e g r a l  
Equa t ion  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 

Appenc!is 3. Simpl i f ica t ion  of the  M a t r i x  Equa t ions  If t he  G e o m e t r y  
H a s  a  Midplane  of S y m m e t r y  . . . . . . . . . . . . , . . . . . . . . . . 105 

i V -  1 a C:ompar ison  of I F R  % f o r  S q u a r e  C y l i n d e r  a n d  Equ iva l en t  
C i r c u l a r  C y l i n d e r s  - N o r m a l  Inc idence  . . . . . . . . . . . . . . . . 59 

f V - 2 ,  C o m p a r i s o n  of Ex t inc t ion  C r o s s  Sec t ions  f o r  S q u a r e  
Cy l inde r  a n d  Equ iva l en t  C i r c u l a r  C y l i n d e r s  - 
No s m a l  Inc idence  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 

IV- 3 

IV- ' i  

C o m p a r i s o n  of I F R 8 s  f o r  S q u a r e  Cy l inde r  a n d  Equ iva l en t  
C i r c u l a r  C y l i n d e r s  - 62.  5 deg  Inc idence  . . . . . . . . . . . . . . . 61 

C o m p a r i s o n  of Ex t inc t ion  C r o s s  Sec t ions  f o r  S q u a r e  
Cy l inde r  a n d  Equ iva l en t  C i r c u l a r  C y l i n d e r s  - 
6 2 .  5  deg Inc idence  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 

I V - 5 .  C o m p a r i s o n  of S c a t t e r i n g  C h a r a c t e r i s t i c s  of S ingle  S q u a r e  
C y l i n d e r  a n d  A r r a y  of F o u r  S q u a r e  C y l i n d e r s  . . . . . . . . . . . . 6 3  

11- 1. <;cometry  of S c a t t ~ r i n g  Cy l inde r  ( T r a n s v e r s e  P l a n e )  . . . . . . . LO 

11-2, G e o m e t r y  of P l a n e  Wave and  Cy l inde r  . . . . . . . . . . . . . . . . . 21 

11- 3. G e o m e t r y  of P l a n e  Wave P o l a r i z a t i o n  V e c t o r  . . . . . . . . . . . . 22 

11-4 e G e o m e t r y  of D i s c r e t i z a t i o n  of C y l i n d e r  S u r f a c e  . . . . . . . . . . 22 

IIl- 1 ~ G e o m e t r y  of On< . -Dimens iona l  A p e r t u r e  . . . . . . . . . . . . . . . 35 

111- 2 .  G e o m e t r y  f o r  Induced  F i e l d  Rat io  . . . . . . . . . . . . . . . . . . . . 36 

111- 3. G e o m e t r y  of P o l a r i z a t i o n  V e c t o r  . . . . . . . . . . . . . . . . . . . . 37 

IV-I. C o m p a r i s o n  of Induced  C u r r e n t  Dens i ty  o n  1 -Wavelength-  
d i a m e t e r ,  Right-  C i r c u l a r  Cy l inde r  f r o m  I n t e g r a l  
Equa t ion  wi th  C l a s s i c a l  Solut ion . . . . . . . . . . . . . . . . . . . . 04 

i \ ' - 2 ,  C l a s s i c a l  R e s u l t s  f o r  N o r m a l i z e d  T o t a l  S c a t t e r i n g  C r o s s -  
s ec t ion  and  Intluced F i e l d  Ra t io  of R i g h t - C i r c u l a r  
Cy l inde r  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . t)5 

JPL T e c h n i c a l  M e l m o r a n d u ~ n  3 3-478 



CONTENTS (contd)  

F IGURES (contd)  

IV-3.  C l a s s i c a l  R e s u l t s  f o r  E - W a v e  Induced  F i e l d  Rat io  
v e r s u s  Angle of Inc idence  66 . . . . . . . . . . . . . . . . . . . . . . . . .  

IV-4.  C l a s s i c a l  R e s u l t s  f o r  H-Wave Induced  F i e l d  Ra t io  
v e r s u s  Angle  s f  Inc idence  . . . . . . . . . . . . . . . . . . . . . . . . .  (17 

IV-5. Induced  F i e l d  Rat io  of Two R i g h t - C i r c u l a r  C y l i n d e r s  
v e r s u s  T r a n s v e r s e  S e p a r a t i o n  . . . . . . . . . . . . . . . . . . . . . .  6 8  

IV-6. Induced  F i e l d  Ra t io  of Two Right-  C i r c u l a r  C y l i n d e r s  
v e r s u s  Longi tudina l  S e p a r a t i o n  . . . . . . . . . . . . . . . . . . . . .  09 

IV-7. C u r r e n t s  Induced  o n  Two Right -  C i r c u l a r  C y l i n d e r s  
wi th  15-  Wavelength  Longi tudina l  S e p a r a t i o n  . . . . . . . . . . . . .  70 

IV-8. G e o m e t r y  of E l o n g a t e d  Cy l inde r  . . . . . . . . . . . . . . . . . . . .  71 

IV-9.  G e o m e t r y  of AAS F e e d  S y s t e m  S u p p o r t  S t r u c t u r e  . . . . . . . . .  7 %  

IV-10. G e o m e t r y  of C r o s s  Sec t ion  of AAS T e t r a p o d  L e g  . . . . . . . . . .  7 3  

IV-11. G e o m e t r y  of P l a n e  Wave Inc ident  o n  S q u a r e  Cy l inde r  . . . . . .  74 

IV- 12. C u r r e n t  Dens i ty  Induced  o n  S q u a r e  Cy l inde r  by Inc ident  
l r E - W a v e  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  62 

IV- 13. C u r r e n t  Dens i ty  Induced  o n  S q u a r e  Cy l inde r  by Inc ident  
H-Wave . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  7 6  

-,.. 
IV-14. G e o m e t r y  of A r r a y  of F o u r  S q u a r e  C y l i n d e r s  . . . . . . . . . . . .  i i 

IV-15. C u r r e n t  D e n s i t i e s  Induced  o n  F o u r  S q u a r e  C y l i n d e r s  
. . . . . . . . . . . . . . . . . . . . . .  by E-  Wave ( N o r m a l  Inc idence)  78 

IV- 16.  C u r r e n t  Dens i ty  Induced o n  F o u r  S q u a r e  C y l i n d e r s  
by H- Wave ( N o r m a l  Inc idence )  . . . . . . . . . . . . . . . . . . . . . .  7 9 

IV- 17.  C u r r e n t  Dens i ty  Induced  o n  F o u r  S q u a r e  C y l i n d e r s  
. . . . . . . . . . . . . . . . . . . . .  by E - W a v e  (62. 5 -deg  Inc idence )  80 

IV- 18. C u r r e n t  D e n s i t y  Induced  o n  F o u r  S q u a r e  C y l i n d e r s  
by  H-Wave ( 6 2 . 5 - d e g  Inc idence )  . . . . . . . . . . . . . . . . . . . . .  8 1 

IV-19. G e o m e t r y  of B locked  a n d  Shadowed C y l i n d r i c a l  
P a r a b o l a  R e f l e c t o r .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  8 2  

IV- 20. C u r r e n t  Induced  on  Unblocked  R e f l e c t o r  by F e e d  wi th  
P a r a l l e l  P o l a r i z a t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  8 3  

" .  
J P L  T e c h n i c a l  M e m o r a n d u m  33-478 \ 11 



CONTENTS (contd) 

F I G U R E S  (contd)  

171-28. Curren t  Induced on Blocked Reflector by Feed  with 
Bara l le l  Po la r iza t ion  . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 

iV-22, Comparison of Cur r en t s  Induced on Blocking Cylinder 
by P a r a l l e l  Polar izat ion . . . . . . . . . . . . . . . . . . . . . . . . . 85 

IV-23- Cur ren t  Induced on Blocked and Shadowed Cylinder 
by P a r a l l e l  Polar izat ion . . . . . . . . . . . . . . . . . . . . . . . . . 8 6 

IV-24. Comparison of Cur r en t s  Induced on Blocking and 
Shadowing Cylinder by P a r a l l e l  Po la r iza t ion .  . . . . . . . . . . . 87 

IV-25, Cur ren t  Induced on Unblocked Reflector by Feed  with 
Perpendicu la r  Polar izat ion . . . . . . . . . . . . . . . . . . . . . . . 88 

117-26a Cu r r en t  Induced on Blocked Reflector by Feed  with 
Perpendicu la r  Polar izat ion . . . . . . . . . . . . . . . . . . . . . . . 89 

3V-27.  Comparison of Cur r en t s  Induced on Blocking Cylinder 
by Perpendicular  Polar izat ion . . . . . . . . . . . . . . . . . . . . . 90 

171-28. Cur ren t  Induced on Blocked and Shadowed Cylinder by 
Perpendicu la r  Polar izat ion . . . . . . . . . . . . . . . . . . . . . . . 9 1 

I V - 2 9 -  Comparison of Cur r en t s  Induced on Blocking and 
Shadowing Cylinder by Perpendicu la r  Polar izat ion . . . . . . . 92 

iV-361, Radiation P a t t e r n  of Uniformly Il luminated Parabol ic  
Cylinder . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3 

IV-31. Radar  Cross-Sect ion of Parabol ic  Cylinder (E-Wave) .  . . . . . 94  

1'6-32, Radar  Cross-Sect ion of Parabol ic  Cylinder (H-Wave) . . . . . . 95  

19-1, Geomet ry  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 

JPL Technical  Memorandum 33-478 



ABSTRACT 

The Method of Moments i s  applied to the solution of in tegra l  

equations fo r  the  c u r r e n t  induced on conducting cyl inders  i m m e r s e d  i n  a n  

a r b i t r a r y  two -dimensional  field. The solution i s  outlined and suc b 

sca t te r ing  p a r a m e t e r s  a s  the  induced-field ra t io  and the extinction c r o s s  

sect ion a r e  defined. Numer ica l  solutions a r e  obtained for  s eve ra l  

geome t r i e s  which a r e  re levan t  to the p rob lem of l a rge  ref lector  antenna 

analysis .  
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I. INTRODUCTION 

A. Re f l ec to r -An tenna  A n a l y s i s  

P e r f o r m a n c e  a n a l y s i s  of l a r g e - a p e r t u r e  r e f l e c t o r  a n t e n n a s  h a s  I - eac i~ed  a  

highly deve loped  s t a t e .  Twen ty  y e a r s  a g o  ca l cu la t ions  w e r e  based  on s c a l a r  

a p e r t u r e  t h e o r y  and  a f e w  d e g e n e r a t e  v e c t o r  f o r m u l a t i o n s  t h a t  could be rn te -  

g r a t e d  i n  c l o s e d  f o r m .  With t h e  adven t  of h i g h - s p e e d  comput ing  rnacl i rnes ,  t h e  

c o m p l e x  i n t e g r a l s  of p h y s i c a l  o p t i c s  inc luding  e x p e r i m e n t a l  i l l u n ~ i n a t r o n  func-  

t i o n s  could  be eva lua t ed  n u m e r i c a l l y ,  yielding even  m o r e  a c c u r a t e  r e s u l t s ,  

Consequen t ly ,  t h e  a n a l y s i s  of t h e s e  l a r g e  a n t e n n a s  h a s  g e n e r a l l y  k e p t p a c e  wrth 

t h e  deve lopmen t  of s u p e r b  e l e c t r o n i c  s y s t e m s  u s e d  t o  p r o c e s s  t h e  s rgna l s  f rorn 

t h e  an t enna  t e r m i n a l s .  

T h e  t w o  m o s t  s ign i f i can t  p r o b l e m s  r e m a i n i n g  in  t h e  a n a l y s i s  of r e f l e c t o r  

a n t e n n a s  a r e :  

(1) A p e r t u r e  blocking a n d  shadowing  by s t r u t s ,  s u p p o r t s ,  o r  sub- 

r e f l e c t o r s  wi th in  t h e  g e o m e t r i c a l  shadow of t h e  a p e r t u r e ;  

( 2 )  B a c k  r ad ia t ion  in to  t h e  r e a r  h e m i s p h e r e .  

V a r i o u s  a t t e m p t s  h a v e  been  m a d e  t o  a p p r o x i m a t e  t h e s e  e f f ec t s .  H o w e v e r ,  no 

genuine ly  a c c u r a t e  m e t h o d s  h a v e  been  deve loped  f o r  t h e i r  quan t i t a t i ve  eva lua -  

t i o n ,  p a r t i c u l a r l y  w i t h  r e s p e c t  t o  t h e i r  in f luence  on t h e  an t enna  s i d e l o b e s ,  

Whi le  t h e s e  p r o b l e m s  a r e  g e n e r a l l y  c o n s i d e r e d  t o  be  "h igher  o r d e r  e f f e c t s f f ,  

n r o r e  a n d  m o r e  s y s t e m s  h a v e  c o m e  t o  depend upon t h e  c o r r e c t  evaluaklon of 

s u c h  e f f ec t s .  F o r  e x a m p l e ,  t h e  s p u r i o u s  r a d i a t i o n  a r i s i n g  f r o m  a p e r t u r e  

blocking i s  i m p o r t a n t  i n  d e e p - s p a c e  t r ack ing1 ,  a n d  wi l l  b e c o m e  equa l ly  ~ r n p o r -  

t a n t  i n  t r a c k i n g  s y n c h r o n o u s  s a t e l l i t e s  when  s e v e r a l  a r e  p a r k e d  c l o s e  "together 

i n  o r b i t .  F u r t h e r m o r e ,  m i l l i o n s  of d o l l a r s  a r e  s p e n t  t o  c o n s t r u c t  Large ground 

a n t e n n a s  w i t h  t h e  h ighes t  p o s s i b l e  ga in ,  but no r e a l l y  a c c u r a t e  techniclues are 

a v a i l a b l e  t o  d e s i g n  f e e d  s u p p o r t  s t r u c t u r e s  wh ich  i n v a r i a b l y  d e g r a d e  o v e r a l l  

gain.  
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B, T h e  I n t e g r a l  Equa t ion  f o r  t h e  Induced  C u r r e n t  Dens i ty  

The e l e c t r i c  f i e ld  a t  a  point  P due  t o  c u r r e n t s  on a  m e t a l l i c  body c a n  be 

e x p r e s s e d  a s  a n  i n t e g r a l  of t h e  s u r f a c e - c u r r e n t  d e n s i t y  o v e r  t h e  s u r f a c e  of t h e  

b o d y ,  Ir:. t h e  g e n e r a l  f o r m u l a t i o n  of a n  e l e c t r o m a g n e t i c  s c a t t e r i n g  p r o b l e m ,  

t h e s e  c u r r e n t s  a r e  induced  by a "known11 inc iden t  f i e ld  E. T h e  r e s u l t i n g  
inc '  

s c a t t e r e d  e l e c t r i c a l  f i e ld  i s  s u b j e c t  t o  t h e  p r i m a r y  bounda ry  condi t ion  t h a t  i t s  

t a n g e n t i a l  componen t  at t h e  s u r f a c e  of t h e  m e t a l l i c  body i s  equa l  t o  t h e  nega t ive  

of t h e  t a~?gent ;a l  componen t  of t h e  inc iden t  f ie ld .  Consequent ly :  

w h e r e  E" is on S. S 
- 

Equa t ion  (1) is a n  i n t e g r a l  equat ion  f o r  t h e  s u r f a c e - c u r r e n t  dens i ty ,  Js' 
oR t h e  s c a t t e r e r .  T h i s  i n t e g r a l  equat ion  p r o v i d e s  a  compu ta t iona l  t e c h n i q u e  t o  

caiculati:  the  Induced c u r r e n t s .  Hav ing  d e t e r m i n e d  t h e  c u r r e n t s ,  it i s  t h e n  

s t r a r g h t f o r w a r d  t o  obta in  t h e  s c a t t e r e d  f i e ld .  In  t h e  c a s e  of a  r e f l e c t o r - a n t e n n a ,  
- 

Einc  
i s  t h e  e l e c t r i c  f i e ld  of t h e  f e e d  s y s t e m .  D e t e r m i n a t i o n  of t h e  r e s u l t i n g  

s c a t t e r e d  f i e ld  y i e lds  t h e  d i r e c t i v i t y ,  r a d i a t i o n  p a t t e r n ,  a n d  p o l a r i z a t i o n  of t h e  

a n t e n n a ,  

Analytic so lu t ions  t o  equat ion  (I- 1 )  a r e  g e n e r a l l y  not  poss ib l e .  H o w e v e r ,  

n u m e r i c a l  so lu t ions  h a v e  been  r e p o r t e d  i n  t h e  l i t e r a t u r e  f o r  both two-  
2 - 4  5-7 

d l rnens lona i  a n d  t h r e e - d i m e n s i o n a l  g e o m e t r i e s .  T h e s e  n u m e r i c a l  so lu -  

t i ons  have p roduced  i n f o r m a t i o n  on t h e  induced  c u r r e n t s  wh ich  had not  p r e v i o u s l y  

been  obtarnable  u s ing  t e c h n i q u e s  b a s e d  on g e o m e t r i c a l  o r  p h y s i c a l  op t i c s .  

