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ABSTRACT 

The complete problem of shock induced boundary-layer 

flow on a  s e m i - i n f i n i t e  f l a t  p l a t e  i s  analyzed.  A p rev ious  

a n a l y s i s  which considered t h e  f low only i n  t h e  i m e d i a t e  

v i c i n i t y  of t h e  shock wave w a s  extended t o  i nc lude  lead ing  

edge e f f e c t s  and se rved  as t h e  b a s i s  of t h e  p r e s e n t  scndy. 

Calcu la t ions  a r e  shown f o r  t h i s  t r u l y  unsteady probkra f a r  

both  a  p e r f e c t  gas  and a r e a l  gas  i n  thermodynamic equilibrium. 

Resu l t s  a r e  p re sen ted  f o r  t h e  boundary-layer growth as a 

func t ion  of t i m e  f o r  va r ious  shock wave i n t e n s i t i e s ,  It is 

shown t h a t  t h e  p r e d i c t e d  asymptot ic  approach of  the leading- 

edge flow t o  s t eady  state va lues  ( a s  t h e  shock wave moves 

f a r t h e r  and f a r t h e r  a long t h e  p l a t e )  agrees  very w e l l  with 

exper imental  r e s u l t s  based on w a l l  h e a t  t r a n s f e r  measurements 

made by Felderman and Davies and Berns t e in .  R e s u l t s  are also 

shown for t h e  s k i n - f r i c t i o n  c o e f f i c i e n t  and t h e  NusselC 

number f o r  a  range of shock i n t e n s i t i e s  and shock wave 

l o c a t i o n s .  
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1. INTRODUCTION 

The complete problem of shock induced boundary-?  per - 

flow on a  s e m i - i n f i n i t e  f l a t  p l a t e  w i l l  be considered i n  this 

r e p o r t .  I n  a  companion r e p o r t  El] ,  t h e  flow was analyzed i n  

t h e  immediate v i c i n i t y  of a  p lane  shock wave moving over a 

f l a t  p l a t e  i n t o  a gas  i n i t i a l l y  a t  r e s t .  This  previous a n a l y s i s  

w i l l  now be extended t o  i nc lude  t h e  l ead ing  edge effect on 

t h e  flow and a s o l u t i o n  w i l l  be sought  which j o i n s  t h e  leading 

edge problem t o  t h e  shock-v i c in i ty  problem i n t o  a compiete 

and cont inuous unsteady boundary-layer a n a l y s i s .  As i n  t h e  

e a r l i e r  work [ I ] ,  t h e  s e m i - i n f i n i t e  f l a t  p l a t e  w i l l  be assuned 

t o  model a  shock-tube s p l i t t e r  p l a t e  and t h e  laminar koundary- 

l a y e r  equa t ions  wi th  zero  p r e s s u r e  g r a d i e n t  w i l l  be considered 

t o  adequately  r e p r e s e n t  t h e  flow ( a  d i scus s ion  of s o l u t i o n s  

of t h e  Navier-Stokes equa t ions  a t  t h e  l ead ing  e d g e  for ineon- 

p r e s s i b l e  flow may be found i n  [ 2 ] ) .  

The flow under cons ide ra t ion  i s  shown f o r  t h r e e  "Locations 

of t h e  shock wave i n  F igure  1. A s  shown i n  t h e  figure, time 

i s  measured r e l a t i v e  t o  t h e  shock pass ing  t h e  leading edge of 

t h e  p l a t e .  I n  keeping wi th  r e f e r e n c e  [ I ] ,  i t  i s  assumed that 

t h e r e  i s  no a t t e n u a t i o n  of t h e  shock wave and t h e  gas w i l l  be 

assumed e i t h e r  t o  be p e r f e c t  o r  a  r e a l  gas  i n  thermcsdynamlc 

equ i l i b r ium.  Also,  i n  accordance wi th  t h e  e a r l i e r  work, t h e  

v a r i a t i o n  of thermodynamic v a r i a b l e s  such a s  d e n s i t y  and 



Us = velocity of moving shock wave 

a. Shock arrives at the flat plate leading 
edge, t = 0 .  

b. Locatior~ of the shock for t > 0. 

Xs (t! 

c. Location of the shock at a later time, 

Shock Induced Flow On a Semi-Infinite F l a t  P l a t e ,  



entha lpy  a r e  assumed t o  be monotonic ac ros s  t h e  boundalcy 

l a y e r .  

I n  r e f e r e n c e  [I], t h e  method of weighted r e s ~ d u a i s  or  

MWR was employed a s  an a n a l y t i c a l  method f o r  sol-virag the 

a p p r o p r i a t e  equa t ions .  I t  was found, f o r  example, t h a t  an 

MWR f i r s t  approximation was a c c u r a t e  t o  w i t h i n  abotit 6 per-  

c e n t  of t h e  s o l u t i o n  for w a l l  s h e a r  s t r e s s  given by Lanx and 

Crocco i 3 1 ,  whi le  a second approximation agreed t o  better 

than  one pe rcen t .  I t  i s  on t h i s  b a s i s  t h a t  t h e  more carnpli- 

ca t ed  problem t o  be t r e a t e d  h e r e  ( i . e . ,  i nc lud ing  t h e  leadin? 

edge e f f e c t s )  w i l l  i n c o r p o r a t e  t h e  MWR technique i n  a second 

approximation t o g e t h e r  wi th  a f i n i t e  d i f f e r e n c e  method f o r  

ana lyz ing  t h e  complete unsteady flow. 



2 .  MATHEMATICAL FORMULATION 

The f low under c o n s i d e r a t i o n  i s  a l aminar  two-d imons~ona i  

boundary l a y e r  g e n e r a t e d  by a p l a n e  shock wave rncviLg ovez a 

s e m i - i n f i n i t e  f l a t  p l a t e ,  see F i g u r e  I. R e l a t i v e  to the 

p l a t e ,  t h e  shock wave i s  l o c a t e d  a d i s t a n c e  x s ( t )  from t h e  

l e a d i n g  edge,  where x s ( t )  = U S t  and Us i s  t h e  velocity o f  

t h e  shock r e l a t i v e  t o  t h e  p l a t e .  I n  keeping w i t h  reference 

El] , t h e  f o l l owing  a s s u n ~ p t i o n s  a r e  made: 

(if The shock wave i s  p l a n e ,  a t t a c h e d  t o  the plate, 

and does  n o t  a t t e n u a t e  w i t h  t i m e .  

