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MOLECULAR COLLISIONS. XV. CLASSICAL LIMIT OF THE GENERALIZED PHASE 

* 
SHIFT TREATMENT OF ROTATIONAL EXCITATION: ATOM-RIGID ROTOR 

M. D .  P a t t e n g i l l ,  G. F.  C u r t i s s  and R ,  B. Be rns t e in  

Theore t i ca l  Chemistry I n s t i t u t e  and Chemistry Department 

Un ive r s i t y  of Wisconsin, Madison, Wisconsin 53706 

ABSTRACT 

The gene ra l i zed  phase s h i f t  (GPS) approach t o  t he  problem of r o t a -  

t i o n a l l y  i n e l a s t i c  molecular co l l i sdons  is  extended from t h e  l e v e l  of 

t h e  f i r s  t -order  ( s emic l a s s i ca l )  approximation of paper X I V  t o  t h e  

e s s e n t i a l l y  i n f i n i t e  order  l e v e l ,  b u t  s p e c i a l i z e d  t o  t h e  f u l l  c l a s s i c a l  

l i m i t .  The l i m i t a t i o n s  and assumptions are t h a t  1 )  t h e  d e  Boer reduced 

wavelength parameter b e  small ( i .  e . , Jf 44 1 ) , 2) t h e  r e l a t i v e  

t r a n s l a t i o n a l  motion t akes  p l ace  under t h e  in f luence  of t h e  o r i e n t a t i o n -  

averaged ( s p h e r i c a l )  p a r t  of t h e  a n i s o t r o p i c  i n t e r a c t i o n  p o t e n t i a l  

( i .  e., curved but  p lanar  traj e c t o r i e s )  , and 3)  t h e  r o t a t i o n a l  energy, 

E r o t ,  may b e  well-approximated by i ts  c l a s s i c a l  express ion  ( i . e . ,  r o t a -  
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t i o n a l  quantum numbers > 7 1 . The procedure i s  app l i ed  numerical ly  

t o  a model problem involving a n  a n i s o t r o p i c  L.-J. (12,b) p o t e n t i a l  ( a s  

i n  XIV), tak ing  advantage of t h e  previous ly  computed genera l ized  a c t i o n  

i n t e g r a l s .  The program y i e l d s  d i r e c t l y  a n  a r b i t r a r i l y  chosen s p e c i f i e d  

number of moments of t h e  i n e l a s  t i c i t y  p r o b a b i l i t y  d e n s i t y  func t ion  

@(aErot) a t  va r ious  impact parameters b  . Inve r s ion  of t h e  set of 

moments l e a d s  t o  ~ ( A E  ) For t h e  examples chosen, t h e  lowest  
r o t  

e i g h t  moments s u f f i c e d  t o  o b t a i n  p r a c t i c a l  accuracy of convergence on 

t h e  inve r s ion .  For l a r g e  b , i.e., i n  t h e  weak-coupling regime, t h e  

f i r s t  moment vanishes  and t h e  second moment (which can b e  well-approximated 

us ing  t h e  f i r s t -o rde r  r e s u l t s  of x I V )  dominates, governing t h e  breadth  

of t h e  i n e l a s  t i c i t y  d e n s i t y  func t ion ,  



I n  paper X I V  of t h i s  s e r i e s ,  l t h e  lowest ( f i r s  t -order)  approximat i o n  

of t h e  genera l ized  phase s h i f t 2  (GPS) t rea tment  of r o t a t i o n a l l y  ine1ast:l.c 

molecular c o l l i s i o n s  was app l i ed  t o  t he  case  of atom-rigid r o t o r  s ca t -  

t e r ing .  While r e s t r i c t e d  t o  "high" i n i t i a l  r o t o r  ene rg i e s3  t h e s e  

c a l c u l a t i o n s  were of a  s e m i c l a s s i c a l  na tu re  ( i . e . ,  c l a s s i c a l  r e l a t i v e  

t r a n s l a t i o n a l  motion but  quant ized r o t o r  energy l e v e l s )  . The p re sen t  

work takes  advantage of t h e  r e c e n t  development4 of a  method of implemen- 

t a t i o n  of t h e  " inf ini te-order" '  approximation of t h e  GPS method, applied 

t o  systems of t h e  type  considered i n  XIV.  The p re sen t  c a l c u l a t i o n s  are 

l i m i t e d  t o  t h e  pure ly  c l a s s i c a l  regime. A s  i s  d iscussed  below, this 

r e s t r i c t i o n  permits  t h e  u s e  of a  r e l a t i v e l y  s imple procedure f o r  ob ta in ing  

t h e  moments of t h e  r o t a t i o n a l  i n e l a s t i c i t y  p r o b a b i l i t y  d e n s i t y  fu.nct ion,  

