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g I. Introduction

A major obstacle to the implementation of optimal cont,--n . ".e rs has

been the complexity of such devices. For the general proble.:

optimal controller is most readily determined in the form of required

time histories of the system inputs. This contrasts with the classical

output-feedback controller.

Optimal feedback controllers may be determined for the linear-

quadratic state regulator problem. Even here, however, th?y may be

difficult to mechanize since they require, in general, time.-varying

feedback of all system states. Efforts have recently been made l,.2 ' 3 to

determine optimal time-invariant output-feedback controllers for such

systems. In particular the finite-control-time problem was considered

in 131; the theory was developed and computational techniques suitable

for low order systems were presented.

In this report new computational methods are developed to mechanize

the theory presented in (3). The increased computational efficiency

associated with these new methods allows the application of the theory

to systems of higher order. It also facilitates the computation ofY	 g	 IITP

optimal piecewise-constant output-feedback controllers for time varying

systems.

The techniques developed in this report are illustrated by a seven

state model of a Saturn V booster rocket. An optimal controller is

computed fo: this time-varying system over a portion of its flight.

1
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II. Review of Theory

The following is a review of the theory developed in [3).

We are concerned with determination of the cptimal time-invariant

output-feedback controller for the linear system.

x(t) = A x(t) + B u(t)
	

(1)

x(t) = C x(t)
	

(2)

where	 x(t) is an NS-dimensional state vector

u(t) is an NC-dimensional input vector

r z(t) is an NF-dimensional output vector.

The quadratic cost functional is

T

f J = xT (T) Fx ( T ) + xT('^
	

+ uT(^) Ru(II dZ 	 (3 )

0

with R. F and Q suitably positive (semi) definite. Thus we seek the

gain matrix K which minimizes (3) where

u( t ) = -KT Y( t )	 (4)

The aboveP roblem cannot be solved for NF C NS unless the state

x(t) of the system is specified for some time instant. It has been

shown however, that the expected value of J can be minimized if the

probability distribution of x(0), the system initial state, is known.

For the particular case where (a) the outputs y(t) comprise the first

NF system states, and b the system initial state	 0) is uniformlyY	 ( )	 xY 	_(	 Y

distributed on the surface of the unit hypersphere in NS-space minimization

of the expected value of J is equivalent to minimization of the function

GF defined by



aA. •

1

i
AM

«►

T

GF	 NSS tr ^FO(T)OT(T) + ((^.'`KRKT)	 0(?')¢T(i )dIr
	

(5)
0

where tr 13 denotes the matrix trace operation

O(t)	 is the stale transition matrix of the system

x(t) = (A - BKT ) x(t)
	

(6)

The restrictions (a) and (b) above are not severe.

The necessary conditions for K to minimize (5) are defined by

W _ 0
	

(7)

where W is an NF x NC matrix whose coefficients are given by

w s tr t FO 0 -'	 + (Q+KRKT) O(r)T('L^ d^ij	 ) i	 k

T

^ T	 0	 a iJ

T

T

+k - RKT OM 0T (16d -e }
	

(8)
a ii	 0

The gradient of W with respect to the variable feedback gains is

given by

d gh	 trF I a	 ^ T + 0 a 2 -0---]k	 ^	 k	 k k
pq	 a pq d k gh	 `^ pq gh T

T a^ a ns	 .^ 2 T
+ (Q+KRK T )	...-^-- +	 d

a pq d kgh	 pq a kgh r0

T	 ,^	 T
+ K RKT	 a— k— 0T + 0 a -- d r

a pq	 0 a gh	 gh



^T
+ a K	 RK d 	 0T +	 d r

d kgh	 0 	 kpq	 °  kpq

T

+--K -- R ---	 0 OT dT	 (9)
a kgh	 kPq Q

The above equations provide the basis of a Newton-Raphson iterative

method for finding the optimal K. The appropriate relationship is

Kn+l ^ K. - ^n 17	 'wn	 (10)

where the suffix denotes the iteration number

w° is a vector arrangement of the matrix w of necessary conditions

is a suitable matrix arrangement of the gradient coefficients

defined by (9)

is a convergence factor.

f
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III. CoMutational Algorithm

A method is described below for digital computer mechanization of

the Newton-Kaphson iterative scheme defined in Cection II.

It can be seen from (5)-(10) that the computations required involve

products and integrals of 0(t),	
kgh	 k gh pq
(t) and	 a gh c )	 It was

a 
shown in 13 1  that

t
ak	

_	 T

gh	 0	 gh

t
c1 2 (t)	 (t-')B aKT

	
(x) + 	

KT	 ^(r) d^ (12)
kgh d kpq 0 	a kgh a pq	 a Pq a kgh

Assuming the eigenvalues of [A-BK T ' to be distinct

O( t ) = M e t 
M 1	

(13)

where /1 is the diagonal matrix of eigenvalues of [A-BK T J.

M is a corresponding modal matrix of eigenvectors.

•	 Equation (13) is used to compute 0(t) at time instants T/32 1 T/161

Y	 T/8, 2T18, ..., T. Using these values, a gh
k h	

can be approximated
a 

at times T/16 1 T/8, 2T/8, ..., T by

T
	k_ ( T/16)-- - O(T/32) B c K

kgh 
0 (T/32) T/16	 (14)

d kgh 

T

a kgh ( T/8 )	 - (T/16 ) B d k 
gh 

O( T/16 ) T/8	 (15)



r,

i

T
-a kgh ( 2i/8 ) ^ O(3T,'16 ) B a k	 O(T/116) T/8

gh	 gh

T

+ O( T/16 ) B a kgh 
0(3T/16 ) T/8

a O(T/8)-
()
 kgh (T//8)  +	

gh 
(T/8) O(T/8 )

gh 
(16)

.	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .	 .

	

.^ (nZ^'+T) ^(T/8) -
as- k̂--- (^) + ^ (^) O( T/8 )	 (17)

gh	 gh	 gh

2
In a similar manner a 2 3 k ,. is approximated at times nT/8, n--1, ..., 8

gh pq
by

2	 T `^	 T ^^

k	 k ( T/8 ) ^; - O(T/16 ) B a K	 (T/16)  +	 - .	 — ( T/16) T/8
gh pq	 gh pq	 pq	 gh

DIM + D2NF'E	 W))

2 0	 (nT+T)	 (T/8) a ^_ (nT)
a kgh kpq ^—	 a kgh d kpq -7

+ D11 ;?'E	 (nT) + D 2MFE	 ( nT	 (19)a pq Zs	 a kgh $

The above computations ) plus the fact that 0(0) is the identity
2

matrix and both	 (0) and -- —	 (0) are null matrices,
gh	 gh pq

shows the computation of the various terms in (5)-(9) by Range-Kutta

numerical integration. The remaining computations required for (10)
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are routine matrix operations, except for assignment of a value to the

convergence factor /^'.

The optimal value of the convergence factor /y" is determined

iteratively. It is first set to 1. If GF is reduced / r is doubled,

otherwise /*' is halved. This process continues until the optimal value

of /V is straddled. A quadratic interpolation technique then iterates

to the opuima1 ,A" . Note that this "best step" procedu re requires only

the relatively simple computation of the function GF at each step.

A Fortran 1V program listing of the algorithm described above

comprises Appendix I of this report.

t
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IV. Results and -iscission

Notable computational improvements have resin;ed from the uce of

the algorithm described in uectlon III as compared to that used in [3].

The improvements increase with the dimensionali t , of the system. Come

representative comparisons of computation times are shown in Table I.^	 mP	 mp

aCe 2 9 ta ",
Systems 1 control 1 control 1 control
Considered l feedback 2 feedbacks 1 feedback

Ref	 3
algorithm 69 sec. 193 sec. 976 see.

Fresent
algorithm 8 sec. 82 sec. 17 sec. 

Table 1 Comparison of WATFIV Computation Times
for Old and New Algorithms

The techniques described in this report are illustrated here by a

7 state model of a Saturn V booster rocket. It is supposed that the

objective is to produce piecewise constant output feedback gains for

the time varying system.

Some preliminary notes are called for. In optimal control theory,

if the control interval is long compared to the time constants of the

dominant system modes it is most convenient to consider the control

interval to be semi-infinite. For this reason the numerical integration

techniques described in Section III were designed for control intervals

not longer than about five time constants. If it is desired to consider

longer control intervals it will be necessary to increase the number of

points used in the numerical integration. This is a trivial modification.

1
1
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The data for the illustrative exarrple represent, the :'a t.urn V

booster at a time of 80 seconds after lift-off. 'Ibe control interval

is chosen to be 5 seconds; say from lift-off plus 77.5 seconds `.o lift-

off plus 82.5 seconds. 'The booster characteristics are adequately

represented over this time interval by the data for the 80 second point.

The system matrix is

A a

0. 1. 0. 0. 0. 0. 0.

0. 0. .203 -.6535 -.0020 2.558 0.
-.0137 1. -.0407 .0002 -.oi46 -.0334 0.

0. 0. 0. 1. 0. 0.

0. 0. 0. -44,67 -.1337 254.6 0.

0. 0. 0. 0. 0. 0. 1.