(ii) The c o n d i t i o n s  o u t s i d e  t h e  boundary l a y e r  behind 

t h e  moving shock wave a r e  adequa t e ly  relatec!. t o  

t h e  c o n d i t i o n s  ahead o f  t h e  shock by t h e  Rankine-- 

Kugoniot r e l a t i o n  for a normal shock,  

(iii) The boundary l a y e r  i s  l amina r ,  a t  c o n s t a n t  pressure, 

and i s  adequa t e ly  d e s c r i b e d  by t h e  c l a s s i c a l  two- 

dimens iona l  uns teady  boundary- layer  e q u a t i s n : ~  for 

a compress ib le  f low.  

( i v )  The f l u i d  i s  cons ide r ed  t o  b e  e i t h e r  a pe r f ee t  qas 

w i t h  c o n s t a n t  P r a n d t l  number, o r  a r e a l  gas la 

thermodynamic e q u i l i b r i u m .  

I n  a d d i t i o n  t o  t h e s e  f o u r  assumpt ions ,  condiJLians a t  the 

l e a d i n g  edge must b e  s p e c i f i e d .  An e x t e n s i v e  survey 35 t h e  

l e a d i n g  edge problem f o r  i ncompres s ib l e  f low i s  g iven  i n  



r e f e r e n c e  [ 2 ] ;  t h i s  review shows t h a t  a s  long as Low d c c s l t y  

s l i p  flow e f f e c t s  a r e  n o t  encountered,  and a s  lonq as  t h e  

u n i t  Reynolds number i s  g r e a t e r  than about 30 p e r  f o o t ,  t h e  

leading edge of t h e  p l a t e  i s  f e l t  upstream a d i s t a c c e  o f  t h e  

o r d e r  of 3 a .  Tl-ius, f o r  t y p i c a l  p r e s s u r e s  and tempera.ture-3 

normally occu r r ing  i n  shock tube  a p p l i c a t i o n s ,  it i s  ~ d e q u a t ~  

f o r  eng ineer ing  purposes t o  apply t h e  c l a s s i c a l  bciundary- 

l a y e r  assumptions t o  t h e  l ead ing  edge wi thout  a l t e r a t ~ o n ,  

Thus, a f i n a l  assumption becomes: 

(v )  The boundary-layer equa t ions  adequately  describe 

t h e  flow i n  t h e  v i c i n i t y  of t h e  p l a t e  l e a d i R y  

edge,  t h e  l ead ing  edge i t s e l f  being a r n a t h e ~ ~ a t i c s l  

s i n g u l a r  p o i n t  i n  t h e  c l a s s i c a l  f a s h i o n ,  

Under t h e  above assumptions,  t h e  fol lowing y a v e r n i n g  

equa t ions  a r e  ob ta ined  f o r  flow r e l a t i v e  t o  t h e  p l a t e :  

C o n t i n u i t y  

a p  a ~ ~ + a , , ~  - C -  
a - t  ax a y  

a P  - = 0 (flat p l a t e  c a s e )  ax 

E n e r g y  

a h  a h  2 P a t  ' pu- 1- pv-- = -- 
ax 



The thermodynamic and t r a n s p o r t  p r o p e r t y  r e l a t i o n s  are 

assunled i n  t h e  form: 

The boundary c o n d i t i o n s  f o r  v e l o c i t y  and s t a t i c  enthalpy are: 

where u i s  t h e  l o n g i t u d i n a l  v e l o c i t y  p a r a l l e l  t o ,  and v i s  

t h e  t r a n s v e r s e  v e l o c i t y  p e r p e n d i c u l a r  t o ,  t h e  p l a t e ,  respec- 

t i v e l y .  I t  w i l l  a l s o  be assumed t h a t  t h e  w a l l  t e m p e r a t u r e  

remains  c o n s t a n t  d u r i n g  t h e  f low.  Thus 

hw = c o n s t a n t  <2,6k) 

T h i s  l a s t  assunlption can b e  j u s t i f i e d  by t h e  la rge  thermal 

c a p a c i t y  of t h e  s p l i t t e r  p l a t e  and t h e  s h o r t  duration of 

shock tube f l o w s .  The i n i t i a l  and leading-edge conditions 

a r e :  



I t  i s  convenient t o  n o r m a l i z e  the dependen t  variables 

in equations (2.1)  to (2 ,6 )  with respect to their values in 

the freestream, and to define nandirnens ianal  i n 2 e p c n b e ~ t  

variables as follows : 



where L is an arbitrary reference length. Under ehe 3;kove 

transformation, the governing equations become: 

Continuity 

Momentum 

Energy 

( 2 ,  no) 
Property equations 

Boundary conditions: 



I n i t i a l  and leading-edge cond i t i ons :  

Equations ( 2 . 8 )  , (2 .9)  , and ( 2 . 1 0 )  a r e  p a r t i a l  dlcferen- 

t i a l  equa t ions  i n  t h e  t h r e e  independent v a r i a b l e s ,  5, 1 -  and 

T .  S o l u t i o n s  were ob ta ined  t o  t h e s e  equa t ions  i n  reference 

[I]  f o r  t h e  immediate v i c i n i t y  of t h e  shock wave, t h a t  LS, 

s u b j e c t  t o  boundary cond i t i ons  (2 .12a)  through (2,123L 

However, when t h e  l ead ing  edge i s  taken i n t o  account ,  t a e  

i n i t i a l  and leading-edge c o n d i t i o n s ,  equa t ions  (2,12k) 

through C2.12p1, must be a p p l i e d  and t h e  s o l u t i o n  becemes 

much move complex. The complete s o l u t i o n  t o  be consxdered 

i n  t h i s  r e p o r t ,  t h a t  i s ,  inc lud ing  t h e  leading-edge effects, 

w i l l  b u i l d  upon t h e  prev ious  r e s u l t s  of r e f e r e n c e  21, The 

n e x t  s e c t i o n  w i l l  b r i e f l y  review t h e  a n a l y s i s  and results of 

t h e  shock-v i c in i ty  a n a l y s i s ,  and then w i l l  d e s c r i b e  these 

prev ious  r e s u l t s  are i nco rpo ra t ed  i n t o  t h e  complete a n a l y s i s .  