Invers ion  of a  s e t  of t h e  moments then  y i e l d s  t h e  dens i ty  func t ion  it- 

s e l f .  

I n  t he  fo l lowing ,  expressions f o r  t h e  moments of t h e  dens i ty  function 

a r e  exhib i ted .  These equat ions a r e  then  put  i n t o  a  computationalIy 

convenient form, and a  method of i nve r t i ng  t h e  moments i s  descr ibed ,  

F i n a l l y ,  numerical r e s u l t s  obtained f o r  model systems s i m i l a r  t o  those 

considered i n  paper X I V  a r e  presented .  

I. MOMENTS OF TIEE PROBABILITY DENSITY FUNCTION 

A s e r i e s  of papers4 on t h e  t r a n s p o r t  p r o p e r t i e s  of a  gas  of diatomic 

molecules has  considered t h e  eva lua t ion  of c e r t a i n  sums and i n t e g r a l s  

of t h e  r o t a t i o n a l l y  i n e l a s t i c  c r o s s  s e c t i o n s .  I n  paper 11 of t h a t  

s e r i e s ,  an  expression6 (Eq. (T.II .27))  was obta ined ,  which, f o r  t h e  case 



of a ton- r ig id  r o t o r  s c a t t e r i n g ,  reduces to :  

- 
kerf, 1 and 1 a r e  r e s p e c t i v e l y  the  i n i t i a l  and f i n a l  r o t o r  

energy quantumnumbers, A 6  i s  t h e r o t a t i o n a l  energy change ( i n  

,un i t s  of kT), 2, is  a  non-negative i n t e g e r ,  I (9 ;P ;  ) i s  t h e  

2egeneracy-averaged d i f f e r e n t i a l  c ros s  s e c t i o n  f o r  s c a t t e r i n g  a t  a n  
- 

angle X , ~ , ~ f ; y >  L E  $ 5  where h indexes 

the i n i t i a l  r e l a t i v e  ( o r b i t a l )  angular  momentum, and S  is  t h e  t h r e e  

I i m e , s i o n a l  r o t a t i o n  group def ined  by Euler  angles  d 9 /5' and 

I( L,; X ; s )  i s  g i v e n b y  Eq. (T.11.25), andrnay be 

w r i t t e n :  

where bi is  t h e  c l a s s i c a l  impact parameter,  and t h e  sum i s  over 

the branches of t h e  d e f l e c t i o n  angle  func t ion  con t r ibu t ing  t o  a  g iven  

s c a t t e r i n g  angle .  The quan t i t y  K(L&;S) i s  given 

5y E q ,  ( T . I . 5 6 1 ,  and, f o r  atom-rigid r o t o r  s c a t t e r i n g  is: 



Here,  I i s  t h e  moment of i n e r t i a  of t h e  r o t o r ,  and H i s  d e f i n e d  by 

Eq. (T.1.31): 

i n  terms of t h e  q u a n t i t y  J(Jh; 5 )  . The p r e s e n r  r e s u l t s  tre 

based on t h e  approx imat ion  f o r  J(] 3 ; 5 )  g i v e n  by Eq. (XI1 - 7 2 )  . I i 

shou ld  b e  no ted  t h a t  t h e  i n t e g r a t i o n  i n  Eq. (1)  is n o t  over  t h e  er.tir; 

r o t a t i o n  group S , b u t  is  r e s t r i c t e d  (cf, Eqs. (T.I .56)  - (T.I.62)) to 

r e g i o n s  i n  which 

and 

With Eqs . ( 2 )  and ( 3 ) ,  Eq. (1) may b e  t r a n s £  ormed t o  y i e l d :  

where ; A; 3 ) i s  t h e  p r o b a b i l i t y  o f  t r a n s i t i o n  from r o t o r  

s ta te  2 t o  3 a t  a n  i n i t i a l  r e l a t i v e  a n g u l a r  momentum 
- 

indexed by 3 . Eq. (3) f o r  K(LAL;S) g i v e s  t h e  c l a s s i c a l  l i m l r . .  