0. 0. 0. 0. 0. -50. -10.

(21)

and the control matrix is

0.
0.

0.

b a 0.	 (22)

0.

0.

1.

The first two states are available for feedback to the single controller.

The cost matrices F and 9. are chosen to be identity matrices of the

appropriate order, and R is equal to .1. The first few pages of

program output for this problem comprise Figure 1. The solution achieved

is plotted in Figure 21 which shows that the program did indeed attain

a minim= expected value of the cost.
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`	 Figure 1 Program Output for Example

;I

1

1

1

1

STA TE WEIGHTI yG MATRIX Q
0ODc'ca0' c 	U -a"c(yG000	 ,-- Do Uccou-	---

t	 O.00OCOJO C•JJCOcoi O.00OJ0o0 )•GCCC;;GC
L•O30V000 00 *1c000oo ')..ut,JJGoo 3 00JcCCJC
Zf.DQt7C003 Zs :CC07')G _ - `3.3000000 ^ _ .► .000Cu")C___.____-_

1. COOccoo (...JCOcou 0• JCJJ0o0 3.G:.+.000c
0.0001030 C•i3000CJ J.JCJJ000 )•CJuCCJC
I:C00?CGz-- c;-.cccc,,j 3.00accoa- -'7:0000031-`^"•
0.00OCCOO C.JOCcoou 1•300JCOG J•cCJCCcC
1•,3u0C000 os,ococoj J•OJoccoo :1.o000C)C
x.'000?CJD` :0; jCCCJ3`" '-	 Jiaoococo 3:Ci.000oc -'	 - ---__ .--

1• o00cC00 C• .JCCCOJ O.000J003 J •COUC00C
0.0000030 C.,. 000C30 J•00 0:0 00 J•cCJ cCJC

-17000 c a -) 0' -- _

"C3*1TR UL- -WEIG'HTI`J.: ►+4'TRIX"R`r'-'

Ir
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STATES	 CONTROLC	 F^EOaaCKS	 IGAINS
1	 t	 1

SYSTEM MATRIX A
O, CJJQoJO 1 • J)COO^JJ J• olio J0 00 ) • CUCC(j0L^.	

--- 0.Oo0CC00 _ ,._c. JaCC" ;c,	 ___
O.
,J

J4J;;00 «-_.._ _ _	
J •4v JCCJC

0.030CCJ0 C•4030473 - .Gy34950 - ).0)1S5^0
2.558u1 )0 C• V.UcocJJ -us 113c,b15 1 •cu.► CCuc

.-C;- JC199l'	 "" ._•`"•. -Oo• )146300 -_ --J'.0?3 3i32G
O.00uc30) C.)JCC ::JJ J..J3d000oo J.:JCCGJC
O.0004c30 J• .JCOuU30 3.OJucouc
0.0003CJ0.-`-.' -_ C::J000 J;1 ° __v-_ _ )••)CG0000-- _- -44-:601CCG

-0.1336690 254.0100003 'J•uCJccoo 3•GC3LCJC
0.00000Jo C• iJC;.cu., 3•''J3J000 ;► .GJ00ooc
0:00o 5coa-- ._.._. ---T-

O--IuCOC'.1a...__ 0: 0 )JoC00_-_--_- .^._.7:CC1000C"
0000030,30 l•JoCOcou J•UGJGG00 -5J•CJCCCuG

-10.0003000

t
C04TROL M ATRIX 8

D: DcUcC"3D_ _.
(	 Oa000C00A

__-_. C:7?CCC JT---
c•JoCo000

V - 0000cuu-"""-`""	 j o aaocuu T-"^
1.0000000

TERMINAL	 TIME	 T = 5,00000430

TF..RM I 'J4L	 COST	 NA T4 I X F
100000000 C8301'.GC00 O.uc00o00 100cocCGc

(	 1.00OC6-00 cocaccc00 J• Juo^o00 30Gvcccoc
0.0000000 cv,j ;ocoa J•JOOJJco 3.000CCJC

-1`9JOOCC0o T:;.JCC 	S-- -
(	 0.000c000 C•JCC%C0o J63%00000 3.0:ccooc

1.000;.COo C.^J0000 J•0000000 J•GouCCOC

c•^J*ccoa J•J000000 3.0J^,000
0.000^.000 C•:OCO(JlOJ U•ucoJ000 )•CJcococ

^I.00000a0`__^Z;,,C'CO •CO3 '3.O:.JvCOC"- -`^"---°`3:C4i:CCJC	 ^	 ^"
09000c000 C••;OCOCoo J.u000coo J.Oo000OC
1.000 ccao

l
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l TE,(A T ION NUMBER 	 1	 _

51114 NIITRTX—'*-

-15.6600004	 -140;j7C000U ^^^	 _	 ya-`^h•^^^

SYST _ M EIGEW 4LUCS
-0,4844715	 i1	 0.5445't5 )D	 01
-0.4344715D 01	 "=0;?+445,j90 01
-0.4536563:1-J 1	 0, A 176 13 , D	 01
-0,45365b3J-J1	 -0.u17ul3uU J1_

0 , 13 2 0 7 5 8.)	 3009 3 b 6 -).'07 10	 J 0
-0.1329758u	 41 0	 0%)

-

-0.1300372) 00	 J.GCt;,.. OJD 0J

I AVERAGE	 COST	 =	 0992;"2.:550 03

r 9999...	 , ^...

'NECESSARY CONJI TIONS VECTOR
. 0925544030 - 02 "----- 0,1271373Tj`0	 -	 -`_

—	 RAUTr JT'NAfi:Tr
( 0*14878930 02	 0.11?32240 01	 Jo11332240 01	 095122086C 02

C 14VERSE	 GRADIENT MATRIX
0,6732260)-01	 -C.14P9titb30-02 	 -U.14894630-02	 J.1y556250-01

t '

l

r

s

l

'-►^'??',Tr, PA ^; r• PT A r ' j^ 'err ?	 , J a .
Figure gu	 (con^inue3)

FR	 `' WE
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ITCRATIOY NUMBER	 2

-170610567	 -14.0456240

SYSTEM	 EISE'4VALUES
-0.777J')12.7-J1	 U.62524660	 01

-­00770912U-01--- 	 01
-0.485145'JJ	 01	 c.5? 5Q,,730	 01
-0.485145Ua 01	 -Co 5336v730 01
-C. 1047441'1-01-	 _	 • C.4 f: 7 7S5SC	 011..`	 ._ _	 ^..._	 _._....
-• 0.104744!U 07	 -0.4hC7j59D Ou
-0,10654470 00	 -6.G000..000 JO

AVERAGE C&ST GF2	 C.o5949820 03

STEP	 SIZE	 IS DOL6LED.	 N FL GA I%S ARE
0:19478110"02""	 -0:11- 522250 02'---

(.

SYSTEM--FTGE'JVAtU£S
-0.106174SU 00	 0.6329:50D 31
-0.10617490 00	 -0,632';^500 O1

- '"-0.`43bl"75^.II'91" "'"-b:5277:IIBII U
-0.48617540 •31	 -)95271,JbC 01
-0.7237186D-31	 0.5lg7u800 OU
=D.7237186O z O1"-"-"-C.5197:,3'?n 00 ---

f -0.9374824U-01	 -04000O.JO30 0 

r AVERAGE CAST GF2 =	 CoJ2911980 03

( STEP	 SIZE	 IS	 DJUBL 7 0,	 %Ek	 ;.t' ARE
-0.23296230 02	 -0a6N:7*960 01

SYSTEM EIGENVALUES
—^ •^`D:15156797 - 0ti? -----• 0.-b^i83iSiII" O1 ---	 --	 _	 ,_

( -0.15156790	 33	 -U.64S3-.,U-tO 31
-0948925430	 01	 6, 51 C').j4 y D 01

- `-D,kBV?543^^7I	 --'^	 TCQ744Q"OI""- 	.
( -0.3148265u-02	 0.61C,J.630 00

-0.31492b5U-02	 -0.61CO.830 00
-" "-"0;7983221 -O I'- 	"-J:COCC;. vUQ 00—"

t

— avERa^E LDST'' GF2^-'	 C:7432Sr?sII-?3+—^	 ^'"	 —"

"- STEP" St t --- - TS- DOU31 ED;"'72W'-r; tt,IS"ARE'
( -0930932450 02	 0.3623.1OaD O1

SYSTEM	 EIG6 AJ9LUES
-C.2 .707917J 00	 0.67E51840 01

-- ^" -0.200T y 17J'00s.__ O:bTE5.:340-01` --`- +_^_-`- t

Figure 1 (continued)
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1
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1
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1

I

I

t

,
-0949079390 01 U.4 71 7', i6U	 01
-0.498193%) 01 -t1. Ii 7 # 1 040 01

0.13530550	 JO J. 72 ;5+25U	 OU
0 - 13533553 QO` "= 0.72`'3•.50' 00

-0.67501210-U1 -0. coiov;100 OU

AVERAGE COST GF2 C.d597506U U3

STEP	 SIZE	 14TEI POLATIONs	 k :w GAINS	 ARE
-0924534520 J2 -0.4AEa.44C	 01

SYSTEM EIGEWALUES
= 0^1621303D 00'`-- **U '65'3235FU	 I--
-0.16287:130 00 -0:6532386D 01
- 0,4904954U 01 U• 50 146-j!)60	 01