3 .  ANALYSIS 

I n  r e f e rence  [ll , t h e  governing equa t ions  and bourLdary 

cond i t i ons  (2 .8)  t o  (2.10) and (2 .12a)  t o  (2.121) were so lvsd  

i n  t h e  v i c i n i t y  of t h e  shock wave by employing the methcd C E  

weighted r e s i d u a l s  o r  MWR t o  reduce t h e  number of i n d e ~ e n d e n t  

v a r i a b l e s  from t h r e e  t o  two. The r e s u l t i n g  c a l c u l a t i o r s  for 

an MWR second approximation were compared wi th  MireLshscLu-- 

t i o n s  [ 4 ]  f o r  a p e r f e c t  gas  and showed agreement w i e h i n  one 

p e r c e n t  f o r  t h e  s k i n - f r i c t i o n  c o e f f i c i e n t .  O n  t h e  basis of 

t h i s  c l o s e  agreement, t h e  MWR second approximation of reference 

[I] w i l l  be employed t o  extend t h e  a n a l y s i s  t o  t h e  leadxng- 

edge problem. 

The f u l l  d e t a i l s  of t h e  MWR a n a l y s i s  a r e  given Ln reference 

[ I ]  and w i l l  n o t  be  r epea t ed  he re .  B r i e f l y ,  however, t h e  

fo l lowing  s t e p s  a r e  taken:  Equations ( 2 . 8 )  and ( 2  -9) a;e 

combined by s u i t a b l y  employing a weight ing func t ion  and the 

r e s u l t i n g  equa t ion  i s  i n t e g r a t e d  a c r o s s  t h e  boundary k a l r e r ,  

The independent v a r i a b l e  fi i s  changed t o  u by in t rodue inq  the 

func t ion  

S i m i l a r  s t e p s  a r e  taken wi th  t h e  energy equa t ion ,  (2,101 

The dependent v a r i a b l e s  which appear i n  t h e  r e s u l t i n g  equa- 

t i o n s  a r e  then r ep re sen ted  by an N-th o rde r  approximat ien,  



For a second approximation, N = 2 ,  the expressions becarre! 

where 

The parameters p . 0  and hi for i = O,1 are unknown f a r c t i c n s  
L i 

of T and 5 and are determined by solving the followin9 twc 

equations for p 0 and p 0 .  (in matrix form) 
0 0 1 1  

and hl is determined from the equation (note that h is rJ 

specified solely from the boundary conditions which 

determine hw and he). 



3 P I  ? 1 3 
+-=(@ 3 1 1  0 a .  J ,.I., - 5  C C  5 - I 4  1 .  . j ; , L C .  L O  LI 

I n  t h e s e  two equa t ions ,  t h e  d o t s  r e p r e s e n t  d i f f e r e n t i a t l a n  

wi th  r e s p e c t  t o  T and t h e  primes d i f f e r e n t i a t i o n  with respect 

t o  6. The thermodynamic p rope r ty  v a r i a b l e s  appear ing ir 

equa t ions  ( 3 . 3 )  and ( 3 . 4 1 ,  pi and (@/Pr I i ,  a r e  func t ions  ci 

t h e  en tha lpy  f i e l d  w i t h i n  t h e  boundary l aye r :  spec i  f i c a l i y  

they  a r e  determined by a  c o l l o c a t i o n  procedure given in 

r e f e rence  [l] . The boundary and i n i t i a l  cond i t i ons  (Z.I.2; 

become: 

p i e i  ( s = o ~ T > o )  = o ,?, 5a 

p ie i  ( < = E s  (T) .?10) = 0 1 3 , S t : r  

f o r  i = 0 , l  and 



Equations (3 .3 )  and ( 3 . 4 )  a r e  non l inea r  p a r t i a l  d-fferec- 

t i a l  equa t ions  i n  t h e  two independent v a r i a b l e s  T and L ,  It 

w a s  shown i n  r e f e r e n c e  [ l l  t h a t  f o r  a  p e r f e c t  gas  wi th  yio 

and cons t an t ,  it i s  p o s s i b l e  t o  o b t a i n  an a n a l y t i c  s o i u t i o ~  

t o  equa t ion  ( 3 . 3 )  i n  t h e  v i c i n i t y  of t h e  shock wave; k h i s  . 
s o l u t i o n  i s  given by 

where t h e  c o n s t a n t  c o e f f i c i e n t s  Ai are found by iteration of 

equa t ion  ( 3 . 3 ) .  However, i t  i s  n o t  p o s s i b l e  t o  obtain such 

a s o l u t i o n  f o r  e i t h e r  a  p e r f e c t  o r  r e a l  gas when t h e  l ~ a d i n q  

edge cond i t i on  (3 .5a)  i s  employed, Thus, a numerical  apprcaek 

w i l l  be taken and s o l u t i o n s  w i l l  be sought  by cons ide r l cg  a n  

a p p r o p r i a t e  f i n i t e  d i f f e r e n c e  technique.  

3 . 1  F i n i t e  Di f fe rence  Formulation 

The range of t h e  independent v a r i a b l e  4 may be ta-cen te 

be O < E ; < l  - - s i n c e  t h e  r e f e r e n c e  l eng th  L i s  completely a r a i . t z a r y ,  

However, t h e  nondirnensionalized t i m e  v a r i a b l e  t a k e s  values 

from zero when t h e  shock wave a r r i v e s  a t  t h e  l ead ing  edge cf 

t h e  f l a t  p l a t e  t o  a va lue  which i n  g e n e r a l  i s  dete.nnii.ncsc3 by 

t h e  a r r i v a l  of t h e  c o n t a c t  s u r f a c e .  From a pu re ly  computa- 

t i o n a l  s t andpo in t ,  however, T may be assumed t o  vary  f r o m  

zero t o  i n f i n i t y .  For t h i s  reason ,  i t  i s  convenient  t o  reforin- 

u l a t e  t h e  governing equa t ions  by f i n i t e  d i f f e r e n c i n g  t h e  

independent v a r i a b l e  which has a f i n i t e  a b s o l u t e  range, and 



t o  t r e a t  t h e  r e s u l t i n g  d i f f e r e n c e  equa t ions  as a systerr o f  

simultaneous o rd ina ry  d i f f e r e n t i a l  equa t ions  f a r  which  a 

s o l u t i o n  may be found by s o l v i n g  f o r  t h e  dependent variables 

a t  a l l  t h e  nodal  p o i n t s .  