E x a m p l e s  of s u c h  new i n f o r m a t i o n  a r e  t h e  c u r r e n t s  f lowing  i n  p e n u m b r a l  o r  

c o m p l e t e l y  shadowed r e g i o n s ,  a n d  c u r r e n t s  f lowing  in  t h e  v ic in i ty  of r e l a t i v e l y  

s h a r p  e d g e s ,  F u r t h e r m o r e ,  t w o - d i m e n s i o n a l  s t u d i e s  h a v e  y ie lded  new i n s i g h t s  

a n d  b e t t e r  quant i ta t ive  a p p r o x i m a t i o n s  f o r  t h e  diff icul t  p r o b l e m  of a p e r t u r e  
8 9 blocking b y  f e e d - s u p p o r t  s t r u c t u r e s  a n d  m e m b e r s  of s p a c e - f r a m e  r a d o m e s  . 
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T h e  m a t e r i a l  i n  t h i s  r e p o r t  d e s c r i b e s  t h e  app l i ca t ion  of t w o - d l m e n s i o n a l  

i n t e g r a l - e q u a t i o n  t h e o r y  t o  t h e  p r o b l e m  of a p e r t u r e  blocking of a n  r d e a l ~ ~ e d  two-  

d i m e n s i o n a l  pa rabo la .  T h e  t h e o r y  is d e s c r i b e d  i n  Sec t ion  11. A l t e r n a t i v e  

d e s c r i p t i o n s  of t h e  s c a t t e r i n g  c h a r a c t e r i s t i c s  of a conducting cy l lnde r  a r e  a r e -  

s e n t e d  i n  Sec t ion  111. T h e s e  d e s c r i p t i o n s  inc lude  "ext inc t ion  c r o s s  - seiztson", 

wh ich  is use fu l  i n  d e s c r i b i n g  t h e  e f f ec t s  of b locking  on s l d e l o b e  d e t e r L o r a t r o n a  

a n d  "induced f i e ld  r a t i o "  ( I F R ) ,  wh ich  is u s e d  advan tageous ly  in  d e s c r l b l n g  g a i n  

l o s s  d u e  t o  blockage.  111 Sec t ion  I V  n u m e r i c a l  s t u d i e s  a r e  p r e s e n t e d  for s e v e r a l  

u s e f u l  c y l i n d e r  c r o s s  - s e c t i o n s .  T h e  double  blocking p r o b l e m  i s  exarnrned In 

s o m e  de t a i l .  F i n a l l y ,  i n  o r d e r  t o  e v a l u a t e  t h e  u s e f u l n e s s  of t h e s e  s ~ r r ~ p l e  con-  

c e p t s ,  t h e  e n t i r e  p r o b l e m  of a  p a r a b o l i c  an t enna  w i t h  c i r c u l a r  blacking ob jec t s  

i s  so lved .  S o m e  of t h e s e  r e s u l t s  c a n  be  e x t r a p o l a t e d  t o  t h r e e - d l m e n s ~ o n s  f o r  a 

b e t t e r  eva lua t ion  of t h e  p r o b l e m  of t h e  blocked a n d  shadowed  pa rabo lo id ,  
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11, TWO -DIMENSIONAL I N T E G R A L -  EQUATION THEORY 

The s h e o r y  of t w o - d i m e n s i o n a l  e l e c t r o m a g n e t i c  i n t e g r a l  equa t ions  h a s  
2 - 4  

r e c e i v e d  c o n s i d e r a b l e  a t t en t ion  d u r i n g  t h e  p a s t  d e c a d e .  L a r g e  c o m p u t e r s  

h a v e  enab led  so lu t ions  t o  be obta ined  f o r  m a n y  d i f f e ren t  s i z e s  a n d  s h a p e s  of 

s c a t t e r e r s ,  T h e  t h e o r y  i t s e l f ,  be ing  s c a l a r  in  n a t u r e ,  is c o n s i d e r a b l y  l e s s  

conaplex than  t h e  m o r e  g e n e r a l  t h r e e - d i m e n s i o n a l  v e c t o r  i n t e g r a l  t h e o r y .  T h e  

bas i c  t w o - d i m e n s i o n a l  i n t e g r a l  equat ion  i s  d e r i v e d  i n  Appendix  A l .  

T h e  g e o m e t r y  of t h e  t w o - d i m e n s i o n a l  s c a t t e r i n g  p r o b l e m  i s  shown in  

c r o s s - s e c t i o n  in  F i g u r e  11- 1. T h e  a x i s  of t h e  s c a t t e r i n g  cy l inde r  is p a r a l l e l  t o  

t h e  Z - a x i s ,  T h e  c o o r d i n a t e s  of t h e  f i e ld  point P a r e  ( p ,  +); t h e  c o o r d i n a t e s  of 

a point on t h e  s c a t t e r e r  a r e  ( p o l  + O ) .  T h e  d i s t a n c e  be tween t h e  t w o  poin ts  i s  r .  

It i s  con~:enient t o  def ine  a l o c a l i z e d  c o o r d i n a t e  s y s t e m  a t  e a c h  point  on t h e  

s c a t t e r e r ,  In  t h e  xy  p l ane  t h e  c o o r d i n a t e s  a r e  def ined  by t h e  ou tward  uni t  
- - 

n o r m a l  v e c t o r ,  a  , a n d  t h e  unit  t angen t  v e c t o r ,  a  def ined  s u c h  t h a t  
n  t  ' 

A, P l a n e -  Wave a t  Obl ique  Inc idence  

I n  the even t  t h a t  a p l ane  e l e c t r o m a g n e t i c  w a v e  i s  i nc iden t  upon t h e  s c a t -  

t e r c r ,  it i s  n e c e s s a r y  t o  d e s c r i b e  t h e  p o l a r i z a t i o n  of t h e  w a v e  a n d  its d i r e c t i o n  

of propagat ion  wi th  r e s p e c t  t o  t h e  cy l inde r .  T h e  d i r e c t i o n a l  r e l a t i o n s h i p s  a r e  

s h o w n  in F i g u r e  11-2. A p ropaga t ion  v e c t o r  is def ined  

w h e r e  

- - - - 
n = c o s  cu ( c o s  p a  + s i n  P a  ) + s i n  cu a Z  

X Y 
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T h e  p l ane  of i n c i d e n c e  is t h e  p l a n e  conta in ing  both t h e  z - a x i s  and  t h e  w a v e  
- - - 

n o r m a l  n. T h i s  p l ane  is de f ined  without  a m b i g u i t y  u n l e s s  n  = a Z .  H o w e v e r ,  

t h i s  s p e c i a l  c a s e  s h a l l  be exc luded  f r o m  c o n s i d e r a t i o n  in  t h i s  r e p o r t ,  

It i s  convenient  t o  d e f i n e  a a uni t  v e c t o r  in t h e  x - y  p l ane  t h a t  also lies 
X Y '  

i n  t h e  p l ane  of i nc idence :  

- - 
a  =_ c o s  /3 a + s i n  P a 

"Y X Y 

s o  t h a t  

n  = cos CY a  + s i n  CY a 
x  Y z 

(PI- 5) 

- 
I t  i s  a l s o  convenient  t o  de f ine  a,, a uni t  v e c t o r  i n  t h e  x - y  p l ane  t h a t  i s  perpen-  

- - - 
d i c u l a r  t o  t h e  p l ane  of i nc idence .  T h e n  aZ , a,, a cons t i t u t e  a  r i gh t -handed  

x  Y 
s e t  of o r thogona l  uni t  v e c t o r s :  

F r o m  (11-5) a n d  (11-7c) it m a y  be shown t h a t  

- 
F i n a l l y ,  a uni t  v e c t o r  a 11  w i l l  be def ined  s u c h  t h a t  it l i e s  in both the 

I - 
p lane  of i n c i d e n c e  a n d  t h e  p l ane  w a v e  f ron t .  Consequen t ly ,  a i s  perpendicular  

t o  both n a n d  s, a n d  c o m p l e t e s  a r igh t -handed  t r i p l e t  of o r thogona l  un i t  v e c t o r s  
- - - 
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F r o m  11-4) a n d  (11-9b) 

- - - - - - 
a , ,  := -sin CY c o s  p a - s i n  a s i n  p a  t c o s  a a Z  = - s i n  cu a t c o s  a a  

I I x  Y XY z 

The e l e c t r i c  f i e ld  of t h e  inc iden t  p l ane ,  TEM w a v e  is g iven  by 

w h e r e  

The p h a s e  m a y  be expanded us ing  (11-2), (11-4), and  (11- 12):  

- - 
k - R = k p  c o s  a c o s  (+I - P )  t k z  s i n  a = kx  c o s  cu c o s  P 

t ky c o s  a s i n  p t kz  s i n  (11- 13)  

The e l e c t r i c  f i e ld  v e c t o r  E l i e s  i n  t h e  p l ane  of t h e  w a v e f r o n t ,  t i l t e d  a n  a n g l e  6 0 
with r e s p e c t  t o  t h e  p l ane  of i n c i d e n c e  ( F i g u r e  11-3). Consequen t ly  

- 
Eo = E ( c o s  6 a t s i n  6 b) 0 I /  
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o r ,  i n  t e r m s  of t h e  C a r t e s i a n  c o o r d i n a t e s  

- - 

Eo = E o  
s i n  p s i n  6 - s i n  a c o s  p c o s  6 )  a  - ( c o s  p s i n  6 

X 

w h e r e  

- 
t s i n  a s i n  p c o s  6) a + c o s  a c o s  6 a 

Y z 

S i m i l a r l y ,  t h e  m a g n e t i c  f i e ld  of t h e  inc iden t  w a v e  is g iven  b y  

I n s e r t i n g  (11-4) a n d  (II- 15)  i n to  (II- 17) y i e lds  

- - H~ - E O { ( s i n  '7 p c o s  6 t s i n  a c o s  p s i n  6 )  a x - ( c o s  P c o s  a 

- s i n  a s i n  p s i n  6)  a - c o s  s i n  6 a 
Y z - I 

T h i s  c a n  be  f u r t h e r  s i m p l i f i e d  u s i n g  (II- 8) and  (II- 10)  t o  yield 

- &o - - 
Ho = - ( - s in  6 a t c o s  6 aL)  

'7 / I  

T h e  v e c t o r  r e l a t i o n s h i p s  i nd ica t ed  i n  eq. (II- 19)  a r e  v e r i f i e d  b y  t h e  geornetrrcal 

r e l a t i o n s h i p s  i n  F i g u r e  II- 3. 
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T h e  g e n e r a l  i nc iden t  f i e ld  d e s c r i b e d  by equa t ions  (11- 11) ,  (11- 15) ,  (11- 16) ,  

and (11- 18) car? be  d e c o m p o s e d  in to  a n  inc iden t  E - w a v e  a n d  a n  inc iden t  H-wave  

(Ref,  10), The i nc iden t  E - w a v e  h a s  no  longi tudina l  (i. e .  - d i r e c t e d )  componen t  

of m a g n e t i c  f i e ld  

w h e r e  

E  = - E  s i n  CY c o s  p c o s  6 
e x  0 (11- 2 l a )  

E  = - E  s i n  CY s i n  p c o s  6 
0  (11- 2  1  b) 

eY 

E = E c o s  cu c o s  6 
e z  0 (11- 21c)  

Eo . H = -  s l n  p c o s  b 
e x  

(11- 2 1d)  
'1 

H = -- c o s  p c o s  b 
eY 

H = O  
e z  (11- 2 1f) 

Similarly, the inc iden t  H-wave  h a s  no  longi tudina l  componen t  of e l e c t r i c  f i e l d  

w h e r e  

Ehx = E o  s i n  (3 s i n  6 (11- 2  3a)  

E = -Eo  cos P s i p  6 
hy 

(11-23b) 
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- Eo . Hhz - - s i n  0 c o s  P s i n  6 
rl 

=o  H = -  s i n  a s i n  p s i n  6 
hy '1 

- Eo 
Hhz 

- -- c o s  a s i n  6 (11- 2 3 f )  
'1 

T h e  g e n e r a l  s c a t t e r i n g  p r o b l e m  can now be s e p a r a t e d  into two independent 

prob lems :  E-wave  and H-wave sca t t e r ing .  T h e  t o t a l  incident  f ield can b e  s e e n  

t o  be m a d e  of i t s  s e p a r a t e d  components ,  e. g. t h e  to ta l  x-component  of eq, (11- 15) 

c o n s i s t s  of t h e  s u m  of (11-21a) plus (11-23a), e tc .  

1. Inc ident  E-wave.  It s h a l l  be a s s u m e d  t h a t  a  pe r fec t ly  conducting, 

infini tely long, z - d i r e c t e d  cyl inder  (F ig .  11-1) i s  i m m e r s e d  i n  the field of an 

inc ident  E-wave.  T h e  z -component  of t h e  incident  f ield i s  [ f r o m  eq (11-2 lc j ]  

EL = E i - jkz s i n a  
e 

Z 
XY 

w h e r e  

E -j(kxcosacos~fkycosasinp) = E c o s  a c o s 6  e 
z 0 
XY 

I n  t e r m s  of t h e  quant i t ies  defined in  t h e  Appendix A 
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E S  = E S  - jkz sincv 
e 

z z 
XY 

and 

Since E is z e r o  on S eq. (A-32) becomes " xy 1 ' 

j  a E Z  
E (P) = E]Z (P)  t q 

z 
G xy an 

X Y  dS 
XY XY 

However  

where the su r f ace  cu r r en t  densi ty  i s  defined by 

Then t h e  s ca t t e r ed  field becomes 

2 
E S  - - - kq C O S  0 

z 4 Gxy J ~ z  dS 
x Y XY 
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and eq. (11-31) i s  

(TI- 35) 

T h e  f ina l  i n t e g r a l  equation i s  genera ted  by le t t ing  P be a point  PS o n  the 

per fec t ly  conducting cyl inder  s o  tha t  Ez (PS) i s  z e r o  and 
x Y 

a. P i e c e w i s e  cons tant  c u r r e n t  approximat ion .  T h e  i n t e g r a l  equatior: 

(11-36) f o r  t h e  s u r f a c e  c u r r e n t  d i s t r ibu t ion  h a s  been solved by dividing t h e  

p e r i p h e r y  of t h e  cyl inder  into N s e g m e n t s  (F ig .  11-4). Gener'ally, each s e g m e n t  

is s igni f icant ly  s h o r t e r  t h a n  a wavelength.  T h e  c u r r e n t  dens i ty  on  each  segment 

is a s s u m e d  t o  be a (complex)  cons tant .  T h u s  (11-36) i s  t r a n s f o r m e d  into N l i n e a r  

equat ions  in t h e  N unknown c u r r e n t  d e n s i t i e s  

w h e r e  J .  is t h e  ( complex)  c u r r e n t  dens i ty  on t h e  i th  s e g m e n t ;  PM IS a point 
1 

(f ixed) on t h e  Mth segment ;  riM is t h e  d i s t a n c e  f r o m  P t o  t h e  i~ztegrataon point 
M 

on t h e  i th  segment ;  and t h e  in teg ra t ion  is c a r r i e d  out  a long  t h e  i t h  segment, 

T h e  coeff ic ients  of e a c h  c u r r e n t  dens i ty  a r e  evaluated  numer ica l ly ,  N equatrons 

m a y  be genera ted  by al lowing PM t o  be on e a c h  of t h e  N s e g m e n t s ,  Specral 

at tent ion  m u s t  be given t o  t h e  coeff ic ient  of J s i n c e  t h e  a r g u m e n t  of the 
M 

Hankel  function van i shes .  However ,  t h e  s ingu la r i ty  i s  in t eg rab le  a n d  y-lelds 
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2 
klAS, cos  cu (kASM) 

4 48 - 1 

kAS,) 2 
+ j -  

2 43~ = E ~  Z (P,) 
XY 

where l og  y = 0.5772. These  equations a r e  general ly  solved using m a t r i x  

teechnlques, If the  geometry  of t he  s c a t t e r e r  exhibits such  s y m m e t r i e s  a s  

planes of symmet ry ,  the m a t r i c e s  may  be considerably simplif ied (Appendix B) .  