Thus, t h e  sum on t h e  / A S  of Eq. (7) shou ld  b e  r e p l a c e d  by an i n t e g r a l ,  

y i e l d i n g :  



where ( 2  ,' 5 )  i s  now a continuous d i s t r i b u t i o n  i n  t h e  

i.,uantrm number spaces .  It is  more convenient t o  t ransform t o  t h e  cor- 

responding energy spaces through t h e  @ l a s s i c a l  r e l a t i o n :  

Xhus we de f ine  

so that Eq.  (8) becomes 

~ar, 411 terms of t h e  change, A 6 y 

'Zq. (12) thus  g i v e s  t h e  moments of t h e  r o t a t i o n a l  i n e l a s t i c i t y  proba- 

1:tlity dens i ty  func t ion  i n  terms of t h r e e  dimensions!. i n t e g r a l s  of 

2owers of t h e  quan t i t y  K(L L; S) . 
a 

1 MODEL CALCULATIONS 

A .  Methodology 

As f o r  t h e  model c a l c u l a t i o n s  of paper XIV, t h e  atom-rotor i n t e r -  

ac t ior .  p o t e n t i a l  was taken t o  be: 



With t h i s  c h o i c e ,  t h e  approx imat ion  t o  t h e  q u a n t i t y  / - / ( ~ - z ; s )  
(Eqs. ( ~ 1 1 . 7 2 )  and (XI1 - 8 6 ) )  is s imply  g i v e n  i n  terms of t h e  BLr(&> cce i -  

f i c i e n t s  of XLV: 

where i s  t h e  e l a s t i c  phase  s h i f t ,  L  indexes  t h e  < Ccos @! 

Legendre f u n c t i o n s  i n  Eq. (13) ,  and t h e  DL(5k, a r e  t h e  u s u a l  repre-  

s e n t a t i o n  c o e f f i c i e n t s .  As g i v e n  by Eqs. (XIV.23) and (XLV.24), t h e  
h 

I 5 f d h  a r e  c l o s e l y  r e l a t e d  t o  t h e  g e n e r a l i z e d  a c t i o n  i n t e g r a l s  

s ( L '  ") of Eq. (XIV.25): 

XL + I  a,,, = ( - / I  

where EX= E / E  i s  t h e  reduced i n i t i a l  relat ive t r a n s l a t i o n a l  

energy and A* = /6 (2 f l  E )'2 is  t h e  d e  Boer quantum parameter  , 

With t h e s e  r e l a t i o n s ,  Eq. (14) becomes: 

where 

Note t h a t ,  e . g . ,  



It i s  convenient t o  change t h e  i n t e g r a t i o n  v a r i a b l e  on t h e  l h 5  

of Eq, (12)  from E t o  , t h e  r a t i o  of t h e  change i n  ro t a -  

t i o n a l  energy t o  the i n i t i a l  t r a n s l a t i o n a l  energy. Thus, de f in ing  t h e  

f r a c t i o n  ( i n i t i a l  r o t a t i o n a l  t o  i n i t i a l  t r a n s l a t i o n a l  energy) 

it r e a d i l y  foLlows t h a t  i n  t h e  c l a s s i c a l  l i m i t  

and 

Thus, Eq. (12) becomes 

and, from Eqs. (3 )  and (19), 



A 

I n  terms of H and t h e  reduced v a r i a b l e s ,  t h e  c o n d i t i o n s  i n  E q .  ( 3 )  

and (6)  become: 