L e t  t h e  nodal  p o i n t  l oca t ed  a t  t h e  n-th p o s i t i o n  have a 

coord ina t e  ( C n ,  T) given by 

Then t h e  nodal  p o i n t s  g iven by 

'n- 1 

and 

( f o r  n=1,2,3,,.,) w i l l  be des igna ted  t h e  neighboring n03es 

of  t h e  p o i n t  a t  Sn. I n  equa t ions  (3 .71 ,  t h e  d i s t a n c e  

between t h e  n-th and t h e  (n+P)- th  nodes i s  equa l  t o  tke 

l o c a l  s t e p  s i z e  ASn In g e n e r a l ,  t h e  i n t e r n o d a l  distance 

need n o t  be  cons t an t ,  b u t  i n  t h i s  study a cons t an t  step : s i z e  

w i l l  be assumed. Thus t h e  maximum number of nodes spanneng 

the l e n g t h  L of  t h e  f l a t  p l a t e  i s  given by 

i n  which t h e  f i r s t  node i s  Located a t  t h e  l ead ing  edge, It 

w i l l  be r e c a l l e d  t h a t  a t  ~ = 0 ,  t h e  shock wave j u s t  arrives at 

the  l ead ing  edge,  n = l ,  and a s  t h e  flow p rog res se s  ( i . e .  ae 

any t i m e  g r e a t e r  than  zero)  t h e  shock l o c a t i o n  detersninc?~ t h e  

p o i n t  S = S , ( - r )  with  nodal  number nS beyond which no flow e x i s t s .  



Thus a t  t h o s e  nodal  p o i n t s  downstream of ns t h e  gas .LE 

"unaware" of t h e  flow; t h e r e f o r e ,  t h e  nodes f o r  which finite- 

d i f f e r e n c e  eyua t ions  need t o  be  w r i t t e n  a r e  given by 

I t  i s  e v i d e n t  from equa t ion  ( 3 . 9 )  t h a t  t h e  f i r s t  nods,  ( , 
13" .- 

has only r ight-hand ne ighbors ,  and any node ns a t  t h e  Zoot 

of t h e  moving shock wave has only l e f t -hand  ne ighbors ,  The 

va lues  of p i e i  and hi a t  t h e  node n w i l l  be denoted by 

p i e i  (-r.n) and hi n  r e s p e c t i v e l y .  

The fo l lowing  equa t ions  are t h e  f i n i t e  difference sysa;exl 

which approximates equa t ions  ( 3 . 3 )  and ( 3 . 4 )  . The d c r ~ ) r a t i v e s  

of t h e  dependent v a r i a b l e s  wi th  r e s p e c t  t o  5 will be approxi- 

mated by a  c e n t r a l  d i f f e r e n c e  

ir! the c a s e  of t7-e  end nodes ( t h o s e  i .a t~Sro R C : ~ - : I .  ,r; 

o n  one side), the  derivative^ r a y  be E ? ~ ? : - C Y . ; ~ Z T  c) -9; 

forward differeaee: 
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The variablzs aQ, s a a r e  d e f i n e 6  for ezch  na23.3 p c : ~ t  1. ' 2 

as f o l l o ? ? s :  

The boundary and i n i t i a l  cond i t i ons  become 

and 

I n  equa t ions  (3.12) and (3 .13)  , when En = t h e  noda:. 

index n s p e c i f i e s  t h e  c u r r e n t  l o c a t i o n  of t h e  m ~ v i n g  shock s 

wave. Because t h e  f low does not e x i s t  a t  t hose  nodal points 

f o r  which t h e  nodal  index  n i s  g r e a t e r  than ns,  t h e  i n r e g r a -  

t i o n  of equa t ions  ( 3 . 1 2 )  and (3.131 wi th  r e s p e c t  t o  *r 1 s  

performed f o r  n  -2 nodes. I t  is  c l e a r  from ( 3 . 9 )  and  :3,15Q 
S 

that no i n t e g r a t i o n  needs be  performed f o r  t h e  nodes a t  n=E and 



n=n . I t  may be noted t h a t  t h e  magnitude of t h e  nodai  index  s 
n=ns i n c r e a s e s  a s  t h e  shock advances fro111 i t s  i n i t i a l  ~ssi-ir. ; . .~~ 

a t  t h e  l ead ing  edge, n = l ,  t o  i t s  maximum va lue  given ~y N rLa:c 

i n  equa t ion  (3.8)  when t h e  shock wave a r r i v e s  a t  t h e  p o l n t  

x = L. I t  fo l lows  t h e r e f o r e  t h a t  a t  t h e  end of an integratsoc 

i n t e r v a l ,  t h e  number by which ns i s  inc reased  i s  p r a p o r k i o ~ s l  

t o  t h e  nondimensional t i m e  s t e p - s i z e  and t h e  v e l o c i t y  s f  propz- 

g a t i o n  of t h e  wavefront;  t h a t  i s ,  f o r  any given A T  step s i z e ,  

t h e  increment i n  t h e  range of t h e  f l a t  p l a t e  a f f e c t e d  by t h e  

£Low i s  p r o p o r t i o n a l  t o  t h e  shock wave v e l o c i t y .  