0:44049540 - 01 ----C.5J A G356D - 31--'-^
ti 0.19166540-01 U.63?1:)»5D	 OU

0,1916654U-01 -(j.643i:)45D	 OU
= 09-76994900 = DT--- 0'* C J CG 5J)0U-00

AV]ERWGE — C0ST"GF7- -- -	 !Z•T7T7I'35II'-03

"^"'3TEF`3TZ	 INTER P CATID`l: 'T•c "GaTT^ ARE
r -0.2547C31D 02 -3.35970750 01

r' SYSTFM EIGENVALUES
-0.17065040 00 0965709280 01
-'=0-0^^;171065040 0-;A5-//77,2-880-T 1^1- 004J15 4 J" 01 1N.50052 20C 3 ♦
-0,49156U2U U1 -005cU•illOD	 01

0.36511670=J1____ _. J,64S77300-'00 
0.3681169J-01 -0.64SO7800 OJ

-097 5Oh94O D-01 -39C3CO j3OD U O

AVERAGE C OST GF2 = C.7660385 D 03

c'
STEP	 SIZE	 INfERPULATIONe	 AEM GAINS	 ARE

-0:35470310 -DT —=-J:33g76T5D-O7

"AFQDE"`G'ATN^a^RE^'ic ET`STE ►̂ "'F^'R-THTS"'T'TER7^	 " -

-"'^-`GA'I tJ^TDLF,^x"iCE^CHT . V	 . L63T52^'
i„

REQUIRED`STOPPI}iG-TDCcRA^;GE---^U": J5C0D0
l

SY S T —EM —EI G= `7VAL UES^
L	 -0,1708504.) OU	 0.6570•,280 01

-00170R504J OG	 -3.6570 o28C 01

Figure ,1 (continued)
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-0.4')1'16020	 01 -O.SOCSZ^JU O1
0.36A1169U-01 (.645017bJU 00
O.36P11690-01 - U.64S97 iCU 0j

r

^--" VERAf,E COST-w— "" "C. 7b2038 sn 03"
t

ESSARY `CO*4UI TIUNS'VeCTtR--' . -	 ._..._._._.

-0.25793130 02 -0.3345s64n 02

GRADIVIT MATRIX
0.16879540 J2 O.1054.j68C 01	 J.1)94h68C 01	 OsMD^6161C 02

f

INVERSF G RAOIEAT MATRIX
0, 5946479n-O1"-"-'-"*?#'T4V38C-02	 414,93=1	 ,02-	 -7i,5263T,57C-01

C

C.

C

C,

c

C

^ C

C

C

C

C

r

4

-	 Figure '1 ( continued)
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30
Equi Cost. ^Zhx---^,Contours

AD

^

Ov	 00

00

of
~

40
I	 ;

4

.00

•

^ v•	 ,^^
410

00 I	 '

Gain Trajectory ^^'
Produced by Op i
Program

— "^/•Q /#! ,,	 —	 •^ /	 ,^

•.	 _ — ._ --

2404
.0

•3o

Figure 2 Expected Value of Cost as a
Function of Feedback Gains
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The example chosen illustrates a perhaps unexpected result, The

optimal feedback gains correspond to an unstable system. `Mis arises

from the finite control interval used. It simply shows that the cost

matrices F, Q and R stressed conservation of control energy at the

expense of tightness of control. If stability is necessary then the

cost matrices must be chosen accordingly. This differs, of course, from

the case of a semi-infinite control interval, where stability of the

optimal system is assured.

1
1
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V . Conclusions

A computational algorithm has been derived to mechanize the theory

of optimal time-invariant output-feedback controllers presented in 131.
The new algorithm uses the techniques of numerical, Integration. It is

computationally much faster than the analytic algorithm presented in

[3], This allows its econom -A.c use on systems of higher order.
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__.._._U 1 `1t°:SIC °1 	 Af7,71,::t1,7)-	
w-.

3 CnMNLE z • i!,	 ^ ,!• I +pC
4 UOU:sLL'	 r.4FCIS1 3'•	 AR',tT,T,rC+ Gj ;H AI,GFrGFP,Vw,VCK14 1r GRACI

.^­1^.__,....__--C'1LlaLE P(^c iSt iv., 	rr.,T, TEST It Gh3 T CP
6 U0U 3L 	 p tEC 1.1,11	 010tXI,JAb

7 DOVsLE	 rkEC I:,1 jN GF 3, ;rw
a-____..-.. flilll"LF	 OQ FCl';	 C11 7r2 1
9 LO FOmSAT	 ( 4F 1 F • 71	 .

10 11 F nRMAT	 (401 F+. /)
1: "__" 13 "Rr A T 1711 r T	 _	 ----------_	 ..._...

c 12 20 FUk4AT	 (1415)
13 25 Fn':M:T	 ( '11, TMr'STATES'14X9 'CC'rTR(ILS',4X+'FEECIACKS',4X+ 'IVINS,
-14”-_.-39`- • F0 11MAT	 IItT'3	 INVCR5E	 GAADIE%T	 MATKIX•.1__	 .-_.._....^.....	 »

c 15 35 r 01'4AT	 ( //T ?r' SYSTt",	 M A T A I A	 A' 1
16 40 Fn•tMAT	 1//T 3, 	 1An	 GAINS' )
I7---- .4.3._-- F(1R'•'AT	 I/JT?, • CC'%TRf;L	 MATRIX	

1311_.-..^........	 »._

r' I 50 rORMaT	 (//T3, 1 1AI4	 MATRIX')
14 55 FORMAT	 (//T?,'TER 9 1'JAL	 Tl a z	 T	 =',F,18@7)

70 °"°""50--FS.RMAr- 1JIT7, •;al%'"TU—CItf:;Ct:	 ACIIIEVF.C --Vv-9 F175 .-71
21 62 F044AI	 T3,'AVFt.1;,E	 CJST	 =',01"1.7)
22 65 FORMAT	 t//T?,'TE' hO I'1.4L	 C C S T	 N A T k I X	 F'1

"23"" 70 --FQRMNT`(//T-?i'1 Z = r U11 .-.7' STUPPl-i ri	 TCLERA'1CF - % • r-1R7i7)--

t 24 75 FOAHAT	 I//T3,'SIATE	 IAtIGH,TI'JG	 MATRIX	 Q'1
25 80 F341-1 AT	 (/%TI,@:n',TROL	 W► 	 IGHTI:iv	 lo ATRIX	 R')
26 -_-7135"- T; ORM1T- t I•,"TTERATIC'T - `UM3'ER•rI17)_

f 27 86 FO-)4AT	 (//T3,'STE`P	 SIZE	 1,i	 MALVL I:•	 %'-: W	 GA VI S	 Arti-9
28 87 FORMAT	 (//T3, + STEP	 SILL:	 IS	 J^U:1LE(1•	 NEw	 G A I`+S	 AR E')

`Z7--"8"8- FOASAT'--(//T39"ST1_P_'ST12'I',TERPOLATICI•-_•1-W•.C.1I,,S_.ARE'1^_-
3U 84 FOR44T	 (//T2,'A^iCVE	 r c,I +S	 aRt	 BEST	 STEP	 FOR	 THIS	 ITZRATICN
31 9J FOR'AAT	 (//T1,'SCL!:TIO'v	 IS	 CJYPLETE.	 FULL CWl-JG	 (,,al IS	 ARr.	 CPT IMAL')

Z-'"-' 1700 - `REaO - rr;z01— n^, r,C+KFf1GAIyS`

Ic 33 READ	 (:,10)	 II,J),J=1,`5)1I=:1NS1
34 RE.1a	 (1.10)	 (kj(I+J),J=L,NC),I=11NS)

.- 3'5 (1;111-	 T
--_._. -_.-._..__.	 ---- -- --- _.»__._-,.

36 REAL)	 (1+10)	 I(F(I+J),J=1,N5),I=l,t1S)
37 REAL)	 11+10)	 ( ( 1 )( I,J),J = 11'4 x, 	I=19NS)

-'38.:_____
-RIEA7 - 1111G1 -t tR IT, J1',J f1'gNCI;r k I I NC T"^_

39 READ	 11911)	 r,\STCP
40 WRITE	 (3,25)

r" "'.TZJ Tc - - I3-1 15'1- +S"+'t	 'IF,1GA1' : S.

