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ABSTRACT 

A t rea tment  i s  g iven  of t h e  problem of cons t ruc t ing  normal modes 

f o r  an a r b i t r a r i l y  bounded system from r o o t s  of t h e  l i n e a r  d i spe r s ion  

r e l a t i o n  ~ ( a , k )  = 0 f o r  t h e  corresponding i n f i n i t e  o r  p e r i o d i c a l l y  - 
bounded system. For a system descr ibed  by cont inuous macroscopic 

v a r i a b l e s ,  and of gene ra l  c y l i n d r i c a l  form (uniform along an a x i s  z, 

say ) ,  each t r a n s v e r s e  eigenmode g ives  r i s e  t o  a s e t  of a x i a l  normal 

modes cons t ruc ted  from a p a i r  of dominant r o o t s  k i ( o )  of D = 3 

s a t i s f y i n g  t h e  boundary cond i t i ons  which a r e  cha rac t e r i zed  by complex 

r e f l e c t i o n  c o e f f i c i e n t s  f o r  t h e  dominant waves. The imp l i ca t i ons  o f  t h e  

r e s u l t s  f o r  t h e  i n t e r p r e t a t i o n  of experiments on plasma waves and 

i n s t a b i l i t i e s  on f i n i t e  c y l i n d e r s  i s  d iscussed ,  with p a r t i c u l a r  r e f e r ence  

t o  t h e  e f f e c t s  of end-plate  damping and a x i a l  c u r r e n t  on Q-machines, 
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I .  INTRODUCTION 

L i n e a r  p e r t u r b a t i o n  ana lyses  of uniform plasmas ( o r  any continuous 

medium) a r e  commonly c a r r i e d  out  i n  t h e  contex t  of an i n i t i a l  va lue  pro- 

blem i n  r ec t angu la r  coo rd ina t e s  f o r  an i n f i n i t e ,  i . e .  unbounded, system. 

The p e r t u r b a t i o n s  a r e  f o u r i e r  transformed i n  space and e i t h e r  f a u r i e r  

transformed o r  more c o r r e c t l y ,  t o  t a k e  account of c a u s a l i t y ,  Laplace 

transformed i n  t ime t o  d e r i v e  a  d i s p e r s i o n  r e l a t i o n  D ( " , ~ , C  ) = 0 for 
t - Y 

p e r t u r b a t i o n s  p ropor t i ona l  t o  exp i ( ~ t  - k - r )  , where t h e  C ' s  r ep re sen t  - - 
s teady  s t a t e  system parameters .  Inhomogeneous plasmas a l s o  a r e  comnsnLy 

d iscussed  f o r  i n f i n i t e  r ec t angu la r  geometry, with t h e  g r a d i e n t s  a l o n g  x 

( s a y ) ,  and i n  t h e  l o c a l  approximation k  >> C-I w a x  ( i . e .  weak inhomo- 
X 

g e n e i t y ) ,  s o  t h a t  aga in  t h e  p e r t u r b a t i o n s  can be f o u r i e r  transformed i n  

space.  

The d i s p e r s i o n  r e l a t i o n  ~ ( w , k )  = 0 i s  regarded a s  g iv ing  the - 
dependent, g e n e r a l l y  complex, v a r i a b l e  i n  terms of t h e  independent 

cont inuous r e a l  v a r i a b l e  k  , and wave types  ( a )  a r e  c l a s s i f i e d  i n  terms - 
of t h e  va r ious  branches w (k  r e a l ) .  An e s s e n t i a l  f e a t u r e  of this approach 

a - 
i s  t h a t  t h e  modes ~ ( k  r e a l ) ,  f o r  t h e  same a and d i f f e r e n t  k ' s ,  a s  

w - 
wel l  a s  f o r  d i f f e r e n t  a 's , a r e  l i n e a r l y  independent.  I t  fo l lows  t h a t  

a t  long  t imes t h e  system i s  dominated by t h e  mode g iv ing  t h e  r o o t  

"(k r e a l )  wi th  t h e  minimum imaginary p a r t  . This  corresponds t o  - i min 
t h e  s lowes t  decaying mode f o r  a  s t a b l e  system ("i min 

2 0), or t h e  

f a s t e s t  growing mode f o r  an uns t ab l e  system (m < 0). Furthermore, i min 
t h e o r i e s  f o r  t h e  non l inea r  evo lu t ion  of i n s t a b i l i t i e s  a r e  a l s o  often 

developed17 f o r  unbounded systems i n  terms of t h e s e  l i n e a r l y  independent 

modes ~ ( k  r e a l ) ,  l e a d i n g  t o  a  homogeneous t u r b u l e n t  s t a t e  which asympto- 

t i c a l l y  i s  independent of t h e  i n i t i a l  cond i t i ons ,  provided t h e s e  have a  

reasonably  smooth k-spectrum. 

Sometimes, a s  i n  t h e  o r i g i n a l  q u a s i l i n e a r  t reatment3 of t h e  weak 

bump-in-the-tail e l e c t r o n  i n s t a b i l i t y ,  t h e  problem i s  formulated f o r  a 

system of f i n i t e  l eng th ,  L , with  p e r i o d i c  boundary condi t ions ,  and t h e  

t Of t h e  f o u r  p o s s i b l e  convent ions exp i (3% rt k - r )  we choopse t h i s  

form f o r  cons is tency  wi th  t h e  work of D e r f l e r  s n z  Briggs.  

1 



p e r t u r b a t r o a s  a r e  f o u r i e r  ana lyzed  over  a  d i s c r e t e  s e t  of  l i n e a r l y  

lndependent modes kn = 2nn/L. However, i n  e v a l u a t i n g  t h e  t o t a l  e f f e c t  

oi n o n i l n e a r  w a v e - p a r t i c l e  ( o r  wave-wave) i n t e r a c t i o n ,  t h e  sums a r e  

replaced by i n t e g r a l s .  E f f e c t i v e l y  t h e n ,  t h e  sys tem l e n g t h  i s  a l lowed 

t o  t e n d  t o  I n f i n i t y ,  s o  t h e  d i s c r e t e  modes become a  continuum, and t h e  

r e s u l t  1s zcdcpendent  of L .  

S r n c e  a l l  p h y s i c a l  sys tems  a r e  n e c e s s a r i l y  bounded, b u t  n o t  i n  

g e n e r a l  p e r s o d i c a l l y ,  t h e  i m p o r t a n t  q u e s t i o n  a r i s e s  of  t h e  r e l e v a n c e  of 

theones l o r  i n f i n i t e ,  o r  p e r i o d i c a l l y  bounded, sys tems  t o  t h e  b e h a v i o r  

of r e a l  sys tems .  Sometimes, i n  a d a p t i n g  such  t h e o r i e s  t o  p r a c t i c a l  geo- 

m e t r l e s ,  p e r x o d i c  boundary c o n d i t i o n s  a r e  a p p r o p r i a t e  where a  c o o r d i n a t e  

c l o s e s  on ~ t s e l f .  F o r  i n s t a n c e ,  d r i f t  modes d e r i v e d  i n  r e c t a n g u l a r  coor-  

d s n a z e s  (xJy,z) a r e  adap ted  t o  c y l i n d r i c a l  geometry ( r , e , z )  by i d e n t i -  

iyrng k w l t h  m/a f o r  waves v a r y i n g  a s  exp-ime , where m i s  t h e  
Y 

a z l r n ~ i t h a l  mode number and a  i s  t h e  r a d i u s  a t  which t h e  mode i s  l o c a l i z e d .  

Agaln, I n  a d a p t i n g  s o l u t i o n s  f o r  a  c y l i n d e r  t o  t o r o i d a l  geometry,  k i s  
z 

ldentzfled wsth n/R where n  i s  t h e  t o r o i d a l  mode number and R  i s  

the major  r a d i u s .  However, p e r i o d i c  boundary c o n d i t i o n s  a r e  n o t  a lways  

n p p r o p r l a t e ,  I n  p a r t i c u l a r ,  f o r  t h e  i m p o r t a n t  p r a c t i c a l  c a s e  of a  

c y l l n d r s c a l  sys tem of f i n i t e  l e n g t h ,  p e r i o d i c  boundary c o n d i t i o n s  c a n  

n e v e r  be j u s t i f i e d  on p h y s i c a l  g rounds  s i n c e  t h e y  i n v o l v e  a  ma themat ica l  

assumptxon c o n c e r n i n g  how t h e  sys tem i s  c o n t i n u e d  beyond t h e  b o u n d a r i e s ,  

a question devoid  of p h y s i c a l  meaning. The i m p l i c a t i o n s  of p e r i o d i c  

boundarxes  a r e  b rough t  o u t  v e r y  c l e a r l y  i n  computer s i m u l a t i o n s ,  where 

p a r t n c l e s  r e a c h i n g  a  boundary a r e  r e i n t r o d u c e d  a t  t h e  o p p o s i t e  boundary 

~ n s t a n t a n e o a s l y  and w i t h  t h e  same v e l o c i t y .  C l e a r l y  t h i s  i s  a c o n d i t i o n  

whlch can n e v e r  b e  r e a l i z e d  i n  p r a c t i c e .  

O f  c o u r s e ,  t h e  r e a s o n  why t h e o r i e s  a r e  u s u a l l y  d e r i v e d  f o r  i n f i n i t e ,  

or periodically bounded, sys tems  i s  p e r f e c t l y  c l e a r .  I t  i s  p r e c i s e l y  

t o  avo ld  the compl ica ted  q u e s t i o n s  i n v o l v e d  i n  r e a l i s t i c a l l y  m o d e l l i n g  

tne b e b a v l o r  of f i e l d s  and p a r t i c l e s  a t  b o u n d a r i e s ,  and a l s o  t o  avo id  

t h e  n e c e s s b t y  of s o l v i n g  a n  e i g e n  problem f o r  some p a r t i c u l a r  f i n i t e  

geometry ,  I n  t h i s  way one  a r r i v e s  a t  a n  i d e a l  t h e o r y  which d e s c r i b e s  

the essential b e h a v i o r  of  t h e  medium, uncompl ica ted  by t h e  e f f e c t s  of 



boundary cond i t i ons  o r  f i n i t e  geometry. However, i f  such i d e a l  t h e o r i e s  

a r e  t o  be of more than  j u s t  t h e o r e t i c a l  i n t e r e s t ,  and have u t i l i t y  f o r  

understanding o r  p r e d i c t i n g  t h e  behavior  of r e a l  systems, then the  

i n t r o d u c t i o n  of boundaries  must no t  modify t h e  r e s u l t s  i n  any s i g n i f i c a n t  

manner. Under some cond i t i ons  perhaps,  t h e  i d e a l  theory  may g ive  a 

reasonable  r e p r e s e n t a t i o n  of t h e  behavior  of r e a l  systems, but  t he  con- 

d i t i o n s  under which t h i s  i s  t r u e  a r e  d i f f i c u l t  t o  spec i fy .  I n  many cases ,  

however, t h e  i d e a l  t heo ry  c l e a r l y  does no t  g ive  a  good r e p r e s e n t a t i o n  of 

t h e  r e a l  system, a s  t h e  fo l lowing  cons ide ra t i ons  show. 

F i r s t l y ,  boundaries  can support  s u r f a c e   wave^^-^ which a r e  not 

contained i n  t h e  " i n f i n i t e "  d i s p e r s i o n  r e l a t i o n ,  but  which must sometimes 

be included t o  s a t i s f y  boundary cond i t i ons .  Secondly, when t h e  boundaries 

a r e  no t  pe r iod i c ,  t h e  p e r t u r b a t i o n s  cannot be f o u r i e r  analyzed i n t o  a 

s e t  of l i n e a r l y  independent modes. To be  more e x p l i c i t ,  i f  one fourier 

ana lyzes  t h e  p e r t u r b a t i o n s  over t h e  f i n i t e  l eng th ,  then t h e  s epa ra t e  

f o u r i e r  components a r e  i n  gene ra l  coupled by t h e  boundaries,  and t h e  

normal modes c o n s i s t  of i n f i n i t e  sums of t h e s e  components. Thi rd ly ,  

when t h e  boundaries  a r e  no t  pe r iod i c ,  l i n e a r  i n s t a b i l i t i e s  gene ra l l y  

grow s p a t i a l l y  i n s t e a d  of ,  o r  a s  wel l  as ,  temporal ly ,  and t h e  r e s u l t i n g  

non l inea r  ( t u r b u l e n t )  s t a t e  i s  i n  genera l  inhomogeneous. I n  t h e  case  

t h a t  a  s t e a d i l y  o s c i l l a t i n g  s t a t e  occurs ,  t h e  p e r t u r b a t i o n s  a r e  b e t t e r  

descr ibed  i n  terms of t h e  r o o t s  of D = 0 f o r  complex k and r e a l  U . - 
Thi s  approach i s  p a r t i c u l a r l y  r e l e v a n t  f o r  e x t e r n a l l y  d r iven  systems a s  

d i scussed  by s e l f 7  i n  connect ion wi th  beam-plasma i n s t a b i l i t i e s  and by 
8 

t h e  S tanford  group i n  connect ion wi th  low frequency waves and i n s t a -  

b i l i t i e s  on a  magnetized p o s i t i v e  column. I n  t h i s  c a s e  t h e  r o o t  of 

D = 0 g iv ing  t h e  maximum s p a t i a l  growth f o r  r e a l  i s  more s i g n i f i c a n t  

than  t h a t  g iv ing  t h e  maximum temporal growth f o r  r e a l  k . - 
I t  should be noted t h a t  i n  genera l  t h e r e  i s  no one-to-one cor res -  

pondence between t h e  branches k (a r e a l )  and ( k  r e a l )  , and one - B a - 
a r r i v e s  a t  q u i t e  d i f f e r e n t ,  bu t  equa l ly  v a l i d ,  c l a s s i f i c a t i o n s  of xave  

types  on t h e  two bases .  Only f o r  s imple propagat ing waves (m and - k 
both r e a l )  does a  correspondence e x i s t ;  more gene ra l l y  a  connect ion c a n  

only be made through a  process  of conformal mapping i n  which 0 and k - 



a r e  r e g a r d e d  a s  complex v a r i a b l e s .  The v e r y  d i f f e r e n t  p i c t u r e  which 

emerges a c c o r d i n g  a s  one  t r e a t s  k  o r  a s  r e a l  i s  e x e m p l i f i e d  by t h e  - 
10 work of ~ o u l d '  f o r  i o n  waves and by D e r f l e r  f o r  e l e c t r o n  waves i n  one- 

11 dimens iona l  c o l l i s i o n l e s s  Maxwell ian p lasmas ,  and by S e l f  f o r  i o n  and 

d r i f t  waves and i n s t a b i l i t i e s  i n  weakly i o n i z e d  inhomogeneous magneto- 

pl a  srna s .  

When a  d i s p e r s i o n  r e l a t i o n  i s  n e a r l y  s a t i s f i e d  by p u r e l y  

real (a,k) i n  some v i c i n i t y  - say,  SO t h a t  

D(U + iw k ) = D(mr,k + i k . )  = 0 w i t h  (m./m ), ( I k .  l / l k  I )  << 1, 
r i3-r -r -1 I. r -1 -r 

the s p a t i a l  and t empora l  growth o r  decay r a t e s  i n  t h i s  v i c i n i t y  a r e  

T h i s  a p p l i e s ,  f o r  i n s t a n c e ,  f o r  

t h e  u n s t a b l e  waves i n  t h e  i n t e r a c t i o n  of a  weak e l e c t r o n  beam w i t h  a  
12 

plasma when t h e  beam i s  h o t  ( r e s o n a n t  c a s e )  b u t  n o t  when t h e  beam i s  

cold (noi i - resonant  c a s e ) .  Drummond13 r e c a l c u l a t e d  t h e  q u a s i l i n e a r  t h e o r y  

of t h e  weak bump-in- the- ta i l  e l e c t r o n  i n s t a b i l i t y  f o r  t h e  c a s e  of s t e a d y  

s p a t i a l  growth i n  a  h a l f - s p a c e  which, u n l i k e  t h e  i n i t i a l  v a l u e  problem 

i n  i n f i n i t e  geometry h e  t r e a t e d  e a r l i e r ,  c o r r e s p o n d s  t o  a  p h y s i c a l l y  

r e a l i z a b l e  s i t u a t i o n ,  i f  one n e g l e c t s  t h e  e f f e c t  of  t h e  second boundary.  

A p a r t  f rom some weak t ime-average  q u a s i - p o t e n t i a l  e f f e c t s  a s s o c i a t e d  w i t h  

t h e  inhomogeneous e l e c t r i c  f i e l d s ,  h e  found a  q u a s i l i n e a r  r e l a x a t i o n  i n  

s p a c e  s i m i l a r  t o  t h e  r e l a x a t i o n  i n  time g i v e n  by t h e  i n i t i a l  v a l u e  

p r o b i e n .  The s p a t i a l  and t empora l  r e l a x a t i o n  s c a l e s  a r e  r e l a t e d  by t h e  

group v e l o c i t y  of t h e  u n s t a b l e  waves V w /  
k ,k  

r -r 
T h i s  i s  an  example of how t h e  i d e a l  t h e o r y  c a n  be  i n t e r p r e t e d  t o  y i e l d  

answers r e l e v a n t  t o  a  r e a l  s i t u a t i o n .  A s i m i l a r  example i s  t h e  i n t e r p r e -  

t a t i o n  of t h e  i d e a l  t h e o r y  of homogeneous t u r b u l e n c e  i n  o r d i n a r y  f l u i d s  
1 4  

t o  d e s c r i b e  t h e  inhomogeneous t u r b u l e n c e  produced by a  g r i d  i n  a  f l u i d  

s t r eam,  where, i n  t h a t  c a s e ,  t h e  temporal  and s p a t i a l  s c a l e s  a r e  r e l a t e d  

by t h e  s t r e a m  v e l o c i t y .  However, t h i s  congruence  between t h e  i n i t i a l  

v a l u e  problem i n  i n f i n i t e  geometry ( t  2 0, -a < z < a)  and t h e  s t e a d y  

prcblem f o r  a  h a l f - s p a c e  ( z  2 0, -a < t < m) d o e s  n o t  g e n e r a l l y  h o l d .  

For  i n s t a n c e  f o r  t h e  non-resonant  i n t e r a c t i o n  of a  c o l d  weak beam w i t h  

a plasma,'* t h e  r e l a t i v e  l i n e a r  s p a t i a l  growth r a t e  k .  k  1 may be  
-1 -r 



l a r g e  even though t h e  r e l a t i v e  l i n e a r  temporal growth r a t e  (u1/or) 1s 

small ,  and such a  congruence does no t  e x i s t .  

More gene ra l l y  one can pose t h e  ques t i on  of whether i t  i s  possxble ,  
? P  and i f  s o  under what cond i t i ons ,  t o  c o n s t r u c t  from r o o t s  of t h e  rnf3iLlter '  

d i s p e r s i o n  r e l a t i o n  s o l u t i o n s  desc r ib ing  t h e  behavior  of bounded systems, 

C lea r ly ,  i f  one can do t h i s ,  even under some r e s t r i c t e d  condi t ions ,  ~t 

g r e a t l y  enhances t h e  u t i l i t y  of t h e  " i n f i n i t e "  theory  and avoids  t h e  

n e c e s s i t y  of t r e a t i n g  each bounded system a s  a  s e p a r a t e  problem, A 

r e l a t e d  ques t i on  i s  t h a t  of c o n s t r u c t i n g  s o l u t i o n s  t o  d e s c r i b e  e x t e r n a l l y  

d r iven  systems. Here i t  may be  noted t h a t ,  s t r i c t l y ,  i t  only makes sense 

t o  d i s c u s s  an e x t e r n a l l y  d r i v e n  problem f o r  a  system having a  boundary, 

s i n c e  one can only apply an e x t e r n a l  source  t h e r e .  