These s y m m e t r i e s  a r e  only functions of t he  s c a t t e r e r  geomet ry  and not t he  

iccidenl i ie ld ,  

b .  The Scattered E-wave.  F r o m  eq (11-34) the  s ca t t e r ed  E-Wave i s  

give11 b y  

2 
kq cos CY 

4 

At great dis tances  the  Wankel function can be approximated by 
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i n  t e r m s  of t h e  g e o m e t r i c a l  p a r a m e t e r s  defined i n  F i g u r e s  (11-1) a n d  (11-4)- 

Consequently,  a t  g r e a t  d i s t a n c e s  t h e  s c a t t e r e d  f ield i s  

2. Incident  H-wave. T h e  s c a t t e r i n g  cy l inder  is now a s s u m e d  t o  be 

i m m e r s e d  i n  a n  inc ident  H-wave d e s c r i b e d  i n  eqs .  (11-22) and (U-231, From 

(11-23f) t h e  z -component  of t h e  inc ident  f ie ld  is 

i i - jkz sincv HZ = HZ e 
XY 

w h e r e  

J5 
Hi - c o s  cu s i n  b e - j(kxcoscvcosp t k y c o s c v s i n ~ )  0 - -- 

Z 
XY 

I 

Then,  i n  t e r m s  of t h e  quant i t ies  defined in  Appendix A 

S i m i l a r l y  

H S  = H 
s - jkz s i n 0  

e 
z z 

x Y 

S 

z 
x Y 
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and 

and E is zero on S S O  that  eq. (A-32) beco rne~ ,  
tan 1 

The scattered field is then  given b y  

which can be simplif ied b y  taking t he  no rma l  der ivat ive  of t he  Hankel function 

jk coscr - 
- - ElS - 4 (Zr n) ~ ( f ) ( k  cos  o r )  H d~ 

z 
(11- 5 1) 

Z 
x Y x Y 

where 2 is a unit vector  f r o m  the  integration point S t o  t h e  f ield point P. r 
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If P becomes  a point PS on t h e  cy l inder ,  t h e  f ina l  equation is 

jk c o s  a - - 
H z (pS) + 4 (ar n)  ~ ( 1 Z ) ( k  c o s  a r )  H~ d~ = (pS) 

x Y XY "Y 

T h i s  is a n  i n t e g r a l  equation f o r  H Z x y  a t  t h e  s u r f a c e  of t h e  cy l inder ,  Since 

Hz xy is tangent  t o  t h e  cy l inder ,  it is p ropor t iona l  t o  t h e  c i r c u m f e r e n t i a l  s u r f a c e  

c u r r e n t  dens i ty .  

a .  P i e c e w i s e  cons tant  f ie ld  / c u r r e n t  approximat ion .  T h e  i n t e g r a l  

equation f o r  Hz  h a s  been solved by aga in  dividing t h e  p e r i p h e r y  of the 
XY 

cy l inder  into N s e g m e n t s  (F ig .  11- 4)  and approx imat ing  t h e  f ield /current on 

e a c h  s e g m e n t  by a complex  constant ,  Hi. Equat ion  (11-52) is t r a n s f o r m e d  rnto 

N l i n e a r  equat ions  i n  t h e  N unknown c u r r e n t  dens i t ies :  

- 
w h e r e  1. is t h e  unit outward  n o r m a l  on t h e  ith s e g m e n t  and t h e  unit vector a 

1 i~ 
i s  d i r e c t e d  f r o m  t h e  in teg ra t ion  point on S. t o  P on t h e  Mth s e g m e n t ,  The 

1 M 
t e r m  involving H h a s  been s e p a r a t e d  f r o m  t h e  s u m m a t i o n  ( a s  for f o r  E-wave) M 
because  of t h e  n e c e s s i t y  f o r  evaluat ion  of a n  in teg rab le  s ingu la r i ty ,  
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b, T h e  S c a t t e r e d  H-wave.  F r o m  e q  (11-51) t h e  s c a t t e r e d  H-Wave i s  

given by  

jk coscv 
4 

At great d i s t a n c e s  t h e  Hankel  function can be approx imated  by 

-jkcoscup jkcoscup c o s ( $  -$ )  
H\" (k cos  o r )  = e  o o 

nk coscv 
(11- 55) 

4 

Consequently at g r e a t  d i s t a n c e s  t h e  s c a t t e r e d  H-wave i s  

B, Genera l  F ie ld  a t  N o r m a l  Inc idence  

A general two-d imens iona l  e l ec t romagne t i c  f ield tha t  d o e s  not v a r y  in the  

d1rectio.1 oi the cyl inder  a x i s  ( z - d i r e c t i o n )  can  be expanded in  t e r m s  of one o r  

rr,ort> E-waves  a n d  one-o r  m o r e  H-waves  (Ref.  10).  

1 ,  Incident  E-wave.  T h e  bas ic  f ie ld  components  a r e  
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w h e r e  t h e  n o r m a l ,  tangent ia l ,  and a x i a l  ( z )  d i rec t ions  a r e  defined i n  Figure IL- I 

and  e q  (11-1). T h e  bas ic  i n t e g r a l  equation, de r ived  in  a m a n n e r  analogous t o  

e q  (11-31) is 

j ( 2 )  aE 
E (P) = E'Z (P)  f q 

z 
dS Ho ( k r )  an 

T h e  i n t e g r a l  equation f o r  t h e  z - d i r e c t e d  s u r f a c e - c u r r e n t  densi ty  is 

kll - 
4 

H!) ( k r )  JSz dS = EL (PS) 

T h e  s c a t t e r e d  f ield is 

T h e s e  i n t e g r a l s  can be evaluated us ing t h e  techniques  outlined in  previous 

sect ions .  

2. Incident  H-wave. T h e  bas ic  f ield components a r e  

i 
H' = Hz (x ,  y )  

z 
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The basic integral equation i s  

i j 
H (P)  = H  (P)  - ;T 

z  z 
(II- 62) 

and the integral equation for the total  Hz a t  the surface of the sca t t e re r  is:  

j k - - 
H (P It- ( a r  

. n) ~ ( 1 2 )  (kr) HZ dS = HZ (PS) (II- 6 3 )  2 s  4 

The seartered field i s  

3 ,  Examples. A useful example of such a two dimensional incident 

field is 
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which i s  a normal ly  incident plane wave in t he  p-direction. Th i s  is a specia l  

c a s e  of t he  previously der ived plane-wave formulas  for  cu = 0. LAL second 

example  i s  that  of a  cyl indr ical  wave of t h e  f o r m  

which i s  t h e  f ield of a di rect ional  l ine  feed. 
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r ig  11.- 1. G e o m e t r y  of S c a t t e r i n g  C y l i n d e r  ( T r a n s v e r s e  P l a n e )  
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N 
I 

I-: 
l-4 
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(r.L jay) 

Fig. 11-3. Geomet ry  of P lane  Wave Po la r iza t ion  Vector 

Fig, 11-4. Geomet ry  of Discre t iza t ion of Cylinder Surface 
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111. SCATTERING PARAMETERS 

A. Extinction C r o s  s-Section 

The  extinction c ro s s - s ec t i on  i s  a  m e a s u r e  of the to ta l  power extracted 

f r o m  the incident  wave pe r  unit length of the cyl inder ,  A s  desc r ibed  1.n Sec  - 
t ion 11, the  f ield of an  incident plane,  T E M  wave m a y  be decomposed anto E-wave 

and H-wave components .  The  incident ,  s ca t t e r ed ,  and to ta l  f ie lds  are then:  

- jkz  s in  Q. 
E Z  = E z  e 

XY 

whe r e  

E ; - j(kxcos a c o s  (3 t kycos  a s in  P) 
= E cos  a cos  6 e  

0 
XY 

(111- ic) 

I t  may  be shown that  the to ta l  power ex t rac ted  f r o m  the i13cident wave per 

unit length of the cyl inder  i s  
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By expanding the incident wave us ing (111-2), the express ion  fo r  the ex t rac ted  

powner become s 

Eo coscv cos  jkp c o s o c o ~ ( + ~ - p )  
E' ( j k c o s o ) ( ~  a 0 

ext r 2 z 
2w+ cos  o XY n XY 

mS 
-jkp coscv c o ~ ( + ~ - p )  +A e 0 

an 
dS 

J 

Frorn eq., (A-23) the s ca t t e r ed  f ield i s  given b y  

where i h i  G r e e n ' s  function G = ~ f ) ( k  cos  o r ) .  Using the l a rge - a rgumen t  
XY 

approximation fo r  the Hankel function a t  g r e a t  d i s tances  y ie lds  

E s  2 j  - j  ~ ~ C O S  a  e  
z ~ k p  c o s o  

E c o s  cu c o s 6  f (+ )  
0  

XY 

whe re 
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The angular  function, f (+) ,  i s  normal ized  by the magnitude of the incidentffield 

so  that  i t  i s  the pat tern  for a unit-amplitude normal ly  incident E-wave.. C o m -  

bination of eqs .  (111-4) and (111-7) yields the power ex t rac ted  f ro in  the E -wave 

t o  be: 

P 
2 2 2 

ex t r  = - - E o  ‘" I* cos  h ~ e { f ( ~ ) \  

Consequently i t  i s  only neces sa ry  to  de te rmine  the r e a l  p a r t  of the pa t l e rn  factor 

of the sca t te red  f ie ld  in  the di rect ion of the incident field to de te rmine  the total 

power extracted.  

A s i m i l a r  ana lys i s  of the  power ex t rac ted  f r o m  the H-wave component of 

the incident f ield yie lds  

P - 2 2 . 2  
- - - Eo sin  6 Re {g(p) 1 

e x t r  '"I* 

where  g(+) i s  the  pa t te rn  function obtained fo r  a unit-amplitude normal ly  

incident H - wave : 

and,  a t  g r e a t  d i s tances  

H~ ( P , + ) =  4 7  e 
- j  kpcoscu E~ 

-7 

z rkpcos  a 
XY 

'1 
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Since the two mode types  a r e  orthogonal ,  the to ta l  power ex t rac ted  f r o m  

the incident wave i s  the s u m  of (111-8) and (111-9) 

P - 2 2 2 2 
ext  r - - G E O  co s  d Re{ f ( ~ ) )  t s in  d ~e i g ( p )  \ (111- 12) 

The extinction c ro s s - s ec t i on ,  cr i s  then  defined a s  the r a t i o  of P e ' e x t r  and the 2 
incident  grower density,  EO/Zq: 

2 2 
e co s  6 Re{f (p) )  t s in  6 R e { g ( ~ ) l  (111- 13) 

The derrvation h a s  been sufficiently gene ra l  t o  include l o s s y  cy l inders  

f o r  which the ex t rac ted  power includes  diss ipat ive  l o s s e s  a s  well a s  the sca. t tered 

p o w e r ,  In the  c a s e  of a pe r fec t ly  conducting cyl inder ,  however ,  the  ex t rac ted  

power  Includes only the s ca t t e r ed  power.  Consequently,  the extinction c r o s s -  

sectlon 111 the m a t e r i a l  to  fol low i s  effectively a " to ta l  sca t t e r ing  c ross - sec t ion"  

ancl provides a useful  m e a s u r e  of the to ta l  s ca t t e r ed  energy  in a l l  d i rec t ions .  

B. Differential  Scattering- C r o s  s-Section 

It may  be shown that  a t  g r e a t  d i s tances  the power density of the s ca t t e r ed  

field in the ( 0 ,  :b) di rec t ion  i s  

The dif ferent ia l  sca t t e r ing  c ro s s - s ec t i on  in  the ( 0  ,+) direct ion i s  
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Thi s  quantity provides  a m e a s u r e  of the power density of the s ca t t e r ea  fie d ~n 

a par t i cu la r  d i rect ion.  It i s  conventionally u sed  to  descr ibe  the scatteered field 

f o r  a purely  E-  o r  purely H-wave a t  no rma l  incidence. In th is  c a s e  

If 4) = P ,  ~ ( p )  i s  the " forward  sca t te r ing  cross-sect ion."  If + = 7i + P ,  
cr(w f p )  i s  the  l ibackscat ter ing c r o s s  -sectionll o r  two-dimensional  " radar  

c ross-section.I1 

6. Equivalent  Ape r tu r e  Radiation 

1. Radiation f r o m  a One -dimensional  Aper ture .  A one -dimensional 

ape r tu r e  i s  defined a s  a segment  of the <-ax is  in F igu re  111-1. The f igure shows 

the 5 and q coordinate a x e s  i n  the z = 0 plane of an  c-q  - z coordinate sys tern .  

(Consequently,  the one -dimensional  ape r tu r e  m a y  a l so  be in terpreted a s  a n  

infinitely long s l i t  in  the z-direct ion provided that  t he r e  i s  no variation of the 

f ie lds  in the z -di rect ion. )  If u i s  one of the six rectangular  e l ec t r i c  o r  

magnetic f ie ld  components subject  to  the wave equation and the radiat ion C O P -  

dition, and if u i s  z e r o  everywhere  on the E-axis except between 5 and g 2 :  1 
then i t  may  be shown that  

whe r e  
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If u represents a rectangular component of the e lec t r ic  field, both s ides  of 

eq. (111-17) may be multiplied by a constant unit vector e which r ep re sen t s  the 

polarization 

Let P be a diszant field point in the k 0  = 0 direction so that  

Fr~rtllerrnore, as sume  u(S, 0) = E Then 0' 

- - 
u(O, qO) e = E REF 

- 
%EF = RE,  

(111-2 Oa) 

(111-20b) 

( l 42  - k c l )  Jx -jkqO 
R = 2 e 
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2. E-wave induced field ra t io ,  IFRE. The ape r tu r e  concepts 01 the 

previous  section will now be applied to the two -dimensional  sca t te r ing  geometry  

shown in F igu re  111-2. A plane wave t r a v e l s  in the 4 = f3 direct ion re la t ive  t o  

t h e x - a x i s .  The E-field of the wave i s  polar ized i n  the z -d i rec t ion .  The 

coordinate s y s t e m  (5 ,  11, z )  i s  defined such that  the 11-axis i s  coincident with 

the di rect ion of propagation. The f ie lds  may  then be wri t ten  a s  

A perfect ly  conducting cyl indr ical  s c a t t e r e r  of a r b i t r a r y  c ro s s - s ec t i on  l i e s  

in  the path of the wave. The ax i s  of the cylinder i s  pa ra l l e l  to the z - a x i s  and 

the  cylinder l i e s  in the  vicinity of the  or igin .  A z -d i r ec t ed  surface  c u r r e n t  3 Sz 
is induced on the  cyl inder ,  which, in tu rn ,  genera tes  a s ca t t e r ed  field 

E; a,. At a field point P ( 0 ,  q ) on the  q-axis  the  fo rward-sca t te red  field is 
0 

[cf, eq. (11-34)]: 

F o r  a distant  f ie ld  point Hf ) (kp)  may  be approximated by i t s  asymptot ic  value. 