I 4i WRIT:	 (3,35)
43 WRIT_-	 13,101	 I(AlI,J19J=I,N.S	 I-I,NS1

c 45 WRIT%	 (3,:01	 (IGtI•J),J=1vNCFrl=1gNS)
46 WRIT:	 131551	 1

46 wRIIE	 (3,:U1	 ((r(l,J),J=1,f.$)+I=1 ► r1S)
49 WRIT_	 (I, 75)

-"30 `- +IRIT7	 t3 i 101 r (IcII	 I	 J=1'9N%* l 0- 1 & I- i*iST—___
51 1%41 TE	 13+130)
52 WRITE	 (6+101	 ((:(I,J)+J=1,NC),I=1,NC)
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S4	 VFC•'IF#14
E" 55	 00 1CCO	 I e 1 9AS

56	 JO	 1CC0 J410A„

( 58	 100J	 K (I, ! ) ,,.)&Q70
59	 1F I I'it.I*;S1	 12 , ;Q	 1201	 11Jv
63	 — 110J VA)	 (1.11)	 W, 11oJ) . J • 1oNCT11 s loNF1	 """'"`	 _	 ^-'•	 - .-_-^

61	 1201	 CO'+TIt.U*
62	 Utz	 1223	 l =1 , ►+5—...-b3._._..-_.._--DO- 122J	 JaNF9'IS'

l 64	 ^144r(I,J) sr. (I 	 J)
65	 1227 AHMI9J1*A(1rJ1

67	 wRI TC	 13 9 R51	 1 T
68	 WRI ii	 139501
69	 --W R I T C" 13 9 101 - 'f IX ( I r •I 17=I'9 14C I i I , I 

i-7IFT.

( 7U	 Df)	 i22 1.)	 1 -1 rNF
71UO 1225	 J -1 thL 

— 7 Z-- ' --r2 2 5- 'G  ( I I J ) - K (T i '.^ 1 _ _
j 73	 1230 C34TINIX

74	 CALL	 M ATH4T (r,Q )
T5'—._	 CALL --STRAM --- __

j 76	 1264 CALL FEFy(GF)'

77	 1 Tsi T+1
8`	 `CALL	 I; I^ERT(^ ..ZAO , GR1.17T;(CFC'1'""

79	 WR ITE	 (300)
BJ	 WRITE	 (3,111	 ((GP4U)(19J)9J-1 ► AFC)rl;l,NFC)
8T	 C'AU:--W w R 

i .T--
 -- - ..._.._	 ^^	 ^^^+^^•

82	 WR ITE	 (3 t 65)	 IT
83	 WR ITE	 (39401
8^	

..._..... __^ R I T" (3 
r l O-i` l (r f I i ^ I i^"= T'i r iC1 i T= 1 1r^T^""

f 85	 128U Y,MU-1.
86	 00	 1290	 I =1 9.%F

a-r
88	 1290	 G1(19J)-G(I rJ)
89	 GF 1-GF

----90--_	 -^v1mvr=%T:
e 91	 CALL MATNAT(A,Q)

92	 GALL	 STRAM

94	 IFIGF-GF2s;T..j.0001	 GO	 TC	 1330
95	 INALF=1

6—'--131D—GF3=GFZ_`—
	 —	 ---

97	 I4ALF-114ALF4i
98	 IF(IHALF9GT95)	 GJ	 TU	 15JJ
97	 iriRIT---I3;6G'1`__

( I 0	 AMU-VPU/2s
101	 00	 1320	 I . 1 9Ai•

TOZ^"^`	 DO*1320 J=I';A
103	 1320	 G(I,J)-(K(1,./)4G(1tJI)*095
L04	 WRITE	 (3,11)11"^(1 oil 9J -1,"jC)rl ;l,`!F)

---

( 106 	 CALL	 S TIAM
al',i2IGFtl107	 GALL 

GAI'42

• IOA'	 'IF(Gr2—:,F.,T•:,:"CCJ1—^GO` TC-13IJ
10 1)	 GO	 TO 1500
110	 1381 CULT	 ,%Ul

112	 00	 .39.	 1 =1 rkF
113	 DO	 1370	 J-1 rA-;

" 114 -	 . 1393 GfIIJ)-Z••G11 OJ ) - K (T o 11—

i
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Lis	 WRITE	 13,111	 ((G1I,J),JR1,Ncitisi,`jr)

V	 116	 CALL M^1HAT(h,U)
II?	 CALL	 ST4AM.... " -1 1 t _ -..	 ."`_ -- CALL	 G ; l % 2 t C F 3 t`- • -
119	 1Ptk;F1-_'F?. I T,,3.JU c,) 	UO	 I 	 1530
120	 VMU1 i V','L

..._.^. 121— 	 .__---VMIt	 .Vw	 .-..^.._^...
122	 GF1 =110F?
123	 GF2=GP3

"-- 174----	 .....	 1:0	 TO
125	 1500 VMU2•VKU
126	 VMU39' , •VML

128	 1510 KOVAI	 t:;UA0+1
129	 IF	 GC	 TO 1 duo

-----^.--i'30-"-`	 u1MU=V•{U2-V ► Lt
131	 02MU =V 10 -VIOL.
132	 JGF T =GF 2-GF t

134	 D3`1U=, 5« (D2 i-'L • D? M U*') ;F 1-C1 " U ► U1MU • ( , G F 21 / (q;F 1 • C?MU-I)GF2 * C iMU )
L35	 VIA U4 a P'L, 1+ 1) ?mi.,

1.37	 WRITEWRITE	 (3,8 8)
138	 DO	 1 520	 1 =1 ,hi

.._ -DO . 1 , 2 1 'J Y t 9 n„___.`_
140	 1520	 GII,J)=VMU4*C.(I,J)*(1,-VMU4)•KtI,JI
141	 WRIT:	 13,11	 1tJJ,J-104191=1, '4F)
1*► 2._......""""".'t ALL	 NATIf,^ T t A , 01 ...._........_...__ .._..__.... r. 	 _._,,.	 —^______

143	 CALL	 STRAM
144	 CALL G4110(CF4I

1 F 1 D3" tJ„T, CI' 101 - GC T© . 1630--' °-'_-
146	 IFlG$F4,GT•GF2)	 GO	 TO	 155J
147	 GF3=GF2
148-___._.	_VMU3aV,4U?' 
149	 jF2=GF4
150	 VMU2=V4U4

152	 1553 GFI=GF4
153	 VMUI W004

-13 4” 	GII°t L' 15111-'
155	 1600	 (F1GF4,GT.GF?1	 GC	 Tn	 1650
156	 GF1=•.;F2	 .

158	 GF2svF4
159	 VMU2=VMU4
160 "'_	 "LQ TC- 1510_._
161	 1650 GF3=GF4
162	 VMU3=VMU4
163 -- '	 GO - TC *1510'
164	 1800 00	 181U	 1 . 1 qNr
165	 00	 i81j	 J=1INL
166-­  •1810*%-#(1 J)--VYU?v!:t1-9Jf+tVe--VMUZT*KtL^J1
167	 wtl T;	 (308)
168	 WRITE(3t11)	 !(Gt1,J1,J=1,trG),I=1,t^F1

170	 TEST1.0&QDJ
171	 00 2.'M)	 I=i•t,r_._	 ._. 172'-- _	 _ Jtf	 ,^CO-'J=1',11,
173	 IF	 (G(I,J),E	 .V.1UJ)	 GC	 TU	 1900
174	 tEST=UACS(l r- 11,J)-K( I,J) 1/,11, 1) 1

—	 -175-"t_	 TESTI =%MAYI tT_ST, TESTI)
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176	 GO TC ' CuO
(	 177	 190) Ir(G(I,J)-K(I,J).:C.O.0001 CC TO 2J01

178	 Tr ST I a :: Uv, a , .S TOP
K1I,J) + ..",(I,J )

- 

180	 hKI TL I *i t 1"i I I  STl
181	 1%1111: 1 3, 7

.i 
1 .'O' l S rc1P

182'_`	 _- IFIT:ST1-;';^T,;P.GT,J.ODO)`GU -TO' 1230__._ -
	 ^.-__

183	 WRITE 13,1)31
184	 WRIT'. (loll) l(CII,JI,J=1,4GI, I=1,rJF!
185 ""
	 ._ NR T'T (3962 1._7F.?

186	 GO TC bOOO
187	 80JJ Cn 4T I!rU.-	

--rs1	 -9003 CO 4TI'.U:
r	 189	 STOP

190	 E NU

191 SUMUTINE	 1vAfHAT(A,Q)

C
192 CnW4:'l	 M(7,7), MI(7, 71,`1l,( 7)gAHAT17,7),T,K(7,t),i(7,1),O1-tT( 7,71,VG

^""' ""1RA'J14,i) ► 'CR^Ci(4-x41• 3 t^'(4),`ST7,Z1 ,FI7,7T"i^I ?, ZT,VS,'^C^'jF -__._.. 
r 193 DIMs,4siciN	 A(1,7),[r'(7,7)

194 COMPLFX016	 N01	 PC
295-	' DOJ3L`E`P^ECISFJN-AHAT,T,KiC	 F 7tVWi VCR AOiG`T CMl
196 DO	 leo	 I=Ions
197 Dn	 1CO	 J=1tKF
TOa-- AH^T (T; J Fr. A J1-,n-	 -
199 QH4T(I,J)=C(I,J)
200 DO	 1 CO	 tl l =1 , hi
701 - -ARATII;JF=tl-	 T'17 iJI-31TTJ1-)--at77;NIi
202	 . DO	 100	 '12 = 1 ,^v
203	 100 D ri4T(1,J)=C ► iaT( I, J)+GI1 9 KI1^k(hl,n2)=GI J, A2)