These ques t i ons  a r e  of g r e a t  p r a c t i c a l  s i g n i f i c a n c e  f o r  t h e  deslgn 

and i n t e r p r e t a t i o n  of l a b o r a t o r y  plasma experiments,  which may be b r o a d l y  

d iv ided  i n t o  two c a t e g o r i e s .  I n  t h e  f i r s t ,  one i s  concerned w i t h  d c v r s r n g  

experiments t o  v e r i f y  t h e  d i s p e r s i o n  r e l a t i o n  of s t a b l e  or  uns t ab l e  Qaves 

under c o n t r o l l e d  cond i t i ons .  Here one t r i e s  t o  make t h e  geometry and 

boundary cond i t i ons  a s  s imple a s  p o s s i b l e  t o  f a c i l i t a t e  theoretical 

i n t e r p r e t a t i o n .  For t h i s  purpose t h e  f a v o r i t e  v e h i c l e  has  been a long 

c y l i n d r i c a l  plasma e i t h e r  of t h e  i n t e r n a l l y  generated type  (dc o r  rf 

p o s i t i v e  columns, PIG d i scha rge  e t c . )  o r  of t h e  e x t e r n a l l y  generated type  

( s u r f a c e  i o n i z a t i o n ,  duoplasmatron, hollow cathode o r  r f  s o u r c e s ) ,  Virth 

c a r e  a  uniform plasma can be  c r ea t ed  which i s  e f f e c t i v e l y  one-demenslonal 

i . e .  t h e  s t e a d y - s t a t e  parameters  a r e  a  f u n c t i o n  only of r a d i u s ,  I n  t h e  

second category,  one i s  concerned wi th  t h e  i n s t a b i l i t i e s  of plasmas 

occu r r ing  i n  v a r i o u s  fus ion- type  devices ,  where geometr ical  sirnpllc? t y  

i s  l o s t  by t h e  need t o  i n t roduce  mir ror ,  mu l t i po l e  o r  shear  magnetlc 

f i e l d s ,  t o r o i d a l  geometry, e t c . ,  i n  o rde r  t o  con ta in  a  ho t ,  dense plasma, 

Here t h e  emphasis i s  more on suppress ing  o r  c o n t r o l l i n g  i n s t a b l l i e i e s  t h a n  

s tudying  them pe r  s e .  

I n  e i t h e r  ca tegory  of experiment, when t h e  system i s  uns tab le ,  and 

s e l f - exc i t ed  i n s t a b i l i t i e s  grow i n  t ime t o  some non l inea r ly  s a t u r a t e d  

s t a t e ,  one i s  obl iged,  i n  t h e  absence of a  non l inea r  theory,  t o  compzire 

t h e  c h a r a c t e r i s t i c s ,  i n  p a r t i c u l a r  t h e  frequency and wavenumber spectrum, 



of the n o n l i n e a r  s t a t e  w i t h  l i n e a r  t h e o r y .  C l e a r l y ,  no  such comparison 

1s s t r i c t l y  p o s s i b l e ,  though t h e  a s sumpt ion  i s  u s u a l l y  made t h a t  t h e  

f r e q ~ e n c i e s  and wavenumbers h a v i n g  t h e  h i g h e s t  temporal  growth r a t e s  

( f o r  real k )  i n  t h e  l i n e a r  t h e o r y  w i l l  b e  most i n  e v i d e n c e  i n  t h e  non- - 
l i n e a r  regime.  Such a  compar ison i s  most  p l a u s i b l e  when t h e r e  i s  a n  

external p a r a m e t e r  C which c a n  b e  a d j u s t e d  t o  t a k e  t h e  sys tem a c r o s s  

a bounda ry  Co f rom s t a b i l i t y  t o  i n s t a b i l i t y ,  s i n c e  f o r  v a l u e s  of C  

j u s t  a b ~ v e  C i t  i s  t o  b e  expec ted  t h a t  t h e  n o n l i n e a r  s t a t e  w i l l  most 
0 

c l o s e l y  r e f l e c t  t h e  p r e d i c t i o n s  of l i n e a r  t h e o r y .  Sometimes a  d i r e c t  

check of t h e  l i n e a r  t empora l  growth r a t e  c a n  b e  made e i t h e r  by suddenly  

s w i t c h i n g  C a c r o s s  t h e  boundary v a l u e  Co, l5 o r  by feedback  s t a b i l i z i n g  

the i n s t a b i l i t y  and sudden ly  s w i t c h i n g  o f f  t h e  f e e d b a c k ,  16 

A f e a t u r e  common t o  many e x p e r i m e n t a l  s t u d i e s  of  t e m p o r a l l y  growing 

i n s s a b i l i t i e s  i s  t h a t  t h e  r e s u l t s  a r e  i n t e r p r e t e d  i n  terms of t h e  r o o t s  

U ( K  real) of t h e  " i n f i n i t e "  d i s p e r s i o n  r e l a t i o n  w i t h o u t  e n q u i r i n g  p r o p e r l y  - 
into t h e  e f f e c t s  of b o u n d a r i e s .  Va lues  of r e a l  k  de te rmined  by t h e  - 
sys tem d imens ions  a r e  employed even though t h e  b o u n d a r i e s  a r e  c l e a r l y  n o t  

p e r i o d i c ,  I n  f a c t ,  t h e r e  seems t o  b e  a  r a t h e r  widespread m i s c o n c e p t i o n ,  

no  doubt engendered by t h e  t h e o r i s t ' s  p r e d i l e c t i o n  f o r  i n f i n i t e  o r  

p e r i o d i c  sys tems ,  t h a t  t h e  b e h a v i o r  of r e a l  sys tems  must a lways  b e  i n t e r -  

p r e t e d  (or i n t e r p r e t a b l e )  i n  terms of t h e  r o o t s  of  t h e  " i n f i n i t e "  d i s -  

persion r e l a t i o n  f o r  r e a l  k  . - 
There is ,  however, a n o t h e r  method f o r  s t u d y i n g  i n s t a b i l i t i e s  under  

l i n e a r  c o n d i t i o n s  which a v o i d s  t h i s  d i f f i c u l t y .  I t  i s  a p p l i c a b l e  when 

it c a n  be a r r a n g e d  t h a t  t h e  i n s t a b i l i t y  grows i n  s p a c e  r a t h e r  t h a n  i n  

tlme, end i s  e s s e n t i a l l y  t h e  same a s  i s  commonly employed f o r  s t u d y i n g  

t h e  dispersion of s t a b l e  waves. The sys tem i s  e x t e r n a l l y  e x c i t e d  a t  

some l o c a t i o n  a t  some ( r e a l )  f r e q u e n c y  and t h e  a m p l i t u d e  and p h a s e  
0 

of the r e s u l t i n g  waves i s  measured a s  a  f u n c t i o n  of p o s i t i o n .  Thus t h e  

complex p r o p a g a t i o n  c o n s t a n t  ( k  + i k . )  of t h e  dominant wave i s  compared -r -1 

w i t h  the r o o t s  k ( 0  r e a l )  of t h e  l i n e a r  d i s p e r s i o n  r e l a t i o n ,  and a s  C - 
exceeds  C a  t r a n s i t i o n  f rom a n  a t t e n u a t i n g  t o  a n  a m p l i f y i n g  wave i s  

0 
obse rved ,  Whether t h e  i n s t a b i l i t y  grows t o  a  n o n l i n e a r  l e v e l  depends  



on t h e  product  of t h e  s p a t i a l  growth r a t e  and t h e  system l eng th ,  t oge the r  

wi th  t h e  e x c i t a t i o n  amplitude. Th i s  method f a c i l i t a t e s  a  r a t h e r  thorough 

check of t h e  l i n e a r  d i s p e r s i o n  r e l a t i o n  and has  been employed f o r  s t ~ d y r n g  

beam-plasma "17 and p o s i t i v e  column i n s t a b i l i t i e s .  8,18 

I n  t h i s  paper we cons ide r  t h e  ques t i on  posed above, of whether and  
1 7  how it  i s  p o s s i b l e  t o  cons t ruc t ,  from r o o t s  of t h e  i n f i n i t e "  d j s p e r s l o n  

r e l a t i o n ,  s o l u t i o n s  d e s c r i b i n g  t h e  behavior  of bounded systems. We 

e s p e c i a l l y  cons ide r  c y l i n d r i c a l  systems of f i n i t e  l eng th  and have I n  mxnd 

t h e  a p p l i c a t i o n  t o  b a s i c  wave and i n s t a b i l i t y  s t u d i e s  where t h i s  geometry 

i s  s o  f r e q u e n t l y  employed. Because of t h e  e x i s t e n c e  of s u r f a c e  waves, 

i t  must be  concluded t h a t  i n  gene ra l  t h e  answer t o  our ques t i on  must be 

nega t ive ,  which l e a d s  t o  t h e  d i scourag ing  conc lus ion  t h a t  f o r  r rgorous  

r e s u l t s  each and every bounded problem must p e r f o r c e  be t r e a t e d  i n d i v s d u -  

a l l y .  However, one i s  l e f t  wi th  t h e  f e e l i n g  t h a t  i t  ought t o  be possible, 

under some cond i t i ons  a t  l e a s t ,  t o  draw conclus ions  about t h e  behavror 

of bounded systems from a  knowledge of t h e  d i s p e r s i o n  r e l a t i o n  f o r  the 

i n f i n i t e  system. A f t e r  a l l ,  i n  s imple cases ,  such a s  a c o u s t i c  o r  e f ec t ro -  

magnetic waves i n  pas s ive  l o s s l e s s  media, t h e r e  i s  no d i f f i c u l t y  i n  

i n t e r p r e t i n g  t h e  r o o t s  of t h e  " i n f i n i t e "  d i s p e r s i o n  r e l a t i o n  t o  desc r rbe  

t h e  propaga t ion  of e x t e r n a l l y  exc i t ed  waves, o r  i n  us ing  such r o o t s  Ca 

c o n s t r u c t  normal mode s o l u t i o n s  f o r  c a v i t y  r e s o n a t o r s  wi th  ideal- boundaries ,  

However, t h e  ex t ens ion  of t h e s e  i d e a s  t o  a c t i v e  ( u n s t a b l e )  media 

and more genera l  boundary cond i t i ons  i s  not  e n t i r e l y  t r i v i a l ,  bu t  nay 

be made, s u b j e c t  t o  c e r t a i n  r e s t r i c t i o n s ,  a s  we d i scus s .  To do thrs 

two s t e p s  a r e  necessary .  F i r s t l y ,  i n  Sec. 11, we make use of t h e  e x l s t r n g  

theory  f o r  t h e  i n t e r p r e t a t i o n  of waves and i n s t a b i l i t i e s  i n  i n f i n i c e  

systems, making an elementary ex tens ion  of t h a t  t heo ry .  Secondly, In 

Sec. 111, we borrow from t r ansmis s ion  l i n e  theory  t h e  concept of cha rac t e r -  

i z i n g  a  boundary by a  complex impedance o r  r e f l e c t i o n  c o e f f i c i e n t  to 

c o n s t r u c t  normal modes f o r  an a r b i t r a r i l y  bounded system. This  a l lows 

us  t o  d i s cus s ,  i n  genera l  terms, how t h e  system behavior  depends on the 
11 

form of t h e  i n f i n i t e "  d i s p e r s i o n  r e l a t i o n  and t h e  t e rmina t ions .  These 

i d e a s  a r e  appl ied  t o  c o l l i s i o n a l  i n s t a b i l i t i e s  i n  a  Q-machine i l z  Sec,  IV, 

The paper i s  concluded by a  d i s cus s ion  i n  Sec. V.  



11, INTERPRETATION OF DISPERSION RELATIONS FOR INFINITE SYSTEMS 

If one d e r i v e s  a  l i n e a r  d i s p e r s i o n  r e l a t i o n  ~ ( a , k )  = O simply by - 
assuming t h a t  t h e  per turbed  v a r i a b l e s  a r e  propor t iona l  t o  exp i ( ~ t - k - r )  , - - 
t h e r e  a r i s e s  a  d i f f i c u l t y  i n  i n t e r p r e t i n g  i t s  r o o t s  wi th  complex k  - 
because one cannot d i s t i n g u i s h ,  pure ly  from t h e  s i g n  of k .  , whether - i 
t h e  wave i s  amplifying o r  a t t e n u a t i n g ,  s i n c e  one does no t  know whether 

t o  cons ider  i n c r e a s i n g  o r  dec reas ing  p o s i t i o n  va lues .  [For complex 

r o o t s  no d i f f i c u l t y  a r i s e s  because we always cons ider  t ime increas ing] .  

For s t a b l e  systems t h e r e  i s  no problem because on phys ica l  grounds a l l  

such waves must be a t t e n u a t i n g ,  bu t  f o r  a c t i v e  systems t h e r e  i s  an ambi- 

g u i t y ,  

H i s t o r i c a l l y ,  such d i f f i c u l t i e s  were appa ren t ly  f i r s t  encountered 

i n  connect ion wi th  t h e  theory  of d i s t r i b u t e d  e l e c t r o n  tubes  of t h e  

t r a v e l l i n g  wave type .  There t h e  ques t i on  was reso lved  by a  combination 

of c a l c u l a t i o n s  f o r  s p e c i f i c  systems toge the r  wi th  a  s t rong  element of 

physscal  ~ n t u i t i o n .  S imi l a r  problems a rose  i n  t h e  theory  of plasma 

s t r e a e i n g  i n s t a b i l i t i e s 1 9  i n  connect ion wi th  no i se  r a d i a t i o n  i n  s o l a r  
20 21 

radlo b u r s t s .  P i e r c e  and Twiss emphasized t h a t  t h e  d i f f i c u l t i e s  

a rose  because t h e  problems were improperly formulated,  t h e r e  being no 

e x p l i c i t  r e f e r ence  t o  i n i t i a l  and boundary condi t ions .  I n  a  very d e t a i l e d  

s t u d y  of propaga t ion  i n  e l ec t ron - ion  streams, by t h e  method of Laplace 
21 

t ransforms,  Twiss showed how t o  d i s t i n g u i s h  amplifying and a t t e n u a t i n g  

waves, He a l s o  gave t h e  f i r s t  i n d i c a t i o n  of t h e  d i s t i n c t i o n  between 

eonvectsve and a b s o l u t e  (non-convective) i n s t a b i l i t i e s  i n  t h e  response 

of an uns t ab l e  system t o  a  l o c a l i z e d  i n i t i a l  d i s tu rbance  ( ~ i ~ .  1). The 

l a t t e r  d i s t i n c t i o n  was a l s o  made by Landau and   if t s h i t z 2 2  and brought 

ou t  very c l e a r l y  by ~ t u r r o c k . * ~  For t h e  s p e c i a l  c a s e  of t h e  coupl ing of 

two simple propagat ing modes, S tur rock  showed how t o  d i s t i n g u i s h ,  pure ly  

from t h e  topology of t h e  conformal mappings of ~ ( m , k )  = 0 , between - 
amplifying and a t t e n u a t i n g  waves, and between convec t ive  and abso lu t e  

instabilities, emphasizing t h e  e s s e n t i a l  s i m i l a r i t y  between convect ive 

instabilities and amplifying waves. 

Subsequently a  number of workers 24-35 have developed t h e s e  i d e a s  i n  

vary ing  degrees  of g e n e r a l i t y  and have given c r i t e r i a  f o r  d i s t i n g u i s h i n g  





c o n v e c t i v e  f rom a b s o l u t e  i n s t a b i l i t i e s  and a m p l i f y i n g  f rom a t t e n u a t i n g  

waves,  While t h e s e  c r i t e r i a  a r e  s t a t e d  i n  d i f f e r e n t  ways, and v a r y  i n  

t h e i r  e a s e  of a p p l i c a t i o n ,  t h e y  mos t ly  a p p e a r  t o  have  t h e  same e s s e n t i a l  

c o n t e n t  and y i e l d  t h e  same r e s u l t s ,  e x c e p t  p e r h a p s  i n  e x c e p t i o n a l  c a s e s .  

Most a u t h o r s  c o n s i d e r  a  one-dimensional  system, b u t  ~ y s t h e ~ '  g i v e s  r e s u l t s  

f o r  Three  d imens ions .  Some t a k e  a n  i n f i n i t e  sys tem and u s e  f o u r i e r  t r a n s -  

forms w h i l e  o t h e r s  t a k e  a  s e m i - i n f i n i t e  sys tem and u s e  L a p l a c e  t r a n s f o r m s  

i n  s p a c e ,  Many t r e a t m e n t s  a r e  r e s t r i c t e d  t o  c e r t a i n  t y p e s  of d i s p e r s i o n  

r e l a t i o n s ,  i n  p a r t i c u l a r  o n e s  t h a t  a r e  a l g e b r a i c  o r  po lynomia l s  i n  Lu 

24 
and k . S o m e , e s p e c i a l l y  D e r f l e r ,  d i s c u s s  more g e n e r a l  c a s e s ,  i n  

p a r t i c u l a r  when D(W,k) i s  a  mul t i -va lued  f u n c t i o n  a s  a r i s e s ,  i n  g e n e r a l ,  

i n  t h e  k i n e t i c  t h e o r y  of h o t  p lasmas .  I n  t h e  f o l l o w i n g ,  we b r i e f l y  out -  

l i n e  the t h e o r y ,  f o l l o w i n g  f o r  t h e  most p a r t  t h e  t r e a t m e n t  of B r i g g s ,  
28 

and f o r  s i m p l i c i t y  c o n s i d e r  t h e  c a s e  when D(TE) i s  a  ( f i n i t e )  poly-  

nomial  (o f  o r d e r  a i n  U and p i n  k )  a s  i s  u s u a l l y  t h e  c a s e  i n  - 
f l u i d  t r e a t m e n t s  of p lasmas .  