D e t a i l e d  ( b u t  compl ica ted)  e x p r e s s i o n s  f o r  t h e  p a r t i a l  d e r i v a t i v e s  of 

w i t h  r e s p e c t  t o  and d f o l l o w  s t r a f  ghtForwerdFy 

from Eq .  (18) ;  t h e y  are d i s p l a y e d  i n  Appendix A.  F i n a l l y ,  f o r  ecmplxta- 

t i o m l  purposes ,  it i s  d e s i r a b l e  t o  remove t h e  a p p a r e n t  s i n g u l a r i t y  o f  

K(LaL;S) a t  P = 0 and T h i s  i s  e a s i l y  accomplished b47 

r e a r r a n g i n g  Eq.  (25) t o :  

B A 

where,  as i s  e v i d e n t  from Appendix A, - 
-P 

p =  0 
-- 

is  f i n i t e  a t  and 7T - 
An i n v e r s i o n  o f  t h e  moments can b e  accomplished by expanding 

f(a4 as a Gram-Charlier ( t y p e  A) s e r i e s  i n  t h e  Hermite  polynomial%.  

Thus, *(denot ing a 4 by X 1, 



h e r e  /L( is  t h e  mean v a l u e  of x,  C' i s  t h e  second moment a b o u t  

;he mean, t h e  a r e  expansioii  c o e f f i c i e n t s ,  and the /An (,Y)  a r e  

-- e r m i e e  polynomials  w i t h  weight  f a c t o r  e - Y Y " ~  . M u l t i p l y i n g  Eq ,  (29)  

i -A 
by He,(, ) and i n t e g r a t i n g ,  an e x p r e s s i o n  f o r  t h e  c o e f f i c i e n t s  

-in t h e  expansion i s  ob ta ined :  

.;s i s  shown i n  Appendix B, i n s e r t i o n  o f  e x p l i c i t  forms f o r  t h e  /-/em (-- 
-Into E q .  (30) r e s u l t s  i n  s imple  e x p r e s s i o n s  f o r  t h e  a i n  terms of 

:he moments of P(x). Thus, w i t h i n  t h e  accuracy  of t h e  f i n i t e  ( N + l  term) 

zxpaasion i n  Eq .  ( 2 9 ) ,  t h e  moments s u f f i c e  t o  comple te ly  s p e c i f y  t h e  

; , r o b a b i l i t y  d e n s i t y  f u n c t i o n  @(A$) 

A s  i s  d i s c u s s e d  i n  d e t a i l  below, t h e  computa t iona l  p rocedure  con- 

s i s t e d  of g e n e r a t i n g  N+1 moment s of @(A $] by u s e  of Eq.  (23) .  These 

noments, a l o n g  w i t h  Eqs. ( 2 9 )  and (30) were t h e n  used t o  de te rmine  

P(A.() 

B . C a l c u l a t i o n s  

A l l  computat ions  r e p o r t e d  h e r e i n  were performed on t h e  U n i v e r s i t y  

o f  Wisconsin Computing Center  Univac lP08 ,  For e v a l u a t i o n  of t h e  moments, 

8 
rhe nzthod of o p t i m a l  c o e f f i c i e n t s  was used w i t h  a = 92313, a g  = 24700, 2 

2 = 95582 and p  = 100063. T h i s  is  a quasi-Monte C a r l o  q u a d r a t u r e  4 

recbnirjue which o f f e r s  t h e  advan tage  t h a t  i n c r e a s i n g  t h e  q u a d r a t u r e  s i z e  

r e q ~ ~ i r e s  merely  adding p o i n t s  t o  t h e  e x i s t i n g  Power o r d e r  q u a d r a r u r e ,  I n  

order t o  account  f o r  t h e  c o a s t r a i n t s  imposed by t h e  i n t e g r a t i o n  l i m i t s ,  



Eqs. (26) and (271 ,  t h e  f o l l o w i n g  p rocedure  was adspced.  For eai.,h a , l - e -  

g r a t i o n  p o i n t ,  the  v a l u e s  of 

A 

and "a v - ; "a 

Xaa 
computed and t e s t e d  a g a i n s t  t h e  a p p r o p r i a t e  i n e q u a l i t i e s ,  I f  a p ;~ t  

v i o l a t e d  e i t h e r  c o n s t r a r n t ,  i t  w a s  r e j e c t e d  and a message t o  r h a c  etf 2,: 

wars p r i n t e d  o u t .  In p r a c t i c e ,  vio$atioons were found only in ,FS, 

c a s e ,  having a h igh  a n i s o t r o p y  ( 5  = 1~01, cor responding  t o  the 2 : Z ~ L J  
2 

coupl ing  regime. For t h e  c a l c u f a t i o n s  p r e s e n t e d ,  t h e  condetions c e r c  

never  v i o l a t e d .  As i s  d i s c u s s e d  i n  See.  E L . C ,  f o r  t h e  c a s e s  i n v e s c i g a ~ s d  