A re fe rence  a p e r t u r e  i s  now defined by the projection of the s c a t t e r e r  

onto the 7 = 0 plane f r o m  6 = k 1  to  t = S2. A re fe rence  field E REF i s  now 

defined a s  the f ield radia ted to  P by the port ion of the incident field in the 

r e f e r ence  ape r tu r e .  W i t h e  = a in eq  (111-22) the re fe rence  f ield i s :  
z  ' 
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The Induced F ie ld  Rat io  (IFR ) i s  defined so  that  E 

ES (P) = (IFR ) EREF z E 

--, 1 1 . 2  L rs a complex quantity. In the l im i t  of v e r y  high f requenc ies  E 
1 apis -9aciler; - I. A s  a r e su l t ,  the f ield a t  P i s  equal  to  the field of the 

E 
wave , v ~ t  I ld2e portion of the wavefront  in the geomet r ica l  shadow of the cyl inder  

c.ncc1l.cn Th: s i s  known a s  the "op t ica l  blocking" approximation.  

3, 3 -wave  induced field ra t io ,  lFRw,  The incident  plane wave and 

the (5, r z ) coordinate s y s t e m  a r e  again defined in F ig .  111-2. However the 

E - f i e l d  15 .solar ized in the z  -d i rect ion so  that  

A c i rcumferen t ia l  su r f ace - cu r r en t  densi ty  d is t r ibut ion HZ(S)  i s  induced on the 

cyi inder  ji. P . ,  the c u r r e n t  flows in p lanes  of constant  2 ) .  Th i s  c u r r e n t  g ives  

rise t o  a s ca t t e r ed  f ield as which is a l s o  z -d i rec ted .  At  a d is tant  field point 

P(3, 0) the f o rwa rd  s ca t t e r ed  field i s  

-S j - H (P) = - - a  
a 

4 z HZ (S) an ~ ! ) ( k ~ ) ]  dS 
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A refe rence  ape r tu r e  i s  again defined a s  before .  Reference i ~ e l d s  x î.,a;r 

be defined, a l ternat ively ,  fo r  the E- o r  H-fields 

and the H-Wave Induced F ie ld  Rat io ,  IFRH, i s  defined so  that  

Es (P) = (IFRH) ERE= 

ffs (P) = (IFRH) aREF 

(111-3 la) 

Consequently 

4. IFR fo r  a r b i t r a r y  l inear  polarization.  Assume the incident  field 
-- 

vec to r s  to  be rota ted an angle 6 with r e spec t  to  the coordinate axes a s  shown in 

Figu re  111-3. Then 

where  

JPL Technical  Memorandum 33-478 



- 7 

e = - s i n 6  a  t c o s d  a 
C z 6 

From eqs  (111-26) and (111-3 l a )  

hs j ~ )  = ( I F R ~ )   RE^ C O S  6  Z Z  t ( I F R ~ )   RE^ s in  6 7 
5 (111-35) 

- 
Expanding a and 2 yields 

Z 5 

2 2 
E'(P) = R E O  o s  6 I F R E  + sin 6 I F R  

t  RE^ [ I F R ~  - I F R E ]  sin 6 c o s  6  e 
C 

(111 - 3 6) 

Hence the  scs t te  r ed  f ie ld  h a s  both normal ly-polar ized and c r o s  s-polar ized 

components. If the s ca t t e r ed  f ie ld  i s  defined in t e r m s  of these  components:  

- 
Z'(P) =  RE^ I F R ~  e  t  RE^ IFR& (111-37) 

 the^, by comparison with (111-36) 

2 2 
I F R N  = c o s  6 I F R E  t s in  6 I F R H  

I F R C  = ( I F R H  - IFRE) sin 6 co s  6 
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5. IFR fo r  c i r c u l a r  polarization.  In t e r m s  of the coordinates  of 
-- - - - 

Figure  111-2, a s s u m e  the polarization of the  incident field t o  be right handed 

c i r cu l a r  polarization 

Then,  

F r o m  e q s  (111-26) and (111-3la) 

If a unit vec tor  descr ib ing  left  handed c i r c u l a r  polarization i s  defined by 

then,  by expanding aZ and a in  t e r m s  of H and yields 5 R L 

Consequently un l e s s  IFR and IFRH a r e  equal  the  sca t te red  field has 
E 

both right-handed and left-handed c i r c u l a r  polarization.  It i s  then possible to  

define 
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so i - i : ~ ~  ::lt ~ncrdermt field can be defined a s  
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Fig. 111-1. Geometry of One-Dimensional Aperture  
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Fig. 111- 3. Geomet ry  of Polar izat ion Vector 
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IV. NUMERICAL STUDIES 

A,  R igh t  -Circular Cylinder 

The r ight-ci rcular  cylinder presen ts  a useful c r o s s  -sect ional  geometry 

with which t o  begin a numer ica l  study of cylindrical  scat ter ing because (1)  

c iass ica l  resu l t s  a r e  available for the r igh t -c i rcu la r  cylinder and can be used 

t o  check the numer ica l  accuracy of the numer ica l  process ,  and (2) the right-  

c i rcu la r  cylinder i s  a base- l ine  configuration that  can be used to  check the 

"r eas  onablenes s" of other configurations. 

The cur ren t  induced on a r ight-ci rcular  cylinder by an  incident plane 
11 wave may be tabulated in t e r m s  of an infinite s e r i e s  of Hankel functions . 

These  c lass ica l  resu l t s  a r e  plotted in F igure  IV-1 (dashed cu rves )  for E-  and 

H-waves incident on a r ight-ci rcular  cylinder of d iameter  equal t o  one wave- 

lergth.  The cur ren t  distributions were  a l so  computed using eqs. (11-38) and 

(11-53). These  "integral-equation" resu l t s  a r e  plotted a s  the solid curves  in  

the figure. The sur face  of the cylinder was divided into 20 equal segments on 

which the cur ren t  density was assumed piecewise constant. The two different 

p rocesses  yield resu l t s  which a r e  ve ry  near ly  equal, with slight differences 

which a r e  most  noticeable in  regions where the cu r r en t  changes m o r e  rapidly 

than the non-vanishing segment s ize  can detect. 

The i ~ d u c e d  field ra t ios  for  a r igh t -c i rcu la r  cylinder a r e  given by 

t m  
Jn' (ka)  

IFRH = - ka 

n=- a, H ( ~ ) '  n (ka)  

(IV- 1) 

(IV - 2) 
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Simi la r ly ,  the to ta l  sca t te r ing  c r o s s -  section of a r igh t -c i rcu la r  c y l i n d e r  

[cf. eq. (111- 13)] i s  given by 

These  r e su l t s  a r e  plotted in F igu re  IV-2. T h e  magnitude of IFR approaches  

unity a s  the  radius/wavelength r a t i o  i nc r ea se s ,  with IFR approaching rnonatoni- H 
cally f rom below, and IFRE approaching monotonically f r o m  above. Similar ly ,  

the  to ta l  sca t te r ing  c r o s s -  sect ion approaches  4a with increas ing rad ius /  

wavelength ra t io ,  with the  H-wave r e su l t  approaching monotonically from below 

and the  E-wave r e su l t  approaching monotonically f r o m  above. 

The  induced field r a t i o  was  a l s o  computed using in tegral -equat ion tech- 

niques fo r  a one-wavelength-diameter cylinder with 20 equal  segments .  The 

r e s u l t s  a r e  indicated below: 

- 1. 229 + j O .  407 = 1. 294 1 16 1. 7 deg (Class ica l )  
IFRE = ( I V - 4 )  

-1. 234 t j O .  413 = 1. 3021 161. 5 deg (Int. Eq. ) 

-0. 765 - j0. 268 = 0. 8111 -160. 7 deg (Class ica l )  
I F R ~  = irv- 5 )  

-0. 773 - j O .  288 = 0. 825 1 - 159. 5 deg (Int. Eq. ) 

The  accu racy  of the  in tegral -equat ion resu l t  r e f lec t s  the  corresponding a c c u r -  

a cy  with which the  integral-equation technique i s  capable of determiriing the 

cu r r en t  d is t r ibut ion induced on a right  - c i r cu l a r  cylinder. Although it- should 

not b e  in fe r red  that  corresponding accu racy  can be achieved for  other c r o s s -  

sect ional  shapes ,  these  a r e  t he  accu rac i e s  which one might expect providing 

( a )  t he  densi ty  of segments  per  wavelength of a r c  length i s  comparable  or 

h igher ;  (b)  the densi ty  of segments  per  angle of cu rva tu re  i s  comparable  o r  

h igher ;  ( c )  roundoff e r r o r s  f r o m  the  m a t r i x  invers ion  process  may  be 

neglected. 
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If a plane wave i s  incident on a  r ight  c i r cu l a r  cyl inder  f r om d i rec t ions  

other than at r ight  angles  t o  the  cylinder ax i s ,  the  induced field ra t ios  a r e  

15 Jn(ka cos  a )  
IFRE ( a )  = - 

ka cos a 
n=-00 ~ ( " ( k a  cos  o )  

n  

5 J; (ka cos  a) 
IFRH ( a )  = - 

ka cos  a 
n=- co H(')' n  (ka cos  a )  

wheii.3 e! is the angle between the  wave n o r m a l  and the n o r m a l  t o  the cylinder 

axis (cf. Figure 11-2). Consequently, in the determinat ion of the  induced field 

ratio, the effective rad ius  of the  cylinder i s  s imply reduced by t h e  fac to r  

cos a.  Xithough th is  resu l t  i s  de r ived  f o r  a  r i gh t - c i r cu l a r  cylinder,  s i m i l a r  

r e su l t s  are valid fo r  sca t t e r ing  cyl inders  with other  c r o s  s - s  ect ions:  d imensions  

in the t r a n s v e r s e   lane a r e  effectively reduced b v  the  fac to r  cos o. 

F igu re  IV-3 i s  a  plot of IFR v e r s u s  a. f o r  d iameter /wavelength  ra t ios  of I E I  
0. I, 1. 0, and 40. 0. T h e s e  cu rves  i n c r e a s e  with a  because  the  reduct ion in 

effective radius cause s  1 1 ~ ~ ~ 1  t o  i n c r e a s e  (cf. F igu re  IV-2). As a  i n c r e a s e s  

f r o m  zero, the  I F R E  r e k a i n s  ini t ial ly constant  be fore  beginning to  i n c r e a s e  

m onotonisal1;l. The  range  over  which IFRE r ema ins  essen t ia l ly  constant i s  

on ly  a few deg ree s  for  D / X  = 0. 1, but i s  a s  much  a s  30-40 d e g r e e s  fo r  l a r g e r  

/ Gonseq~rerntly, f o r  waves  that  a r e  a lmos t  normal ly  incident, a  good f i r s t -  

order approximat ion can  be  made  by a s suming  IFR t o  be  independent of a. 
E 

Hcwever, th is  approximat ion i s  not valid a t  l a r g e  angles  fo r  which the  exact  

value of ?FR ar~ust  be  computed. 
E 

Figure I i i-4 i s  a  plot of IFR v e r s u s  a  f o r  the  s a m e  t h r e e  d i ame te r /  I H I  
wave'ength ra t ios .  These  c u r v e s  d e c r e a s e  monotonically a s  the effective 

rad ias  decreases. However, the  values  of IFRH a r e  essen t ia l ly  constant  fo r  

angles not far from n o r m a l  incidence, s im i l a r  t o  the  behavior desc r ibed  in 

the 3reviou.s paragraph.  
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B. Two Coupled Right -Ci rcu la r  Cyl inders  

Calculations w e r e  made  for  the  problem of plane-wave sca t te r ing  Eron;. 

two coupled r igh t -c i rcu la r  cyl inders ,  each  of which i s  one wavelength in 

d iamete r .  Integral-equation techniques w e r e  used t o  compute the cu r r en t  

d is t r ibut ions  and the I F R ' s  f o r  E- and H-wave scat ter ing.  Each cylinder was 

subdivided into twenty segments  fo r  t he  ana lys i s .  

The  resul t ing IFR magnitudes a r e  plotted a s  functions of the  separatior?, 

D, in F igu re  IV-5, fo r  separa t ions  l a t e r a l  t o  the  wave direction,  and in 

F igu re  IV-6, fo r  separa t ions  in  the  wave direction.  When the two cylinders 

a r e  separa ted  la tera l ly :  

(1) F o r  s m a l l  o r  modera te  separa t ions  the  IFR exhibits coupling 

effects in the  f o r m  of a s e r i e s  of resonances  and an t i - resonances  

oscil lat ing about the  value of 1. 294 fo r  the  E-wave and  0 ,  Bkl for 

the  H-wave (cf. eqs. 1V-4 and IV-5). 

(2)  AS the  separa t ion  continues t o  i n c r e a s e  the  oscil lat ions decay and 

the  IFR approaches  the  value expected f r o m  each  obstacle con- 

s idered separate ly .  

However, when the two cyl inders  a r e  separa ted  in the  di rect ion of the 

wave normal :  

(1) F o r  s m a l l  o r  mode ra t e  separat ions  the  IFR1s  again exhibit coupling 

effects ;  

(2 )  F o r  l a rge  separat ions  the  IFR'  s approach  twice the  value expected 

f r o m  a single obstacle,  although continuing t o  osci l la te  about the 

asymptot ic  value due t o  the  di f ferent ia l  phasing of the  contr ibu-  

t ions f r o m  the  two cylinders.  

It appea r s  f r o m  the  r e su l t s  of F igu re  IV-6, that  when two scatt terers a r e  

separa ted  by a g rea t  d is tance re la t ive  to  t he i r  t r a n s v e r s e  dimensions ,  ever1 

though one s c a t t e r e r  l ies  within the  shadow of the  second ( a s  c a s t b y  the  

incident wave)  the  wave "fi l ls  in" behind the  f i r s t  s c a t t e r e r  s o  that essent ia l ly  

f r ee - space  sca t te r ing  occu r s  a t  each  s ca t t e r e r .  This  principle i s  i l lus t ra ted 

by the c u r r e n t  densi ty  dis t r ibut ions  plotted in F igu re  IV-7. Two r igh t -c i rc~hrnr  

cyl inders  a r e  separa ted  by a dis tance of 15 wavelengths in  the direcl-;on of 
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the incident wave. The dashed curves a r e  the classical,  f ree-space,  

single -cylinder cur rent  distributions. For  both incident E- and H-waves the 

current on the forward cylinder closely resembles  the f ree-space  value with 

the exception. of slight oscillations in the H-wave current  and a moderate  low- 

level enhancement in the E-wave current.  The H-wave cur rent  on the r e a r  

cylinder closely follows the f r e e -  space value. However, the E -wave cur rent  

on the rear cylinder closely resembles  the f ree-space  cur rent  but is  uniformly 

reduced by 20-20'70. To f i r s t  order ,  then, for  both E-  and H-waves incident, 

the currents  induced on these widely separated cylinders closely resemble  the 

free- space value, Consequently, the effect on the forward - scat tered field i s  

a superposition of each sca t te rer  considered separately. The implications of 

this res~it in estimating reflector antenna aper ture  blocking by complex 

support structures  a r e  significant. It is  insufficient to  take the projected a r e a  

of the entire blocking s t ruc ture  when different members  of the s t ruc tures  a r e  

separated by great  distances compared to  their  t r ansve r se  dimensions. Instead, 

one must account for a l l  of the widely separated members  without eliminating 

overlapping, 

'#hen the separation between the two one-wavelength-diameter cylinders 

is  15 wavelengths in the direction of propagation; 

IFRH = - 1.48 - j O .  44' 1. 54 1 -  163. 4 deg (IV- 8a)  

IFRE = -2. 05 + j O .  83 = 2. 21 1158. 0 deg (IV- 8b) 

These values are almost double the free-space values of eqs. (IV-4) and (IV-5), 

suggesting the "filling in" mechanism by which essentially f r ee -  space sca t te r  - 

ing occurs at both cylinders. It appears  possible to  exclude the incident wave 

from the shadow region behind the f i r s t  cylinder to  prevent it f rom scattering 

from the seconcl. Such a geometry i s  shown in Figure IV-8b; it i s  simply an 

elongated cross - section with paral le l  s ides  15 wavelengths long, one wave- 

length apar r ,  and capped by semicircular  ends. F o r  this geometry, with the 

wave irci dent froin the same direction a s  before: 

IFRH = -0. 79  - j O .  27 = 0. 83 161. 2 deg L_ (IV- 9 )  

JPL Technical Memorandum 33-478 



This  r emarkab l e  resu l t  indicates that  the  H-wave blocking by the 

elongated s t ruc tu r e  in  near ly  identical  t o  t he  blocking by a single cy7~Inder  

(Eq. IV-5) and only about half t he  value fo r  two separa ted  cyl inders  (Eq, IT/-8a). 