" 2a4 "^ E T UR ti_
( 205 ENn

F- _n a Mu TT V F. T n 4N_
e
C COMPUTES	 THE	 STATE	 TRANSITION M>TRIX

207 COM`4CV	 N( 7, 71, MI(7,71 ► RC(7),AhA117.7),T,KlI,21,	 7,2),J1:,s117,7)rVG
IRAJ(4,4),G1-,)1(4,4),V4(4)v6 	 7,:: ) ,F17,7).R(2,2),`15,•iC	 NF

0cr --OI.AE",SIG•j	 Att.:.(4')) , a2(7),RI(-7),*SCil(7,7),45^?(7,7T'XR(7),XIC77;
1	 VR(7) ,VI ( 7),1ANk(I),iKGW(7,2),VR:i(7) r 3 II( 11,n( 1,41

209 COMPLE016	 Av 04 ,ZC
2I-0"' `CUM °Lc:^t *I-6- CC;•^L'X;CCC'jJti	 .-	 r
211 UOUjLE	 PRECIS10%	 4HAT,T,K,G,CHAT,GF,GF?,VW,VGRA),GRADI
212 DOU3LE	 PRECISIJn	 AA.1n, aK, Rl,ass:K,ASL2,XR,XI#V4, 3 IPVR(4,Vlv,wtVECMGR _--.---.-_------

213	 lU FnR'44T	 (2(11 E. 7)
214	 30 FORMAT	 (//r?, I SYSTCM	 EIGENVALUES^1

- "ZIP • -- `CALL VECT V46T; tAAA,'1S7-	-	 - "
L 216 C4LL	 HSL)i( 'JS ,.44449NS)

211 CALL	 ATEI^;(NS,%tAAg4R,2I91ANAtNS)
ZI8" '+RI,F Z3, 31) ­ 	 -____•...-_.____..

( 219 wRITE	 (3,1J)	 (AM I),RI(1If1 =1,NS1
220 CALL	 MSb(AHAT,IS,ASQR)

222	 53 CO'1TINUF.
223 DJ	 ICJ	 I=L,NS

^"	 -2Z4 	 -```RCt1) =;7Ct4?L	 T iRTIT`iRIZIi)_^__
	 ______^	 _	 _._.
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225 On	 IcJ	 J=1,AS
226 100	 AS'lt1,J1=.1 t (. AI 9J)
227 CALL	 E1:OV:; 1A, AHAT, AS,<, r„ tkCW,xR , Al,vRVvIq,,R(1), Ktt1 )INS,v5 ,0,

t 228 NEIGxf.,: 1^,I 1
229 ! F (	 'i T, ;)	 ,;n	 TC	 Iii 

IF 1'I T =- ". , L T , ! 1)) - J C - T 0	 1 -)6.)
231 CALL	 R AYL(AI.41 ,AR(1) ► {I(:I,XR,X1rVR,VI,NSoNS1
232 GO	 T5 5U
233  1U5 -cn ,M Ur-
234 VE C.M,K=Ja .00C
235 V^^!+,I =G.00C

-

( 237 VE..M;k-o'. WG't+VAII)*xk1I)-VIII) *XI tl)
238 110	 = v "Cyrl+V^ttI) *XI(I)+Vi t!)*xR(II

^.^..._._'-'237-______ --_-- v>r^^► '`^=vt.Carrtry!<C±'t^u•-vtCdG1•VECyU ► -._ ._...._	 ._	 -
2 4 0 JO	 1:.J	 I-1INS
241 VRV(Ib=(VtJ(I)*VcCPG-.4VI(I) *vZ CMG"1/vECMGS 
24 2- "-- --- ---- V I': t I) r (V I (	 1 3* V: C -' C 1)/ V EC M'CS	 —
243 MII ,11=f)C1,PLX(XF(I)tXI(I))
244 120	 MI(I,I)=J;.vPLA(vR14( 1), vIn(II)

_-_----2rt5 .. _.. _ ...... - -. Ui1	 1 Ct; 1 v:JU'` T x 2 r tiS _	 __...	 __. __	 _ r	 . _ _.- ._	 _ .-

( 246 KOU 'JTi=KQU:q )-1
247 I F(Kq(r9U`JT)-AR(KOU'IT11) 	 200,14J,230

- 27.8 --- 1'40 -COITI7.1"!
( 249 DO	 150	 1.1,NS

251 M (I,KJUIT)=CC,JJJG(N(I,KOUNT1))
-25i-' -j5D---MttK"(; % T;I')=1^CD'JJCtrtItKOL''JT:;tfT-

( 252 GO TO 1000
253 200	 DO	 210	 1=1,hS
254------""'0 0--210 -- J'* t 	 S—

255 210	 4S:W'R(I,JI=ASC4(I,J)
2 56 CAL L 	EIGVECf3,A H AT,AS;R, h, IK CWrXrZ, XI,VRtVIrRR(K.UNT),RI(KOUNT),'JS,

--------1_ _	 _ -	 M1 *S , C ; SIA I -r I T ER-9 D 1 F j 2)
( 257 VE;.MSR=UsODC

258 VECM ,31 =0 * 0DC
-25)'-"-'-""`D0-220" `1 =1 -o A'S"""`-
260 VEC;WOK=VE;,MGR•Va(1) *xR (I) -Yl III *xI (I)

261 220	 VECM;1=vECN^",I*VR(I)*xl(I);vltl) *XP.( I)
2&Z"---"'-" -VECMSS=Vt:C f-i Ct, *V -Ct: j'K+V^Ct+GI*VECMGI	 "-

(- 263 00	 230	 I=10NS
264 VRJ(I)=fVR(I)*Vc,N'G,<+vl(l)*vCCMGII/VFCMGS
'2b5--"	 ---'V t '7(T1=f`lItl)`*'IrCNCR-VRtTItvEC"GT)/VECt'GS""^ 	 __	 ._____.__

266 M( I,K,)U;JTI =C^ -PLX(Xti ( I) rx! 1I 1)
267 23U	 MI (KCUIT	 M P L X (vR'J(I ► 9 V I N	 I I 1
2611 ----100CV-C C'J T I NUr.

( 269 KF TUR*4
270 E4 

271 SU:3RCUTI'4E	 FErN(GF)
272 COWM;;`;	 F(7,7),YI(7,7),RC(7),AHAT(7,7),T,K(7,2),:,(7,'),^'I HAT( 7,7) ,V5

__.__ IRAut 4, 41,'.; ZnGlttfi^+1,VW( 4)'i F?t7,LI`.FIT;T)-rat2,2)i``1S',"tf:i'JF
273 CO'ot)LEX*lb	 N,.-I,':CrCUEXP
274 COMPLEX*16	 `k.)(796)
275- -DnL3LE- -p RtC1Sl0N a} J ;4T, - T,XrC;CFtAT,CF -,r,F2,Vt:;VCRAI;Gl„c1; 	 --

( 1	 FEE (7 ► 7os),UF^_(l,Tr2,2,t3)tbtFEC-(7,7,2 ► ^ ► 2,2,3),FFrl(7,71v
2	 h-kKt7,1,”').,r1iK1f7,7l,FGFTlI7r7, 2 92),.,4he(7,71blrhhY3 (7,7 ,8)

276 DgWILE	 PiECIS1')'1	 FZQT4	 7,71,F 1EFiLF(7,7),CF HLF(797,29219
1	 DINFE( 1,7,C,2,o'.,2)9C2'AFC-1 N7, 2, 2, 292)

-_	 CALL- TRAPS( r ,j;i000OJ,9,U)	 — — -_ 



f

1	 ?`
278 10	 F0 'mt1	 ( // T s, r "I^-CESI :I'Y	 CGVfjI T I Uri S	 VCCTCR r )
2?9 2U	 FUtMA T( 401A ,I)
280 3U	 3,f,RtrlF*jT	 MATnIXr)

81- -- 62	 F7%44Tt//I3r r ..VERA06	 C"aJT	 D20.7f
282 NF^=lI F• r„
283 00 1 c	 I=1 r',5.`	 284.....-..-.._..._.. 00

	 1;.v	 / T=1 r E
285 100	 EX3119KT)-CCr.c p (PC (I1•T•KT/tl•UOU)
286 DO 1CU	 I =1 ,t- 5

+ 288 FE,JTR(Ir1)=C•J)C
289 FE•ILF f I rJ) =c'.,iJD

- 290 _	 00	 1 ,0	 '11. =I ,1S
_ ...