C l a s s i f i c a t i o n  of I n s t a b i l i t y  and Wave Types -- 
Cons ide r  a  t i m e - i n v a r i a n t  sys tem of g e n e r a l  c y l i n d r i c a l  form, 

i n f i n i t e  and un i fo rm a l o n g  z  , f o r  which a  l i n e a r  p e r t u r b a t i o n  a n a l y s i s  

by t h e  a n s a t z  exp i ( io t -kz)  y i e l d s  a  d i s p e r s i o n  r e l a t i o n  D(W,k) = 0. I t  

i s  i m p l i e d  t h a t  t h e  t r a n s v e r s e  e i g e n  problem h a s  been s o l v e d  and t h a t ,  

f o r  s i m p l i . c i t y ,  we a r e  c o n s i d e r i n g  e x c i t a t i o n  i n  one  of t h e  l i n e a r l y  

independen t  t r a n s v e r s e  eigenmodes.  The r o o t s  W (k  r e a l )  of D  = 0 g i v e  a 
t h e  t empora l  growth o r  decay  r a t e s  f o r  a n  i n i t i a l  p e r t u r b a t i o n  i n  t h e  

form of a n  i n f i n i t e  s i n u s o i d  exp - i k z ,  where w e  assume t h a t  Ui(k) i s  

f i n i t e  f o r  a l l  r e a l  k  . By d e f i n i t i o n  t h e  sys tem i s  u n s t a b l e  i f  f o r  

any r e a l  k t h e r e  ex is t s  a  r o o t  w i t h  U. < 0 ; o t h e r w i s e ,  i . e .  i f  
1 

LU 2 0 f o r  a l l  r e a l  k  , t h e  sys tem i s  s t a b l e .  
i min 

Now c o n s i d e r  an  i n i t i a l l y  q u i e s c e n t  sys tem e x c i t e d  b y  a  s o u r c e  

s ( t , z )  g ( z )  f  ( t )  l o c a l i z e d  t o  i z l s  d  and swi tched  on a t  t = 0 , 
i , e .  g(z) = 0 f o r  l z l >  d  and f  = 0 f o r  t < 0 . The sys tem 

r e s p o n s e  i s  w r i t t e n  



0 
Wdk G(m,k) f(U) g  ( k )  exp i (W-kz )  -----. 

(2n12 * 

i l l  

Here r e p r e s e n t s  any f i r s t  o rde r  v a r i a b l e ,  f  (a) i s  t h e  Laplace 

t ransform of f  ( t ) ,  g(k) i s  t h e  f  o u r i e r  t ransform of g (z )  and 

G(m,k) = [D(m,k)]-l i s  t h e  Laplace- four ie r  t ransform of t h e  Greens 

func t ion .  The f o u r i e r  i n t e g r a l  pa th  (F.I.P.) i s  taken  a long  t h e  r e a l  li  

a x i s  wh i l e  t h e  Laplace  i n t e g r a l  pa th  (L.I .P.)  i s  taken below a l l  singu- 

l a r i t i e s  of t h e  i n t eg rand , i . e .  a s u f f i c i e n t l y  nega t ive .  Interchanging 
0 

t h e  o rde r  of i n t e g r a t i o n ,  t h e  response can be w r i t t e n  

P + j O  
0 

dm 
F ( ~ , Z )  f(m) exp i ~t - 

2fl ' 
- m c i o  

0 

where 

dk 
G(U,k) g f k )  exp - ikz  - . 
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Consider f i r s t  t h e  eva lua t ion  of F f o r  any U = m on t h e  L . I , P .  
L  

S ince  g ( z )  i s  l o c a l i z e d ,  then  f o r  any p h y s i c a l l y  r e a l i z a b l e  form, fg[k) 

i s  an e n t i r e  f u n c t i o n  (having no s i n g u l a r i t i e s  i n  t h e  f i n i t e  k -p lane) ,  

Thus t h e  only s i n g u l a r i t i e s  i n  t h e  in tegrand  of (3) a r e  t hose  of 

G(mL , k ) .  I n  t h e  s imple ca se s  t o  which t h e  p re sen t  d i s cus s ion  i s  l i m i t e d ,  

t h e s e  s i n g u l a r i t i e s  of G w i l l  be po l e s  a t  t h e  z e r o s  of D(UL;,k) = 0 . 
The i n t e g r a l ,  Eq. ( 3 ) ,  can then  be eva lua ted ,  by c lo s ing  t h e  contour a t  

i n f i n i t y  i n  t h e  upper h a l f  k-plane f o r  z  < -d and i n  t h e  lower ha l f  

k-plane f o r  z  > d  , a s  a  sum of t h e  r e s i d u e s  of t h e  po l e s  of ~ ( u ~ ~ k )  

a t  k  = k-(a  ) and k i (uL)  i n  t h e  upper and lower ha l f -p lanes  
B L 

r e s p e c t i v e l y :  



i;r-) exp - i k -  z 
F(U ,Z < -d) = 

L 
B [x (('I.,) k=k- 

B 
a n d  

Here  w e  have  accoun ted  o n l y  f o r  s i m p l e  p o l e s .  I n  g e n e r a l  h i g h e r  o r d e r  

p o l e s  o n l y  o c c u r  f o r  d i s c r e t e  Lu a t  i s o l a t e d  p o s i t i o n s  i n  t h e  k -p lane  
L  

and may be  t r e a t e d  a s  a  merging of s i m p l e  p o l e s  a s  d i s c u s s e d  l a t e r .  I t  

may be no ted  t h a t  t h e  F '  s i n  Eqs. (4 )  a r e  g i v e n  a s  a  sum of modes which 

for any U! on t h e  L . I .P .  decay  away from t h e  s o u r c e .  Moreover, i t  i s  
L 

de te rmined  whe the r  a  g i v e n  r o o t  k  (m ) a p p e a r s  i n  t h e  r e s p o n s e  f o r  

z < - d o r z > d .  
B 

Now c o n s i d e r  t h e  L a p l a c e  i n v e r s i o n ,  Eq. ( 2 ) .  To f i n d  t h e  a s y m p t o t i c  

(t -+ a) r e s p o n s e  w e  deform t h e  L.1 .P. a s  f a r  a s  p o s s i b l e  i n t o  t h e  upper  

half p l a n e ,  when i t  i s  c l e a r  t h a t  t h e  a s y m p t o t i c  r e s p o n s e  i s  governed by 

t h e  I s w e s t  s i n g u l a r i t y  of t h e  i n t e g r a n d  F(U,Z) f ( 0 )  i n  t h e  Lu-plane. 

A t  Lhxs p o i n t  w e  s p e c i a l i z e  t o  a n  ( u n d r i v e n )  i n i t i a l  v a l u e  problem, 

t a k l n g  f ( t )  = 6 ( t )  , a  d e l t a  f u n c t i o n ,  s o  t h a t  f ( u )  = 1 , and we a r e  

cn ly  concerned w i t h  t h e  s i n g u l a r i t i e s  of F ( U ~ , Z )  . I t  i s  now c l e a r  

t h a t  sn thss c a s e  i t  i s  s u f f i c i e n t  t h a t  t h e  L. I .P .  be  t a k e n  below t h e  

l o w e s t  b ranch  Lu ( k  r e a l )  of D = 0 , i . e .  0 < U 
0  

( k  r e a l ) .  A s  a i min 
t r a v e r s e s  t h e  L . I .P . ,  t h e  p o l e s  of G ( u ~ , B )  t r a c e  c o n t o u r s  i n  t h e  

k -p lane ,  namely t h e  c o n t o u r s  Lu = Lu + io  i n  t h e  map of Lo i n t o  t h e  r 0 
k -p lane  via D = 0 ( ~ i ~ .  2 a ) .  F u r t h e r ,  a s  t h e  L . I .P .  i s  r a i s e d  i n  t h e  

i w-plane  ,*e ,g .  o -+ 0 ) such  p o l e s  may c r o s s  t h e  r e a l  k -ax i s .  T h i s  w i l l  
0  1 

happen f i r s t  when t h e  L. I .P .  i s  r a i s e d  t o  i n t e r s e c t  t h e  l o w e s t  branch 

o (k r e a l )  i . e .  when o 2 a . When t h i s  happens,  t h e  f u n c t i o n  F  
CI i min 

must  be  r e d e f i n e d  a s  i t s  a n a l y t i c  c o n t i n u a t i o n  a s  t h e  F . I .P .  i s  

deformed t o  c o n t i n u e  t o  i n c l u d e  t h e  same p o l e s  a s  b e f o r e .  

In this way t h e  L , I . P .  may b e  c o n t i n u o u s l y  r a i s e d  (ol + o ) u n t i l  
2  

two p o l e s  of ~ ( % , k )  c o l l i d e  o r  merge th rough  t h e  F . I .P . ,  p i n c h i n g  i t  







between them. When t h i s  happens a t  some (U ,k  ) we have a  double r o o t  
S S 

ks(ms) of D = 0 , i . e .  a  s add le  p o i n t  of U(k) i n  t h e  map of UJ i n t o  

t h e  k-plane or ,  equ iva l en t ly ,  a  branch p o i n t  of k(U) i n  t h e  map of k 

i n t o  t h e  U-plane v i a  D = 0 . I n  r a i s i n g  t h e  L.I.P. s t i l l  f u r t h e r  

(02 - 03)  i t  must be deformed around t h e  branch c u t  of which t h e  b ranch  

p o i n t  (ms,k ) forms one end p o i n t  ( ~ i ~ .  2 b ) .  The asymptotic response i s  
S 

c l e a r l y  governed by t h e  lowes t  such branch po in t  i n  t h e  U-plane and can  

be  eva lua ted  a s  

g  (ks)  exp i(ast - ksz)  
* ( z , t >  - 112 (3) [;. i($) t 

I f  t h e  lowes t  such branch p o i n t  (us, k  ) l i e s  i n  t h e  lower ha l f  
S 

p l ane  (asi < 0)  t h e  response even tua l ly  i n c r e a s e s  without  l i m i t  ( i n  a 

l i n e a r  a n a l y s i s )  a t  a l l  ( f i n i t e )  z ,  a s  descr ibed  by Eq. (5) ,  and the 

system i s  by d e f i n i t i o n  a b s o l u t e l y  uns tab le .  On t h e  o t h e r  hand, i f  t h e  

lowest  such branch p o i n t  l i e s  i n  t h e  upper ha l f  p l ane  (asi > 0) the 

response  even tua l ly  decays t o  ze ro  a t  a l l  f i n i t e  z  , according t o  

Eq. ( 5 ) .  I n  t h i s  case ,  i f  t h e  system i s  u n s t a b l e  it i s  convec t ive ly  

u n s t a b l e  and t h e  p e r t u r b a t i o n  grows but  convects  away. I n  a l l  cases  tile 

asymptot ic  response  has  an exponent ia l  envelope i n  space (except  near 

t h e  f r o n t  of t h e  d i s tu rbance )  g iven  by exp - i k  z  . s i 
I n  genera l ,  s add le  p o i n t s  of ~ ( k )  , i . e .  branch p o i n t s  of k(u) , 

a r e  g iven  by t h e  s imultaneous s o l u t i o n  of D = 0 and a ~ / a k  = G , and  

a t  such p o i n t s  t h e  group v e l o c i t y  i s  z e r o  (dm/dk = 0)  . I t  should be 

emphasized t h a t  no t  a l l  such saddle/branch p o i n t s  a r e  r e l e v a n t ;  only 

t hose  branch/saddle  p o i n t s  which correspond t o  a  merging of r o o t s  k(tu) 

of D = 0 from oppos i t e  h a l f  k-planes a s  i s  increased  from 
i 

and thus  pinch t h e  F.I.P. Th i s  i s  t h e  b a s i c  phenomenon on which the 

v a r i o u s  c r i t e r i a  and p r e s c r i p t i o n s  f o r  d i s t i n g u i s h i n g  convect ive and 

a b s o l u t e  i n s t a b i l i t i e s  a r e  based. I t  may be  noted t h a t  i n  genera l  the  

lowes t  r e l e v a n t  branch/saddle p o i n t  l i e s  above t h e  minimum of t h e  lowest 

branch U (k  r e a l )  , i . e .  min > 0 (k  r e a l ) .  Except iona l ly ,  a s s i  i min 



t h e  branch po in t  can l i e  on t h e  r e a l  k  branch a t  i t s  minimum, i . e .  

min LU = 0 3  
s si :L min (k  r e a l ) .  

The asymptot ic  response  t o  t h e  impulse g ( z ) 6 ( t )  i s  expressed i n  

terms of t h e s e  r e l e v a n t  p o i n t s  of ze ro  group v e l o c i t y  through Eq. ( 3 )  
and r ep re sen t  t h e  n a t u r a l  o r  c h a r a c t e r i s t i c  responses  of t h e  medium. 

P h y s i c a l l y  i t  i s  implied t h a t  a  system which i s  a b s o l u t e l y  uns t ab l e  

cannot  e x i s t  i n  a  s t eady  s t a t e ,  s i n c e  any pe r tu rba t ion ,  however small ,  

w i l l  grow and even tua l ly  f i l l  a l l  space. On t h e  o t h e r  hand, i f  t h e  

system i s  no t  abso lu t e ly  uns t ab l e  ( i . e .  e i t h e r  s t a b l e  o r  convec t ive ly  
' 

uns t ab l e )  t h e  response w i l l  even tua l ly  decay a t  a l l  f i n i t e  z and t h e  

system can  e x i s t  i n  a s t eady  s t a t e .  

We now cons ider  t h e  response of t h e  system t o  a  cont inu ing  pe r tu r -  

b a t i o n  ( a  d r iven  system) a t  z = 0  by t ak ing  f o r  t h e  source  

s ( t , z j  = 6(z) exp i U  t , where t h e  p e r t u r b a t i o n  can be considered a s  
0  

e x t e r n a r l y  imposed o r  due t o  i n t e r n a l  thermal f l u c t u a t i o n s .  When W 
0  

i s  r e a l ,  i t  can be regarded a s  any f o u r i e r  component of a  p e r i o d i c  

e x c i t a t i o n  ( i n t e r n a l  o r  e x t e r n a l ) .  A l t e r n a t i v e l y ,  when m i s  complex, 
0  

i t  can be regarded a s  an e x t e r n a l  e x c i t a t i o n  of i n c r e a s i n g  o r  decreas ing  

amplitude according t o  (exp - U t ) e x p  i m  t . 
0  i 0  r 

The process  descr ibed  above f o r  eva lua t ing  t h e  asymptot ic  response 

proceeds a s  before ,  bu t  t h i s  t ime, i n  eva lua t ing  t h e  Laplace i n t e g r a l ,  

Eq. (2), we must t ake  account of t h e  s i n g u l a r i t y  of f  (U) = [ i ( m  - Uo)]-l, 

i , e ,  t h e  p o l e  a t  U = U  
0 .  

C lea r ly ,  i f  l i e s  above t h e  lowest  
0  

r e l e v a n t  branch p o i n t  (mS,ks) of k(U) , i . e .  i f  U > min io . then  O i  S S 1  , 
t h e  foregoing  arguments a r e  unchanged, and t h e  asymptotic response i s  

given by Eq, (5), a s  before .  On t h e  o t h e r  hand, i f  W l i e s  below t h e  0  
lowest  r e l e v a n t  branch p o i n t  i . e .  i f  < min U then t h e  asymptotic 

O i  s s i  ' 
response w i l l  be governed by t h e  d r i v e  and can be evaluated a s  

Th i s  i s  c l e a r l y  expressed through Eq. ( k ) ,  with  g  = 1 , a s  a  sum over 
- 

normal aodes kp(mo) . The a n a l y t i c  cont inua t ion ,  F + F, determines 

whether a p a r t i c u l a r  r o o t  appears  i n  t h e  response f o r  z  < 0  o r  z  > 0  , 



and hence,  from t h e  s i g n  of k , whether  i t  grows or  decays  i n  space  
i 

away from t h e  e x c i t a t i o n  p l a n e  z = 0 . 
H i t h e r t o ,  i n  t h i s  t y p e  of a n a l y s i s ,  0 h a s  been t a k e n  a s  r e a l ,  

0 
c o r r e s p o n d i n g  t o  s t e a d y  e x c i t a t i o n ,  and t h e  a n a l y s i s  i s  on ly  a p p l i c a b l e  

f o r  sys tems which a r e  n o t  a b s o l u t e l y  u n s t a b l e .  I n  t h i s  c a s e  t h e  argument 

g i v e n  above l e a d s  t o  c r i t e r i a  f o r  d e c i d i n g  on which s i d e  of t h e  e x c r t a t i o n  

p o i n t  t h e  v a r i o u s  waves kg(u0) appear  and hence,  from t h e  s i g n  of k 
I 

whether  t h e y  a r e  a m p l i f y i n g  o r  damped waves. The e x t e n s i o n  t o  complex 

0 h a s  been made f o r  purposes  which w i l l  become c l e a r  when we c o n s i d e r  
0 

bounded systems i n  Sec.  111. 

I n  t h e  p r e s e n t  c o n t e x t  t h e  p h y s i c a l  meaning i s  c l e a r .  Even i f  t h e  

sys tem i s  a b s o l u t e l y  u n s t a b l e ,  p rov ided  t h e  d r i v e  i n c r e a s e s  more 

r a p i d l y  t h a n  t h e  f a s t e s t  growing a b s o l u t e  i n s t a b i l i t y ,  t h e  asympto t ic  

r e s p o n s e  w i l l  b e  governed by t h e  d r i v e  and n o t  by t h e  n a t u r a l  r esponse  

of t h e  system. On t h e  o t h e r  hand, i f  t h e  sys tem i s  n o t  a b s o l u t e l y  

u n s t a b l e  ( i . e .  s t a b l e  o r  c o n v e c t i v e l y  u n s t a b l e ) ,  t h e  asympto t ic  response  

w i l l  a g a i n  b e  governed by t h e  d r i v e ,  even though i t  i s  a  d e c r e a s i n g  one, 

provided it decays  l e s s  r a p i d l y  t h a n  t h e  s lowes t  decay ing  n a t u r a l  r esponse  

of t h e  system. I n  e i t h e r  c a s e  t h e  c r i t e r i a  u s u a l l y  employed f o r  r e a l  

0 f o r  d e t e r m i n i n g  whether  t h e  r o o t s  kp(u0) appear  i n  t h e  r e s p o n s e  
0' 

f o r  z < 0 o r  z > 0 , may s t i l l  b e  employed f o r  complex cl, 0 "  

IB) A p p l i c a t i o n  t o  P h y s i c a l  Systems 

While t h e  a n a l y s i s  of i n s t a b i l i t y  and wave t y p e s ,  o u t l i n e d  above, 

i s  v e r y  i l l u m i n a t i n g ,  i t  should b e  remembered t h a t  i t  i s  s t r i c t l y  a p p l r -  

c a b l e  on ly  t o  i n f i n i t e  systems, and i t  might t h e r e f o r e  be thought  t o  

have no immediate a p p l i c a t i o n  t o  p r a c t i c a l ,  bounded systems.  However, 

p rov ided  one assumes t h a t  t h e  u n i f o r m i t y  of t h e  s t e a d y  s t a t e  i s  maintained 

i n  t h e  p r e s e n c e  of boundar ies ,  t h e  a n a l y s i s  l e a d s  t o  u s e f u l  r e s u l t s  s n  

two r e s p e c t s .  

F i r s t l y ,  i t  i s  c l e a r  t h a t  t h e  r e s p o n s e  of a  bounded system Lo 21: 

i n i t i a l l y  l o c a l i z e d  p e r t u r b a t i o n  i s  g i v e n  by t h e  " i n f i n i t e "  analysis up 

u n t i l  such t i m e  a s  a  l e a d i n g  edge of t h e  p e r t u r b a t i o n  r e a c h e s  a boundary, 

F u r t h e r ,  g i v e n  p r o p e r  boundary c o n d i t i o n s  on t h e  waves, one cou ld ,  In 

p r i n c i p l e ,  f o l l o w  t h e  t r a n s i e n t  r e s p o n s e  a s  d i s t u r b a n c e s  a r e  r e f l e c t e d  



t o  and f r o  between t h e  b o u n d a r i e s .  T h i s  concep t  i s .  however, mainly  of 

h e u r i s t i c  v a l u e ;  u s u a l l y  we d o  n o t  r e q u i r e  such a  d e t a i l e d  d e s c r i p t i o n .  