Addition of the  conducting s ides  ha s  indeed prevented the  wave f rom " f i l l i ~ i g  in" 

behind the  f i r s t  cylinder. 

Unfortunately, the  E-wave blocking de t e r i o r a t e s  even further for tile 

elongated s t ruc tu r e  because  the  boundary condition of zero-taizgential- e lec t r i c  

field on the  long s ides  of the  s t ruc tu r e  i s  not inherently sa t is f ied by the 

incident field. F o r  the E-wave 

IFRE = -2. 93 t j l .  96 = 3. 53 1146. 3 deg 

F u r t h e r m o r e ,  fo r  c i r c u l a r  polarization 

In which ca se ,  f o r  the  single cylinder 

I F R c p  
= -0. 99 t 0. 07 = 1. 0 176. 0 deg I 

F o r  the  two cylinder combination 

I F R c p  
= -1 .77  t jO .  19 = 1.78 1173. 9 deg 

F o r  the  elongated cylinder 

I F R c p  = -1. 86 t j O .  85 = 2. 04 155 4 deg I 
Consequently, the  a p e r t u r e  blocking of a c i r cu l a r l y  polarized wave i .ncreases 

by adding s ides  t o  the  two cylinders.  F u r t h e r m o r e ,  a significant c r o s s -  

polarized component i s  excited. 

A second s t ruc tu r e  proposed to  reduce "filling in" without violating the 

e l ec t r i c  boundary condition i s  i l lus t ra ted in F igu re  IV-8c. This  corrugated 
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s u r f a c e  has q u a r t e r  -wavelength g rooves  t o  p r e s e n t  a n  "openci rcui ted"  s u r f a c e  

t o  the incident E-wave.  T h e  absolute  a c c u r a c y  of the  r e s u l t s  i s  ques t ionable ,  

because of the  e x t r e m e l y  l a r g e  p e r i p h e r a l  length. T h e s e  r e s u l t s  w e r e  

IFRE = -2. 75 t j2. 15 = 3. 49 1 142. 0 deg (IV- 14a)  

IFRH = -2. 67 t j l .  39 = 3. 00 152 5 deg I (IV- 14b) 

This type of a  s u r f a c e  a p p e a r s  t o  i n c r e a s e  both IFR1  s ,  wi th  t h e  co r respond ing  

ennaccernent  of the  e f fec t ive  a p e r t u r e  blocking c r o s s  -sec t ion .  T h e  p reced ing  

a n a l y s i s  w a s  repea ted  f o r  s t r u c t u r e s  7. 5 wavelength  long, leading t o  e s sen t i a l ly  

the s a m e  conclusions.  

6, S q u a r e c y l i n d e r s  

1 .  One cyl inder .  M e i  and Van   lad el' f i r s t  analyzed the p r o b l e m  of 

plane-wave s c a t t e r i n g  f r o m  r e c t a n g u l a r  cy l inders  using i n t e g r a l  equat ions .  The 

b a s ~ c  s t r u c t u r a l  m e m b e r  on the  AAS':' f e e d  s y s t e m  configurat ion i s  a  s q u a r e  

c y , l n d e r ,  8 ,  9 cirl ( 3 .  50 in. ) on a s ide  with an  0 . 4 8 - c m  (0 .  19-in.  ) r ad ius  on the  

c o r n e r s  ( I ' I~s .  i7J-9 and IV-10). These  s l ight ly  modif ied  s q u a r e  cy l inders  w e r e  

analyzed uslng eqs .  (11-38) and (11-52). At  a f r equency  of 2295 MHz,  the  d imen-  

s i c n  of the s t r a i g h t  s ide ,  S, was  0. 606 wavelength,  and the  d imens ion  of the  r a d i u s ,  

R, M a s  3. 0369  wavelength (cf. Fig.  IV- 11). T h e  a n a l y s i s  w a s  c a r r i e d  out wi th  

elghf s e g m e n t s  pe r  s ide  and four s e g m e n t s  p e r  c o r n e r .  The  incident  plane 

wave was f i r s t  n o r m a l l y  incident  aga ins t  the  f a c e  of t h e  s q u a r e  ( incident  

w a v e  LF 1) and tken n o r m a l l y  incident  aga ins t  one of the  rounded c o r n e r s  

(rrc1den.t wave Y2). T h e  a n a l y s i s  w a s  then repea ted  a t  a n  angle  of 62. 5 d e g r e e s  

fron-i n o r m a ?  incidence. T h i s  d i rec t ion  c o r r e s p o n d s  t o  the  a c t u a l  oblique angle  

at -ci h ich  rhe " a p e r t u r e 1 '  wave s t r i k e s  the  suppor t  m e m b e r s  of t h e  AAS feed 

system { F i g u r e  IV-9) .  

The current d e n s i t i e s  induced by a n o r m a l l y  incident  E-wave  a r e  plotted 

in F i g u r e  ITJ-P2(a). T h e  m o s t  not iceable  f e a t u r e  of t h e s e  c u r r e n t  d i s t r ibu t ions  

i s  the c u r r e n t  dens i ty  peaks  a t  the  four  c o r n e r s .  T h e s e  peaks ,  al though 

;::Acivanced Antenna Sys tem located a t  Goldstone, Ca l i fo rn ia  
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pronounced, a r e  not near ly  a s  sha rp  a s  those reported by Mei and Van Bladel 

for  the rectangular cylinders with abrupt corners .  In the ca se  01 incidenr, 

wave # 1  the re  i s  symmetry  about the x-axis  so that two la rge  cur ren t  peaks 

exist  on the two leading co rne r s  A and D, while the peaks on the trai l ing 

co rne r s  B and C a r e  much smal le r .  F o r  incident wave # 2  the symmetry  exists 

about the  diagonal s o  that  t h e r e  i s  only a single la rge  peak on leading corner  A, 

with intermediate  peaks on co rne r s  B and D, and a v e r y  sma l l  peak on the trail- 

ing corner  C. F o r  reference,  the cur ren t  density on a r igh t -c i rcu la r  cylinder 

with equal c i rcumference (2. 657 wavelength) i s  plotted in the figures.  The 

cur ren t  densit ies induced by a plane wave incident a t  62. 5 deg from normal  

incidence a r e  plotted in F igures  IV-12(b). The r e su l t s  a r e  v e r y  s imi la r  to  those 

in (a) ,  although the densit ies a r e  somewhat higher (as  expected, because the 

effective physical  c ross -sec t ion  i s  reduced by a factor  of cos 62.  5 = 0. 462).  

The cu r r en t  densit ies induced by a n  incident H-wave a r e  plotted in 

F igure  IV- 13, f i r s t  for no rma l  incidence ( a )  and then for 62. 5 deg f rom normal 

incidence (b). The edge peaks a r e  not found for  the H-wave, and the resu l t s  

a r e  quite s imi l a r  to  those for  the  r igh t -c i rcu la r  cylinders with equal 

c i rcumferences .  

The IFR' s of the square  cylinder for  no rma l  incidence a r e  tabulated in 

Table IV-1 together with corresponding IFR1s for  four re fe rence  cylinders of 

c i r cu l a r  c r o s s  -section. The re fe rence  cylinders a r e  

( a )  equal d iameter  a s  l lseen" b y  incident wave #1, i. e . ,  0. 680  

wavelength. This r ight-ci rcular  cylinder can be inscribed 

within the square  cylinder;  

(b )  equal c ross -sec t iona l  a r ea ,  i. e. , 0. 461 square  wavelengths. 

The d iameter  i s  0. 766 wavelength; 

( c )  equal c i rcumference,  i. e. , 2. 657 wavelength. The diameter  

i s  0. 846 wavelength; 

(d) equal d iameter  a s  "seen" by incident wave # 2 ,  i. e, , 0, 931 

wavelength. This  r ight-ci rcular  cylinder can be circum- 

scr ibed around the square  cylinder. 

JPL Technical  Memorandum 33-478 



The IFR  magnitudes fo r  e lec t r i c ,  magnetic,  and c i r cu l a r  polarization 

a r e  tabulated. F r o m  eq. (111-43) it wi l l  be reca l led  that  the  IFR for c i r cu l a r  

polarization is  equal  t o  the  a lgebra ic  m e a n  of the  E- and H-wave IFR1s .  In 

o rde r  to compare the  different geomet r ies  the  quantity (width)x(IFR) i s  a l s o  

plotted. This quantity yields the  effective blocking contribution on the  fo rward-  

scai teeed "eld s ince  the  IFR alone i s  normal ized by the  width (cf. eqs.  III-22b, 

111-27:. Frarn observing the  f i r s t  two rows  of the Table  it  may  be  s e e n  that  

the  block-ng bjr t he  squa re  cylinder of incident wave # 1 i s  sl ightly g r e a t e r  than 

the blocktag of incident wave #2.  In the c a s e  of the E-wave,  th is  r e su l t  can  be 

in tc  r 2 r e t e d  in t e r m s  of the  edge peaks of the  cu r r en t  d is t r ibut ion descr ibed  

previously:  at 45 degrees  only one ma jo r  edge peak i s  excited, whe rea s  a t  

z e r o  degrees ~ w o  edge peaks a r e  excited. In the  c a s e  of the  H-wave the  i n t e r -  

pre ta t lon I s  -more obscure.  The mos t  in t r ins ical ly  significant number  in the 

f i r s t  t w o  rc~ws of the  table  i s  the value of 1. 099 for  the  H-wave IFR magnitude 

fo r  t i l e  sqdare  cylinder (incident wave # 1). It wi l l  be  called f r o m  F igu re  IV-2 

that for a r igh t -c i rcu la r  cylinder t he  IFR magnitude of a n  H-wave i s  always 

l e s s  "can arsnityii, Consequently, the  H-wave sca t te r ing  of the  squa re  cylinder 

i s  re la t ively  enhanced. Although in te rmedia te  d i rec t ions  fo r  the  incident 

w a t e  w e r e  not considered,  it  wi l l  be  a s sumed  that  the  IFR '  s for  the  two 

incident waves  wi l l  effectively bound the  range of values  fo r  a r b i t r a r y  

di rect ions ,  Consequently, the  wIFR product  s een  by a c i rcu la r ly  polar ized 

wave normal ly  incident on the  squa re  cylinder ranges  f r o m  0. 797 t o  0. 893. 

The blocking p a r a m e t e r s  of the  four r e f e r ence  cyl inders  a r e  plotted in 

the  four bottom rows of Table IV- 1. The e l ec t r i c  IFR magnitudes d e c r e a s e  

toward unity a s  the d i ame te r  i nc r ea se s  while the  magnet ic  IFR magnitudes 

i nc r ea se  toward unity. The  c i r cu l a r  polar izat ion magnitudes a r e  c lose  t o  

unity over the range.  The wIFR product for  the  two sma l l e r  c i r cu l a r  

c y l ~ n d e r s  i s  l e s s  than that  of the  s q u a r e  cylinder fo r  the  E-wave and c i r cu l a r  

polarization,  Because the  magnet ic  sca t te r ing  appea r s  enhanced for  the  

square  cylinder,  t h r e e  of the c i r cu l a r  cyl inders  have s m a l l e r  wIFR products 

than the squa re  cylinder. It appears  t o  b e  mos t  useful  t o  compare  the  squa re  

cylinder with the c i r cu l a r  cylinder of equal  c r6ss - sec t iona l  a r e a  because  these  

two geomet r ies  have the  s a m e  support  strength.  In th is  c a s e  the  c i r cu l a r  

cylinder ha s  1 - 5 %  l e s s  E-wave blocking, 19-2070 l e s s  H-wave blocking, and 

4-  15% l e s s  blocking for  c i r cu l a r  polarization. 
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Table  IV-2 p re sen t s  the  extinction c ro s s - s ec t i ons  for the  squa re  and 

r e f e r ence  cyl inders  a t  n o r m a l  incidence. The  extinction c ro s s - s ec t i on  (Section 

111-A) yields the  to ta l  energy extracted f r o m  the  incident wave. F o r  c i r cu l a r  

polar izat ion the extinction c ro s s - s ec t i on  i s  t he  a lgebra ic  mean  of the e lec t r i c  

and magnet ic  values .  In a l l  c a s e s  the  c i r cu l a r  cylinder of equal  c r o s s -  

sect ional  a r e a  s c a t t e r s  significantly l e s s  energy than the  squa re  cylinder.  

The p a r a m e t e r s  descr ibed  in the  preceding paragraphs  a r e  tabulated in 

Tables  IV-3 and IV-4 for  squa re  and r e f e r ence  c i r cu l a r  cyl inders  with the two 

incident waves t i l ted 62. 5 deg ree s  f r o m  n o r m a l  incidence. Virtually a l l  of 

the  previous  comments  concerning the re la t ive  blocking and s cat ter ing proper  -. 

t i e s  of the  squa re  and c i r cu l a r  cyl inders  a r e  again applicable. F o r  c i r cu l a r  

polar izat ion the  c i r cu l a r  cylinder with equal  c ro s s - s ec t i ona l  a r e a  causes  4-70 
l e s s  blocking and 570 l e s s  scat ter ing.  

The ac tua l  s t r uc tu r a l  m e m b e r  on the AAS feed s y s t e m  support  i s  a s e a m -  
2 2 

l e s s  tube of 8. 9 x 8. 9 c m  (3. 5 x 3. 5 in. ) squa re  c ross - sec t ion .  The w a l l  

thickness i s  0. 6 c m  (1/4 in. ). The tota l  c ro s s - s ec t i ona l  a r e a  of the m e t a l  tube 

i s  21 c m 2  (3. 25 in.'). The radius  of gyration ( r  = TA), an important  mech-  

an ica l  p roper ty  of the m e m b e r ,  i s  1. 3307. The 0. 6 - c m  wall  th ickness  has no 

effect on the rf sca t te r ing  proper t i es  of the s t ruc tu r e  since the skin depth in  
- 3 s t e e l  a t  S-band i s  0. 5 x 10 c m  (0.  2 mil). 