3 .2  S t a r t i n g  t h e  So lu t ion  

A d i f f i c u l t y  which needs t o  be  r e so lved  i n  s t a r t i n g  t h e  

s o l u t i o n  of  t h e  unsteady problem i n  t h e  e n t i r e  reg ion  6ffeczeC 

by t h e  flow i s  t h a t  of  p rov id ing  a r e a l i s t i c  e s t i m a t e  o f  

va lues  of  t h e  dependent v a r i a b l e s  f o r  s m a l l  t i m e s .  S ince the 

dependent v a r i a b l e s  p ie i ,  i = 0 , 1  occur  a s  r e c i p r o c a l s  i n  t h e  

reduced momentum and energy equa t ions ,  t h e  i n i t i a l  condr t iens  

given i n  equa t ion  (3.15a) wi th  p .  8 .  (< ,0 )=0  a r e  unsa$i.sfactox-y 
1 1  

f o r  s t a r t i n g  numerical  i n t e g r a t i o n .  Thus s e v e r a l  f e a t u ~ r e s  of 

t h i s  flow need t o  be considered i n  o r d e r  t o  o b t a i n  a physically 

meaningful s t a r t i n g  formula t ion .  I n  a d d i t i o n  t o  t h e  c a n t i n u o ~ s  

a x i a l  expansion of t h e  boundary-layer flow on t h e  plate, it may 

be  no ted  t h a t  f o r  smal l  t imes t h e  d i s t a n c e  between the I e a d i . ~ ~  

edge and t h e  f o o t  of t h e  shock wave i s  i n  gene ra l  srnail and 

i t s  magnitude i s  determined by t h e  v e l o c i t y  of t h e  mov i :~g  

shock wave. This  i s  an impor tan t  f e a t u r e  of t h i s  f low w l ~ i c l - t  



d i s t i n g u i s h e s  it from t h e  s i m i l a r  problem of a  f l a t  p a t e  

suddenly a c c e l e r a t e d  o r  impuls ive ly  moved i n  a  surro;lr;lading 

f l u i d  i n i t i a l l y  a t  rest,  I n  f a c t ,  f o r  t h e  suddenly*-acceier; ted 

p l a t e  ca se ,  a l l  g r a d i e n t s  of v e l o c i t y  and temperature  are zero 

be fo re  t h e  i n c e p t i o n  of t h e  f low, b u t  t h e s e  g r a d i e n t s  a r e  

f i n i t e  f o r  any smal l  t i m e  g r e a t e r  than  zero s i n c e  t h e  f L c w  

e x i s t s  everywhere on khe p l a t e  ( t h e  g r a d i e n t s  can be  estima-Led 

from t h e  r e l a t e d  shock-v ic in i ty  problem i n  coo rd ina t e s  f i x e d  

r e l a t i v e  t o  t h e  shock wave, t h e  "Rayleigh" prob lem) ,  I n  tae 

p r e s e n t  shock induced leading-edge problem, however, n o t  only 

a r e  t h e  dependent v a r i a b l e s  t o  be es t imated  f o r  small times, 

it i s  c l e a r  t h a t  t h e  e s t i m a t e  must be  made i n  a short axial 

r eg ion  bounded by t h e  l ead ing  edge and t h e  f o o t  of t h e  shock 

wave. 

I n  r e f e r e n c e  E l ]  i t  was shown t h a t  a sufficiently 

a c c u r a t e  e v a l u a t i o n  of t h e  dependent v a r i a b l e s  piei and k -  
-* 

can be ob ta ined  i n  t h e  shock-v ic in i ty  o r  "Rayleigh" r r e g i ~ n  

of  t h e  f low. I n  t h e  p r e s e n t  leading-edge problem, it i s  

p o s s i b l e  t o  i d e n t i f y  a "Rayleigh" reg ion  which a t  any time 

ends a t  t h e  f o o t  of  t h e  moving shock wave and extends upstream 

a t  least  t o  a  p o i n t  where 5=r ( f u r t h e r  upstream uf ch-s p o i n t ,  

t h e  flow w i l l  " f e e l "  t h e  l ead ing  e d g e ) ,  I t  i s  a l s 3  reasonatie  

t o  propose t h a t ,  a f t e r  t h e  shock wave moves p a s t  the laadinc; 

edge,  t h e  f low c h a r a c t e r i s t i c s  of t h e  boundary Layer z$ tht? 

l e a d i n g  edge and s t a t i o n s  downstream of it w i l l  develap ccrs- 

t i nuous ly  w i th  t i m e ,  A t  some in t e rmed ia t e  p o i n t ,  the region 

of  t h e  flow c o n t r o l l e d  by t h e  l ead ing  edge should uniEnrmly 



blend  i n t o  t h e  reg ion  of  t h e  flow in f luenced  by t h e  Locatio:~ 

of t h e  moving shock, For computational  r ea sons ,  i t  i s  

necessary  t o  en fo rce  a  t r a n s i t i o n  cond i t i on  on t h e  depcl~denl: 

v a r i a b l e s  such t h a t  a t  t h e  match p o i n t ,  t h e  dependent v a r i a b i e s  

and t h e i r  g r a d i e n t s  must approach t h e  same va lue  from both 

upstream and downstream. Thus t h e  p o i n t  <=T i s  n o t  a singu- 

l a r i t y  i n  t h e  normal s ense  of t h e  term; it r e p r e s e n t s  a p o i n t  

a c ros s  which t h e  governing equa t ions  cannot be  app l i ed  i n  

t h e i r  o r i g i n a l  form wi thout  imposing an auxiliary snooti,~r,g 

cond i t i on .  This  i s  a  d i r e c t  r e s u l t ,  of course ,  of  che Sown-- 

dary- layer  equa t ions  being p a r a b o l i c  r a t h e r  than  e l L i p c i c  

p a r t i a l  d i f f e r e n t i a l  equa t ions .  

I n  t h i s  s tudy ,  t h e  va lues  of pie i  were e s t ima ted  i n  the: 

"Rayleigh" r eg ion  by means of t h e  a n a l y t i c  p e r f e c t  gas so lu -  

t i o n  de r ived  i n  r e f e r e n c e  111, t h a t  i s  equa t ion  (3.61, together  

wi th  equa t ion  ( 3 .  l a )  and t h e  s o l u t i o n  given by Mire l s  [4 1 as 

modified by Lam and Croceo E31, i n  t h e  form: 

S p e c i f i c a l l y .  t h e  cons t an t s  A. and Ax of  equa t ion  (3.6) *ere 

determined f r o m  equa t ion  ( 3 . l a )  eva lua t ed  a t  u*=O arid 

r e s p e c t i v e l y ,  wi th  t h e  l e f t  hand side of (3.la) assumed to bc 

given by t h e  f i r s t  approximation 



eva lua t ed  u$ing equa t ion  (3,161.  The r e s u l t i n g  esti-mates 

far Ai, s u b s t i t u t e d  i n t o  (3 .6)  , a r e  assumed t o  provide the 

s t a r t i n g  va lues  f o r  poBo and plOl i n  t h e  "Rayleigh" reg is^. 