16,000 i n t e g r a t i o n  p o i n t s  and 1 0  o r  less moments s u f f i c e d  t o  d-. a T e y r n r ~ n  a 

@(A$) L i m i t a t i o n s  on t h e  accuracy  of the moment invers20n  ir; 119: IC-C 

are d i s c u s s e d  i n  Appendrlx D.  
.* 

The moments d e f i n e d  i n  E q .  (23) are f uncr i l ins  of a2,  b l  , b , , E ' I 
"- '.. * 

b , f  and (fl G L / I )  h o r d e r  t o  make u s e  of t h e  p r e v l o u s ~ y  can:puie*. S 

g e n e r a l i z e d  a c t i o n  i n t e g r a l s ,  v a l u e s  s f  t h e  East f o u r  parameter5 , , e c ~  

r e s t r i c t e d  t o  v a l u e s  compat ib le  w i t h  t h o s e  used fn XZV. The corz e s n ~  r e  _ 
R sk 

v a r i a b l e s  i n  XIV were E , b and 7 From E q .  (21: , 1: 

f o l  Lows t h a t  

'5 { 3-& C , , z , e g ~ ) i *  
sk 

Thus, s p e c i f i c a t i o n  of E and f i x e s  t h e  p roduc t  { f~z2) - 
i x  

For  each o f  t h r e e  sets of a n i s o r r o p y  paramete rs  (a = Li:, = 0, b 0 5 <  2 L 
.1 h 

a = bl = 0 ,  b = 0.5;  b, = 0, a2 = b = 0 .5 ) ,  g(hf) was calcaLatrl  
2 2 -I 2 

$e 
a t  b = 0.5 ,  0 , 9 ,  1.0, 1.9, 1 .3 ,  1.5, f o r  t h e  foPPowing c o m b i n a t i ~ ~ s :  

.""cr E X z / d , / = % ,  H + L i 3 Y Z ; E * L ; 3 ~ { : 5 j j  y z i o 7 ; ~ * = 3 2 - l ;  % - b - - -, 



C .  R e s u l t s  

v a l u e s  of a l l  moments c a l c u l a t e d  a r e  t a b u l a t e d  In ~ p p e n d i x  C . A s  

s evident, i n  most c a s e s  convergence t o  a t  Leas"Lt:;ree signifi~ant 

J. - p i t s  was o b t a i n e d  with t h e  14000 p o i n t  qrladarature , L:cc>pticns 0ccur.l e:  

:ncirily Tor c a s e s  hav ing  a Exst  momenz small. i n  ~ ~ ~ - ~ j ? ; ? ~ . l ; o n  t o  th3 

-Quare r o o t  of the second ma,zsenL. En such s i ~ u a t . ~ o _ , ~  t_, LAP ~ B O L C S -  L G I I ~ J ~ T  - 

;enee of (especially) &he f i r s t  moment has only a mrzior ek f sc t  ~ i r  Lhe 

, n ~ ~ e r t e d  p r o b a b i l i t y  d e n s i t y  f u n c t i o n ,  The r a t e  o f  c3~~~1e -gen1ce  of  t h o  

~ v e n  moments was generaLPy Easter than &hatoof che 03 :I r n c ~  txr,s, 

P r o b a b i l i t y  d e n s i t y  c u r v e s  obtained from che ; ~ ~ J c L ' ~ L P ~ ~  p r o i r - d ~ ~ e  

a r e  d i s p l a y e d  i n  F i g s ,  P, 2 and 3. These ~orre~poiil?. L C  t h s  1311 LC m ~ r l i e : . . ~  

~ ~ m s - i r s i o n s .  To t e s t  convergence,  6 ,  7 ,  8 and 9 xaazenc i m e r s i o r ~ s  were  