Secondly ,  a  m a t t e r  of  more p r a c t i c a l  impor tance ,  i s  t h e  f a c t  t h a t  

i n  some c i r c u m s t a n c e s  i t  i s  p o s s i b l e ,  e x p e r i m e n t a l l y ,  t o  r e a l i z e  e f f e c t i v e l y  

r e f l e c t i o n l e s s  t e r m i n a t i o n s  a s  i n  a  t r a n s m i s s i o n  l i n e  matched l o a d .  T h i s  
8 i s  a c h i e v e d ,  f o r  i n s t a n c e ,  f o r  i o n  a c o u s t i c  and d r i f t  waves on a  l o n g  

discharge column where t h e  "uniformf '  a x i a l  magne t i c  f i e l d  i s  a l lowed t o  

s l o w l y  d i v e r g e  a t  t h e  ends ,  and t h e  e l e c t r o d e s  a r e  l o c a t e d  w e l l  beyond 
t 

t h e  un i fo rm f i e l d  r e g i o n .  I n  such c a s e s  one  e f f e c t i v e l y  s i m u l a t e s ,  a s  

f a r  a s  t h e  c e n t r a l  un i fo rm r e g i o n  i s  concerned,  a n  i n f i n i t e  system, and 

t h e  r e s u l t s  !of t h e  " i n f i n i t e "  a n a l y s i s  c a n  b e  d i r e c t l y  a p p l i e d ,  w i t h  

t h e  f o l l o w i n g  c o n c l u s i o n s .  

i f  t h e  " i n f i n i t e f '  d i s p e r s i o n  r e l a t i o n  r e v e a l s  an  a b s o l u t e  i n s t a b i l i t y ,  

t h e n  t h e  f i n i t e  sys tem bounded by r e f l e c t i o n l e s s  t e r m i n a t i o n s  canno t  e x i s t  

i n  a s t e a d y  s t a t e .  P e r t u r b a t i o n s  w i l l  grow, a s  d e s c r i b e d  a s y m p t o t i c a l l y  

by Eq, (5) u n t i l  n o n l i n e a r  e f f e c t s  become i m p o r t a n t .  On t h e  o t h e r  hand, 

if t h e  " i n f i n i t e "  d i s p e r s i o n  r e l a t i o n  r e v e a l s  a  c o n v e c t i v e  i n s t a b i l i t y ,  

t h e  sys tem w i l l  e x i s t  i n  a  s t a t i o n a r y  s t a t e ,  governed by t h e  dominant 

a m p l i f y i n g  wave i . e .  t h a t  r o o t  k (m r e a l )  w i t h  t h e  l a r g e s t  s p a t i a l  
B 

growth r a t e ,  I n  t h e  a b s e n c e  of e x t e r n a l  e x c i t a t i o n ,  t h i s  i s  d r i v e n  by 

n o i s e  f l u c t u a t i o n s  and t h e  a m p l i t u d e  i s  c o n t r o l l e d  by t h e  f r e q u e n c y  

spec t rum of t h e  n o i s e  a t  t h e  i n p u t  end, i . e .  t h e  end f rom which waves 

grow most s t r o n g l y .  Depending on t h e  input-end n o i s e  l e v e l ,  t h e  s p a t i a l  

growth r a t e  and t h e  sys tem l e n g t h ,  t h e  n o i s e  w i l l  b e  a m p l i f i e d  t o  a  l e v e l  

which may e i t h e r  r emain  i n  t h e  l i n e a r  regime o r  r e a c h  n o n l i n e a r  s a t u r a t i o n  

a t  some l o c a t i o n .  I n  t h e  fo rmer  c a s e  t h e  sys tem remains  l i n e a r ,  even 

though i t  i s  u n s t a b l e .  I n  t h e  l a t t e r  c a s e  i t  i s  c l e a r  t h a t  t h e  n o n l i n e a r  

( t u r b u l e n t )  s t a t e  i s  inhomogeneous. 

I t  i s  n o t  a lways  p o s s i b l e  t o  s i m u l a t e  a  r e f l e c t i o n l e s s  t e r m i n a t i o n  by 
g r a d u a l l y  t a p e r i n g  t h e  sys tem ends.  F o r  i n s t a n c e  f o r  Langmuir waves, 
which o n l y  p r o p a g a t e  f o r  w > , t a p e r i n g  o f f  t h e  plasma d e n s i t y  
p r o d ~ c e s  a  d i s t r i b u t e d  r e f l e c t i o n ,  however g r a d u a l  t h e  t a p e r .  



111. NORMAL MODES FOR A FINITE CYLINDER 

I n  t h i s  s e c t i o n  we d i s c u s s  t h e  c o n s t r u c t i o n  of normal modes for a 

uniform c y l i n d r i c a l  sys tem of f i n i t e  l e n g t h  and a r b i t r a r y  t e r m i n a t i o n s  

from a p p r o p r i a t e  r o o t s  of t h e  l i n e a r  d i s p e r s i o n  r e l a t i o n  f o r  t h e  equi-  

v a l e n t  i n f i n i t e  system. 

The c o n d i t i o n s  under  which i t  i s  v a l i d  t o  t r e a t  t h e  f i n i t e  system 

a s  a  t e r m i n a t e d  l e n g t h  of t h e  i n f i n i t e  sys tem needs  some discussion. 

B r i e f l y ,  i t  i s  v a l i d  f o r  o r d i n a r y  d i e l e c t r i c s  and c o l d  plasmas and a l s o ,  

s u b j e c t  t o  c o n d i t i o n s  d i s c u s s e d  l a t e r ,  f o r  f l u i d s  and plasmas t r e a t e d  

v i a  f l u i d  e q u a t i o n s .  I t  is ,  however, n o t  i n  g e n e r a l  v a l i d  f o r  c o l l i s 5 o n -  

l e s s  p lasmas t r e a t e d  by k i n e t i c  e q u a t i o n s .  The r e a s o n  f o r  t h e  d r s t i n c t i o n  

between d i e l e c t r i c  o r  f l u i d  t r e a t m e n t s  on t h e  one hand, and k i n e t i c  

t r e a t m e n t s  on t h e  o t h e r ,  i s  t h a t  i n  t h e  former  t h e  p a r t i c l e  dynamics used 

t o  c a l c u l a t e  t h e  c h a r g e  p and c u r r e n t  - J i n  Maxwell' s e q u a t i o n s  a r e  

determined p u r e l y  by t h e  l o c a l  f i e l d s  E  and B , whereas i n  t h e  l a t t e r  - - 
p and J - a r e  determined v i a  i n t e g r a l s  over  t h e  p a r t i c l e  t r a j e c t o r i e s ,  

i n c l u d i n g  e a r l i e r  e n c o u n t e r s  w i t h  t h e  boundar ies .  36-39 ~ h u s  i n  a cold  

o r  f l u i d  model a  boundary imposes c o n d i t i o n s  on t h e  f i e l d s  and f l u l d  

v a r i a b l e s  on ly  a t  t h e  boundary, whereas i n  a  k i n e t i c  model t h e  e f f e c t  of 

t h e  boundary c o n d i t i o n s  on t h e  p a r t i c l e s  i s  f e l t  on t h e  p a r t i c l e  dynamics 

th roughout  t h e  system. 

JA)  Case when D(W,k) i s  Q u a d r a t i c  i n  k  

We t a k e  t h e  same b a s i c  model a s  f o r  t h e  i n f i n i t e  c y l i n d r i c a l  system 

of Sec. 11, b u t  of f i n i t e  l e n g t h  zl 5 z  S z 
2 -  

I n i t i a l l y ,  f o r  s i m p l i c i t y ,  

we c o n s i d e r  t h e  c a s e  where t h e  d i s p e r s i o n  r e l a t i o n  D(W,k) = 0 f o r  a 

g i v e n  t r a n s v e r s e  eigenmode of t h e  i n f i n i t e  sys tem i s  q u a d r a t i c  i n  k . 
Now c o n s i d e r  t h e  two r o o t s  k ( ~ )  of D = 0 , where U i s  r e s t r i c t e d  

t o  v a l u e s  below t h e  l o w e s t  r e l e v a n t  b ranch / sadd le  p o i n t ,  i .e .  

Ui < min W These  r o o t s  can t h e n  be i n t e r p r e t e d  a s  t h e  waves e x c i t e d  
s s i  ' 

on an i n f i n i t e  sys tem by a  l o c a l i z e d  e x t e r n a l  d r i v e  a t  (complex) f requency 

M . We s h a l l  assume t h a t  t h e y  correspond t o  one (k-)  e x c i t e d  on t h e  

n e g a t i v e  z s i d e  and one ( k f )  e x c i t e d  on t h e  p o s i t i v e  z s i d e  a s  



deterni ined by whe the r  t h e y  l i e  r e s p e c t i v e l y  i n  t h e  upper  o r  lower  h a l f  

k - p l a n e s  f o r  co < m ( k  r e a l ) .  T h i s  a s sumpt ion  i s  j u s t i f i e d  f o r  
i i min 

most c a se s  of i n t e r e s t  b u t  t h e r e  a r e  e x c e p t i o n a l  c a s e s  where i t  i s  n o t .  t 

Apar t  f rom t h e  r e q u i r e m e n t  t h a t ,  f o r  < a  
i i rnin 

( k  r e a l ) ,  
+ 

k- > 0 and ki < 0 , which d e t e r m i n e s  t h e  l a b e l l i n g  of t h e  r o o t s ,  t h e r e  
I + + 

i s  ria r e s t r i c t i o n  on t h e  s i g n s  of  k- o r  kT . I f  k: > 0 and 
r 1 1 

kr < 0 , t h e  c o r r e s p o n d i n g  waves a r e  a t t e n u a t i n g ;  w i t h  t h e  o p p o s i t e  s i g n s  
I + 

t h e y  a r e  a x p l i f y i n g .  The s i g n s  of k- d e t e r m i n e  t h e  d i r e c t i o n s  of t h e  + + r 
phase  v e l o c i t i e s  v  - mr/ki . S i n c e  wave ene rgy  must f low away from 

P  -I- 

t h e  e x c i t a t i o n  p o i n t ,  t h e  r o o t s  k  c a n  be  c l a s s i f i e d  a s  fo rward  
+ - 

o r  backward waves a c c o r d i n g  a s  v  i s  d i r e c t e d  away from o r  towards  

t h i s  p o i n t ,  

We now w r i t e  t h e  t o t a l  s o l u t i o n  f o r  t h e  bounded sys tem a s  t h e  

sum of t h e s e  two waves, 

4- + - 
$ = 4 + 4- = Y +  exp i ( m t  - k  z )  + Y -  exp i ( m t  - k  2) , (7) 

where t h e  complex a m p l i t u d e s  a r e  w r i t t e n  

+ + + 
Y- = I Y - I  exp iQ- . 

The wave $ f  i s  r e g a r d e d  a s  e x c i t e d  a t  z by r e f l e c t i o n  of t h e  wave 
- 1 

i/ and,  l i k e w i s e ,  4- i s  e x c i t e d  a t  z by r e f l e c t i o n  of $+ . 
2 

W e  d e f i n e  t h e  ( t ime- independen t )  complex r e f l e c t i o n  c o e f f i c i e n t s  

Q1 , P 2  a s  t h e  r a t i o s  of  t h e  a m p l i t u d e s  o f  t h e  r e f l e c t e d  t o  i n c i d e n t  

waves:  

- - - 
pI - l P l l  exp + i B  = - - 1 '+(zl) fl exp i[-(k+-k-)zl + (@+-Q-) 1, @ a )  

4 -  Iy-I 

- 
2 2 7 For i n s t a n c e ,  f o r  a  one d imens iona l  monoenerget ic  beam [ D  - 1-0 /(w-kv ) ] 

2 b  0 
or a  cold beam-plasma sys tem [D - l a2 /u2  - $/(m-kv ) I, t h e  two r o o t s  

P  0 
cor respond  t o  waves b o t h  e x c i t e d  on t h e  same (downstream) s i d e .  



- - p 2  - IP21 exp k  i8 - exp i[(k+-L-)z - (@+-@-) 1. (8b) 
2 

where 0 1 and -n < 8 s n .  
l J 2  

Here  we have assumed t h a t  t h e  phase  of t h e  r e f l e c t e d  wave 1s glven,  

e i t h e r  from p h y s i c a l  arguments o r  by exper iment ,  a s  l e a d i n g  o r  Eagglng 

t h e  i n c i d e n t  wave by a  c e r t a i n  a n g l e  181 , and adopt  t h e  convention 

t h a t  8 > 0 when t h e  r e f l e c t e d  wave l e a d s  and 8 < 0  when i t  l a g s .  

I n  o r d e r  t o  p r e s e r v e  t h i s  conven t ion ,  i r r e s p e c t i v e  of t h e  s i g n  of 
I 

t h e  a l t e r n a t e  s i g n s  a r e  i n t r o d u c e d  i n  Eqs. (8)) and should be  t a k e n  a s  

+ o r  - a c c o r d i n g  a s  0 > 0 . [ s e e  F i g .  3.1 
r < 

I t  i s  assumed t h a t  t h e  t e r m i n a t i o n s  a r e  such t h a t  t h e  boundary 

c o n d i t i o n s  can  b e  met by t h e s e  two waves i n  a  s i n g l e  t r a n s v e r s e  elgel? 

mode ( t o g e t h e r  p e r h a p s  w i t h  s u r f a c e  waves which a r e  l o c a l i z e d  t o  xhe 

boundar ies ,  a s  d i s c u s s e d  l a t e r ) ,  T h i s  w i l l  be  t r u e  i f  t h e  t e r m r n a t l o n s  

a r e  uniform i n  t h e  t r a n s v e r s e  p lane .  More g e n e r a l l y  t h e  termil ia t io i ls  

can  c o u p l e  d i f f e r e n t  t r a n s v e r s e  modes t o g e t h e r ,  a s  f o r  example I n  magne- 

t r o n  anodes where s t r a p s  and o u t p u t  t e r m i n a t i o n s  a r e  d e l i b e r a t e l y  used 

t o  c r e a t e  a  d e s i r e d  spectrum of coupled t r a n s v e r s e  modes. 40 The theory 

g i v e n  h e r e  can  b e  g e n e r a l i z e d  t o  such c a s e s  i n  a  s t r a i g h t f o r w a r d  manner, 

I t  i s  a l s o  assumed t h a t  t h e  r e f l e c t i o n  c o e f f i c i e n t s  a r e  frequeiicy 

independent ,  though a g a i n  t h e  a n a l y s i s  can b e  c a r r i e d  through when t h e y  

a r e  s p e c i f i e d  f u n c t i o n s  of f requency .  
+ - 

E l i m i n a t i o n  of Y D between Eqs. (8) y i e l d s  

where L = ( z  - zl)  i s  t h e  sys tem l e n g t h ,  n  = 0 ,  k1, 52 e t c ,  and t h e  2 
t e rm (8 -@ ) t a k e s  t h e  same s i g n  a s  U . Thus s p e c i f y i n g  t h e  reflection 

1 2  r 
eoef f i c i e n t s  

P l y  P2 
t o g e t h e r  w i t h  t h e  sys tem l e n g t h  q u a n t i z e s  t h e  

d i f f e r e n c e  between t h e  r o o t s  k + ( ~ ) )  k-(0)  of t h e  i n f i n i t e  d i s p e r s l o n  

r e l a t i o n  t o  a  d i s c r e t e  s e t  of ( g e n e r a l l y  complex) v a l u e s .  

The p h y s i c a l  c o n t e n t  of Eq. (9)  i s  j u s t  t h a t  t h e  t o t a l  phase  shlft 

around t h e  l o o p  must b e  an  i n t e g r a l  m u l t i p l e  of , and t h a t  t h e  loop 
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g a i n  must be u n i t y .  S ince  l o g  l P l l  IP21'0 , and, f o r  <QJ '1: 
-I- 

i i min" 
(ki - k i )  < 0  , i t  i s  c l e a r  t h a t  Eq. (9) can only be s a t i s f i e d  for 

w 2 m  (k  r e a l ) .  I n  genera l ,  f o r  p # 1 , one of t h e  waves ( a t  
i i min 1,2 

l e a s t )  must be amplifying.  For p e r f e c t  r e f l e c t i o n s  - 
P1 - P 2  = I ) the  

s p a t i a l  growth r a t e  of t h e  amplifying wave equa ls  t h e  s p a t i a l  damping 

r a t e  of t h e  a t t enua t ed  wave. Except iona l ly ,  f o r  r e c i p r o c a l  systems 
+ 

( D  even i n  k ) ,  Eq. (9)  may be s a t i s f i e d  by pure ly  r e a l  k- , f u r  

p e r f e c t  r e f l e c t i o n s .  

We may now determine t h e  (complex) f r equenc i e s  u~ of t h e s e  a x i a l  
n  

e igen  modes which s a t i s f y  both Eq. (9)  and t h e  " i n f i n i t e "  d i s p e r s i o n  

r e l a t i o n .  Wri t ing  t h e  l a t t e r  i n  t h e  form 

The f r equenc i e s  0 of t h e  a x i a l  modes a r e  then given by 
n  

e l imina t ing  (k' - k-) between Eqs. (9) and (11) and so lv ing  f o r  0.1 . 
Hence t h e  normal mode f r equenc i e s  a r e  g iven  by 

I n  c a s e  t h e  system i s  r e c i p r o c a l ,  i . e .  D i s  even i n  k , then 
+ - 

k  = -k and Eq. (12)  reduces t o  

I n  Eq. (12)  t h e  whole range of n  va lues  ( n  = 0,  21, 22  e t c . )  a r e  

allowed, bu t  wi th  t h e  + s i g n  on (8,&,) only r o o t s  with m r > 0 a r e  

admit ted,while  w i th  t h e  - s i g n  only r o o t s  wi th  Ur < 0  a r e  admit ted,  

Even wi th  t h i s  l i m i t a t i o n ,  Eq. (12) may s t i l l  g ive  extraneous r o o t s  

because i t  was der ived  by squar ing  Eqs. (9) and (11) t o  remove t h e  sign 



ambiguity i n  Eq .  (11). To d i s t i n g u i s h  t he se ,  D = 0  ( i . e .  Eq. (10)) 

must b e  solved f o r  each admitted r o o t  (u of Eq. (12)  t o  g ive  k' and 
- -I- 
k sepa ra t e ly ,  i d e n t i f y i n g  them by t h e  p r e s c r i p t i o n  t h a t  1 ~ ;  < 0  and 

J. 

k ; > 0  a s  m Only those  r o o t s  g iv ing  (kf - k-) with t h e  
i 

correct s i g n  t o  s a t i s f y  Eq.  (9)  a r e  proper  r o o t s  u, . 
n  

If ~ ( 0 , k )  i s  of o rde r  a i n  @ , then  ~ ( 0 )  i s  of order  2 a  o r  

l e s s ,  Because of t h e  p o s s i b i l i t y  of extraneous r o o t s  i t  does not  seem 

p o s s i b l e  i n  genera l  t o  determine t h e  number a' of proper  r o o t s  
n  

f o r  f i x e d  p l y  p2, L,  n, except  t h a t  a' * 2 a  . 
I t  should be emphasized t h a t  un l e s s  a  r o o t  ha s  U) < min U 

na'  i s s i  
t h e  above procedure breaks  down, because t h e  i n i t i a l  r e s t r i c t i o n  

< min a , which a l lows  one t o  i d e n t i f y  t h e  two r o o t s  k(m) a s  
i s s i  

waves exc i t ed  on e i t h e r  s i d e  of an e x c i t a t i o n  po in t ,  i s  v i o l a t e d .  We 

s h a l l  use t h e  term a x i a l  eigenmode t o  denote  only t hose  r o o t s  which 

have < min . I t  i s  c l e a r  t h a t  t h e s e  modes must have 
na' i s s i  A- 

w 2 rnin ( k  r e a l )  , because o therwise  both r o o t s  kL r ep re sen t  
nc~d 9 a ai n  

a t t enua t ed  waves and Eq.  (9)  cannot be s a t i s f i e d .  