A p rac t i c a l  compar i son  of the AAS square  support  m e m b e r s  with equiva- 

lent  c i r c u l a r  tubes r equ i r e s  that  only commerc i a l l y  available c i r cu l a r  tubes be 

considered,  s ince  a spec ia l  machine run  fo r  non-s tandard s i ze s  would be p ro-  

hibitively expensive. The two available s eamle  s  s  round tube s that imo s t n e a r l y  

matched  the c ro s s - s ec t i ona l  a r e a  and rad ius  of gyrat ion of the square  tube were:  

Seamles s  Tube #1: 10. 2 c m  (4  in. ) outer  d i ame te r ;  0. 7 c in  (9 /32- in .  ) 
2 2 

wall  th ickness ;  21. 2 c m  (3. 29 in. ) c ros s - s ec t i on ;  1. 3185 radius  of gyration 

Seamles s  Tube #2: 10. 5 crn (4-1/8 in. ) outer  d i ame te r ;  0 .  7 crn (9/329-in. ) 
2 2 wall  th ickness ;  21. 9 c m  (3.40 in. ) c r o s s -  section;  1. 3626 radius of gyration 

The sca t te r ing  proper t i es  of these  two s e a m l e s s  round tubes  w e r e  

calculated and a r e  a l s o  included in Tables  IV-1 to  IV-4. These  two comrner -  

c ia l ly  available round tubes  mos t  nea r ly  ma tch  the  two important  rnecbanical  

p roper t i es  of the  squa re  tubes actually used in  the  AAS supports ,  It may be 
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s een  that  f o r  the  c a s e  of 62. 5 deg incidence, the  blocking afforded by the  

c i r cu l a r  c ro s s - s ec t i on  i s  of the  o r d e r  of 1-270 l e s s  than  fo r  the  squa re  tube, 

and the sca t t e r ing  d e c r e a s e  i s  l e s s  than  a percent .  

2. A r r a y  of four squa re  cyl inders .  Each quadripod l eg  shown in 

F igu re s  IV-  9 and IV- 10 cons i s t s  of four  single s q u a r e  tubes ,  e ach  of which i s  

the s i ze  considered in  the  previous  section,  a r r anged  in the  f o r m  of a r e c -  

tangtllar paral lelepiped.  C r o s s - m e m b e r s  a r e  a l s o  a r r a n g e d  fo r  addit ional  

s t r u c t u r a l  support  but t he se  c r o s s - m e m b e r s  a r e  not considered in  the  following 

ana lys i s ,  The f ie lds  s ca t t e r ed  f r o m  th i s  a r r a y  of four squa re  cyl inders  w e r e  

calculated for a n  incident plane wave coming f r o m  the d i rec t ion  shown in  

Figure IV- 14, 50th fo r  n o r m a l  incidence, and fo r  62. 5 deg f r o m  no rma l  inci -  

de r ce ,  T o  Sirst o rde r ,  the  plane wave may  be  in te rpre ted  a s  the  f ield ref lec ted 

irci-n the paraboloidal  su r f ace  and rad ia ted  into space.  The  62. 5 deg ree  angle 

of ,ncrdence cor responds  t o  the  ac tua l  angle a t  which the  ref lec ted wave s t r i k e s  

the quadi-:pod legs.  6 

The c u r r e n t s  induced on each  of the  four cy l inders  by a normal ly  incident 

plane wave a r e  plotted in F igu re s  IV-15 (E-wave)  and IV-16 (H-wave).  Sym-  

m e t r y  i s  evident about the midplane. With the  exception of mode ra t e  a s s y m e t r y  

due to  proximity effects ,  the  c u r r e n t s  induced on a l l  f ou r  cyl inders  a r e  the  

s a m e  a s  those induced on a squa re  cylinder a lone in f r e e  space  (F ig s .  IV-12 

and IV-13). The to ta l  effective blocking a r e a  (w IFR ) for  the E-wave i s  I E l  
4 -13  v e r s u s  four  t i m e s  the value of a single squa re  cylinder (1.096) equall ing 

4. '384, Sirnllarly,  f o r  the H-wave w I F R  i s  2. 92 compared  with four  t i m e s  the I HI 
s ingle-cyl inder  value of 2.  99; f o r  c i r cu l a r  polar iza t ion w (ITR C P /  is 6.  62 

and four t i m e s  the s ingle  cylinder value is 7. 06. S imi la r ly ,  fo r  a l l  t h r e e  

polar iza t ions ,  the  extinction c ro s s - s ec t i on  of the  four-cyl inder  a r r a y  i s  

slightly l e s s  than four t imes  the  c ro s s - s ec t i on  of a s ingle  cylinder.  

T're c i l r r c ~ l t s  induced by a plane wave a t  62. 5 deg incidence a r e  shown 

in F igu re s  17J-  17 and IV- 18. T h e s e  a r e  s i m i l a r  to the c u r r e n t s  induced on the  

s r r g l r  cylinder in f r e e  space.  S imi la r ly ,  the  ef fect ive  blocking and extinction 

c r o s s - s e c t i o c s  of the a r r a y  a r e  slightly l e s s  than  four  t i m e s  the  values  fo r  

f r e e  s p a c e  (Cf. Table  IV- 5). Consequently, the above evidence indicates  that ,  

s i r l i lar  t o  the  r e su l t s  in  Section IV-B, when the  separa t ion  i s  a s  l a rge  a s  10-20 

wavelengths,  the blocking and sca t t e r ing  p roper t i es  of s e v e r a l  s c a t t e r e r s  a r e  
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s imply  the sum of the  blocking and sca t te r ing  of the  individual components, 

whether  o r  not the  m e m b e r s  of the  a r r a y  l ie  in  each  o ther ' s  shadow, 

D. Scat ter ing f r o m  a Parabol ic  Cylinder 

1. Line feed. A useful  application of two-dimensional  scat ter ing 

theory has  been  suggested by Ruze8 and ~ a ~ 9  for  those  m e m b e r s  of a feed 

support  s t r uc tu r e  that  a r e  sufficiently long and thin t o  approximate  the equiva- 

lent infinite s t ruc ture .  One may  assume,  in  addition, that  the  f ields emerging 

f r o m  the reflector::: a r e  sufficiently planar t o  enable the  induced-fieid-rat io 

(IFR) p a r a m e t e r s  t o  be used in calculating gain l o s s  due t o  blocking by these  

member s .  Ruze has  additionally applied the  s a m e  concept to  "shadowing" of 

t he  re f lec to r  caused by feed-support  m e m b e r s  in terposed between the ref lector  

and d i r ec t  i l lumination f r o m  the  feed. One m a y  fur ther  suppose that  the 

extinction c ro s s - s ec t i ons  of the  equivalent infinite s t r u c t u r e s  may  b e  used t o  

de te rmine  effects on ave rage  sidelobe levels,  etc. 

Unfortunately, th i s  method for  blocking calculation lacks analytical. or  

exper imenta l  confirmation,  although it appea r s  intuitively to  be reasonable ,  

A poss ible  analyt ical  confirmation of the  method would be  a complete solution 

of the  finite c i r c u l a r  a p e r t u r e  with a finite feed support  s t r uc tu r e  using in tegral -  

equation techniques.  Until such a solution becomes  feas ible  numerical ly ,  the 

next be s t  piece of analyt ical  evidence might be provided by a n  integrai-equation 

solution of t he  two-dimensional  ve r s ion  of the  problem. Such a solution has  

been  undertaken below. The  geomet ry  i s  i l lus t ra ted  i n  F igu re  LV-19, Because 

the  problem has  a plane of symmet ry ,  only half of the  re f lec to r  is shown. The 

front of the  re f lec to r  cons i s t s  of 90 l inear  segments ,  each  about 0. 1 7 5 X  in 

length, the  endpoints of which l ie on a parabol ic  cylinder defined by the polar 

equation 

- 6. 27 h 
P o  - . 

cos  

:!:The t r ansmi t  mode i s  conceptually s imp le r  than t h e  rece ive  mode in the 
derivation.  By reciproci ty ,  the  conclusions reached a r e  equally applicable 
in  e i the r  t r ansmi t  o r  receive .  
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Consequently, the  front  of the  re f lec to r  approximates  a parabol ic  cylinder 

with a focal  length of 6. 27 wavelength. The  geome t r i ca l  a p e r t u r e  d i ame te r  i s  

15 wavelengths. The  re f lec to r  i s  0. 1 wavelength thick, and the  back  i s  sub- 

divided into 90 s imi l a r  segments .  The  edges of the  re f lec to r  a r e  s emic i r cu l a r ,  

of radius 0. 05 wavelength, and add an  addit ional  0. 148 wavelength t o  the  

geomet r ica l  d i ame te r  of the  aper ture .  Each  s emi -c i r cu l a r  edge i s  divided into 

five segments  0, 03 1 wavelength long. 

'The incident f ie ld  illuminating the  re f lec to r  consis ts  of a line sou rce  

located at the or igin  (which i s  a l s o  the  focus of the  parabola.  ) The  incident 

field intensity i s  given by 

(IV- 16) 

in  the di rect ion of t h e  re f lec to r  and z e r o  in  other  d i rect ions .  Consequently, 

the  fieid i nc iden ton  the  f ront  of the  re f lec to r  i s  uniform in  magnitude, p ro -  

ducing (in geome t r i ca l  t e r m s )  a uniformly i l luminated aper tu re .  

Calculations w e r e  ca r r i ed  out for  the  parabola  alone, and the  parabola  

in the  p resence  of two symmetr ica l ly  placed one-wavelength-diameter c i r cu l a r  

cylinders.  In one c a s e  (blocking) the cyl inders  a r e  placed in  the  focal  plane 

s o  as  not t o  in tercept  d i r ec t  radia t ion f r o m  the  l ine s o u r c e  but t o  affect (block) 

the  sca t te red  f ie lds  due to  the  cu r r en t s  induced on the parabola.  In the  other 

c a s e  (blocking and shadowing) the  cyl inders  a r e  placed c lo se r  t o  the  re f lec to r  

s o  as  t o  in tercept  d i r ec t  radiat ion f r o m  the  feed before  i t  i l luminates  port ions 

of the re f lec to r  (shown with dotted l ines i n  the  f igure )  while a t  the  s a m e  t i m e  

blocking s ca t te red  radia t ion f r o m  the  parabola. 

a. E-wave illumination. The field of equation IV-16, with the  e l ec t r i c  

vec tor  para l l e l  t o  the  z-axis ,  was  used to  i l luminate the  parabol ic  re f lec to r  

(in the absence of the  blocking cyl inders) .  The cu r r en t  density induced on 

each  ref lector  segment  w a s  computed and i s  plotted in F igu re  IV-20. Only 

the  cu r r en t  density induced on the  s y m m e t r i c  half of the  re f lec to r  shown in 

F igu re  i V - 2 0  i s  plotted. The  absc i s s a  i s  the l inear  path length ( in  wavelengths) 
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along the  front  and back of the  ref lector .  The  c u r r e n t  densi ty  va r i e s  uniformly 

along the  i l luminated f ront  of the  re f lec to r ,  h a s  a mode ra t e  peak a t  the edge 

(light-shadow boundary),  and drops  by two o r d e r s  of magnitude t o  a rap id ly  

damped osci l la t ion on the  back. F o r  comparison,  the  physical-optics approxi- 

mation to  the  induced cu r r en t  densi ty  i s  a l s o  shown on the  f igure .  The "io 

c u r r e n t s  a r e  vi r tual ly  the  s a m e  on the  i l luminated front,  except fo r  a slight 

per turbat ion in  the  in tegra l -  equation r e su l t  n e a r  the  edge of the  ref lect  or .  

T h e  physical-optics cu r r en t  d rops  t o  z e r o  a t  the  edge and r ema ins  z e r o  on the 

back of the  ref lector .  The  c u r r e n t  densi ty  on the  shadowed back of the re f iec -  

t o r  rapidly decays  40 dB  below i t s  value on t h e  front. It i s  not known whet-her 

the  damped oscil lat ions a r e  computational  o r  physical  in  nature .  (The osci i la-  

t ions appear  t o  be damped in  the  wrong direct ion to  be  explained by the 

s tandard in te rpre ta t ion  of in te r fe rence  between two damped sur face  waves  

f r o m  each  of the  two edges. ) These  oscil lat ions w e r e  calculated fo r  other 

d iameter /wavelength ra t ios  and other  i l lumination t a p e r s  with E-vec tor  

polarization. 

The s ca t t e r ed  field of the  unblocked re f lec to r  has  been  calculated f rom 

the  induced cu r r en t s .  In th is  and other calculations of the  s ca t t e r ed  field, 

only the  field on antenna bores ight  (i. e. , radia ted in  the  negative x - d ~ ~ r e c t i o n j  

h a s  been  computed. The  phase  of the s ca t t e r ed  field on bores igh t  i s  - 44, 4 deg  

(physical  opt ics)  and -15. 7 deg. ( integral-equation).  The  amplitude of the 

boresight  field i s  19. 01 o r  18. 82  (depending upon whether  the  rounded c o r -  

n e r s  a r e  included in  the  calculation o r  not) f r o m  physical  optics and 19.  (91 

using the  in tegra l  equation. ::: 

Placing the  pa i r  of cyl inders  in t he  blocking position in the  focal  plane 

causes  a modification of the  cu r r en t s  on the  parabola,  a s  showin in F igu re  IV-21 ,  

T h e  c u r r e n t  var ia t ion on the  f ron t  of the  re f lec to r  has  changed f rom monotonic 

t o  a significant oscillation. Similar ly ,  the  osc i l l a to ry  pa t te rn  on the  back has 

been  modified significantly, although the  magnitude of t h e s e  c u r r e n t s  i s  s t i l l  

down by  approximately  40 dB. F o r  r e f e r ence ,  the  c u r r e n t s  on the unblockes 

re f lec to r  a r e  a l s o  plotted in the  f igure.  

:::The field ampli tudes  given a r e  in  a r b i t r a r y  units. Only re la t ive  di f ferences  
a r e  significant. 
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The  density of the  c u r r e n t  induced on one of the  blocking cyl inders  i s  

piorted in Figure IV-22. Near -zone  fields of the  re f lec to r  m a y  be approximated 

using the  geomet r ica l  in terpreta t ion that  a plane wave i s  ini t ial ly sca t te red  

f r o m  the ref lector .  Consequently, t o  provide a re fe rence ,  the  cu r r en t  induced 

on a f r e e -  space  r igh t -c i rcu la r  cyl inder  by an  incident p lanar  E-wave of a 

magnitude given by the  plane wave s ca t t e r ed  geomet r ica l ly  f r o m  the  parabola  

i s  a l s o  plotted in F igu re  IV-22, a s  computed both by the  c l a s s i ca l  normal -mode  

soiution and a s  computed by the  in tegral -equat ion method. Except for  low 

magnitudes, these  two a r e  indistinguishable. It m a y  be s een  that  the  cu r r en t s  

induced on the blocking cyl inders  c losely  r e s e m b l e  those  induced on a cylinder 

in f r e e  space by a plane wave of comparab le  magnitude, although the  amplitude 

of the  cu r r en t s  on the  blocking cyl inders  ave rages  10-2070 higher.  

Evaluation of the  bores ight  field in  the  p r e sence  of the blocking cyl inders  

was  based on both the  "optical" blocking approximation,  i. e . ,  IFRE = -1, and 

the  presumably m o r e  accu ra t e  u s e  of t he  IFR fo r  th i s  par t i cu la r  cylinder,  i. e . ,  

a r igh t -c i rcu la r  cylinder one wavelength in  d iamete r .  This  value  i s  

TFR = 1. 29 1 l61. 7 deg. F u r t h e r m o r e ,  it was  poss ible  to compute t h e  s ca t t e r ed  
E 

field with the integral-equation method using the  complete  s e t  of sca t te r ing  

surfaces a s  the in tegrat ion surface .  Th is  r e su l t  wi l l  be  used t o  evaluate the 

accuracy of the approximat ion techniques. The  calculations a r e  presented and 

discussed below. 

( 2 )  Fie ld  es t imated 
optically: 

Unblocked field 
(computed) = 18. 31 - j5.  14 

Optical  blocking 
cor rec t ion  = -2 .43  - j0 .62 

Net field = 15. 88 - j4. 5 1  = 16. 50 1 -15. 87 deg. 