2 ~ 3 0  parformed 2oo each c a s e ,  I n s p e c t i o n  of the re2,cl:lts i n d i c a t e d  Lhai: 

-n going from 8 t o  10 momenLs, ~ ( A F )  valrss o b t a i n e i  v.~xied l . ~ t s  I - ~ I ~ I - A  

ctbout 10%, 

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  although in a11 ~ui; t:fo c a s e s  p o s l -  

 be (but s m a l l )  f i r s t  moments were o b t a i n e d  ( i ad i ca t2ag  a s21ght aT,?erape 

s n e r g y  t r a n s f e r  i n t o  r o t a f  i o n ,  i. e.,  a p o s i t i v e  average  A d- 1 :, t;le 

-laxirum i n  t h e  ~ ( A C I  curves  ( p a r i i c u l a r i y  a t  Low b*) a c c u r s  a t  

c;egati.ve A+ T n i s  b e h a v i o r  is iiue t o  a somewhat si,ower f a l l o f f  of 

f o r  p o s i t i v e  A 4 A s  aouLd b e  expec ted ,  a i  i j i g e  ir"  (wnare  

? a z lrs t -order  p e r t u r b a t i o n  t h e o r y  is  v a l i d )  the d e n s i c y  Lunc t ions  become 

:lore s y m n e t r i c  and s h a r p l y  peaked,  I n  t h f s  r e g i o n ,  zhe second noment dom- 

I z a t e s  and governs  t h e  b r e a d t h  of the c u r v e s ,  A con"oreing f e a t u r e  of 



t h e  r e s u l t s  i s  t h a t  a l t h o u g h  energy c o n s e r v a t i o n  l i m i t s  were not  rmpocec 

i n  t h e  i n v e r s i o n  p rocedure ,  none of t h e  d e n s i t y  f u n c t i o n s  s e r i o u s i y  

v i o l a t e  t h e  c o n s e r v a t i o n  c o n d i t i o n s  on . 
It i s  of i n t e r e s t  t o  c o n s i d e r  t h e  p a r t i a l  i n e l a s t i c  c o n t r i b u t i o n s  

t o  t h e  t o t a l  c r o s s  s e c t i o n :  

such  t h a t  t h e  t o t a l  i n e l a s t i c  c r o s s  s e c t i o n  f o r  energy t r a n s f e r  ,& E ret: 
9 

exceeding some a r b i t r a r y  minimum v a l u e ,  s a y  A E ~ ,  i s  g i v e n  by 

where A E is  t h e  upper l i m i t  imposed by energy c o n s e r v a t i o n ,  12 e11e 
2  

n o t a t i o n  of Eq .  (201, / &E2 I e q u a l s  E f o r  e x c i t a t i o n  ( t r a n s f e r  of 

energy i n t o  r o t a t i o n )  and E  f o r  d e - e x c i t a t i o n  ( t r a n s f e r  of energy 
r o t  

o u t  of r o t a t i o n ) .  Eqs. (32) and (33) can b e  w r i t t e n  i n  reduced rier-ac; In 

such  t h a t  

where 6 denotes  t h e  u s u a l  L . 4 .  (12,6) s i z e  pa ramete r .  Thus. 

and 



s q 9c 
~n $lie i n s e t s  on t h e  l e f t  01 each Figure) 2b @ ( d d )  i s  p l o t t e d  - vs b  

l o r  t h r e e  v a l u e s  of / A %- 1 .  The a r e a  under each such c u r v e  is xhe 

quantity & Q ' ( A C ) / ~ ( A . ~  of E q .  (35) .  1 c  i s  i n t e r e s t i n g  t o  n o t e  t h e  

appearance  of tlae doubly peaked curves  in. F i g s ,  3(a) and (b) . T h i s  be- 

lavior h a s  been n o t e d  i n  p r e v i o u s  sudden-approximation c a l c u l a t i o n s ,  10 

FYrsmably  i t  results from t h e  p resence  of b o t h  a t t r a c t i v e  and r e p u l s i v e  

a n i s o t r o p i e s  i n  t h e  i n t e r a c t i o n  p o t e n t i a l .  