Some of t h e  i m p l i c a t i o n s  of t h e  foregoing  a n a l y s i s  can be summarized 

a s  follows: 

(i) If min > min t h e r e  a r e  no a x i a l  eigenmodes i n  t h e  
na'  na'  i s s i  .' 

sense  used here .  

(ii) If min w < min t h e  asymptotic t ime response w i l l  be 
na'  na'  i s s i  ' 

governed by t h i s  lowest  mode and w i l l  grow o r  decay a s  

I 

(ili) A s  e i t h e r  o r  both of t h e  t e rmina t ions  a r e  made more l o s s y  (i. e.  

I I P 2 /  made sma l l e r )  t h e  s p a t i a l  growth r a t e s  of t h e  component waves 

+ 
k- must i n c r e a s e  and t h e  a r i s e  h ighe r  i n  t h e  w-plane, s o  t h a t  

I- na'  
for s u f f i c i e n t l y  l o s s y  t e rmina t ions  cond i t i on  (i) must apply, un l e s s  of 

course t h e r e  a r e  no r e l e v a n t  branch/saddle p o i n t s  . The l a t t e r  
S 

cond i t i on  a p p l i e s  f o r  i n s t a n c e  f o r  a  pa s s ive  l o s s l e s s  waveguide, o r  
2 2 2 2  

Bohm and Gross waves ( D ( u , ~ )  U - oo  - k  c  ) i n  which ca se  t h e r e  a r e  

always decaying a x i a l  eigenmodes however l o s s y  t h e  te rmina t ions ,  except 

i n  t h e  l i m i t  IP11 I P 2 I  = 0 . 



( i v )  When min CJ.) . (k r e a l )  < 0 but  min CJ.) > 0 , s o  t h a t  t h e  a a1 s s i  
i n f i n i t e  system i s  convec t ive ly  uns t ab l e ,  then i n  genera l ,  f o r  suffl- 

c i e n t l y  l o s s l e s s  r e f l e c t i o n s ,  t h e r e  w i l l  be growing a x i a l  eigenmodes. 

However, i f  t h e  va lues  of r e f l e c t i o n  c o e f f i c i e n t s  and system l eng th  
+ 

combine t o  make t h e  allowed va lues  of k- f a l l  o u t s i d e  t h e  range where 
n  

uns t ab l e  waves occur,  t h e r e  w i l l  be no growing modes. This  may happen, 

f o r  i n s t ance ,  when t h e  range of r e a l  k  g iv ing  temporal growth is 

r e s t r i c t e d  t o  small  va lues  ( long  wavelengths) and t h e  system i s  too 

s h o r t  t o  con ta in  them. I n  t h i s  case,  o r  when t h e  r e f l e c t i o n s  a r e  made 

s u f f i c i e n t l y  l o s s y  t o  s t a b i l i z e  t h e  growing modes, then t h e  system can  

e x i s t  i n  a  s t eady  s t a t e .  The system behavior can then  be descrnbed I n  
f 

terms of t h e  r o o t s  k-(0 r e a l )  of D = 0 , r ep re sen t ing  waves exc l ted  

i n t e r n a l l y  by n o i s e  o r  e x t e r n a l l y  a t  t h e  boundaries ,  t ak ing  account of 

t h e  e x c i t a t i o n  of r e f l e c t e d  waves. Although i n  t h i s  ca se  l i n e a r  t h e o r y  

i n d i c a t e s  a  s teady  s t a t e ,  i t  may happen t h a t  t h e  waves exc i ted  (by nurse 

o r  e x t e r n a l l y )  a t  boundaries  grow t o  a  non l inea r  l e v e l  i n  t h e  system 

l eng th .  

(v )  When min CJ.) (k  r e a l )  < 0 and min CJ.) < 0 , s o  t h a t  t h e  ~ n f i n r t e  a ai s s i  
system i s  a b s o l u t e l y  uns t ab l e ,  then,  except i n  t h e  s p e c i a l  c a se  when 

CJ.) a l s o  happens t o  be  t h e  lowest  p o i n t  of t h e  r e a l  k  contour,  there 
S 

a v1013S, w i l l  i n  gene ra l  be growing modes f o r  s u f f i c i e n t l y  r e f l e c t i n g  t e r r n ~ n - ~  

Of course  i t  may happen t h a t  t h e  va lues  of p 
1-JP2' 

L combine t o  disallow 

any growing modes a s  descr ibed  i n  ( i v )  . A s  I P I I  I i s  reduced from 

u n i t y  t h e  growth r a t e s  of t h e  a x i a l  eigenmodes decrease  u n t i l  

min a > min a . , when t h e r e  a r e  no longer  any a x i a l  eigenmodes. 
na '  na'  i s s1 

To d e s c r i b e  t h e  system now, i t  seems i t  would be necessary t o  folEo7a the 

development of an i n i t i a l  p e r t u r b a t i o n  a s  i t  grows and spreads  and rs 

succes s ive ly  r e f l e c t e d  from t h e  boundaries.  However, i t  i s  c l e a r  thar 

p e r t u r b a t i o n s  must grow i n d e f i n i t e l y  s i n c e  even i n  t h e  l i m i t  

- p1 - p 2  = 0 , when t h e  system i s  e f f e c t i v e l y  unbounded, one knows that 

p e r t u r b a t i o n s  descr ibed  by Eq. ( 5 )  w i l l  grow i n d e f i n i t e l y .  Hence one 

g e t s  t h e  r e s u l t  t h a t  wh i l e  convec t ive  i n s t a b i l i t i e s  can always be 

s t a b i l i z e d ,  i. e.  prevented from growing i n  time, by suf f  i c ien tLy i o s s y  

boundaries,  abso lu t e  i n s t a b i l i t i e s  cannot.  



The movement of t h e  growing mode f r equenc i e s  0 a s  I p1 I I p21 i s  
n  

decreased from un i ty ,  keeping f i xed ,  a s  descr ibed  i n  ( i v )  and ( v )  

above, i s  i l l u s t r a t e d  i n  F ig .  4 f o r  a  c a s e  when D ( u , ~ )  i s  even i n  k . 
In this c a s e  t h e  r e a l  k  contour  f o l d s  on i t s e l f  and t h e  r e l e v a n t  branch/ 

saddle point occurs  f o r  k  = 0 . The mapping of k  i n t o  t h e  p lane  

cons i s t s  of two s h e e t s  but ,  because t h e  r o o t s  kf(,) occur  i n  p a i r s  
4- - 
k = -b , t h e  two s h e e t s  have been represen ted  i n  one diagram. Also 

the cases  of convec t ive  and a b s o l u t e  i n s t a b i l i t y  a r e  represen ted  i n  t h e  

same diagram by changing t h e  p o s i t i o n  of t h e  r e a l  a a x i s .  

For p e r f e c t  r e f l e c t i o n s ,  l P l l  = I P 2 1  = 1 , t h e  modes 0 l i e  on 
n  

the real k contour  and a r e  pure  s tanding  waves formed by supe rpos i t i on  
4- 

of seal k- waves, s o  t h e r e  i s  no average power flow. Three such modes 

(O' ) a r e  shown. A s  I p l l  I P 2 1  i s  decreased,  t h e  f r equenc i e s  
L 9 2 , 3  

m'l'in Fig.  4) decreas ing  U p i g r a t e  towards t h e  upper h a l f  p lane ;  (e .g .  
n 

t h e  growth r a t e .  The modes a r e  no longer  pure  s tanding  waves, but  a r e  

composed of two oppos i t e ly  t r a v e l l i n g  amplifying waves. P a r t  of t h e  

energy r e l ea sed  by t h e  uns t ab l e  medium f lows i n t o  t h e  l o s s y  ends, t h e  

rest going t o  g ive  t h e  temporal i n c r e a s e  i n  wave energy. For t h e  ca se  

of convec t ive  i n s t a b i l i t y ,  when a l l  t h e  modes have migrated i n t o  t h e  

upper ha l f  p l ane  ( e e g .  a F ) i n  Fig.  4) t h e  power flow t o  t h e  ends i s  more 

t han  t h e  uns t ab l e  medium can supply s o  t h e  modes decay i n  t ime and t h e  

system r e v e r t s  t o  a  s t eady  s t a t e .  For t h e  abso lu t e ly  uns t ab l e  case,  

when 1 / P 2 1  i s  small  enough t h a t  a l l  t h e  have migrated t o  

positions above t h e  branch p o i n t  a (e.?g. , s 
(3f i n  Fig.  4) t h e r e  a r e  no 
n  

longer  any a x i a l  e igen  modes. 

lblore s p e c i f i c  examples a r e  d i scussed  i n  Sec. I V .  

(B) Case when ~ ( a , k )  i s  of Higher Order i n  k  

When t h e  d i s p e r s i o n  r e l a t i o n  i s  of o rde r  p > 2 i n  k  , t h e  va r ious  

rowts k ( ~ )  can a l l  be i d e n t i f i e d ,  f o r  mi < min u, a s  waves exc i ted  
s s i  

on t h e  + o r  - s i d e s  of an e x c i t a t i o n  p o i n t .  Usual ly  p w i l l  be even 

and t h e r e  rill be p a i r s  of r o o t s  ki(m) corresponding t o  waves exc i ted  

on either s i d e  f o r  each wave type.  For i n s t ance ,  f o r  a  two component 

plasma t r e a t e d  from t h e  f i r s t  two moment equa t ions ,  @ = 4 and t h e r e  i s  

a  p a i r  of pres su re  waves a s soc i a t ed  p r imar i l y  with t h e  e l e c t r o n s  
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( ~ a n ~ m u i r  waves) and a n o t h e r  p a i r  a s s o c i a t e d  p r i m a r i l y  w i t h  t h e  i o n s  

( i o n  waves). I n  such a  c a s e  w e  c a n  w r i t e  t h e  t o t a l  s o l u t i o n  a s  

k 1 . = Y ' exp i ( m t  - B ' z )  
e ~ l  e, i e, i 

We shou ld  t h e n  need t o  d e f i n e  a  set of r e f l e c t i o n  c o e f f i c i e n t s  

F e e >  P . .  0 . f o r  each t e r m i n a t i o n  t o  t a k e  accoun t  of t h e  f a c t  
II? e l J  ' ie 

t h a t  a wave of a  g i v e n  t y p e  can  e x c i t e  by r e f l e c t i o n  n o t  on ly  t h e  same 

t y p e  b u t  a l s o  t h e  o t h e r  t y p e .  I n  p r i n c i p l e  one c a n  e l i m i n a t e  t h e  Y ' s  
I 

t o  o b t a i n  a r e l a t i o n  among t h e  f o u r  wave v e c t o r s  k - i n  terms of t h e  
e , i  

p ' s  which s e r v e s  t o  d e t e r m i n e  t h e  mode f r e q u e n c i e s  from t h e  d i s p e r s i o n  

r e l a t i o n ,  I n  p r a c t i c e ,  however, t h e  p r o c e d u r e  i s  h a r d l y  t r a c t a b l e .  

F o r t u n a t e l y ,  t h e  c a s e s  of most p r a c t i c a l  i n t e r e s t  co r respond  t o  t h e  

s i t u a t i o n  where one  p a i r  of waves i s  dominant and t h e  o t h e r s  a r e  s t r o n g l y  

a t t e n u a t e d  and e x c i t e d  o n l y  v e r y  l o c a l l y  t o  t h e  t e r m i n a t i o n s .  Over most 

of t h e  sys tem o n l y  t h e  dominant waves have  a p p r e c i a b l e  a m p l i t u d e  and may 

be  a m p l i f y i n g  o r  o n l y  weakly  a t t e n u a t e d .  

The s i t u a t i o n  i s  ana logous  t o  t h a t  i n  o r d i n a r y  e l e c t r o m a g n e t i c  wave- 
41 47 

g u i d e s  ' - used i n  a  f r e q u e n c y  r a n g e  where o n l y  t h e  l o w e s t  t r a n s v e r s e  

eigenmode p r o p a g a t e s  f r e e l y .  Evanescen t  h i g h e r  o r d e r  t r a n s v e r s e  e igen-  

modes a r e  e x c i t e d  l o c a l l y  t o  t h e  t e r m i n a t i o n  and t h e  impedance o r  

r e f l e c t i o n  c o e f f i c i e n t  f o r  t h e  dominant mode i s  measured a t  a  p o i n t  

s u f f i c i e n t l y  f a r  f rom t h e  t e r m i n a t i o n  t h a t  t h e  e v a n e s c e n t  modes a r e  

n e g l i g i b l e ,  The l o c a l l y  e x c i t e d  h i g h e r  modes, which a r e  n e c e s s a r y  t o  

s a t i s f y  t h e  boundary c o n d i t i o n s  i n  a  f u l l  t r e a t m e n t  of t h e  problem v i a  

Maxwel l ' s  e q u a t i o n s ,  c o n t r i b u t e  t o  t h e  r e f l e c t i o n  c o e f f i c i e n t  f o r  t h e  

dominant waves. 

I n  t h e  p r e s e n t  c a s e  we c a n  lump t o g e t h e r  t h e  e f f e c t s  of t h e  evanescen t  

modes t o g e t h e r  w i t h  t h o s e  of s u r f a c e  waves, i f  any, i n t o  t h e  r e f l e c t i o n  

c o e f f i c i e n t  of t h e  dominant wave. The t h e o r y  of t h e  p r e v i o u s  s e c t i o n  i s  

then  a p p l i c a b l e  a s  f a r  a s  Eq. (9) which d e t e r m i n e s  t h e  d i f f e r e n c e s  
- 

[kf - k ) n  f o r  t h e  dominant waves. The o n l y  problem t h a t  a r i s e s  i s  t o  



s o l v e  t h e  d i s p e r s i o n  r e l a t i o n  f o r  t h e  mode f r equenc i e s  for t h e  
n  

allowed (kf - k-) va lues .  I t  i s  c l e a r  t h a t  t h e  problem i s  determined 
n  

bu t  i t  i s  d i f f i c u l t  t o  g i v e  a  genera l  method when > 2 . I n  p r a c t i c e ,  

however, t h e r e  should be no d i f f i c u l t y  i n  so lv ing  p a r t i c u l a r  problems 

e i t h e r  g r a p h i c a l l y  o r  numerical ly .  

Ic) Axial Mode S t r u c t u r e  

I n  t h e  s imple c a s e  when t h e  system i s  r e c i p r o c a l ,  and t h e  te rmina t ions  

a r e  pu re ly  r e a c t i v e  ( I p  I = 1) , one c o n s t r u c t s  an a x i a l  e igen  mode 
J 2 

by s u p e r p o s i t i o n  of two t r a v e l l i n g  waves of equal amplitude and r e a l  k ' s  

of oppos i t e  s i g n  t o  o b t a i n  a  pure s tanding  wave of t h e  form 

(exp i m  t )  cos  ( k  z  + x ) . 
n  n  n  

More gene ra l l y ,  when t h e  t e rmina t ions  a r e  l o s s y  

o r ,  t h e  system i s  non-reciprocal ,  t h e  modes w i l l  be composed of s epa ra t e  
- 

waves w i th  k+ and k  complex, and t h e  t o t a l  s o l u t i o n  i s  a  p a r t i a l  

s t and ing  wave. 

I t  i s  u s e f u l  t o  express  t h e  t o t a l  s o l u t i o n  i n  t h e  form 

q n ( t , z )  = Y ( z )  cos  bnr t  + x n ( z ) l  exp - unit 
n  

where Y and Xn a r e  r e a l  f u n c t i o n s  of z  , because i n  p r a c t i c e  i t  i s  n  
t h e  ampli tude Y n  and phase X of t h e  t o t a l  wave which can be measured n  
a s  f u n c t i o n s  of z . Moreover, a  measurement of Y(z) and ~ ( z )  al lows 

one t o  determine t h e  r e f l e c t i o n  c o e f f i c i e n t  a s  i n  a  t ransmiss ion  l i n e  

impedance measurement. 

From Eqs. (8) we have 

and 



The values of t h e  r e l a t i v e  ampli tude and phase d i f f e r e n c e  of t h e  component 

waves depends on t h e  o r i g i n  of t h e  z-coordinate .  For s i m p l i c i t y  and 

without l o s s  of g e n e r a l i t y ,  we may t a k e  t h e  o r i g i n  a t  t h e  c e n t e r  s o  t h a t  

[ z 1 + 2 ) = 0  2 , z1 = -L/2 
z2 

= + L/2 . Then we have: 

+ 
and (Q - 0-1 = nrr (el - e2)/2 . ( l 5b )  

Since we a r e  no t  i n t e r e s t e d  i n  t h e  abso lu t e  phase, i t  i s  convenient 

to take 

where 

is the phase d i f f e r e n c e  between t h e  component waves a t  t h e  cen t e r ,  and 

the s i g n  i s  t aken  t o  be t h e  same a s  t h a t  of . r 
Then ,  t o  w i t h i n  an a r b i t r a r y  ampli tude f a c t o r  and an a r b i t r a r y  t ime 

phase, the normal mode can be w r i t t e n  i n  t h e  form (14) where 

-I- l P l j  exp 2  k . z  + l P 2 1  exp 2  kr z  
1 1 

and + + 2  /p111/2/p211/2exp ( k .  1 + kT) 1 z  cos C ~ O  - (BS - h-) r z I  

+ + 
tan ~ ( z )  = C 1 p1 1 li2exp k .  1 z s i n  ( O  - z )  - 1 p2(1/2exp k- i z  s i n  (O + k i z )  I 

(18) 
+ [ 1 p l  I 1/2exp k+ 1 e cos ( O  - z  + I p211/2exp k r  1 z  cos (a + B-z) r I 

+ 
I n  E q s .  (I/), (18 ) )  t h e  q u a n t i t i e s  O ,  (kr  - k-) r a r e  determined i n  terms 

of pl, ;J., n  from Eqs. (16)) and (9) r e s p e c t i v e l y .  I n  genera l ,  when t h e  
+ -4 

medium i s  non-reciprocal ,  t h e  va lues  of k-, kT depend on t h e  form of 
r 1 



t h e  " i n f i n i t e "  d i s p e r s i o n  r e l a t i o n  and must be found by t h e  method of 

t h e  prev ious  s e c t i o n .  Hence, i n  genera l ,  t h e  a x i a l  mode p a t t e r n  depends 

no t  only on t h e  system l e n g t h  and te rmina t ions ,  bu t  a l s o  on t h e  medium, 

However, when t h e  medium i s  r e c i p r o c a l  we have 

and 

Then 

[y(z)12  -+ l p l l  exp 2  Biz + l P 2 1  exp - 2kiz + 21p111/2 ]p2/1/2  cos 2(@ - k r z )  

and ( 1 7 a )  

%!to\ -, I 1 p, 1 1/2exp z - I p,  1 li2exp - hi zl t a n  (Q - B ~ Z )  

Since  k .  a r e  determined when p l ,  p2, 
k r 7  1 

L, n  a r e  s p e c i f i e d ,  t h e  mode 

p a t t e r n  i s  determined pu re ly  by t h e  system l e n g t h  and te rmina t ions ,  and 

i s  independent of t h e  form of t h e  i n f i n i t e  d i s p e r s i o n  r e l a t i o n ,  when t h e  

l a t t e r  i s  even i n  k  . When, a l so ,  t h e  t e rmina t ions  a r e  i d e n t i c a l ,  

l P l l  = / p a l  = and 0 = 0 = 0 , s o  t h a t  Q = m / 2  , we have: 
1 2  

[Y (z)  l2 -+ [ cosh 2  k. z + cos(nn - 2k z ) ]  
1 r 

-+ cosh [ 2 ( k n  [ p l ) z / ~ ]  + cos  [2(n=r t 8)  z/L - n=r] g 3.73 

and 
nK 

t a n  X ( Z )  + t anh  k . z  1 t a n  (- - krz)  2  

-+ - tanh kiz t a n  [(nn 2 8) z/L - m/21  . (18b) 

I f ,  f u r t h e r  t h e  t e rmina t ions  a r e  pu re ly  r e a c t i v e ,  1 p l l  = 1 p21 = 1 , we 
have k .  = 0  and 

1 

Y(z) + cos  [(nn 2 ~ ) z / L  - n ~ / 2 1  , 
x ( z ) - + O  

I n  t h i s  ca se  t h e  mode p a t t e r n s  a r e  pure s tanding  waves wi th  cos o r  sin 

form about t h e  c e n t e r  accord ing  a s  n  i s  even o r  odd. 