Consequently, the  optical  e s t ima te  of the  field (16. 5 0 )  i s  significantly 

larger than the computed field (15. 59) .  The  effects of the  r i gh t - c i r cu l a r  

cylinder on the  incident E-wave a r e  underes t imated by t he  optical  approximation.  
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(3 )  F ie ld  e s t ima te  
using IFR: 

Unblocked field 
(computed) = 18. 3 1 - j5. 14 

IFR blocking 
co r r ec t i on  = -2. 73 + j l .  76 

Net f ie ld  = 15. 57 - j3. 38 = 15. 94 b2. 25  deg .  

Use  of the  E-wave IFR for  the  blocking cylinder has  significantly 

improved the  e s t ima te  of the  bores ight  field. It i s  poss ible  t o  obtain even 

be t te r  agreement  i f  u s e  i s  made  of the  fact  that  the  cu r r en t  induced on the 

blocking cylinder i s  10- 20% higher than  expected f r o m  the  geomet r ica l  field, 

If a blocking co r r ec t i on  i s  generated using 1. 1 x IFR, the  bores ight  fieid i s  

es t imated  t o  be 15. 63 1 -11. 84 deg. compared  t o  t he  computed valuc of 

15. 59 1 - 12. 5 1 deg. The  ul t imate  goal  i s  u s e  of the  IFR a s  a un iversa l  w e i g h t -  

ing factor" t o  calcula te  blocking. The observat ion that  t he  ac tua l  c a r r en t  is  

10-2070 higher  does  not faci l i ta te  such  calculations.  However, it does s e r v c  

t o  provide a plausible physical  explanation a s  t o  the  sou rce  of the remaining 

( sma l l )  d iscrepancy.  

Finally,  the  problem was  again solved with the  two cyl inders  shifted 

forward s o  a s  to  in tercept  radia t ion f r o m  the feed. The c u r r e n t s  induced o r  

the  parabola a r e  plotted in  F igu re  IV-23, in addition to  the  r e f e r ence  cu r r en t s  

of the  unblocked parabola.  Strong osci l la t ions  a r e  evident in both r he illl.-imina- 

ted and shadowed regions.  F u r t h e r m o r e ,  the  cu r r en t  in the  shado~vcc? r e g i o n s  

of the  re f lec to r  i s  significantly reduced although not eliminated.. 

l C l ( f l -  1s The cylinder c u r r e n t  d is t r ibut ion for  th is  location of the  cpli- ' 

plotted in  F igu re  IV-24. The cu r r en t  was  computed d i rec t ly  using t'src ilii eg ra l  

equation for the  complete  cyl inder-parabola  geometry .  In add i~ ion ,  a cu r r en t  

d is t r ibut ion was  constructed by super imposing the  cu r r en t  induced by- the line 

feed in f r e e  space  and the cu r r en t  induced by a plane wave equal in r l agn i iudc  

and phase  t o  the  quas i -p lanar  wave ref lected f r o m  the  re f lec to r .  T h c  supe r -  

position solution i s  a re la t ively  good approximat ion t o  the in tegral -eqaat ion 

cu r r en t ,  indicating again that  superposi t ion concepts,  such  a s  those  suggested 

by Ruze and Kay, appear  to  be applicable t o  the blocking and sha2nwing 

problem. 
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Evaluation of t he  bores ight  f ield in the  p r e sence  of the  cyl inders  (which 

now both block and shadow the  r e f l ec to r )  ha s  been c a r r i e d  out using t h e  IFR t o  

estimate the  blocking, and both the  optical  approximat ion and addit ional  IFR 

correct*;on t o  es t imate  t he  shadowing. The  calculations a r e  p resen ted  below, 

(1) Computed field = 11. 55 - j l .  95 = 11. 71 1-9. 58 deg. 

( 2 )  F ie ld  with IFR e s t ima te  of blocking and opt ical  es t imate  of 

shadowing: 

Unblocked field 
(computed) = 18. 3 1 - j5. 14 

IFR blocking 
co r r ec t i on  = -2. 73 + j l .  76 

Optical  shadow- 
ing co r r ec t .  = -4. 22 + j l .  09 

Net field = 11. 35 - j2. 30 = 11. 58 1-11. 44 deg. 

This es t imate  has  s imply applied a factor  of - L to  the  radia t ion f rom the  

shadowed port ions of the  front  of the  re f lec to r .  The  agreement  between the  

estimated and computed fields i s  sa t is factory,  in  spi te  of the  fact  that  the  

c u r r e n e  in the  shadowed regions  a r e  not completely negligible (cf. F ig-  

ure IV-23). 

( 3 )  Field  with IFR e s t ima te  of blocking and IFR e s t ima te  of 

shadowing: 

Unblocked field 
(computed) = 18. 31 - j5. 14 

IFR blocking 
cor rec t ion  = -2. 73 t jl .  76 

IFR shadow- 
ing co r r ec t i on  = -4. 75 + j3. 05 

Net field = 10. 83 1 -1. 75 deg. 

Consequently, it  appea r s  that  fo r  the  e l ec t r i c  polarization,  application 

of tlie 1JE;'R to  the shadowed region overcompensates  fo r  the  shadowing and 

produces a significant  d i f ference between the  es t imated  and computed resu l t s .  
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Thi s  provides a t  l eas t  one piece of evidence in favor of using a n  optical 

co r r ec t i on  t o  the  shadowed region,  r a the r  than using the  IFR. EAathematicaliy, 

th is  s e e m s  justifiable s ince  the ' IFR was originally der ived fo r  fa-:-zone sc z : - -  

t e r ed  fields. 

b. H-wave illumination. The  previous s e t  of calcuia t ror~s  w a s  

repeated with the  field f rom the  sou rce  a t  the  focus of the  parabola  polarieecci 

with i t s  magne t ic  vec tor  para l l e l  t o  the  axis  of the  ref lector .  TFc r l l u m ~ n a  1c~1 

i s  again t apered  inverse ly  t o  produce a uniform a p e r t u r e  i l l u l r n i n ~ t ~ o ~ x  Th? 

c u r r e n t  density induced on the  re f lec to r  i s  plotted in F igu re  IV-25 .  Tkns i g- 

u r e  i s  s im i l a r  t o  F igu re  IV-20  except that  now the induced cu r r en t s  Ilov in 

planes perpendicular  to  the  re f lec to r  axis .  The  physical-optics c u r r e n ~  dens "y 
~ 9 i s  plotted on the  f igure  for  reference.  The agreement  between the phys~cal- 

optics and computed cu r r en t s  on the front  of the re f lec to r  i s  a g a n  exceiierie, 

although the  computed cu r r en t  exhibits a significant oscillation. U n l i k e  the 

e l ec t r i c  polarization,  a n  edge-diffracted su r f ace  wave i s  predic ted for arl 

incident H-wave, and the  oscil lat ions super imposed  on the  physi ca i -op t ics  

r e s u l t s  m a y  be a t t r ibuted t o  in te r fe rences  between these  two su r f ace  waves,  

The  computed cu r r en t s  on the r e a r  of the  re f lec to r  do not decay sas fast a s  rhcy  

did for  the  incident E-wave,  and the  oscil lat ions in the  back region may be 

in te rpre ted  in  t e r m s  of decaying sur face  waves interacting.  

Again, t h e r e  i s  excellent  agreement  between the  f ields computed using 

physical  optics and computed using the  in tegral -equat ion technique, The COT,- 

puted phase  i s  165. 9 deg. vs .  165. 6 deg. (physical  opt ics)  and the corrlputed 

amplitude i s  19. 07 vs.  19. 0 1  (physical  optics) .  

The  p r e sence  of the  pair  of cyl inders  in  the  focal  plane has  only a miner 

influence on the  parabola  su r f ace  cu r r en t s .  The  induced c u r r e n t  densi ty  is 

plotted in  F igu re  IV-26 and compared with t he  unblocked cu r r en t s .  The cu r r en t s  

on the front  of the re f lec to r  a r e  m o r e  modified than those  on the  back, where  

only the  depths of the nulls  s e e m  affected. 

The cu r r en t s  induced on one of the  blocking cyl inders  a r e  plotted i n  

F igu re  IV-27. Also  plotted a r e  the  c u r r e n t s  induced on on a f r ee - space  

r i gh t - c i r cu l a r  of the  s a m e  s i ze  with a n  incident plane wave of comparable  
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magnitude, Agreement  i s  again  genera l ly  good, although the  computed c u r r e n t s  

seem "c overage  sl ightly above t he  expected f r ee - space  values.  

Eva.luation of the  effects of blocking on the  bores ight  field have been 

es t imated  both geomet r ica l ly  and using the  IFR es t imate .  F o r  a n  H-wave, 

the IFR of a r i gh t - c i r cu l a r  cylinder of one wavelength d i ame te r  i s  

IFRH = 0. 811 - 160. 68 deg. Resul ts  of the  calculations a r e  presented below. 

(1) Computed field = - 15. 65 t j5. 33 = 16. 54 1 16 1. 19 deg. 

( 2 )  F ie ld  es t imated  
optically: 

Unblocked field 
(computed)  = - 18. 50 t j4. 65 

Optical  blocking 
cor rec t ion  = t2. 43 - j O .  62 

Net field = - 16. 06 t j4. 02 = 16. 56 1 165. 94 deg. 

The optical  co r r ec t i on  thus provides  a n  excellent  e s t ima te  of the  bo re -  

sight field in the pre sence  of blocking. 

( 3 )  Field  es t imated  
using IFR: 

Unblocked field 
(computed)  = - 18. 50 t j4. 65 

IFR blocking 
cor rec t ion  = 2. 03 t j0. 17 

Net f ield = 16. 47 t j4. 82 = 17. 16 1 163. 68 deg. 

Est imat ing the effects of blocking using the H-wave IFR produces  a value 

that i s  4% high. Again, th is  may  be due t o  the  fact that the  ac tua l  cu r r en t s  on 

the cyl inders  a r e  higher than that due to  the equivalent plane wave f r o m  which 

the IFR value was originally computed. If a  blocking co r r ec t i on  i s  generated 

using l .  3 x I F R ,  the  bores ight  field i s  es t imated  t o  be  16. 59 [ 162. 91 deg . ,  

which i s  ve ry  c lose  t o  the  computed resul t .  

The cu r r en t s  induced on the parabola  when the  blocking cyl inders  a r e  

sh i f ted  forward into the path of the  feed energy a r e  plotted in F igu re  IV-28. 

The deviations f r o m  the unblocked c u r r e n t s  a r e  s eve re ,  both on the  f ront  

arid back of the re f lec to r .  The re  i s  a noticeable d e c r e a s e  in the cu r r en t  

56 JPL Technical  Memorandum 33 -478 



amplitude shifted sl ightly f r o m  the  region of geome t r i ca l  shadowing. However, 

the  magnitude of the  c u r r e n t  in th i s  region i s  f a r  f r o m  being negligible. 

The cylinder c u r r e n t  d is t r ibut ion fo r  t he  cylinder located in the position 

which both blocks and shadows the  re f lec to r  i s  plotted in F igu re  IV-29 .  The 

complete  i n t eg ra l  equation r e s u l t  i s  plotted a s  wel l  a s  a r e f e r ence  cuiprent 

using superposi t ion of the  cylinder c u r r e n t s  induced by the  l ine  feed a lone and 

the  re f lec ted  plane wave alone.  The  ag reemen t  i s  again  re la t ively  good. 

Evaluation of the  bores ight  field under the  influence of the biocllci~ag and 

shadowing of the  cyl inders  was  c a r r i e d  out in  a manne r  s i m i l a r  to the E-wave 

calculations.  Again, two different  methods w e r e  used t o  e s t ima te  the 

shadowing. 

(1)  Computed field = -11. 98 f j5. 58 = 13. 21 1155. 0 1  deg, 

(2 )  Fie ld  with IFR es t imate  of blocking and opt ical  es t imate  

of shadowing: 

Unblocked field 
(computed)  = -18. 50 t j4.65 

IFR blocking 
cor rec t ion  = 2. 03 t j O .  17 

Optical  shadow- 
ing co r r ec t i on  = 4. 23 - j l .  09 

Net field = - 12. 24 t j3. 74 = 12. 80 1163. 02 deg, 

(3)  Fie ld  with IFR e s t ima te  of blocking and IFR estilriate of 

shadowing: 

Unblocked field 
(computed) = - 18. 50 t j4.65 

IFR blocking 
cor rec t ion  = 2. 03 t jO. 17 

IFR shadowing 
co r r ec t i on  = 3. 52 t j0. 30 

Net field = - 12. 94 t j5. 13 = 13, 92 

Consequently, u se  of the  opt ical  shadowing cor rec t ion  produces  a 

slightly be t t e r  approximat ion t o  the  bores ight  field than the  IFF, shadowing 

correct ion.  The  c a s e  in  favor  of opt ical  shadowing i s  not near ly  as  s t r o n g  
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a s  it was  for  the  E-wave,  however,  because  the  IFR blocking approximat ion 

appea r s  to b e  l e s s  accu ra t e  than the  optical  correct ion.  Since the  cu r r en t  in  

the shadowed region i s  not a s  s m a l l  a s  optically predicted,  i t  i s  c l ea r  that u se  

of the LFR t o  approximate  H-wave shadowing m a y  be a reasonable  thing t o  do. 

I-Towever, under  no c i r cums tances  does  it appear  reasonable  t o  u s e  t he  E-wave 

1FR to  es t imate  shadowing s ince  the  magnitudes of E-wave IFR ' s  a r e  typically 

g r e a t e r  than unity. 

c. Radiation pattern.  The  pa t te rn  of the  field radia ted f r o m  the  

B 5 -wavelength-diameter, line -fed, uniformly i l luminated parabol ic  cylinder 

i s  plotted in Figu re  IV-30 for  both polarizations.  The  field i s  normal ized t o  

unity in  the  bores ight  direction.  In t h i s  c a s e  no blocking obs tac les  a r e  present ,  

and the feed i s  a s sumed  to  rad ia te  no d i r ec t  energy in t he  bores ight  direction.  

The pa t te rns  show a well-behaved sidelobe envelope decay.  Ape r tu r e  theory 

predic ts  that  the  f i r s t  s idelobe of a uniformly i l luminated rec tangula r  a p e r t u r e  

i s  13. 2 d B  below the  peak of the  m a i n  beam,  whe rea s  the  integral-equation 

r e su i t s  yielded f i r s t  s idelobe levels  of -13. 76 dB and -13. 75 dB for  the E-wave 

and H-wave, respectively.  

2. Radar  c ross - sec t ion .  The  r a d a r  c ro s s - s ec t i on  (backscat ter ing - 

c r o s  3 -sect ion)  fo r  the  15-wavelength-diameter parabol ic  cyl inder  with a n  

incident plane wave i s  plotted in F igu re  IV-31 (E-wave)  and IV-32 (H-wave). 

It has been as sumed  that  no  feed i s  p resen t  in the  foca l  region. In a l e s s -  

idealized c a s e  the p r e sence  of a feed would significantly affect  the  energy  

di rected toward the  focal  region. The  f igures  p resen t  the  back-sca t te red  

pat terns  fo r  the  b a r e  re f lec to r  alone. It i s  s een  that  v i r tua l ly  a l l  of the  

backsca t te red  energy i s  confined to  a wedge with a half-angle of about 

23 deg ree s  f rom bores ight ,  in  both the  fo rward  and r e a r w a r d  di rect ions .  
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,Table IV-2. Compar i son  of Extinction Cross -Sec t ions  for  Square  
Cylinder and Equivalent C i r cu l a r  Cyl inders  - 

N o r m a l  Incidence 

Square, Incident Wave # 1 

i Square, Incident Wave #2 

Circular, inscr ibed 

Circular, equal c r o s s - s e c t  

Circular, equal c i rcum.  