111, DISCUSSION 

The r e s u l t s  o b t a i n e d  i l l u s t r a t e  t h e  computa t iona l  E e a s i b i l t y  of the  

c l a s s i c a l  l i m i t  of t h e  '"infinite o rder"  GPS method a p p l i e d  t o  a tom-r igid  

rotor s c a t t e r i n g .  The p rocedure  f o r  o b t a i n i n g  t h e  moments of t h e  r o t a -  

t i o n a l  i n e l a s t i c i t y  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  is  straightforward. 

T u r t k e r ,  s i n c e  h i g h e r  moments i n v o l v e  o n l y  i n t e g r a l s  of powers of t h e  

:Erst moment i n t e g r a n d ,  t h e  method i s  economical ,  The weakest  s t e p  i n  

the work p r e s e n t e d  i s  t h e  moment i n v e r s i o n  t e c h n i q u e .  Although conver- 

~ e n t  d e n s i t y  f u n c t i o n  c u r v e s  were o b t a i n e d  i n  a l l  e a s e s ,  t h e y  r e s u l t e d  0 

from only  a f i n i t e  number of moments of l i m i t e d  accuracy ,  s o  they remain 

somewhat l e s s  c e r t a i n  t h a n  t h e  moments themselves .  

The a u t h o r s  acknowledge t h e  b e n e f i t  of many h e l p f u l  d i s c u s s i o n s  

a l t h  Fr , R. A. La Budde on numer ica l  i n t e g r a t i o n  and moment i n v e r s i o n  

ceehc iques .  



From E q .  (18) and t h e  p r o p e r t i e s  of  "ie representation coeff L *  3  in^ s , 

the f o l l o w i n g  e x p r e s s f  ons are readily o b t a i n e d  : 

f s d + ~ - r + @ d  om? &my + 3 *, r&d7 9. A-* 0-1 i ;" 
-in-> 

, ", [ , o  w d  ( o - . i ( i + ~ 3 p ) j l - ~ & ~ ~ ) . ~ ~ ' . ~ - * ,  .*I-;*t 

~ ~ p ~ ~ ( I - 2 ~ 4 ~ ~ + Z  m n p e P ~ v /  r - 
+ z r b  2. 5'"' # 3 6 > 2  - a, 5:7r27i26. m d d c ~ L v a p w a +  (1-2-2 3 ~i-+;..;.:;-' - 





APPENDIX B 

I n s e r t i o n  of e x p l i c i t  forms f o r  t h e  He, into Eq (38) 

l e a d s  d i r e c t l y  t o  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  f i r s t  I1 expansian 

c o e f f i c i e n t s  i n  Eq. ( 2 9 ) .  

where 

and G 2 = y L  Express ions  f o r  t h e  a ' s  sin terms o f  mar-i-cats , m u r  

t h e  o r i g i n  f o l l o w  d i r e c t l y  from t h e  b inomia l  theorem. Thus, s i n c e  



w l ~  ere 



APPENDIX C 

For computational purposes, Eq .  (24) has been r e w r i t t e n  i n  t h e  

where M i s  the  nth moment of the  p r o b a b i l i t y  der :s i t i  l ~ r i ~ i i ~ i i ,  
n 

Tables 1, 2 and 3 l is t  values" obtained f o r  t h e  M . The final d i g - i  
n 

of each e n t r y  is  be l ieved  t o  be s i g n i f i c a n t .  Note that  No = 1 through- 

ou t .  
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The problems inhe ren t  i n  obta in ing  accu ra t e  p r o b a b i l i t y  densixy 

func t ions  from a knowledge of Che f i r s t  s e v e r a l  moments are illlis t r - a ~ e d  

i n  F i g .  4. Shown a r e  7 and 10 moment i n ~ r e r s i o n s  o b t a i n e d  (via I : L ~  % 

and (30))  from the  exac t  moments of the i nd i ca t ed  rectangular e'{4A $*#\ 