r l<<Fs ,  f o r  E 5  = 0 . 1 .  The corresponding l ead ing  edge values, 

O F < < T ~  w e r e  ob ta ined  by f i t t i n g  a  polynomial of t h e  form 

such t h a t  

where 

and w i s  t h e  v e l o c i t y  r a t i o  ac ros s  a  normal s t a t i o n a r y  ahoclr, 

The cond i t i ons  p r e s c r i b e d  i n  equa t ions  ( 3 . 1 9 )  ensure  a 

smooth t r a n s i t i o n  between t h e  leading-edge r eg ion  and t he  

"Rayleigh" r eg ion ,  and t h u s  provide t h e  simultaneous equi- 

t i o n s  r e q u i r e d  f o r  c a l c u l a t i n g  t h e  c o e f f i c i e n t s  i n  equa r i on  

(3,181 . 
The s t a r t i n g  cond i t i ons  given by t h e  above procedure n o t  

only  provide t h e  nonzero va lues  of p i e i  which are required 

for computat ional  reasons ,  b u t  p rope r ly  d e s c r i b e  t h e  l ead ing-  

edge and "Rayle igh '  r eg ion  v a r i a t i o n  f o r  t h e  i n i t i a l  p o s i t i o n  



of t h e  shock wave. The s e l e c t i o n  of t h e  s t a r t i n y  P u e a t i o n  

of t h e  shock i s  a r b i t r a r y ,  b u t  t h e  f i n a l  cho ice  i s  such  that 

t h e  flow d u r a t i o n  a s s o c i a t e d  wi th  t h e  shock a t  5 = Q,1 i s  
S 

less t h a t  t e n  pe rcen t  of t h e  t o t a l  c a l c u l a t e d  flow t i m e ,  In 

a d d i t i o n  it i s  necessary  t o  minimize t h e  i n i t i a l  value a f  5- 
3 

i n  o r d e r  t o  o b t a i n  a  s a t i s f a c t o r y  polynomial f i t  for t h e  

l ead ing  edge reg ion ,  

3.3 Continuing t h e  So lu t ion  

The computation of  t h e  dependent v a r i a b l e s  piEli and hi -- 

f o r  i n c r e a s i n g  t ime i s  ob ta ined  by numerical  i n t e g r a t i o n  of 

equa t ions  (3 ,12)  and (3 .23)  a t  each nodal  p o i n t  u s ing  a 

f o u r t h  o r d e r  Runga-Kutta method. The choice  of i n t e r n o d a l  

s t e p  s i z e  and t ime s t e p  s i z e  was made n o t  only  t o  ensure 

t h a t  t h e  behavior  of p i e i  i s  c o n s i s t e n t  w i th  t h e  model, 

b u t  a l s o  because t h e  t ime and l o n g i t u d i n a l  space  cciordinates 

a r e  cons t r a ined  such t h a t  

t = x,/Us 

o r  i n  nondimensional v a l i a b l e s  

The t i m e  increment  i s  t h u s  ob ta ined  a s  

Hence, by choosing A g ,  A T  i s  determined from ( 3 . 2 2 ) -  The 



choice  f o r  A< i s  made such t h a t  t h e  i n e q u a l i t y  ( 3 , 2 0 )  i s  

s a t i s f i e d  a t  each node p o i n t  f o r  a l l  t ime,  R va lue  o 9 J ;  = CIA1 

w a s  found t o  be t h e  most s a t i s f a c t o r y .  

I n  t h e  p h y s i c a l  domain, wi th  A <  = 0 ,Ol, t h e  c a r r e s p o n d i ~ ~ q  

t ime s t e p  s i z e  i s  e q u i v a l e n t  t o  t h e  t ime it t a k e s  the shock 

wavefront  t a  t r a v e r s e  one p e r c e n t  of t h e  t o t a l  l eng th  L, 

While t h i s  c o n s t r a i n t  may be t o o  s e v e r e  i n  t h e  case  of weak 

shocks ,  it has  d i s t i n c t  advantages f o r  h igh i n t e n s i t y  s h u c k s :  

f o r  i n c r e a s i n g  shock i n t e n s i t i e s ,  t h e  t i m e  s t e p  s i z e  is 

dec reas ing ,  thus  a s su r ing  a reasonable  t ime r e s a l u t ~ o n  cf t h e  

r a t e  of  growth of t h e  dependent v a r i a b l e s  a t  each node, Per-- 

haps t h e  b e s t  c r i t e r i o n  f o r  s t a b i l i t y  of t h e  s o l u t i o n  is gives 

by equa t ion  ( 3 . 2 0 ) ;  i n  t h i s  s tudy  it was used a s  t h e  basis  f a r  

d i s c a r d i n g  those  s t e p - s i z e s  which y i e l d e d  i n c o n s i s t e n t  results, 

The computation f o r  t h e  t ime dependence of t h e  varl-able5 

poBor p l e l  and hl a t  each node was ob ta ined  by i n t e g r a t i n g  

(3.12) and (3 ,13)  r epea t ed ly  f o r  aLP nodal  p o i n t s  n i ra  :he 

range 2<n<n - - -1. The node ns corresponds t o  t h e  current l o c a t i a n  s 

of t h e  shock wave, and a t  t h e  end of  each i n t e g r a t i o n  n 1 s  s 
i nc reased  by one. The node ns-l  always l i e s  i n  t h e  "Rav ie igh '  

r eg ion ,  t h e r e f o r e  i t s  s t a r t i n g  va lues  can be e s t ima ted  as 

desc r ibed  above i n  Sec t ion  3 . 2 ,  The r e s u l t i n g  calculat,ons, 

t hen ,  a r e  a combined MWK second approximation and f i n i c e  

d.if f e rence  s o l u t i o n .  Resu l t s  were ob ta ined  f o r  the appj-i~- 

p r i a t e  boundary-layer parameters  and a r e  p re sen ted  ~ I I  t h e  

nex t  s e c t i o n  f o r  bo th  a p e r f e c t  and a r e a l  g a s ,  



4. CALCULATED RESULTS 

The s o l u t i o n s  f o r  poBo, p lB lp  and hl ob ta ined  froin t h e  

f i n i t e  d i f f e r e n c e  equa t ions  (3.12) and (3.13) by the  mekhoa 

desc r ibed  i n  t h e  l a s t  s e c t i o n  a r e  s u b s t i t u t e d  i n t o  equations 