291 FEJTe.( IoJ)=F-.. Tk(IrJ) #NtIsN 1I*M1(01,J)•GCEXNIRC(:411*T/3e"•Gu71
292 190	 FL-ILF(1 ► J)= Fto LF( I,J)f Nll, Vl!• ""ll'.'l	 j) *CC , XP(RL(	 111•T/It,^-u0)
293---DC 2CO	KT=t 	 _

294 FE=(I, J,KT I =."OL'J
295 00	 , C3	 'jI=I,hj
796'---206--FE=11iJrKT)= F.^tl;:Ti):T1N7T;^i)%WIt^.Ii^3•FX3i')Ii'Kl^l 	 —	 ----

( 297 DO	 3CJ	 K1'-1 ,AF
298 DO 3CO K2=1 ,NL—
793 -.JII_.-3C0	 1 =1 ; N'c___-

r 300 Utz 30U	 J=1 r %5
301 OF	 iILFII,J,K),K2)=09ODO,

OZ_
._

—DFcEtIiJrK1 iK.:i1)=J.V00--
303 UO	 3CU	 N1 r-1 rN;,
304 DF;HLF(IrJ,K1,K2)=DFE11LFII,J,K1,K2)-FECTRf+-,W11*b(N1rK21^F 	 CTR(K1rJ)_ .	 _

-TJ) • T116. 0^3.,J_w
( 305 300	 DF-Z:(I,J, KIrKZrl)=QFEE(IrJr K l ► K'er1) -FEHLF(I,N1) *©(J1,K2)oFHLF(K1,J1*T/8.•

1J 1 • T/r), ODO
DD - 4CJ KT=2;9

307 KT1 =KT- 1

308 UG 4CO K1=1,KF

310 00 4CO	 I=1rhS
311 DO 4CO J=19n5	 ^` -

--`-312 _`—DFE 'r tI;!;K1;K-,-KT)=3;`J'7	 --►-	 _	 ___ _.

( 313 DO	 4CO	 'T1=1,-'5
314 400	 OFEE(I,J,K1,K_,KTI =UFEE(I,J,K1,K2,KT)*FE E(l,r+lrl ) *UF EE(N'ttJ,K 1, K2,r:T1) 

)'+DFGEIT', `ir-KIrK2 -1 I -) *FEE IN! 9 J-PKTI) r	
_—	 _

( 315 00 5CO K1=1 ,NF
316 JO NCO K2 -1	 N.

5CO K3=1 ,NF---
	 __	 -•--	 --	 —	 -

318 00	 5CO	 K4=1 ,h,.
319 00 5CJ	 I=10'S
32J —`" T-j=1;1x5"`
321 D1MFE(I,J,K 1,r.2,K3,K4)=J•00J
322 WMr-E ( 1 ,J,K 1,K2 ,K3,K 4) =J•J CU

`323- DO' 450 `11= I 
t'%	 .__ — —	 _

( 324 014FE( IrJ,Ki,h 29K3,K4)=DIMFE(I,J,K1rK2rK3,K4)-
1	 FEFILF( lr .I )*i('41rK-1 )•0FcHLF(K1,J,K3,K4)*TPA	 00U

-32	 O-24FziIiJrKlr•`,2iK3iK4) =',2MFE(TIJ,Kl-K2,K?IK4)-
( 1	 FcHi_ F(I,',1) * 3('J1rKi1*DFc ► +LF(Ki,J ► K1,K2)•T /:s.0J3

326 500	 D2FEc(I,JrKI,n2, K3rK4, 1)=Ul rr'rE (I, J,)t l,K2rK3,K4) ♦ C2!-Ft(I, J ,K1,K2,K3

( 327 DO 600 KT=2,8
328 KT1=KT-1

—3Z 0_ 6'" J -K I --1—, -K r
330 00 6CU K2=1 ,%.
331 VO	 6CJ K3=1 rI%r

"`332-	K4=1

3

I
r

1
1
1
1
1

AIL
J



+ti

2•

l

333 00	 6'%)1.1,NS
334 DO a^ 0 J-1,h5
335 02F"	 ( 1 rJ ► K1,K2,K3,K4,KT)xr3.CDO^. - 336" DO	 G:0 ti'I =I ,^	 _ _- 

337 600	 K31KitI KTIj.',2ra L(I,J,KI ► ► .2 ► K 3,K 4, KT 1•
1	 FFFII ► ^:rl)•1''IFEc(	 , I 	 J, ';1rK2rAI IV4 ,rTI) +714-_I I,	 K19K?rM3,K
14	 OFEE ('71 r J	 3 1 )'4,KT11 • CLNE'E t I 9tit,K11 0! 2'I K3,K41+• (;rIL ('11 r J ► K1,K2,KT21"'""
111

338 GALL	 SIM P RD(F_r,FES,FFTJ,T,hS 1- 
331)	 -	 - O f) - G20_I =1 q N 1
34n 620	 FF TI(191)=rF Ti tlrl)+T/2+..,)00
341 UO	 7CO	 K1 = 1 r hr

,
( 343 UO	 650	 1=1INS

344 DO	 650	 J=1 INS
4!1 nn--6Sj-'*T_ 1,°. ----	 _..—

346 650	 wRK(I ► J ► YT) :G.r-_E(1,J ► K1,K2 ► KT)

347 CALL	 SPI PAD(F.Er MR Kto%tKI ► T ► N S)

-.348'_ _.-DD 700`1 = 1 t ON 	
—^

1 349 DO	 7CU	 J=I,hS
35U 700	 FDFTI(1,J,Klr'.2)=hRK1(IrJ1

354 UO	 1CUJ	 A 1=1,:4S
353 DO	 1COJ	 '12=1, rS_ _._.. ,._.^ ^ 4 -'r . G F = G F + ;^ t ^ A T (11 ,  121' ^"F F T [ 1 'V 2 r Wirt	

_..•_.___	 ___._._...	 ._ —

• 355 UO	 1COJ	 ti3=1,'+S
356

10
1J OU	 GF=GF+FI`11 ► 'v2)+FEE('12,'^3,81 + FEE(N1r1^3, 8 1

358 WRITE (3,62)	 GF
359 DO	 2100	 1 =1 ,N r
360—'—'----DTr*2103 `J=17,rk,
361 1 N-NF0 (J-1 ) +I
362 Vim( 1 N) =0.000

_- -363- .-2100'J1-1 —1S`^	 —	 _ ---
^: 364 2:00	 `1? = 1, i S

365 Jwt11 1= '1wtlhf+'^11A T (,11 ,'d2)+FJFTI (N2h2 t Klr t•Jf ___-UD
361

r._
DG" ZC'W'	 ? 13 = To 4S

C_ 367 2003	 VW(I%)m V4(Ih)• F(!N1,.'42)#FcE(N2r'^3,8)+DFEE(N1,y3r1,Jtd)
368 DO	 21UJ	 '14=1, jC

'369 '-"72- 00'Vh (F'11 = ^t^(1 ^ 1+ 2 t'J i'^41 +K (hI ;N^ 1 +ffT`I i'vI; 1 1-
370 WRITE (3, 10 )
3T1 WRIT	 (3r2J)	 (iW(1)r1=1IiFC1

—" -"3T2—
373

311 -35C0" i =1`;1CF'---"
DO 3503 J-19N.

374 JO	 3000	 '11= 1r i5
375 OQ'-3CCU' 'V=T— S---	 -`
376 00	 3%-CJ KT =1,u
377 3003	 WR,,( N1,rl2,KT) =7FE-:(f11rs12tl,J,KT)
378 	 d='^F+ (J-1 ) +1 --
379 UO	 330J K1=1riF
380 JO	 330O	 K2 = 11 +C
391— — -- 10= '4F+(K2--: t1

1. 382 VG;14i)(I +r 10)=c(J ► K2)+FFTI(K19If
383 UO	 3101	 I11=1, .S

- 384'--" -00 • 3101 '12 =1 —fS— -	 ---	 ---	 - ._.

385 UO	 3100 KT=1,j
386 WRK2(N1,'42,KII=CF:E(%1'	 W, K1rK2,KT)-	

WRK3 (':1 9N? r xTl =^2FE= ('71',N2i 11J;K1;,C2iKT?
388 CALL	 )
389 CALL	 SI!'P'2L(F-E,AKK3,1•,4K4rTrNS)

T

'^	 M
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391	 00	 3..,J	 ^1." =1 I t rS
i' 392	 VGRAO (I'1, ID I	 149 1u) +QfiA f t fil l '71 f	 1 +hkK 4 (A2 r'I1 )I

393	 00	 3zo)	 'II a 11•.S
394""	 3200 - VGA',-,!I'i,I	 )=j; ''AD (I'.,IJ	 +Ft^^ir +:1 • (CF'"	 N2, ,3,< 1`,Q'r`EI•CFE2Pll't'N3

1rI,J, ,; 1 4 F	 ,: I1t, fI T,i1*02FEE(,Y1rNj,K1rK2r1 oil 9)!
395	 JO	 3',;j	 '1',=1, .G_	

---396-'	 350D	 VSII.*,(I'I,11)	 . i,iA	 I':,101+71TK'', :,1 ► K( 41"N41+(FC.`TII'iI,KI,I,JI-+FOFT
1l lK 	 t k I,I t 	 l 1	 4 (J,14) • K(N1,or4) • (FUFTI I N I t I,KI,K214F; FTI ( I	 IoK1 ► K2
2))

397	 — ____." u R 1 T° 1 3 r 3 0 I.^..__,^..