The c o n s t r u c t i o n  of a x i a l  e igen  modes f o r  a  f i n i t e  l eng th  system 

f r o m  p a i r s  of r o o t s  k'(m) of t h e  i n f i n i t e  system d i s p e r s i o n  r e l a t i o n ,  

a s  descr ibed  above, depends upon t h e  c h a r a c t e r i z a t i o n  of t h e  te rmina t ions  

by complex r e f l e c t i o n  c o e f f i c i e n t s  f o r  t h e s e  waves. Th i s  enabled us  t o  

desc r rbe  t h e  f i n i t e  system behavior  i n  genera l  terms;  i n  p a r t i c u l a r  

the s t a b i l i z i n g  e f f e c t  of end l o s s e s  and t h e  p a r t i a l  s t and ing  wave 

s t r u c t u r e  of t h e  modes f o r  systems wi th  end l o s s  and/or a  non-reciprocal  

dispersion r e l a t i o n .  However, i f  t h e  theory i s  t o  have  u t i l i t y  f o r  

spec r1 i c  systems, one must have a  method f o r  determining t h e  r e f l e c t i o n  

c o e f f s c l e n t  e i t h e r  by c a l c u l a t i o n  o r  measurement. 

Unfortunately,  i n  many plasma experiments us ing  d i scha rge  columns, 

t h e  boundaries  a r e  i l l - d e f i n e d  and t h e  boundary cond i t i ons  d i f f i c u l t  

t o  specify i n  terms p r e c i s e  enough f o r  c a l c u l a t i o n s .  For a Q-machine, 

f o r  which t h e r e  a r e  approximate t h e o r i e s  43y 44 f o r  t h e  phys i ca l  p rocesses  

a t  t h e  ho t  end-plates ,  t h e  s i t u a t i o n  i s  b e t t e r .  However, s i n c e  t h e r e  

a r e  shea ths  a t  t h e  end-plates ,  i t  i s  s t r i c t l y  not  p o s s i b l e  t o  regard  

the plasma between t h e  p l a t e s  a s  a  s e c t i o n  of a  uniform i n f i n i t e  system. 

There i s  a l s o  a  more fundamental problem i n  us ing  a  f l u i d  d e s c r i p t i o n  

Por a bounded system, f o r  example c o l l i s i o n a l  d r i f t  waves i n  a  Q-machine, 

In t h a t  a f l u i d  d e s c r i p t i o n  breaks  down c l o s e  t o  a  boundary. When t h e  

magnetic f i e l d  i s  normal t o  t h e  boundary t h e  f l u i d  equa t ions  f a i l  w i th in  

a mean f r e e  pa th ,  h , of t h e  boundary, wh i l e  i f  B i s  p a r a l l e l  t o  t h e  

s u r f a c e  i t  f a i l s  w i t h i n  a  d i s t a n c e  h o r  t h e  gyro-radius ,  p , whichever 

i s  t h e  smal le r .  Consequently, i t  i s  d i f f i c u l t ,  i n  genera l ,  t o  c a l c u l a t e  
+ 

t h e  r e f l e c t i o n  c o e f f i c i e n t s  f o r  t h e  dominant waves k-(u) from a  

knowledge of t h e  phys i ca l  p rocesses  a t  t h e  boundaries .  

For t h e s e  r ea sons  i t  i s  more s a t i s f a c t o r y  t o  regard t h e  r e f l e c t i o n  

c o e f f i c i e n t  a s  an exper imenta l ly  determined quan t i t y .  The e f f e c t  of 

shea ths  and t h e  f a i l u r e  of t h e  f l u i d  d e s c r i p t i o n  a r e  lumped toge the r  

w i t h  those  of p o s s i b l e  l o c a l i z e d  s u r f a c e  waves and h igher  modes ( f o r  

p > 2)  i n t o  an e f f e c t i v e  r e f l e c t i o n  c o e f f i c i e n t  measured a t  d i s t a n c e s  

irom t h e  boundary g r e a t e r  than  t h e  mean f r e e  pa th  ( o r  gyro r a d i u s )  and 

shea th  t h i cknes s .  Th i s  s tandpoin t  i s  analogous t o  t ransmiss ion  l i n e  



p r a c t i c e  where, a l though t h e  r e f l e c t i o n  c o e f f i c i e n t  can be ca l cu l a t ed  a n  

p r i n c i p l e  f o r  a r b i t r a r y  te rmina t ions ,  i n  p r a c t i c e  i t  i s  usua l ly  much 

s impler  t o  measure it. 

Except when ~ ( a , k )  = 0 i n d i c a t e s  a b s o l u t e  i n s t a b i l i t y  and also 

t h e r e  a r e  no normal a x i a l  modes, i t  i s  p o s s i b l e  t o  measure t h e  r e f l e c t i o n  

c o e f f i c i e n t  e i t h e r  by t h e  usual  t ransmiss ion  l i n e  method o r  by a modl- 

f i c a t i o n  t h e r e o f .  If i t  i s  p r a c t i c a b l e  t o  e f f e c t  a  more o r  l e s s  matched 

t e rmina t ion  a t  one end, l P l l  FI 0 , s o  t h a t  any convect ive i n s t a b l l l t y  i s  

s t a b i l i z e d ,  i t  i s  p o s s i b l e  t o  determine 
2 

a s  a  f u n c t i o n  of by 

e x t e r n a l l y  e x c i t i n g  a  wave and measuring t h e  amplitude and phase of the 

r e s u l t i n g  p a r t i a l  s t and ing  wave i n  t h e  s tandard  f a sh ion .  42 If t h i s  1s 

not  p r a c t i c a b l e  then  one has  t o  dea l  with t h e  resonant  modes and e x t r a c t  

t h e  r e f l e c t i o n  c o e f f i c i e n t s  from a  comparison of t h e  measured amplrtude 

and phase wi th  t h e  t h e o r e t i c a l  express ions  of Eqs. (17) and (18)- I f  t h e  

system i s  s t a b l e ,  e i t h e r  because ~ ( w , k )  = 0 i n d i c a t e s  s t a b i l i t y ,  o r  

because a  convec t ive  i n s t a b i l i t y  i s  s t a b i l i z e d  by end l o s s ,  then t h e  

resonances would be  e x t e r n a l l y  exc i t ed .  On t h e  o the r  hand, i f  t h e  

system i s  u n s t a b l e  one would ana lyze  t h e  s tanding  wave p a t t e r n  of t h e  

s e l f - exc i t ed  i n s t a b i l i t y .  Th i s  would probably only be p o s s i b l e  f o r  

parameter va lues  a  l i t t l e  above th re sho ld  when a  s i n g l e  mode i s  weakly 

exc i t ed .  I n  e i t h e r  c a s e  t h e  r e f l e c t i o n  c o e f f i c i e n t  can be measured a s  

a  f u n c t i o n  of by vary ing  t h e  system l eng th .  



IV, APPLICATION TO COLLISIONAL DRIFT WAVES I N  Q-MACHINES 

The Q-machine, a s  i t  h a s  been developed,  r e p r e s e n t s  t h e  b e s t  d e f i n e d  

and unders tood  e x p e r i m e n t a l  v e h i c l e  f o r  t h e  s t u d y  of waves and i n s t a b i l i t i e s  

i n  h i g h l y - i o n i z e d  plasmas .  Much of t h e  e a r l y  work was confused  due t o  

a n  i n a d e q u a t e  u n d e r s t a n d i n g  of t h e  s t e a d y  s t a t e .  With t h e  adven t  of 

von G o e l e r '  s43 s t e a d y - s t a t e  t h e o r y ,  which emphasized t h e  impor tance  of 

e n d - p l a t e  r ecombina t ion ,  and i t s  e x t e n s i o n  by Chen, 44- 45 
who p o i n t e d  

out t h e  dominant r h e  of  e n d - p l a t e  t e m p e r a t u r e  inhomogenei ty  on t h e  

plasma p o t e n t i a l  p r o f i l e  and r a d i a l  d i f f u s i o n ,  more c l o s e l y  c o n t r o l l e d  

c o n d i t i o n s  and more c o n s i s t e n t  r e s u l t s  have  been o b t a i n e d .  

The $-machine h a s  been used p a r t i c u l a r l y  f o r  s t u d y i n g  d e n s i t y  

g r a d i e n t  d r i v e n  c o l l i s i o n a l  d r i f t  waves and i n s t a b i l i t i e s ,  and a  r eason-  

a b l y  d e t a i l e d  co r respondence  between t h e o r y  and exper imen t  h a s  been 

e s t a b l i s h e d .  46747 An i m p o r t a n t  f a c t o r  i n  t h i s  achievement  was t h e  

d e e o u p i i n g  of d e n s i t y  g r a d i e n t  d r i f t  waves from edge o s c i l l a t i o n s  

a s s o c i a t e d  w i t h  t h e  s t r o n g  r a d i a l  t e m p e r a t u r e  and p o t e n t i a l  g r a d i e n t s  

n e a r  t h e  h o t - p l a t e  edge.  T h i s  was o b t a i n e d  by r e s t r i c t i n g  t h e  n e u t r a l  

flux t o  t h e  c e n t r a l  r e g i o n  o f  t h e  h o t - p l a t e  where t h e  t e m p e r a t u r e  g r a d i e n t  

i s  s m a l l ,  

( A )  C o l Z i s i o n a l  D r i f t  Wave T h e o r i e s  

The v a r i o u s  t h e o r i e s  f o r  c o l l i s i o n a l  d r i f t  waves a r e  d e r i v e d  i n  

r e c t a n g u l a r  geometry {x, y, z )  w i t h  t h e  magne t i c  f i e l d  B a l o n g  z  and 

t h e  zero  o r d e r  g r a d i e n t s  of n  (and T )  a l o n g  x  , and i n  t h e  l o c a l  approx i -  

ma t ion  k >> X { l /n ){an /ax)  . A l i n e a r  a n a l y s i s  f o r  p e r t u r b a t i o n s  
X 

v a r y i n g  a s  exp i ( W  - k . r )  i s  performed on t h e  s e t  o f  moment e q u a t i o n s  48 - - 
(i ,  e, c o n s e r v a t i o n  o f  p a r t i c l e s ,  momentum and ene rgy)  f o r  t h e  s e p a r a t e  

electron and i o n  s p e c i e s ,  t h e  set  b e i n g  c l o s e d  by a p p r o p r i a t e  a s sumpt ions  

depending on whe the r  two o r  t h r e e  moments a r e  used .  

A v a r i e t y  of a s sumpt ions  a r e  common t o  t h e  t h e o r i e s ,  namely t h e  

q u a s i s t a t i c  one ( = - v ) ,  q u a s i n e u t r a l i t y  (ne  = ni) ,  n e g l e c t  of e l e c t r o n  

i n e r t i a ,  n e g l e c t  of i o n  t e m p e r a t u r e  f l u c t u a t i o n s  ( i o n  ene rgy  e q u a t i o n  

omitted), and low f r e q u e n c i e s  (a << w ) The v a r i o u s  t h e o r i e s  a l s o  c i  
d i f f e r  a c c o r d i n g  t o  which of t h e  f a l l o w i n g  a d d i t i o n a l  approx imat ions  a r e  

made: 



( a )  Neglect of e l e c t r o n  energy f l u c t u a t i o n s  ( i so thermal  theory,  

e l e c t r o n  energy equa t ion  omit ted)  

(b)  Neglect of i o n  p a r a l l e l  motion. 

The va r ious  t h e o r i e s ,  t h e  approximations made, and t h e  order  of t h e  

d i s p e r s i o n  r e l a t i o n  i n  m (a )  and k , , (p )  a r e  l i s t e d  i n  Table I .  

TABLE I 

Approximations Axial Curren t  Authors a 

Hendel, Chu and 
~ o l i t z e r g  ;Rowberg 
and wong47 

S c h l i t t  and Hendel 49 

T s a i ,  Pe rk ins  and stid 0  

Tsa i ,  E l l i s  and Pe rk ins  51 

Hartman and Watanabe 52 

4 (even)  

4 (even) 

4 (odd) 

6 (even) 

I n  t h e  e a r l i e r  i so thermal  t h e o r i e s  ( ~ e f s .  46, 47, 49) t h e r e  i s  no 

e f f e c t  due t o  t h e  i n c l u s i o n  of a x i a l  c u r r e n t  because of an exact can- 

c e l l a t i o n  when t h e  e l e c t r o n  c o n t i n u i t y  and momentum t r a n s f e r  equa t ions  

a r e  combined.? TO i n c o r p o r a t e  t h i s  a d d i t i o n a l  d e s t a b i l i z i n g  e f f e c t  i t  

i s  necessary  t o  t r e a t  Te a s  a  v a r i a b l e  v i a  t h e  e l e c t r o n  energy equat ion 

( ~ e f s .  50-52). The d i s p e r s i o n  r e l a t i o n  t hen  invo lves  odd powers of k 

and t h e  medium i s  non-reciprocal .  The i n c l u s i o n  of p a r a l l e l  c u r r e n t  i n  

t h e  theory  of Ref. 52  would in t roduce  odd powers of k bu t  l e a v e  t h e  

o rde r  unchanged. 

t Th i s  exac t  c a n c e l l a t i o n  only occurs  f o r  a  f u l l y  ion ized  plasma, For 

weakly ion ized  plasmas, i n  which t h e  charged p a r t i c l e s  c o l l i d e  w i t h  

t h e  n e u t r a l  background, one o b t a i n s  a  d e s t a b i l i z i n g  e f f e c t  due t o  

a x i a l  d r i f t  i n  an i so thermal  theory  u s ing  t h e  f i r s t  two moment 

equa t ions .  
8,11 



. a t i o n  of Theory and Experiment f o r  C o l l i s i o n a l  D r i f t  Waves 

Qi) Isothermal  Theory - N o  Axial Current  

The e a r l i e r  work 46747 on c o l l i s i o n a l  d r i f t  waves i n  symmetric 

(double-ended) Q-machines without  a x i a l  c u r r e n t  was i n t e r p r e t e d  i n  terms 

of t h e  i so thermal  theory  neg lec t ing  p a r a l l e l  i o n  motion. The d i s p e r s i o n  

r e l a t i o n  can be w r i t t e n ,  w i th  t h e  convention exp i ( U ) t  - k - r ) :  - - 

where 

Here v . V a r e  t h e  c o l l i s i o n  f r equenc i e s  a s  def ined  by Brag insk i i  
e l  ' ii 

and t h e  c o e f f i c i e n t  of e l e c t r o n  p a r a l l e l  r e s i s t i v i t y  C  = 0.513 f o r  a  r 
s i n g l y  ion ized  plasma. The c o e f f i c i e n t  of i o n  v i s c o s i t y  Ci i s  given 

a s  (j/10) by B r a g i n s k i i  bu t  was t aken  a s  (1/4) i n  Refs .  k6 and 47. With 

Ci = I/&, Eq.  (19) i s  t h e  d i s p e r s i o n  r e l a t i o n  of Wong and Rowberg. That 

of Msndel  e t  a1  d i f f e r s  s l i g h t l y  i n  terms involv ing  b  , which i s  

n e c e s s a r i l y  small  compared t o  u n i t y  f o r  f l u i d  theory .  

I n  apply ing  t h i s  theory  t o  t h e  c y l i n d r i c a l  geometry of t h e  Q-machine, 

k i s  r e a l  and determined exper imenta l ly  by i d e n t i f y i n g  i t  with d a  
Y 

where m i s  t h e  azimuthal mode number and a  i s  t h e  r a d i u s  a t  which 

t h e  az imutha l ly  t r a v e l l i n g  wave has  i t s  maximum amplitude. Also k  
X 

i s  determined from t h e  r a d i a l  wave p r o f i l e  t o  g i v e  



2 2 2 2 k = k + k . Furthermore k i s  determined from t h e  a x i a l  p r o f i l e  
L x Y I\ 

of t h e  wave, a  ma t t e r  we d i s c u s s  a t  g r e a t e r  l e n g t h  below. A l l  t h e  o the r  

parameters  a r e  determined wi th  reasonable  p r e c i s i o n  from t h e  experimental 

cond i t i ons .  

A p a r t i a l  mapping of K i n t o  t h e  w-plane v i a  Eq. (19)  f o r  conditions 

corresponding t o  Rowberg and Wong's experiment i s  shown i n  F ig .  5 ,  

Because D i s  even i n  k , t h e  r e a l  k-axis  f o l d s  on i t s e l f  and t h e  two 

s h e e t s  a r e  shown i n  a  s i n g l e  diagram. The r e l e v a n t  branch p o i n t  occurs a t  

S ince  w > 0 t h e  system can never be a b s o l u t e l y  uns t ab l e .  The real 
s i  

k-ax is  t e rmina t e s  f o r  k = f a t  w = [ (1-b) + i2Cibv. ]/(l+b) which  
1 

corresponds t o  s t a b i l i t y  i n  t h e  l i m i t  of s h o r t  p a r a l l e l  wavelength, A t  

i n t e rmed ia t e  v a l u e s  of K , t h e  r e a l  K-axis may o r  may not  d i p  i n t o  t h e  

lower h a l f  p lane ,  corresponding r e s p e c t i v e l y  t o  convec t ive  i n s t a b i l i t y  

o r  s t a b i l i t y ,  depending on t h e  parameter va lues .  The cond i t i on  f o r  

convec t ive  i n s t a b i l i t y  i s  

which f o r  b  << 1 may be approximated t o  

This  g i v e s  a  t h r e sho ld  magnetic f i e l d  f o r  marginal i n s t a b i l i t y  

C o r r e l a t i o n  between theory  and experiment has  been made i n  one o f  

t h r e e  ways: comparison of t h e  onse t  f i e l d  and frequency f o r  s e l f - exc i t ed  
46 u n s t a b l e  modes; comparison of t h e  frequency and damping r a t e  for 

e x t e r n a l l y  exc i t ed  modes when t h e  system i s  s t a b l e ; 4 7  comparison of the 

f requency and growth r a t e  f o r  s e l f - exc i t ed  modes when t h e  system i s  

u n s t a b l e  and feedback s t a b i l i z a t i o n  i s  switched o f f .  l6 ~n a l l  cases i t  

i s  found exper imenta l ly  t h a t  t h e  system i s  not  a s  uns t ab l e  a s  t h e o r y  

p r e d i c t s ,  i .e .  t h e  damping r a t e s  a re  l a r g e r  o r  t h e  growth r a t e s  s m a l l e r  
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t han  p red i c t ed .  I n  terms of t h e  onse t  f i e l d  B f o r  a  given mode, t h e  
C 

experimental  va lue  i s  a  f a c t o r -  1.5 - 2 h ighe r  than p red i c t ed .  There 

a r e  s e v e r a l  p o s s i b l e  r ea sons  f o r  t h i s  d i sc repancy  but  t h e  one which 

concerns us  h e r e  i s  t h e  p o s s i b l e  e f f e c t  of end-p la te  damping. 