(3.la) and ( 3  .lb) t o  y i e l d  t h e  approximate s o l u t i o n  for a*" 

and h* as a f u n c t i o n  of T and 5 .  I n  o b t a i n i n g  t h e s e  ce~Leu-  

l a t i o n s ,  t h e  thermodynamic and t r a n s p o r t  v a r i a b l e s  o k c  Q~ 

and $/Pr a r e  r e l a t e d  t o  h* by polynomial curve fitting w i t h  

t h e  c o e f f i c i e n t s  eva lua t ed  by a  c o l l o c a t i o n  procedure:  t h e  

d e t a i l s  a r e  g iven  i n  r e f e r e n c e  [ I ] .  The thermodynamic equi-  

l i b r i u m  r e a l  gas  c a l c u l a t i o n s  r epo r t ed  h e r e  were made f o r  

n i t r o g e n  us ing  t h e  t r a n s p o r t  and thermodynamic propert - -es  af 

Ahtye and Peng [5]  as curve f i t  by Marvin and Deiwert :6 1 ; 

again  t h e  d e t a i l s  i n c l u d i n g  t a b u l a r  v a l u e s ,  are given . ~ n  

r e f e r e n c e  f13- A 1 1  of t h e  r e s u l t s  r epo r t ed  he re  were nade 

assuming an i n i t i a l  p r e s s u r e  of 0 . 0 0 1  atm and an i n i t i c i l  

temperature  of  5 3 0 " R .  For t h e  p e r f e c t  gas  c a l c u l a t i o n s ,  

$ = l  and Pr = 0 .72  were assumed. 

The s t anda rd  boundary-layer parameters  may be c2omputed 

from t h e  followi.ng d e f i n i t i o n s :  

S k i n - f r i c t i o n  c o e f f i c i e n t :  



V e l o c i t y  p r o f i l e :  

Boundary-layer  t h i cknes s :  , 
ue 

S - JRe; = J'- B du* L 

Displacement t h i c k n e s s :  9% 

Momentum t h i c k n e s s :  ++ 

Energy d i s s i p a t i o n  t h i c k n e s s :  
3;. 

N u s s e l t  number: 

* 
I n  t h e s e  r e l a t i o n s .  ReL = U,L/ve and Ue i s  arbitrarliy t a k e n  

* 
as Ue = 0 .995 .  

The development of t h e  boundary- layer  t h i c k n e s s  i s  shown 

i n  f i g u r e  2 f o r  t h e  p e r f e c t  g a s  c a s e ,  and i n  figure 3 fsr the 



r-i 





case  i n  which t h e  t r a n s p o r t  and thermodynamic p r o p e r t r e s  are 

eva lua t ed  from t h e  r e a l  gas  p r o p e r t i e s  t a b u l a t e d  f o r  n i t r a g c r .  

F igures  2 and 3 show t h e  manner of  propagat ion of t h e  l ~ a d i ~ ~ q  

edge e f f e c t  a s  t h e  shock wave moves down t h e  p l a t e .  The 

reg ion  a f f e c t e d  by t h e  l ead ing  edge asymptotical2.y increases 

with  t h e  downstream movement of t h e  shock wave. T h i s  obser- 

v a t i o n  a p p l i e s  t o  a l l  i n t e n s i t i e s  of t h e  moving shock. The 

comparison shown i n  f i g u r e s  2 and 3 shows agreement w i i k  t h e  

shock-v i c in i ty  a n a l y s i s  of r e f e r e n c e  1 1 1  i n  t h e  region z1ose 

t o  t h e  shock wave. The d e v i a t i o n  between t h e  two ,soLut:ions 

i n c r e a s e s  wi th  d i s t a n c e  away from t h e  shock. The r e a s c n  fcr 

t h e  unexpected waviness i n  t h e  c a l c u l a t e d  curves  downszream 

of t h e  maximum va lue  i s  n o t  known a t  p r e s e n t ,  however ~t i s  

probably a  r e s u l t  of t h e  numerical  smoothing procedure at 

t h e  r=< p o i n t  ( t h i s  w i l l  be  i n v e s t i g a t e d  i n  f u t u r e  s r u d l e s ! .  

a? ameter at Figure  4 shows t h e  boundary-layer t h i c k n e s s  p-.r- 

t h a t  i n s t a n t  when t h e  moving shock wave i s  l o c a t e d  a t  0.99 L 

f o r  d i f f e r e n t  va lues  of t h e  shock wave Mach number, Ms. 

Unfortunate ly  , t h e  boundary-layer t h i c k n e s s  parameter ryT)en 

by equa t ion  ( 4 .  l c )  t ends  t o  conceal  t h e  phys i ca l  v a r i a t l a n  

of t h e  boundary-layer t h i ckness  6 with  shock wave Plach r u m b e r  

Ms because of t h e  manner i n  which t h e  Reynolds number 

ReL = UeL/ve e n t e r s  t h e  c a l c u l a t i o n .  To i l l - u s t r a t e  tb- s 

p o i n t ,  f i g u r e  4 i s  r e p l o t t e d  i n  f i g u r e  5 by assuming i i s  

one f o o t  and c a l c u l a t i n g  t h e  Reynolds number f o r  t h e  appro- 

p r i a t e  r e a l  gas  p r o p e r t i e s .  F igure  5 shows t h a t  t h e  bcundary 

l a y e r  i s  i n  f a c t  becoming t h i n n e r  w i th  i n c r e a s i n g  shock 

i n t e n s i t i e s ,  







I t  may be noted from f i g u r e s  2 and 3 t h a t  t h e  $resent 

s o l u t i o n ,  account ing f o r  t h e  l ead ing  edge,  i s  s i g n F f l e s , a t L ~  

d i f f e r e n t  than t h e  shock-v ic in i ty  s o l u t i o n  of r e f e rence  ill 

except  q u i t e  c l o s e  t o  t h e  shock wave, From a s l i g h t ~ y  

d i f f e r e n t  v iewpoint ,  t h e s e  f i g u r e s  show t h a t  t h e  major:.<y of 