(6 ,  8 and 9 moment i nve r s ions  a r e  s i m i l a r )  , Rl tl-tozrgh the LW(J z ~ ~ ~ " ~ x J _ - -  , t 2 

d i s t r i b u t i o n s  ag ree  t o  w i t h i n  ca.  - -E- 20% everywhere, n e i t h e r  provides a 

p a r t i c u l a r l y  accu ra t e  r ep re sen ta t ion  of t h e  r ec t angu la r  f u n c k i o n ,  Th;s 

behavior  of r e l a t i v e l y  slow convergence beyond some lev;L jvpears io 

b e  c h a r a c t e r i s t i c  of moment i nve r s ion  tecttniques when the E ~ ~ i ~ c t i s t z ,  tahcse 

moments a r e  t o  be  inve r t ed  d i f f e r s  markedly from t h e  zeroth-cl-di?:' 

form (e .g . ,  a  Gaussian f o r  t h e  Gram-Charlier s e r i e s ) .  

The impl ica t ion  of F i g ,  4 i n  t h e  present  contex t  i s  t o  i i lui  iit~i 

a g a i n s t  a  too  s t r i c t  i n t e r p r e t a t i o n  of t h e  curves iiraaei..il? 

i n  F igs .  1-3. Thus, a l though reasonably convergent moment inversi  o 7s 

were obtained i n  a l l  cases ,  t h e  10 moment i nve r s ion  @ ccr~ -,*a, I, 
s t i l l  not  accu ra t e ly  r ep re sen t  t h e  t r u e  p r o b a b i l i t y  dens i ty  fuactlosi, 

However, s i n c e  a  c o n s i s t e n t  i nve r s ion  technique was used thro.ii.s,l-oLL I:, 

i t  is  be l ieved  t h a t  a t  l e a s t  t h e  q u a l i t a t t v e  t rends  of a 2 ; i .  

Jc >'e 
b , E , e t c .  a r e  proper ly  represented .  
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FIGURE LEGENDS 

& 
Figure  1. $(A f )  5 A / a t  va r ious  b f o r  an iso t ropy  parameters 

I M 6""" 
a = b2 = 0,  bl = 0.5: (a) E = 10, f = 0 .67 ,  7 2 

= 3 , 4 2 ;  

>k 
(b) E = 3, f = 0.67,  

9e 
(c )  E = 3, f = 1,5, 

- 

M sL - 
3: = 5.07. Curves i n  t h e  main po r t ion  of each f r a r x  

>k 
correspond t o  b = 0.5,  0 .9,  1.0,  1.1 and 1.3,  T h e  marks L; 

t h e  a b s c i s s a e  a t  5 f  = - 0.67 o r  -1.5, and 1.0 i n d i c a t e  con-- 

s e r v a t i o n  l i m i t s .  For comparison w i t h  a  quantun callc\.~latisn, 

smal l  marks around A 4 = 0 i n d i c a t e  A$ values corres;mra- 

X 
ing t o  u n i t  changes i n  t h e  r o t o r  quantum number for ~ " 1 2  = 0, L 

(changes corresponding t o  d . 1  = - f 1, -a $. 2 ,  . . . , + -- 5 2Lre 

shown), Curves i n  t h e  i n s e t s  t o  t he  r i g h t  of each frame 

9e 
correspond t o  b = 1.3  and 1.5 (dashed curves are s h p l  e 

9< 
Gaussians computed from t h e  second moments, f o r  b - 1,6$ , 

9e 
I n s e t s  t o  t h e  l e f t  g ive  2b* 8(4f) - vs. b f o r  the  irdiaripd 

va lues  of A 4 (dashed curves correspond t o  negati-i-fe % j- + 

s o l i d  curves t o  p o s i t i v e  A 4 ) . 
Figure  2. Same a s  F igure  1 f o r  a  = bl = 0, b  = 0.5 ,  

2 2 

Figure  3 .  Same as Figure  1 f o r  b = 0, a 2  = b2 = 0.5. Note that on ly  1 
Jc 

curves corresponding t o  b = 0.5, 0 .9,  1.0, and 1,1 are 

p l o t t e d  i n  t h e  main po r t ion  of each frame, 

F igure  4. I nve r s ions  obtained from the  f i r s t  7 and first 10 moments 

of t h e  ind ica t ed  r ec t angu la r  p r o b a b i l i t y  dens i ty  funct~on. 
