398	 WRITE{3,2(l) 	 (IVj4 ,%D(1	 J),JrIoNFC),1aIrNFC)
399RE Tu•( r
403-

( 401	 St,aR,;i;Tl Jt:	 ;A!	 42t3F1107_._.:..-__.^C-0W4C'.
	 v (7;7	 It7,7TrRC(71.1 i4ATC7i7IiTrK(7V47 )9-7,1 -ri IQ11F':.TTT—,7-1iVC,

( 1R4J(4	 4)rG R A	 4,41,V	 (41,s( 1,21 rF(7,7f,I	 .?,?)p1S,4C,'dF
403	 DO1j3LE	 PRFCI5I LJr 	4 14 .1T,T,K,G ► Cr+N1,SF,SF ?,Vw,vGi4A O,Gt ^J I_	 ^!	 -
404— 	D 0 u 3 1. z	 PR --CIS11	 FE C(7;7r81 ► F'FT117r71.___

( 405	 C04PLL.A#16	 P11 1 1 ,kC,CUEXP
406	 C9"o 1.c X • 16	 E`(.)( 7,9)

-"7107`	 6Z"^_..F07^^.ST(//T3,r«:^E^kric^tr'GST""GFZ`=i02.Oi7T—^ 	 _	 `-
{ 408	 00	 110	 1-1 'Ns

409	 DO	 1CO KT=1,9
4I'0----"IDO^"c?X3t !KT)=^CC:^ ►̂  (2t: (I) •T•KTI3:OQJI____	 A.

( 411	 UO 1CJ	 I =1 rN5
412 00	 2 1,0	 J=1 r AS
x+13`--	 DO ?CO KT=1;^
414	 FFc`II,J,KT1=n,JCO
415	 00 2CU	 '41=1 ,NS

—4r6`—"---200`-	F -- =1  I - , J, - KT1 =F -"c (I	 J r KT T +-KCI ;"^11 ► uT1 RT;•11	 EiC3T`71 r KT	 —`
417	 CALL	 S1MPRJ(F.E,Fe.:tFFTI,TrNS)

418	 C)0	 210	 1=1,'IS
"-"4 - 19 -- —2rO --FFT-1 (i i I 1 =FFTTTT, IZ -+T72	 T'

GF2=C. D42	 J
4211
	

DG	 1L1i j 	41=1, .5 
- —i22'—	 — 'DO -1 COX 112

423	 GF2=0F2+QH,%T (•+1 ,h2) *FF TI (N29%1)
424	 UO	 1C00 '43-1,6

—425
---_

I(YDJ- GF2=G F2 `# F IV:i .2)-•FcETiJ2i-N3 i3T*rEcl:ll ii,(3t-oT 	 --__

426	 GF2=GF2/VS
427	 NRIT^-(3r62)	 GF2

{

_-424------- • RETUZPJ ------_-r.	_ 	 _..	 .r.—.

429	 END

f 431	 UOUILE	 P 't.0 ISIJ\	 A( 7,7,8l,tfl 7,7,31 rAH( T, 7),T
432	 DO	 1C)	 1=1,%

434	 A91I ► J)=J.JC;,
435	 UU	 ICU	 '11=19A

Tr;:JI-4r;-(I;J)+T4;-JrY)0TA	 1+SI-J-'11;1rf3TI;'TI^31•6(79'!I; 3T+5T`"—
11 r'4ir5)•31J ,%_,5) +A(!, 41,71 • dIJr'+ir7) )+2 s0::^)•( al	 Ir	 41,2	 J,V1 r21+
2A(I ► %I,41 • 8(J,	 11,41 + .1 	 1t Ni ► 41 . 31J,	 1:,611+a(lr'llr^i) • t:(J,1 + 1, .5 	 1•T /

-3^4; 007	 ---- —__	 __-

{ 437	 RE TUIN
438	 _	 E'JD-

( 439	 SU31--UTI'l1':	 1•'^Jc 2T(4rDr'J)
C

6 ^
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1

1
1
i
1
1

I
1

t
E

1
1
1
1
1
1

28

C

Q
440 OIMENS1011	 414, 4 19 h( 4, 41
441 n0wiLE

443 1F(4-11	 1C1,1A1101
444 100	 i,(1,1)%1.3:i'/.(1111

-'443-- '­ -RITU4'1
446 101	 JG	 ")2	 I =1 , h
447 00	 1J1.	 J-19N

----+448- 102---ltI,J1=U.C^C
- 449 DO	 103	 1-1,A

450 103	 d(l,t)=1.0!)C
PIVr T- t t;. at '1 T -

451 00	 114	 K=1,A
452 L =K

X33- -tF f'l-K1
454 104	 I=K+1
455 00	 1 :)	 JJ-1 ,N

36 ---tft0 a0S(At'JJ,K1)-nABStAtt;Kll1106;IM-1105--__.._
457 105 L=JJ
458 106 GO'ITINUc

59---_._ ---1F(L-K)-1 C1 ,1:0-110[
C	 PERFOKM	 Rni%	 1 4TERC)r4AGE.

460 101	 00	 1J8	 .1=K,A

462 A(K,J)-A(L,J)
463 108	 A(L,J)=C

- ._46^i fl0 119 1 2 : t R
( 465 C=B(K,J)

466 i3(K,J)=3(L,J)

( C	 COLJy ♦4 	 EL I'M IK ,T IC`I
468 110	 00	 114	 1 =1,!N

"-'4'69 - —_ . .^ . I F t K - I) _ 11 I r Y'. 4 ; 11 . 1 .— .	_---- _
f 470 111	 0=A(t,K)/A(K,$)

471 DU	 112	 J-K,A
-" -472- -"-117 ll T - J) =.% ( t -Ti) =TJ 'A t 1C", 7 )-' _. 	 -	 _	 --	 __ ._

= 473 A(I,K)=0.000
474 00	 113	 J=1,N

TS " 113" 3 t t , J) =3 t I	 -:1) -0 #8
476 114 CO4TI"!U:

G	 SOLVS FOR
477--- __ D0- 115 -J=I-,

t 478 00	 115	 I=10n
479 X=8(l,J)/4(l,t)
-4S0..-'--115- 11IiJ)=X	 --	 -__.

481 RE TUR4
48 2- E^1J

483 SU3ICUTINE	 6Eni IT
C

- L	 '-_ PFRFOR` S- -N-.WTC':-RA ► HSC'1 - I• TERAriOti	 -
l c

484 COMMCN	 M(7,71,kT(7,7),4C(71,AMAT(7,7),T,K(1,2),,(7r2)rtJfAT(7,7),VG..__.___..

485 C011PLEX•16	 M „-'( ,R:
486 DOWLE	 PRECISLU`.	 A(iAT,T,K,J,6 H A T ,GF,GFe,VW,JG-iA J,G AiCI

488 00	 :CGO	 J =1 ,K4
489 GH gJ) =K( 1,.1)

- ------ .__._-1V271F (J-I1+T—_ -	 --	 --	 --__----- -	 -

r

S
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491 OO	 1000	 K1=1,rF
492 UU	 1C0u	 K?x 1,*tC
493 1+r,1 
4944	 "1003 C ( I r J) = G I I , J) = ; k : C T t I 'J r' I^1'r V a (I U 

1 ...._.^.^ . 
^.' _ `" "'"'"""	 "" " "°' `^

+ 495 RE TU I%
496- .__ E'40

497 SWRCUfI"IF	 VE4T (AHAT,AAAA,NS)

CC -""""-"CCWcRTS `RN AT" TO 5I'ICL: SIJa54KIPT'FTTRIT' sldA' 	
.

C
498 DI'li +Sff y 'i	 AI , AT(7,11	 AAt.A(491

+ 500 DO	 ICU	 Jffi1,VS
501  UO	 1CJ	 I=1,nS

503 10J	 44411KIwAIIAIII,A
504 RE TU+?_N^
5 Q 5"

..-
E'I T"

506 SU3KoUTINE	 I+S.(AHAT,NS,ASCRI

C	 COMPUTES ASC4sAIIATrAHAT,
C

307 - ;71 ''AT:RT7,7T.""`.
( 504 DOIJr LE	 PREC. ISl0K	 AHAT,ASCR

509 0n	 1'a	 I -1 , NS1

511 AS.t(I,J)=O.OvO
512 00	 1CG	 v.= 1,Ks
513 TGO" 4	 I1J)= .4cC•n i7:"J)47iilA7(TiKl'•A14ATTX—t :JT
514 RETURN
51 5 E'`10

( 516
5 17

SUKRCUTt"IE. RAYL(A,+:rEIrX,X[,VrVIrNrMD)
R2AL•8	 E,EI r X (°i C),XI	 V(h'L) rVI( t D),4(MC,'4CI•—

Ovxr rD'Jxl	 XA; WAX 1;41,A2,a3'
( 518 REALr6	 OXDR (I^'I ,CXCI (12!