I n  p r a c t i c e  i t  i s  u s u a l l y  found t h a t ,  f o r  a  given m , t h e  mode 

with  t h e  l a r g e s t  p a r a l l e l  wavelength h (r 2a/k ) i s  t h e  most uns tab le ,  
11 II  

and most of t h e  measurements have been r e s t r i c t e d  t o  t h i s  mode. Thls  

i s  t o  be expected from t h e  shape of t h e  map of t h e  r e a l  k  - ax i s  rn the 
I I  

m-plane (Fig.  5 )  u n l e s s  t h e  machine i s  so  long  t h a t  t h e  lowes t  axraL 

mode ( s m a l l e s t  k  ) l i e s  we l l  t o  t h e  l e f t  of t h e  minimum of 
I I  "(k,, '@al l ,  

i n  which c a s e  t h e  next  mode could have a  h ighe r  growth r a t e .  

Hendel e t  a1,and a l s o  Rowberg and Wong,measure an a x i a l  s tanding  

wave wi th  h 2 2L f o r  both e l e c t r o n  and ion- r ich  shea ths .  The former, 
I I  

who worked mostly wi th  e l ec t ron - r i ch  shea ths  found h w 2L con-esponding 
I I  

t o  a  cond i t i on  c l o s e  t o  a  s h o r t - c i r c u i t  a t  t h e  shea th  edge. The l a t t e r ,  

who worked mostly wi th  i on - r i ch  shea ths ,  i n v e s t i g a t e d  t h e  dependence of 

h on t h e  p o t e n t i a l  U of t h e  plasma r e l a t i v e  t o  t h e  end p l a t e s  ( ~ i g ,  6)- 
I1 

They found h w 2L f o r  an e l ec t ron - r i ch  shea th  (U = -0.05 V)  and 
II 

h =3.6L f o r  an i on - r i ch  shea th  ( U  = + 0.5 v ) ,  i n  reasonable  agreement 
I I  

w i th  a  formula due t o  Chen: 44 

k L 1 

2  exp- eU/T 

where 
i 

i s  t h e  i o n  Larmor r ad ius .  For  e l ec t ron - r i ch  shea ths ,  $U < o), 
t h e  r .h . s .  of Eq. (21) i s  l a r g e  and h w 2L f o r  t h e  lowest  mode, For 

\I  
i on - r i ch  shea ths ,  (U 7 o ) ,  t h e  r .h.s.  can become comparable o r  l e s s  than 

u n i t y  and h > 2L f o r  t h e  lowest  mode. 
I\ 44 

Equation (21)  was der ived  on t h e  assumption t h a t  k i s  real and 
44 II 

neglec ted  any end-plate  damping of t h e  modes. Chen d i s c u s s e s  two 

damping processes  connected wi th  t h e  end p l a t e s .  The f i r s t  i s  due t o  

t h e  f a c t  t h a t  some charged p a r t i c l e s ,  c a r ry ing  wave energy, escape t o  

t h e  end p l a t e s  and a r e  rep laced  by new p a r t i c l e s  which do not  have t h i s  

wave energy. For i on - r i ch  shea ths  t h i s  a p p l i e s  t o  t h e  i o n s  and should 





g i v e  r i s e  t o  s i g n i f i c a n t  damping whereas f o r  e l e c t r o n - r i c h  s h e a t h s  i t  

a p p l i e s  t o  t h e  e l e c t r o n s  and shou ld  g i v e  l i t t l e  damping. I n  e i t h e r  c a s e ,  

p a r t i c l e s  of t h e  o p p o s i t e  c h a r g e  a r e  v e r y  l a r g e l y  r e f l e c t e d  a t  t h e  s h e a t h s ,  

The second p r o c e s s  i s  end-p la te  d i f f u s i o n  r e s u l t i n g  i n  randomiza t ion  of t h e  

phase  of i o n  g y r a t i o n  when i o n s  a r e  r e f l e c t e d  a t  t h e  end p l a t e s ,  

Rowberg and Wong4' a t t r i b u t e  t h e  d i s c r e p a n c y  between t h e i r  observed 

and c a l c u l a t e d  growth r a t e s  f o r  i o n - r i c h  s h e a t h s  t o  end-p la te  damping. 
44 Fo l lowing  Chen t h e y  c a l c u l a t e  a  temporal  damping decrement 

W ( l / ~ ~ ) ( a N ~ / a t )  where N1 i s  t h e  t o t a l  number of p e r t u r b e d  ions 
i D  

i n  t h e  column and a N  / a t  i s  t h e  r a t e  a t  which such i o n s  a r e  l o s t  by 
1 

recombina t ion  a t  t h e  end p l a t e s .  For  i o n - r i c h  s h e a t h s  t h e  decrement i s  

e v a l u a t e d  a s  

where v  i s  t h e  i o n  thermal  v e l o c i t y ,  U i s  t h e  end-p la te  work 
i t h  w 

f u n c t i o n  and UI t h e  i o n i z a t i o n  p o t e n t i a l  of t h e  n e u t r a l s .  The e x p e r i -  

mental  damping r a t e +  i s  t h e n  compared w i t h  t h e  a l g e b r a i c  sum of t h e  

t h e o r e t i c a l  growth (damping) r a t e  and t h e  end-p la te  damping decrement 

c a l c u l a t e d  from Eq. (22) .  

While Eq. (22)  i s  p l a u s i b l e  and l e a d s  t o  v a l u e s  f o r  miD which a g r e e  

approx imate ly  w i t h  t h e  d i s c r e p a n c y  between measured and c a l c u l a ~ t e d  growth 

(decay)  r a t e s ,  i t s  d e r i v a t i o n  can b e  c r i t i c i z e d  on s e v e r a l  grounds.  F i r s t l y ,  

t h e  d e f i n i t i o n  of N1 a s  t h e  number of p e r t u r b e d  i o n s  i s  o b s c ~ i r e ;  secondlyJ  

no account  i s  t a k e n  of t h e  s p a t i a l  dependence of wave energy a long  t h e  

machine;  t h i r d l y ,  i t  i s  based on c o l l i s i o n l e s s  c o n c e p t s  and e f f e c t i v e l y  

d i s t r i b u t e s  t h e  damping un i fo rmly  a l o n g  t h e  system. I t  i s  c l e a ~ r  from 

t h e  v iewpoin t  developed i n  t h e  p r e s e n t  paper  t h a t ,  w i t h i n  a  f l u i d  model, 

e n d - p l a t e  damping should be  t r e a t e d  a s  a  l o c a l  e f f e c t  producing imper fccs  

wave r e f l e c t i o n  ( 1  < 1). Consequent ly  t h e  mode i s  a  p a r t i a l  s t a n d i n g  
4- 4- 

wave c o n s t r u c t e d  from r o o t s  k-(u) w i t h  complex k- cor responding  t o  

s p a t i a l  growth towards  t h e  ends.  The p a r t i a l  s t a n d i n g  wave g i v e s  a 

f low of wave energy towards  t h e  ends where i t  i s  d i s s i p a t e d ,  and because  

of t h e  s p a t i a l  growth, t h e  temporal  growth r a t e  i s  reduced.  



Thus end-plate  damping i s  incompatible  wi th  a  pure s tanding  wave 

(x: r e a l )  a s  assumed by Rowberg and Wong. I f  t h e  observed mode was 

indeed a  pure  s t and ing  wave then  end-plate  damping could no t  have been 

r e spons ib l e  f o r  t h e  discrepancy i n  temporal growth r a t e .  On t h e  o the r  

hand, i f  end-plate  damping was ope ra t i ve ,  t hen  t h e  mode could not  have 

been a pure  s t and ing  wave. The theory  of Sec. I11 should allow one t o  

determine,  from c a r e f u l  measurements of t h e  a x i a l  mode p a t t e r n ,  t h e  
+ + 

r e f l e c t i o n  c o e f f i c i e n t s  and t h e  v a l u e s  of k; , k i  . Hence by so lv ing  

She d i s p e r s i o n  r e l a t i o n  f o r  t h e s e  k  va lues ,  t h e  temporal growth r a t e  

can be determined, t a k i n g  account of end-p la te  damping. Thus one can 

e s t a b l i s h  exper imenta l ly  t o  what ex t en t  t h e  discrepancy i n  temporal 

growth r a t e s  i s  a t t r i b u t a b l e  t o  end-plate  damping. 

F igure  7 shows curves  of temporal growth r a t e  0 ve r sus  magnetic 
i 

f i e l d  B , c a l c u l a t e d  from Eq. (19) f o r  t h e  cond i t i ons  of Rowberg and 

Wong's experiment f o r  t h e  f i r s t  a x i a l  mode wi th  m = 2 . The va lues  

of / (= /  I =I pe l  ) have been va r i ed  keeping t h e  phase angle  9 (=@ =@ ) 1 2  
f i x e d  a t  d1.8 , t o  g i v e  h ~i j.6L when 1 1  1 a s  taken  by Rowberg 

I 
and Wong, I t  i s  seen t h a t  reducing I p (  reduces t h e  growth r a t e  and 

l e a d s  t o  damping, but i t  i s  c l e a r  t h a t  no s i n g l e  1 p 1 < 1 curve matches 

t h e  experimental  r e s u l t s .  The I p  1 = 0.3 curve matches a t  low B but  

has  the wrong shape a t  l a r g e  B . On t h e  o t h e r  hand, Rowberg and Wong's 
3 -1 procedure of s u b t r a c t i n g  a  cons t an t  damping decrement a x 1 . 4  X 1 0  sec 

i D  
f r o m  t h e  t h e o r e t i c a l  curve f o r  r e a l  k g  ( I p ]  = 1) does l e a d  t o  a  reason- 

a b l e  match  wi th  t h e  experiment.  However, i n  t h e  experiment h i s  
II 

s u f f i c i e n t l y  small  t h a t  t h e  e f f e c t  of i o n  p a r a l l e l  motion i s  important ,  

e s p e c i a l l y  a t  h ighe r  B , s o  we should no t  expect agreement with a  theory 

neg lec t ing  i o n  p a r a l l e l  motion. 

Inc luding  i o n  p a r a l l e l  motion i n  t h e  i so thermal  theory l e a d s  t o  t h e  

d i s p e r s i o n  r e l a t i o n :  
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EQ. (19) FOR CONDITIONS O F  ROWBERG AND WONG' S EXPERIMENT FOR VARIOUS 
END-PLATE REFLECTION comIc Ims ,  COMPARED WITH EXPERIMENT& VALUES, 



where 

F i g u r e  8 shows t h e  growth r a t e  a s  a  f u n c t i o n  of B  c a l c u l a t e d  from 

Eq. ( 2 3 )  f o r  v a r i o u s  v a l u e s  of I f o r  t h e  same conditions a s  F i g .  7. 
Cornparsrig F i g s .  7 and 8 i t  i s  s e e n  t h a t  t h e  i n c l u s i o n  of i o n  p a r a l l e l  

motion r e d u c e s  t h e  growth r a t e  a p p r e c i a b l y ,  e s p e c i a l l y  a t  l a r g e  B . 
A s  a r e s u l t  t h e r e  i s  now much b e t t e r  agreement  between t h e  e x p e r i m e n t a l  

damping c u r v e  and a  t h e o r e t i c a l  one t a k i n g  accoun t  of e n d - p l a t e  damping 

th rough  a  r e f l e c t i o n  c o e f f i c i e n t  I p l  < 1 . The b e s t  match o c c u r s  f o r  

p 0 6  The r e l a t i v e l y  poor  match f o r  low B  i s  p r o b a b l y  due  t o  

t h e  & a c t  t h a t  b  (a Be2) i s  n o t  p a r t i c u l a r l y  s m a l l .  

F i g u r e  9 shows t h e  a m p l i t u d e  and p h a s e  o f  t h e  l o w e s t  a x i a l  mode 

f o r  v a r i o u s  v a l u e s  of . For  I p  1 = 0.6 t h e  phase  s h i f t  o v e r  t h e  

cen t ra l .  r e g i o n  a c c e s s i b l e  t o  measurements i s  no more t h a n  65. Now, i n  

s t a t i n g  t h a t  t h e  obse rved  a x i a l  mode was a  s t a n d i n g  wave, Rowberg and 

Wong p l a c e d  no  e x p e r i m e n t a l  l i m i t  on how s m a l l  t h e  p h a s e  s h i f t  was. 

H o w e v e r ,  i t  seems p r o b a b l e  t h a t  a  p h a s e  s h i f t  of 60 went u n d e t e c t e d ,  

e s p e c i a l l y  i n  v iew of t h e  f a c t  t h a t  t h e  p h a s e  v a r i e s  r a p i d l y  w i t h  a z i -  

muth (m t i m e s  t h e  a n g l e ) ,  s o  t h a t  d e t e c t i o n  of a  sma l l  a x i a l  s h i f t  p re -  

supposes a r a t h e r  p r e c i s e  t r a c k i n g  of t h e  p r o b e  a l o n g  a  f i e l d  l i n e .  



FIG. 8. GROWTH RATES AS A FUNCTION OF MAGNETIC FIELD CAJLCmAT@D 
FROM EQ. (23) FOR CONDITIONS OF ROWBERG AND WONG'S EXPmIMENT 
FOR VARIOUS END-PLATE REFLECTION COEFFICIENTS, COMPARED WITH 
EXPERIMENTAL VALUES. 
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DISTANCE ALONG AXIS IN 

FIG, 9, ANlPLITLTDE AND PHASE OF THE AXIAL MODE A S  A FUNCTION OF 
P O S I T I O N  FOR VARIOUS REFLECTION COEFFICIENTS / p / KEEPING THE 
PHASE e CONSTANT. 



Thus, from t h e  publ i shed  da t a  i t  i s  d i f f i c u l t  t o  a s s e s s  t o  w h a ~  

e x t e n t  t h e  d i sc repancy  i n  growth r a t e  i s  a t t r i b u t a b l e  t o  end-plate  

damping, but  more p r e c i s e  measurements of a x i a l  phase s h i f t  should 

enable  t h e  f a c t  t o  be  e s t a b l i s h e d .  I n  t h e  ca se  of t h e  experiments o f  

Nendel e t  a1 w i th  e l ec t ron - r i ch  shea ths ,  t h e  e f f e c t  of end -p l a t e  damprng 

was probably smal le r .  However, a s  i s  c l e a r  from t h e  r e s u l t s  of F i g s ,  7-9, 

end-p la te  damping can g i v e  r i s e  t o  app rec i ab l e  i n c r e a s e  i n  t h e  th reshold  

magnetic f i e l d  and y e t  g i v e  l i t t l e  d e t e c t a b l e  a x i a l  phase s h i f t ,  

F i n a l l y ,  i t  may be  noted t h a t  t h e  d i f f i c u l t y  of d e t e c t i n g  t h e  

presence  of end-p la te  damping from t h e  a x i a l  mode s t r u c t u r e  i s  g r e a t e s c  

f o r  t h e  lowes t  a x i a l  modes A 2 2L because t h e r e  i s  no minimum of tne 
18 

wave ampli tude i n  t h e  system. I f  measurements could be made around the 

minimum of a  h igher -order  a x i a l  mode t h e  r e f l e c t i o n  c o e f f i c i e n t  c c u l d  b e  

determined wi th  g r e a t e r  accuracy. 

(ii) Non-Isothermal Theory and E f f e c t  of Axial Current  

A p r i o r i ,  t h e r e  i s  no reason  t o  b e l i e v e  t h a t  c o l l i s i o n a l  d r r f t  

waves a r e  i so thermal .  I t  i s  j u s t  t h a t ,  w i th in  a  f l u i d  t rea tment ,  rhc 

s imp le s t  theory  r e s u l t s  from us ing  t h e  f i r s t  two moment equat ions,  

c l o s i n g  t h e  s e t  by assuming cons t an t  T. By t r e a t i n g  T  a s  a  wave 

v a r i a b l e ,  and us ing  a  s c a l a r  t h i r d  moment (energy)  equa t ion  t o  conplere  

t h e  s e t ,  one expec ts  t h e  p r e s s u r e  waves obtained from t h e  isotherrnaL 

theory t o  be  modified and new wave types  ( tempera ture  waves) t o  appear, 

s i n c e  t h e  d i s p e r s i o n  r e l a t i o n  i s  of h ighe r  order .  For weakly j o n l z e d  

plasmas i t  i s  we l l  known t h a t  a  non-isothermal theory i s  necessary t o  

exp la in  s t r i a t i o n s .  I n  t h a t  case,  small  temperature  f l u c t u a t i o n s  p roduce  

l a r g e  changes i n  i o n i z a t i o n  r a t e  and t h e  temperature  waves become unszabie 

i o n i z a t i o n  waves.53 Temperature f l u c t u a t i o n s  have a l s o  been shown t o  be 

important  i n  d r i f t - t y p e  i n s t a b i l i t i e s  i n  P.I.G. d i scharges .  54 

The i so thermal  theory  of c o l l i s i o n a l  d r i f t  waves, negleclcsng rcon 

p a r a l l e l  motion, ha s  been gene ra l i zed  by Tsa i ,  Pe rk ins  and ~ t i x ? '  to 

i nc lude  T  a s  a  v a r i a b l e .  They f i n d  t h a t  t h e  d r i f t  waves a r e  m o d ~ t r e d  
e  

s o  t h a t  t h e  discrepancy i n  onse t  f i e l d  i s  reduced. They a l s o  Plnd a 

new r o o t  ~ ( k )  which they l a b e l  an entropy wave. This  i s  s t a b l e  cnGer 

cond i t i ons  t h a t  t h e  d r i f t  wave i s  usua l ly  observed, but  can be unstable 



under other cond i t i ons .  Experimental evidence f o r  t h e  f a c t  t h a t  d r i f t  

waves are indeed non-isothermal has  been provided by Motley and E l l i s  55 

from a c a r e f u l  i n t e r p r e t a t i o n  of Langmuir probe measurements. 