Circular, c i r cumsc r ibed  

Searmless Tube # 1 

Searrliess Tube #2 
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Table IT/-4. Compar i son  of Extinction Cross -Sec t ions  for  Square  
Cylinder and Equivalent C i r cu l a r  Cyl inders  - 

62. 5 deg Incidence 

Circular, c i r cumsc r ibed  

Seamless Tube #2 
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1 o - ~  INCIDENT 
WAVE 

E-WAVE, Eo = 1 - 0  V/m 

INTEGRAL-EQUATION 
SOLUTION (20 SEGMENTS) 

--- CLASSICAL SOLUTION 

H-WAVE, Ho = 1.0 A/rn 

FRONT BAC K 

F i g .  IV- l. Comparison of Induced Cur r en t  Density on 1 -Wavelength-diameter,  
Right-Circular Cylinder f r o m  Integral  Equation with Class ica l  Solution 
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Fig .  I V - 2 ,  C l a s s i c a l  R e s u l t s  f o r  N o r m a l i z e d  To ta l  Sca t t e r ing  Gross - section 
and  Induced F i e l d  Rat io  of Right-  C i r c u l a r  Cyl inder  
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Fig, IiV-3. C l a s s i ca l  Resul ts  f o r  E-Wave Induced F ie ld  Ratio v e r s u s  
Angle of Incidence 
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Fig.  IV-4. C l a s s i ca l  Resu l t s  f o r  H-Wave Induced F ie ld  R a t i o  ve r sus  
Angle of Incidence 
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F i g .  IV- 5, Induced Fie ld  Ratio of Two Right- Ci rcu la r  Cylinders v e r s u s  
T r a n s v e r s e  Separation 
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H-WAVE 

r 

Fig .  IV-6.  Induced  F i e l d  Ra t io  of Two Right -  C i r c u l a r  C y l i n d e r s  v e r s u s  
Longi tudina l  S e p a r a t i o n  
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F i g .  IV-8.  Geomet ry  of Elongated Cylinder 
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DETAIL A 
TTP 4 PUCE5 

S U L K .  I t ?  

Fig .  IV-10.  Geomet ry  of C r o s s  Section of AAS Tetrapod L e g  
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Fig. IV-14. Geomet ry  of A r r a y  of Four  Square Cylinders 
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Fig ,  PV- 15, Cur ren t  Densit ies Induced on F o u r  Square  Cylinders by E-Wave 
(Normal Incidence) 
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Fig.  IV- 16. Cu r r en t  Density Induced on Fou r  Square  Cylinders by H-Wave 
(Norma l  Incidence) 
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F i g .  IV-17. Cur ren t  Density Induced on Fou r  Square  Cylinders by E-Wave 
(62, 5-cleg Incidence) 
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Fig. IV-18. Cur r en t  Density Induced on Four  Square Cylinders by H - W a v e  
( 6 2 .  5-deg Incidence) 
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F i g .  IV-19. Geomet ry  of Blocked and Shadowed Cyl indr ical  Parabola  Ref lector  
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E-WAVE, U N  I FORM I LLUMlNATl O N  

--- FREE-SPACE CYLINDER, 

NORMAL-MODE SOLUTION 

FREE-SPACE CYLINDER, 
INTEGRAL-EQUATION SOLUTION - BLOCKING CYLINDER, 
INTEGRAL-EQUATION SOLUTION 

u TOWARD 
OTHER 

\\ CYLINDER 

0 1 2 3 

CYLINDER PATH LENGTH, wavelengths 

TOWARD REFLECTOR AWAY FROM REFLECTOR 

Fig .  IV-22.  C o m p a r i s o n  of C u r r e n t s  Induced on  Blocking Cyl inder  by Parallel 
P o l a r i z a t i o n  
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Fig.  IV-24. Compar i son  of Cur r en t s  Induced on Blocking and Shadowing 
Cylinder by P a r a l l e l  Polar izat ion 
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H-WAVE, UNIFORM ILLUMINATION 

--- FREE-SPACE CYLINDER, 

NORMAL-MODE SOLUTION 

FREE-SPACE CYLl NDER, 
INTEGRAL-EQUATION SOLUTION - BLOCKING CYLINDER, 
INTEGRAL-EQUATION SOLUTION 

A TOWARD 

0 1 2 3 

CYLINDER PATH LENGTH, wavelengths 

TOWARD REFLECTOR AWAY FROM REFLECTOR 

Fig, IV-27 .  Comparison of Cur r en t s  Induced on Blocking Cylinder by 
Perpendicular  Polar izat ion 
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Fig, IV-29. Compar i son  of Cur r en t s  Induced on Blocking and Shadowing 
G yl inder  by Perpendicu la r  Po la r iza t ion  
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V. CONCLUSIONS 

Integra l -equat ion  techniques  can  b e  u s e d  to extend two-dimensional  

s c a t t e r i n g  t h e o r y  to c y l i n d r i c a l  s c a t t e r e r s  of a r b i t r a r y  c r o s s  -sec t ion .  T h e s e  

r e s u l t s  c a n  h e  applied to m a n y  p r o b l e m s  of p r a c t i c a l  i n t e r e s t  in an tenna  des ign.  

F o r  example ,  the  p r o b l e m  of an  a p e r t u r e  blocked by long, thin f eed-suppor t  

m e m b e r s  i s  solved m o r e  a c c u r a t e l y  when the  concep t s  of two-dimensional  

s c a t t e r ~ n g  t h e o r y  a r e  used  in p lace  of c l a s s i c a l  g e o m e t r i c a l  techniques .  The 

p rob lem of op t imum m e m b e r  c r o s s - s e c t i o n  can  b e  analyzed.  I t  i s  a l s o  poss ib le  

to ana lyze  the  p r o b l e m  of "double blocking", i. e . ,  the  s i tua t ion  when one  o r  

m o r e  blocking m e m b e r s  l i e s  in the  shadow of ano the r .  It  c a n  be  shown tha t  when 

the separa t ion  i s  l a r g e  it is n e c e s s a r y  to  c o n s i d e r  tha t  e a c h  m e m b e r  cons t i tu tes  

a n  independent  blockage.  This  r e s u l t  i s  in d i r e c t  cont radic t ion  to  g e o m e t r i c a l  

a n a l y s i s ,  

It i s  a l s o  poss ib le  t o  extend s i m i l a r  techniques  to d i e l e c t r i c  and l o s s y  

cylinclers,  al though t h e s e  p r o b l e m s  do not  a p p e a r  to be  of i m m e d i a t e  i n t e r e s t .  

A p e r t u r e s  a s  l a r g e  a s  15 wavelengths  o r  m o r e  in t r a n s v e r s e  d imens ion  

can  be handled on a two-dimensional  b a s i s .  I t  i s  expected  tha t  ro ta t ional ly  

s y m m e t r i c  s c a t t e r e r s  of c o m p a r a b l e  s i z e  c a n  a l s o  be handled wi th  s i m i l a r  

techniques (al though wi th  d i f fe ren t  a l g o r i t h m s ) .  Such a n a l y s e s  should b e  the  

next  s t e p  in  continuing s tudies .  
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A P P E N D I X  A 

DERIVATION O F  T H E  BASIC TWO-DIMENSIONAL 
INTEGRAL EQUATION 

C o n s i d e r  t he  " inc ident"  o r  "exc i t ing"  f i e ld  to b e  of t h e  f o r m  

i i - j k  s i n  cuz 
\k = %  e  

XY 

i 
w h e r e  \k i s  a func t ion  of x and  y (c f .  F i g u r e  A - 1 )  and  0 5 s i n  cu < 1. 'Then: 

XY 
if t h e  i nc iden t  f i e ld  s a t i s f i e s  t h e  s c a l a r  I3elmholtz  equat ion  

the  t r a n s v e r s e  p a r t  w i l l  b e  s u b j e c t  to a n  equivalent; equat ion  

2 .  w h e r e  V 1s t he  L a p l a c i a n  o p e r a t o r  i n  t he  x -y  p lane ,  and m a y  be  chosel i  In any  
XY 

conven ien t  s e p a r a b l e  c o o r d i n a t e  s y s t e m .  Tlle s o u r c e s  of t he  inc iden t  ilelci w i l l  

b e  l oca t ed  o u t s i d e  S3. Consequent ly ,  equat ion  (A-3 )  w i l l  be  va l id  in r e g l o n s  

V1, V2, and  V of F i g u r e  A - 1 .  

S i m i l a r l y ,  i t  i s  conven ien t  t o  def inc  a t w o - d i m e n s i o n a l  G r e e n ' s  F u n c t i o i ~  

- 'k  s i n  cuz 
G = G  e J  

XY 
(A - 4 )  

w h e r e  

G = ~ f ) ( k  c o s  cur) 
XY 

and  l i i2 ) (x )  i s  the  Hanke l  func t ion  of t he  second  kind ancl r i s  t hc  d i s i a n c c ~  
0 

m e a s u r e d  f r o m  P, the  f ie ld  point.  T h e  t r a n s v e r s e  G r e e n ' s  func t ion  zs a l so  

s u b j e c t  to  a s c a l a r  I l e lmho l t z  equat ion:  
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where equat ion  ( A - 6 )  i s  va l id  in  V1, V3, and  V b u t  no t  i n  V2 s i n c e  G XY i s  s i n g u l a r  

at P. 

Multiplying ( A - 3 )  by  G a n d  ( A - 6 )  by pi and  s u b t r a c t i n g  y i e l d s  
XY XY' 

which is  ~ a l - ~ c i  in V V, and  V3. In t eg ra t ing  o v e r  V y i e l d s  1' 1  

where this "vo lume"  i n t e g r a l  i s  t aken  o v e r  t he  c r o s s - s e c t i o n  of the  c y l i n d r i c a l  

volume def ined  by V1 and  mul t ip l i ed  by  a un i t  l eng th  ( p a r a l l e l  to t he  z - a x i s ) .  

But a simple v e c t o r  man ipu la t ion  shows  t h a t  

which,  when i n s e r t e d  in to  (A-8 )  y i e l d s  

Application of a two - d i m e n s i o n a l  d i v e r g e n c e  t h e o r e m  y i e l d s  
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w h e r e  t h i s  " s u r f a c e "  i n t e g r a l  i s  c a r r i e d  out  o v e r  t he  c o n t o u r  S anci muitrplreci 1 
b y  a u n i t  l ength ,  and  n i s  o u t  of V1 in to  V. 

T h e  above  m a n i p u l a t i o n s  c a n  b e  r e p e a t e d  f o r  the  r e g i o n  def ined  by V 1 'i V 3  

y ie ld ing  s u r f a c e  i n t e g r a l s  o v e r  t h e  e n c l o s i n g  s u r f a c e s  S2 + S3: 

w h e r e  the  pos i t i ve  n o r m a l  at e a c h  s u r f a c e  i s  d i r e c t e d  into V. If the  c i r c l e  

a r o u n d  P (wh ich  de f ines  S2)  i s  a l lowed to  s h r i n k ,  t hen  

2 y k  c o s  cur 
G = ~ f ) ( k  c o s  cur) - - j  - 

XY TT 
log  2 

r-0 
(A- 13a) 

aG aH:)(k cos cur) 
-2%: = -k cos  Q H Y ) ( ~  c o s  cur) -2jInr (A-13b) 

an a r r-0 

a ~ i  
Then ,  if qi and  r e m a i n  f in i t e  a s  r-0, 

XY an 

I n s e r t i n g  t h i s  r e s u l t  in to  (A-12)  y i e l d s  

(A- 14 j 
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The p r e s e n c e  of t he  inc iden t  f ie ld  w i l l  induce  c u r r e n t s  wi th in  S 
1 -  

The currents, in  t u r n ,  w i l l  r a d i a t e  a s c a t t e r e d  f ie ld  of the  f o r m  

Q~ - QS e  - jk  s i n  cuz 
XY 

in V2 '  Vi, a n r l  V. A l s o ,  qS i s  s u b j e c t  to  a r a d i a t i o n  condi t ion  s u c h  t h a t  
XY 

Manipulations s i m i l a r  to  t h o s e  l ead ing  to  equat ion  (A-10)  y ie ld  

Conve r t ing  t h i s  to a n  i n t e g r a t i o n  o v e r  S and  Sa, which  e n c l o s e  V y i e l d s  
3 3 

B u t f r o m  (A-18)  t he  second  t e r m  in (A-20)  i s  z e r o .  Hence  
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T h e  v o l u m e  i n t e g r a l  of equat ion  (A- 19)  could  a l s o  b e  c a r r i e d  ou t  over  71, 

and t h e  1 c o n v e r t e d  in to  a n  i n t e g r a l  o v e r  t he  s u r f a c e  S1 t S t S e n c l o s i n g  V. 2 3 
T h e  r e s u l t i n g  equat ion  i s  

T h e  t h i r d  t e r m  of equat ion  (A-22)  h a s  p r e v i o u s l y  b e e n  shown to be zero. 
S 

T h e  second  t e r m ,  u s i n g  the  a n a l y s i s  l ead ing  t o  equat ion  (A-15) i s  i 4 j q  (P). 
XY 

Consequen t ly  

F ina l ly ,  t h e  t o t a l  f i e ld  w i l l  be def ined  a s  t h e  s u m  of t h e  inc iden t  a n d  Ihc 

r e f l e c t e d  f ie ld ,  i. e .  , 

Q = Q ~ + Q ' = Q  e - jk s i n  crz 
XY 

w h e r e  

and  
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Fro= the volume i n t e g r a l  

it fol lows that 

F r o m  the a n a l y s i s  leading to  equation (A- 14) 

Also, the f ield in the th i rd  t e r m  of equation (A-28) c a n  be  expanded into i t s  

component p a r t s  
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F r o m  equation (A-15) the  f i r s t  t e r m  on the  r i g h t  of equation (A-30) is 
i 

-4jQ (P);  f r o m  equation (A-2 1)  the  second t e r m  on the  r igh t  i s  z e r o .  Hence 
XY 

equation (A-28) b e c o m e s  

o r ,  r e a r r a n g i n g  

Equation (A-32) p rov ides  the s t a r t ing  point f o r  two-dimensional  integral equa- 

t ion theory .  
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Fig .  A-1. G e o m e t r y  
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APPENDIX B 

SIMPLIFICATION O F  THE MATRIX EQUATIONS I F  THE 
GEOMETRY HAS A MIDPLANE O F  SYMMETRY 

If the xz plane i s  a symmetr ica l  midplane for  the scattering geometry, 

the mat r ix  inversion process  can be simplified considerably (Ref .  13 ) .  Tlie 

basic equation to be inverted i s  the fo rm 

in which the mat r ix  Z i s  square,  2k x 2k, and, because of the syrnmc.tr~cal 

midplane has 

This symmetry permi ts  Z to be partitioned 

wherc C and D a r e  lr. x k ma t r i ces  and P i s  the k x k p c r m u t a t i o ~ ~  ~r la t r rx  

Let I denote the k x k identity mat r ix  and define. 

.I 1'1, Technical Memorandum 3 3-478 



It may then be verified that 

Making the l inear  change of var iables  

argd pre-multiplying equation (B- 1) by R gives 

- 1 
In view of the partitioned f o r m  of RZR , equation (B-9)  has  effectively 

decoupled fie original s e t  of 2k equations into two separate  sets  of k equations. 

To display these k x k sys tems m o r e  explicitly, partition x, u, and 

b in the lor:rn 

JPL Technical. Memorandum 33-478 



Then, by us ing equations (B-5) and (B-7) ,  equation (B-9) can be wr i t t en  as  

a pa i r  of k x k sy s t ems .  

Inverting these  equations f o r  v and w to yield u ;  th is  r e su l t ,  in tu rn  yields y and 

z, the  part i t ioned components of x: 

JPL Technical  Memorandum 33-478 

(B- EZa) 

(B-1Zb) 
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