C
.-'	 ..-"_^L^`^`FOR`SY$T^T^fS'CF-O,^L^ER NTu'TicR'THAN'IZ-ZAATrGc-Ti=t^figCtZ7^T'1G-K^AC•E`- 	

._._.._

C	 STATEPENT
C

--5I9 - - _.._.___'REAT;B
-DATl7 12 I

520 F30U	 FORh;AT(1X,5 C12.4)
321- DD- 7C-f="I;4
522 UO	 10 J=19h
523 10	 f)4(IrJ)=A(I ► J)
524,

_ -.
00 . 20 - T=I ;'ii

( 525 20	 OA(I,11=UA(I,I)-E
526 DVXR=0,0

(
327
52d

-DO__30-7 =1 TTi	 -	 ----
DVX,.=DVXR +V (l )•A(I )

529 UXJd (I 3 =0.0
530----DO 3 J-L =1 ;'I

( 531 30	 DXDK(I)zOXGR(I)+DA(I,LI•X(L)
532 DY4XR2 je u

_333---
- _ -D 0 - 4 C-T

534 40	 ov4XKZQV-.Xt•v(I )rDXDR(I)
535 IF(:II	 bJ,SC,^^

a



io

537 RE TURIJ

Q
538 60	 DVXI.0.0
$39 WRIT:I3rtiC01	 .;VxA

IT ;.( 3 , R C O I	 M X O R ILL) r L 1. wT-t I0 ._._ _ .._. ^.....^.	 _ .	 .._ -	 .... .

541 UC,	 7J	 1 -1 0'.
542 UVXR=.)Vxm- V I (I) •>;I (1)

---543	 ---?0	 -DVXI=DvXI.VItI)•XtIIIVtIIoxItII—
544 WRITE:IstcCO1	 uVxKr(;VXI
545 UO	 40	 1=1rN

..-"""-'-.—'! A 5^ _ - n x J T t I 1 *01 fl
547 W) J0 J -1 r N

548 80	 Dx,111I) z Uxr)III	 GAII,J)•XIIJ)
54-7 —'WP ItS13, 8 0:C1-f)Xr.IILL)it."ItA)
55U Al-J.0
551 A2=a.0

553 41=A1+vt(1)•D^^I111
554 A2 =A14 3 1 11) «CAOR( I )

556 90	 A3-43+V(l) • Cx)1 (I)
557 r,R1 Ti' l 3 t M C 0 )	 ► 1,A2 9A3 

411 WUVX 1 -Al

t 559 DVAXlaA74A3-EI•OVXR
560 A1a)Vx-{•JVA-?4 j*WXI•CVX I

562 WRIT^(398CO)	 %1
563 E=64 IUVx3 •r)V•:xt#DVxl • OVA XI )/A1
364'°- -	 T =E 1 ; (OVA XI *UV X R - CVaxa•CVXI )I'Al--

( 565 RETURN
566 ENU

567 SLIROUTINE	 )-Sv.G(KgApIA)
C

'--C--	 L`t1`WERTS-A-1C`UFFaR-' HESS E'JIStRG-FORM 
C

56a 01MEAS101	 A (4 Y)
569 -- `	 'O0U3LE	 P R ECISION -AtPIV;T-;S
570 DOU:s(_E	 PREC ISIUN DABS
571 L-A

--sTa--,- - -r1 X*L . rA-
( 573 LIAsNIA-IA

574 20	 IF(L-3)	 360r4vv4O
­3T5_ ""-'4 0-LIA=LIA-1 A----	 --	 --	 —	 -----

576 L1=L-1
577 L2=1.1-1

--t'SUe = LIA4L--	
__

579 101 V 2 1 SUR- I A
580 P I V =DA E) 51 A I I P M)

___ss2_ _ --IFIL-;1- 90i 1;O,-5z
582 5U	 M =IPIV-(A
583 00	 8C	 I=L,N.1 4"8 4­ __-_ _-_ _- T *D L 83 S I A Vt I I -	 ` -
585 IF(T-PIV)	 CC,0,60
586 60	 IP1V-I

-587` -"PTV=T _
1 588 8U CCNTIhUc

589 9J	 IF(PIV)	 1%0093.^J,1C0
'S 9 0 -- -' -' i fl U	 I F I P I V- D A R S t a t t S l; B) I )_' 150-, IF3 7i"I ZO"'	 ----	 ---	 ..-.- --..
591 12J M=INI 3 - L

592 UU	 141	 1 .19 L

t►



31

6

594 r=1t J)
595 K-L1A+I
596 A(J)•a(K)
; 9 7 ' - '	 14 Co	 A (K ) • T	

..	 . ,_ _ _ ....._ _.	 ..	 ....,_.	 .. _ .._ . _.._._.._........ -_ 	 _ .	 _ _. _....... _

t	 598 Mt L1-P/IA
i99 Oil	 lbv	 I`Ll t%l•1,IA

"—'"--60t;.--- T,A(T)	
____—

601 J-T•M
602 A(l)=:(J)..,..__ ..._. 
603	 _" - 160	 1(A-sT.......

r	 604 L erg	 00	 2Cu	 l =l. , L l - y , I A
605 2Jj	 A((1-u(I)/1(l	 ,Ui)
606 J --I a
607 DO 24C	 1=1,L2
608 J=J+IA _6o9.._.._..._	 _	 .

{	 610 JO 220 K=1,!1
611 KJ =K +J
612	

_.._.._— - KL-i K+LTA .--

{	 613 220	 A(KJ)-l(KJ)—i(LJ)ra(KL)
614 240	 COirle.u.;

_ K==T•• — 
616 JO 3C0	 Izlr1
617 K=K+IA

619 S-A(LK)
620 LJ=L-I ^

l	 622 JK-K+J
623 LJ-L.1+1 A

24 - -- 283	 S=S+.1(LJ1*ANRI-•I*0[30
t	 625 3U3	 A(LK)=S

626 DU	 3lu	 I =L • LI .►, I A 
`627 _._._'310`-ATI F- uu0`_ ^.
628 32J L=ll
629 a0 TO 2U

631 END

SliBR C. UTI'J^aTTuTi`r1,32`------
c C

C	 COMPI,T=S	 ROCTS	 or	 L P N —cR	 HESSEINliERG	 MATRIX	 A

633 Dt"1"^SIr)")	 1t4,1,^RfTl,^t1(7),P^'e(Z),nal(2),Is.at7)
634 DOU BLE 	1 , RECISluK	 c7,= b,ciJ, DEi.ra,P.<R,P?1,^^'e,pr•VI,t.S,t,^,l;.v,RR,_____~._... ._,^.._	 _.._._ ._....	

_RTr^'qC:/r^?S,Dr^1•^+2,G3r CdP , P SIIi^;I^^t.LFN1,-,rTA._._.____.__-__
635 D31) ;;LE 	 045S,U^4 ►tr,L",AX1
636 t grE-)E-
637 cTs I' DO - B -
638 E6= 1•CO - u
639 : 1;1=1. oo-10

641 MAXlT=3J
642 N=M
5-43_ _ ____70-41-`4=r
644 1NZ-141•IA
645 414-I :+y

--6V6 --' IPt'IIT ­ 3U,17C7:30
647 3U	 'JP= 1+1
643 I T-J_	 - .._b49 .___._, -D0	 4C -`T =1 92

•

1
1
t

i

1
i
i
i
1
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650	 P-44(1 ) 

• 

J. 000
651	 40	 '141111=-i•00C
65?	 PA I • C• wJ0

654	 A=J•JuJ
655	 S = is vluo

._ ... 696-'	 •4 2 9'1 I-1 _'"
t 657	 1VI=I*,-IA

658	 4'+1=IN1+01

663	 '11'11=1'12+'+1
661	 61	 T=a('il'Ii 1-A lP ,)

663	 V=,-.Ci.)•A(N1'.1•e;lNhll
664	 IF(JAbJ'lV)-l:•_?)	 IUUrIJ.,r65
66'9 -_...	 _65- TwVfV 	 -_	 .._._	 ....	 -
b66	 b7967r68

'-°661'1"°'	 68	 U 3f t:.t";.'III	 IviIT>t.nt)0
669	 V=Js: kI (o4 ; c 1 1 1 1 /2.001
670	 1FIT)1-#U,73,7u

-- 671 --.`	 70	 1FtU1' 8J, 75 97^i...__
I 672	 75	 R q ('11) =Qf V

673	 Rk ( 1 11 =U—V
674`	

._._ -.- 00 - 'T0 `130'
t 675	 ttU R21'ill=U—V

676	 211, 4  I =U+Y

8 7 T	 —

	

GD- TO - T33 -
678	 1JO	 IF(T)12'7r1:Co.10
679	 113	 RQ ('11 ) -41'11 ^l I

C 681	 GO TC 130
682	 120	 RR(`41) =N1^i'i)

684 II I 11=3.001
6A5

5
	'tl! J1)=0.OI)Cr ___..230

t 687	 GO TJ 160
689	 URR(.11)=1 141

_`56'7- :,,-°--	 _	 R4('i1=U_. 
693	 dT(`ill=Y
691	 RI (.JI=-Y

r 693	 1b.J	 1l1 1 12_%1';1-1 t
694	 itf'JJ=*.w('II)+M^f :1f+1:i1`J1)• RI1.11

_...__._691._._..__..____ Ep;=cIJ•3SCQTIR'+ICL`1	 -`___.-^_------_--._._-_.._. 	 -...	 ^---	 __.....	 _.
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