The non-isothermal theory of Ref. 5 0  has  been genera l ized  by Tsa i ,  

Ellis and Perhins5' t o  i nc lude  t h e  e f f e c t  of an a x i a l  c u r r e n t  ( e l e c t r o n  

velocity v . Thi s  i n t roduces  odd powers of k i n t o  t h e  d i s p e r s i o n  
3 11 

relation so  t h a t  t h e  medium i s  non-reciprocal  with r e s p e c t  t o  propagat ion 

nn the iz d i r e c t i o n s .  Neglect ing zero-order  temperature  g r a d i e n t s  

and taking T.  = Te , t h e  d i s p e r s i o n  r e l a t i o n  can be  w r i t t e n  i n  t h e  form: 
1 

where 



where 

Ct = 0.711, C = 3.16 C = 0.513, and v = v (T/me)-'I2 r 0 11 e 
Equat ion (24)  d i f f e r s  s l i g h t l y  from t h a t  of Ref. 51 i n  terms involv ing  

b because no approximations involv ing  b << 1 have been made, 

F igu re  1 0  shows t h e  map of t h e  r e a l  M-axis i n t o  t h e  w-plane v i a  

Eq. (24) wi th  v = 0 f o r  t h e  same parameters  a s  F igs .  5 ,  7 & 8, The 

broken l i n e s  show t h e  same contour  from t h e  i so thermal  theory,  Eq, (191, 

Branch I ( t h e  d r i f t  wave) i s  s t r o n g l y  modified a t  small  K , and shows 

lower growth r a t e  f o r  K 5 20, bu t  h ighe r  growth r a t e  f o r  K 2 20, corres- 
ponding t o  Rowberg and Wong's s h o r t  machine. There i s  a l s o  a significant 

change i n  frequency, w . Unfor tuna te ly  t h e  frequency i s  not  a good 
r 

datum f o r  d i s t i n g u i s h i n g  t h e  presence  of non-isothermal e f f e c t s  in experi-- 

ments because, t o  compare with t h e  s l a b  model theory,  one has  ti3 correct 

f o r  t h e  azimuthal Ha l l  v e l o c i t y  ve = Er/B from measurements o f  E 
z r 

which a r e  no t  very  p r e c i s e .  Branch I1 ( l a b e l l e d  by Tsa i  e t  a1  a s  t h e  

f l u t e  mode) i s  l i t t l e  a f f e c t e d  by t h e  i n c l u s i o n  of non-isothermal effects, 

whi l e  Branch I11 i s  t h e  new branch (en t ropy  wave) which i s  weakly u n s t s b l e  

f o r  very long  wave1 engths .  

F igure  11 shows t h e  r e a l  K-axis mapped i n t o  t h e  w-plane f o r  t h e  same 
-2 

parameters  a s  F ig .  1 0  bu t  wi th  v = 1.86 X 1 0  , corresponding, for 

potassium ions ,  t o  v = 5 c , where c (T/mi)'l2 i s  t h e  ion sounc! 
0 11 S S 

speed. The c a s e  v = 0 (from Fig .  10 )  i s  shown by a broken line Por 

comparison. When v # 0 , t h e  r e a l  K-axis no longe r  f o l d s  on i tscLf 

and t h e  lowest  r e l e v a n t  branch p o i n t  h a s  migrated from w = 0 to 
S 

w x (-0.13 - i 0.085) s o  t h e  i n f i n i t e  system i s  a b s o l u t e l y  uns t ab l e ,  
S 

The d r i f t  wave ( I )  and entropy wave (111) branches a r e  s t rong ly  modified 







by tho- c u r r e n t ,  e s p e c i a l l y  f o r  small  I K I  . I n  f a c t  t h e  topology i s  
+ + 

changed so  t h a t  t h e  d r i f t  (I-) and entropy wave (111-) branches a r e  

i n t e r connec t ed .  For I K ~  5 l o ,  where t h e  branches 1' can be  i d e n t i f i e d  

a s  drift waves ( I )  modified by t h e  cu r r en t ,  t h e  c u r r e n t  i s  d e s t a b i l i z i n g  

f o r  nega t ive ly  d i r e c t e d  waves f o r  K 2 - 22 and s t a b i l i z i n g  f o r  K < - 22. - 
On t h e  o t h e r  hand, f o r  t h e  p o s i t i v e l y  d i r e c t e d  wave, t h e  c u r r e n t  i s  

s t a b i l i z i n g  f o r  K 5 15 and d e s t a b i l i z i n g  f o r  K 2 15 . Thus f o r  l a r g e  

\ K I  t h e  e f f e c t  of t h e  c u r r e n t  i s  d e s t a b i l i z i n g  o r  s t a b i l i z i n g  according 

a s  t h e  phase v e l o c i t y  i s  p a r a l l e l  o r  a n t i p a r a l l e l  t o  t h e  e l e c t r o n  d r i f t .  

However: a t  l a r g e  I K J  i t  i s  probably necessary  t o  i nc lude  t h e  e f f e c t  of 

i o n  p a r a l l e l  motion a s  d i scussed  by S c h l i t t  and H e r ~ d e l ~ ~  i n  t h e  i so thermal  

theory, 

Tsai e t  a15' cons ider  t h e  boundary cond i t i ons  f o r  a  Q-machine and 

the c o n s t r u c t i o n  of normal a x i a l  modes. The boundary cond i t i ons  a r e  

d e r i v e d  only i n  t h e  l i m i t  of s t r o n g l y  e l ec t ron - r i ch  shea ths  and neg lec t  

end-plate  damping. I n  t h e s e  l i m i t s  they  ob t a in  t h e  cond i t i ons  

and 
Tel 'Te~ 

= o  . 

Condit ion (23a)  ag rees  approximately with Chen46 i n  t h e  l i m i t  of e l ec t ron -  

r i c h  shea ths  and corresponds t o  a  s h o r t  c i r c u i t .  T s a i  e t  a1  then con- 

s t r u c t  normal a x i a l  modes from t h e  f o u r  r o o t s  k , , ( ~ )  s a t i s f y i n g  t h e s e  

boundary cond i t i ons .  For cond i t i ons  of i n t e r e s t ,  two r o o t s  ( l a b e l l e d  

drift waves) a r e  dominant whi le  t h e  o the r  two ( l a b e l l e d  entropy waves) 

a r e  heav i ly  damped and only have s i g n i f i c a n t  ampli tude near  t h e  end p l a t e s .  

Because t h e  medium i s  non-reciprocal  they f i n d  t h e  modes a r e  p a r t i a l  

s t and ing  waves, even though no end-plate  damping i s  assumed. 

To d i s c u s s  more g e n e r a l l y  t h e  dependence of t h e  normal a x i a l  modes 

on the t e rmina t ions ,  when t h e s e  a r e  s p e c i f i e d  i n  terms of r e f l e c t i o n  

c o e k f i e i e a t s  f o r  t h e  dominant waves, a  map such a s  F ig .  11 i s  no t  con- 

ven ien t .  A convenient  procedure i s  t o  map i n t o  t h e  w-plane contours  of 

cons t an t  (K: - K;) and (KT - K f o r  t h e  dominant modes a s  shown i n  
1 



Fig .  1 2  f o r  t h e  same parameters  a s  F ig .  11. I f  va lues  of pl, p 2  f o r  

t h e s e  dominant modes a r e  given,  e i t h e r  from measurements o r  thecry ,  

t h e  d i f f e r e n c e  (K' - K-) can be c a l c u l a t e d  from Eq. (9) and t h e  normal 
f - 

mode f r equenc i e s  read of f  from Fig .  12.  The contour  (Ki - K i )  = 0 

i s  t h e  l o c u s  of normal mode f r equenc i e s  when t h e  te rmina t ions  a r e  

p e r f e c t l y  r e f l e c t i n g .  Comparing t h i s  wi th  t h e  broken l i n e  f o r  t h e  

c a s e  v  = 0 and p e r f e c t  r e f l e c t i o n s ,  i t  i s  seen t h a t  t h e  cu r r en t  
4- - 

d e s t a b i l i z e s  t h e  normal a x i a l  modes over  a  wide range of (Kr  - K ~ )  

va lues .  

(c) General Remarks 

While t h e  approximate agreement between experiment and t h e  e a r l i e r  

i so thermal  theory  neg lec t ing  ion  p a r a l l e l  motion was good by accepted 

s t anda rds  i n  plasma physics ,  i t  i s  c l e a r l y  important  t o  i d e n t i f y  and 

t a k e  account of t hose  f a c t o r s  i n  t h e  theory  necessary  t o  produce more 

d e t a i l e d  agreement. Two of t h e s e  f a c t o r s ,  e l e c t r o n  temperature  v a r i a t i o n  

and i o n  p a r a l l e l  motion have been i d e n t i f i e d .  Another f a c t o r ,  whose e f f e c t  

i s  d i f f i c u l t  t o  a s s e s s  q u a n t i t a t i v e l y  i s  t h e  l a c k  of s a t i s f a c t i o n  o f  t h e  

l o c a l  approximation k  >> x and t h e  a s soc i a t ed  cond i t i on  k  >> k 
X Y X 

employed i n  t h e  s l a b  model. 

I n  a d d i t i o n  t o  t h e s e  f a c t o r s  a s soc i a t ed  wi th  t h e  theory  f o r  an 

i n f i n i t e l y  long  system, we have emphasized t h e  need t o  cons ider  t h e  

normal a x i a l  mode s t r u c t u r e  f o r  a f i n i t e - l e n g t h  system, and show how 

t h e s e  may be cons t ruc t ed  when t h e  t e rmina t ions  a r e  s p e c i f i e d  i n  t e r m  of 

r e f l e c t i o n  c o e f f i c i e n t s  f o r  t h e  dominant waves. I t  was shown t h a t  a 

r e f l e c t i o n  l o s s  which i s  small  enough t o  g ive  a  r e l a t i v e l y  small  d e t e e t -  

a b l e  e f f e c t  on t h e  a x i a l  mode s t r u c t u r e ,  compared wi th  t h e  l o s s l e s s  

case,  may g ive  a  s i g n i f i c a n t  r educ t ion  i n  temporal growth r a t e  and a rise 

i n  t h e  i n s t a b i l i t y  t h r e sho ld .  Furthermore, t h e  r ecogn i t i on  t h a t  enr?-" 

p l a t e  damping imp l i e s  a  p a r t i a l  s t and ing  wave,even i n  t h e  c a s e  of ze ro  

a x i a l  c u r r e n t ,  l e a d s  t o  an experimental  method of determining i t s  

magnitude i n  terms of a  r e f l e c t i o n  c o e f f i c i e n t  < 1 , analclgous to 

t o  t h e  methods used f o r  a r b i t r a r y  t e rmina t ions  i n  pas s ive  t ransmiss ion  

l i n e s .  
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I n  a f i n a l  a n a l y s i s  i t  should be p o s s i b l e  t o  r e l a t e  t h e s e  experrmental 

r e f l e c t i o n  c o e f f i c i e n t s  t o  a s u i t a b l y  d e t a i l e d  phys i ca l  theory of t h e  

end p l a t e s .  The p re sen t  t h e o r i e s  f o r  t h e  end p l a t e s  a r e  approximate 

and incomplete .  For i n s t ance ,  i f  both e l e c t r o n  temperature  v a r i a t i o n s  

and ion  p a r a l l e l  motion were 'included one would need t h r e e  boundary 

cond i t i ons  on t h e  wave v a r i a b l e s  a t  each boundary t o  c o n s t r u c t  complete 

normal modes from t h e  s i x  r o o t s  k(u) . I n  t h e  absence of such a 

d e t a i l e d  theory ,  t h e  approach suggested h e r e  l e a d s  t o  a p r a c t i c a l  method 

of determining t h e  i n f l u e n c e  of t h e  te rmina t ions  on t h e  a x i a l  modes,  



V. DISCUSSION 

I n  t h i s  paper we have d iscussed  t h e  gene ra l  ques t i on  of how, and 

under what cond i t i ons ,  i t  i s  p o s s i b l e  t o  c o n s t r u c t  normal modes f o r  an 

a r b i t r a r i l y  bounded system from r o o t s  of t h e  d i s p e r s i o n  r e l a t i o n  

D(w,~) = 0 f o r  a  corresponding unbounded system. The t rea tment  i s  
-, 

r e s t r i c t e d  t o  systems descr ibed  by f l u i d - t y p e  equa t ions  which a r e  uniform 

along one coord ina te .  With t h e s e  r e s t r i c t i o n s ,  normal modes may be  con- 

s t r u c t e d  from a  p a i r  of dominant r o o t s  k ' ( ~ )  of D = 0 , where t h e  

allowed (complex) va lues  of t h e  d i f f e r e n c e  (k' - k-)n a r e  given by 

Eq, (9) i n  terms of t h e  boundary condi t ions ,  expressed a s  r e f l e c t i o n  

c o e f f i c i e n t s  f o r  t h e s e  dominant waves. The corresponding (complex) 

normal mode f r e q u e n c i e s ,  CD , a r e  g iven  by Eq. (12) .  The s o l u t i o n s  only 
n  

r e p r e s e n t  normal modes i f  I m  U < I m  0 where (Us,ks) i s  t h e  lowest  
n  s 7 

(dominant)  r e l e v a n t  branch/saddle  po in t  of D = 0 i n  t h e  sense  of 

Derf ler  and Briggs.  The a x i a l  s t r u c t u r e  of t h e  normal modes i s  a p a r t i a l  

s t and ing  wave descr ibed  by Eq. (14) wi th  Eqs. (17) and (18). 

A number of genera l  conc lus ions  were drawn concerning how t h e  

system behavior  depends on t h e  p r o p e r t i e s  of D = 0 and t h e  va lues  of 

t h e  r e f l e c t i o n  c o e f f i c i e n t s  P l ,  2  
. I n  gene ra l ,  provided t h e  te rmina t ions  

are s u f f i c i e n t l y  l o s s - f r e e  ( I p I not  t o o  smal l ) ,  normal modes a r e  found 
1 , 2  

whether D = 0 r e p r e s e n t s  s t a b i l i t y ,  convec t ive  i n s t a b i l i t y  o r  abso lu t e  

i n s t a b i l i t y .  I n  t h e  l a t t e r  cases ,  temporal ly  growing normal modes a r e  

Sound provided t h e  system l e n g t h  i s  app rop r i a t e .  A s  t h e  t e rmina t ions  a r e  

made more l o s s y ,  ( I p 1 , 2  I reduced) , temporal ly  growing modes a r e  s t a b i -  

P i z e d  i n  t h e  c a s e  D = 0 r e p r e s e n t s  convect ive i n s t a b i l i t y ,  but  t h e  

system s t i l l  suppor t s  s p a t i a l l y  growing waves exc i t ed  f o r  r e a l  frequency. 

Men! D = 0 r e p r e s e n t s  a b s o l u t e  i n s t a b i l i t y ,  increased  end l o s s e s  

reduces t h e  growth r a t e s  of normal modes u n t i l  they a l l  grow l e s s  r a p i d l y  

t h a c  waves a s soc i a t ed  wi th  t h e  lowest  r e l e v a n t  branch/saddle  po in t  

(osJk ) *  I n  t h e  l i m i t  of non- re f lec t ing  boundaries ,  I p  ( = 0 , t h e  
s 172 

system is e f f e c t i v e l y  i n f i n i t e  and a  l o c a l i z e d  p e r t u r b a t i o n  grows a s  

descr ibed  a sympto t i ca l l y  by Eq. ( 5 ) .  
I n  genera l  t h e  normal a x i a l  modes a r e  p a r t i a l  s tanding  waves composed 

+ 
of t r a v e l l i n g  waves wi th  d i s t i n c t  complex va lues  k- . Only when t h e  



+ - 
system i s  r e c i p r o c a l  (D even i n  k  , s o  k  = - k  ) and t h e  terminations 

pure ly  r e a c t i v e  1 = 1 a r e  t h e  component kf va lues  purely r e a l .  

For non-reciprocal  systems, such a s  plasma columns wi th  e l e c t r o n s  drifting 

a x i a l l y  through ions ,  t h e  normal modes i n  genera l  have kf complex 

even when t h e  t e rmina t ions  a r e  l o s s l e s s .  

I n  Sec. I V  t h e s e  i d e a s  were appl ied  t o  c o l l i s i o n a l  d r i f t  waves i n  

Q-machines. I t  was shown t h a t  t h e  discrepancy between t h e  observed and 

c a l c u l a t e d  growth r a t e s  i n  Rowberg and Wongrs experiment may be explained 

by end-plate  damping, but  no t  i n  t h e  manner they  suggest .  Only i f  t h e  

mode i s  a  p a r t i a l  s t and ing  wave and account i s  t aken  of a x i a l  i o n  r n o t i o ~  

can t h e  d i sc repancy  be  explained by end-plate  damping. I t  was shown 

t h a t  end-plate  damping can have a  marked s t a b i l i z i n g  e f f e c t ,  and get 

g i v e  l i t t l e  d e t e c t a b l e  a x i a l  phase s h i f t  (on t h e  commonly observed 

lowes t  a x i a l  mode). The dependence of t h e  normal mode f requenc ies ,  

growth r a t e s  and a x i a l  s t r u c t u r e  on t h e  r e f l e c t i o n  c o e f f i c i e n t s  w a s  a l s o  

d i scussed  f o r  t h e  c a s e  of a  Q-machine wi th  a x i a l  c u r r e n t .  

By c h a r a c t e r i z i n g  t h e  t e rmina t ions  by r e f l e c t i o n  c o e f f i c i e n t s  for 

t h e  dominant waves, determined by measurements on t h e  p a r t i a l  s tanding  

wave a t  l a r g e  d i s t a n c e s  from t h e  boundaries ,  a  number of f a c t o r s  are 

absorbed t o  which i t  i s  d i f f i c u l t  t o  g i v e  a  d e t a i l e d  t h e o r e t i c a l  treat- 

ment. These i n c l u d e  e f f e c t s  due t o  t h e  e x c i t a t i o n  of o the r  wave zypes, 

i nc lud ing  s u r f a c e  waves, shea th  e f f e c t s ,  and t h e  t r a n s i t i o n  from a f l . u i d  

d e s c r i p t i o n  t o  a  k i n e t i c  d e s c r i p t i o n  w i t h i n  a  mean f r e e  pa th  of t h e  

boundary. 

Perhaps t h e  most important  p o i n t  t o  which we have drawn attention, 

i s  t h a t  t h e  behavior  of p r a c t i c a l  (bounded) systems, wi th  r e spec t  to 

l i n e a r  p e r t u r b a t i o n s ,  i s  not  g e n e r a l l y  d e s c r i b a b l e  i n  terms of roots 

@(k r e a l )  of t h e  d i s p e r s i o n  r e l a t i o n  f o r  an unbounded o r  p e r i o d i c a l l y  - 
bounded system, a s  i s  o f t e n  assumed. To be sure ,  such a  d e s c r i p t i o n  i s  

a p p r o p r i a t e  when t h e  p l a n a r  model i s  adapted t o  t o r o i d a l  geometry 

and p e r i o d i c i t y  cond i t i ons  al low t r a v e l l i n g  wave s o l u t i o n s  wit13 real 

k  Furthermore, a  d e s c r i p t i o n  i n  terms of a  pure s t and ing  wave 
I\ 4- 

( r e a l  k- waves) i s  a p p r o p r i a t e  f o r  r e c i p r o c a l  systems wi th  purely 

r e a c t i v e  t e rmina t ions .  However, i n  genera l ,  bounded systems r lequire  a 



d e s c r i p t i o n  i n  terms of r o o t s  k (0)  of D = 0 with  complex k  . The 

requirement t h a t  one, a t  l e a s t ,  of t h e  waves be  s p a t i a l l y  growing r e s u l t s  

i n  Bower temporal growth r a t e s  and can r e s u l t  i n  a  qu i e scen t  system even 

when the i n f i n i t e  system d i s p e r s i o n  r e l a t i o n  i n d i c a t e s  (convec t ive)  i n s t a -  

b i l i t y ,  I t  seems probable  t h a t  such e f f e c t s  due t o  boundaries  exp la in  56 

why, i n  mi r ro r  machines, c e r t a i n  p red i c t ed  i n s t a b i l i t i e s  a r e  not  observed. 

The foregoing  obse rva t ions  a l s o  imply t h a t  i n  p r a c t i c e  many nonl inear  

wave phenomena ( e. g. inhomogeneous tu rbulence)  cannot be adequately 

explained by mode coupl ing  t h e o r i e s  based on t h e  coupl ing of l i n e a r l y  

independent modes 0 ( k  r e a l )  of t h e  l i n e a r  theory.  - 
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