t h e  flow i s  t r u l y  unsteady,  except  for  t h e  s t eady  f l o w  

asymptote r e s u l t i n g  from t h e  l ead ing  edge cond i t i ons  

t h e  B la s iu s  flow asymptote,  which i s  the "exac t"  lon@,-c:..ne 

s o l u t i o n ) .  The asymptot ic  approach of t h e  leading--edge flow 

t o  a s t eady  s t a t e  cond i t i on  i s  given i n  f i g u r e  6 ,  These 

curves  a r e  def ined  a s  t h e  locus  of p o i n t s  i n  space and t $ n e  

a t  which t h e  boundary-layer th ickness  has  reached 9 5  p c ~ r c e n t  

of i ts  s t eady  s t a t e  va lue .  S i m i l a r  r e s u l t s  have been 

ob ta ined  exper imenta l ly  by Felderman [71 and Davies and 

Be rns t e in  [ 8  1 based on w a l l  h e a t  t r a n s f e r  measurements, %'he 

p r e s e n t  r e s u l t s  a r e  compared wi th  t h e  exper imental  vaL12es I? 

f i g u r e  7 where it i s  seen  t h a t  t h e  agreement i s  very  s a t i s -  

f a c t o r y  over  most of t h e  range of t h e  p r e s e n t  calculations, 

Figure  8 shows a comparison of s k i n  f r i c t i o n  results 

obta ined  f a r  t h e  complete flow and t h e  shock-v i c in i ty  e ~ a L y s e s  

f o r  Ms = l , 6 .  Again t h e  agreement w i th  t h e  shock-viez..rLrty 

model i s  good nea r  t h e  shock wave and a  p rog res s ive ly  i n e r e a s l a g  

d e p a r t u r e  i s  observed as t h e  l ead ing  edge i s  approached, Is, 

i s  a l s o  seen t h a t ,  as expected,  t h e r e  i s  no e s s e n t r a l  u ~ f f e r e r z e  

between a p e r f e c t  and a  r e a l  gas  c a l c u l a t i o n .  F i g u r e  9 shows 

t h e  s k i n  f r i c t i o n  d i s t r i b u t i o n  for two p o s i t i o n s  of the 

moving shock wave f o r  a  p e r f e c t  gas  and Ms = 2 . 2 .  In .fa cure 



F i g u r e  6. Locus of Points in Time and Space at W h ~ c h  
the Boundary-Layer Thickness Reaches 95 
Percent of its Steady State Value; R e a l  Gas. 
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g = x/L 

Figure 8. Comparison of Skin-Friction Coef f i c iec t  
with Shock-Vicinity Solution [l] fcr 
Ms = 1.6' 





18 a comparZson of t h e  s k i n  f r i c t i o n  r e s u l t s  f o r  the ~ c s ~ p l t ? t e  

and t h e  shock-v i c in i ty  ana lyses  i s  shown f o r  a perfect gas 

with  Ms = 3.15. F igu re  11 shows t h e  corresponding com2arxsor 

assuming a r e a l  gas f o r  both  t h e  complete and t h e  s n 3 c ~ -  

v i c i n i t y  f lows; it may be observed t h a t  t h e  shock-vic innty  

r e s u l t s  d e v i a t e  s l i g h t l y  more than was noted i n  f i g u r a  10. 

The comparison shown i n  f i g u r e  12 i s  f o r  t h e  v a r i a t i o n  of r -kjn 

f r i c t i o n  f o r  both  a p e r f e c t  and r e a l  gas  wi th  Ms = 5. The 

r e s u l t s  show that t h e  p e r f e c t  gas  model now y i e l d s  a lower 

value  of  s k i n  f r i c t i o n  a t  a l l  p o i n t s  on t h e  p l a t e ,  

The e v a l u a t i o n  of t h e  h e a t  t r a n s f e r  a t  t h e  wall i; base6 

upon t h e  Nusse l t  number as given i n  equa t ion  ( 4 . l g : .  Pigure 

13 shows t h e  Nusse l t  number v a r i a t i o n  f o r  bo th  a  perfec4: and 

r e a l  gas  wi th  Ms = 1 . 6  f o r  t h e  complete and t h e  shock-\~. ic lni~-~7 

s o l u t i o n s .  f t  i s  seen t h a t  t h e  shock-v i c in i ty  so luc ion  deparzs 

from t h e  complete s o l u t i o n  more than  was observed prevroasly 

i n  connect ion wi th  s k i n  f r i c t i o n  v a r i a t i o n .  A comparison o f  

t h e  p e r f e c t  and r e a l  gas  s o l u t i o n s  f o r  shoclc wave Mach ptTaibsr~ 

of 2 . 2 ,  5 ,  and 1 2  are shown i n  f i g u r e s  1 4 ,  15,  and 16, res- 

p e c t i v e l y .  I t  i s  c l e a r  from t h e s e  f i g u r e s  t h a t  t h e  real gas 

d e p a r t u r e  from t h e  p e r f e c t  gas  c a l c u l a t i o n s  becomes very large 

with  i n c r e a s i n g  shock wave i n t e n s i t y .  However, these f i ~ u r e s  

a l s o  show t h a t  t h e  p r e s e n t  s o l u t i o n  appears  t o  be encounter:-ng 

numerical  s t a b i l i t y  problems downstream of t h e  shock wave 

l o c a t i o n .  S ince  t h e  hump shown i n  t h e s e  f i g u r e s ,  w h i c h  o b v ~ o ~ s 1 - y  

i n c r e a s e s  wi th  i n c r e a s i n g  va lues  of M w a s  n o t  e n c o u n t s r e d  
s ' 

t h e  shock-v i c in i ty  c a l c u l a t i o n s  of r e f e rence  [21 f o r  t he  



Figure 10. Comparison o f  S k i n - F r i c t i o n  Coeffieie~t 
w i t h  Shock-Vicinity S o l u t i o n  [Lj: 
Perfect G a s ,  Ms = 3 .15 ,  



Figure 11, Cornparison of Skin-Friction Coefficient 
with Shock-Vicinity Solution Ell: 
Real Gas, Ms = 3.i5, 





Perfect Gas 

R e a l  Gas 

Figure 13. Comparison of Nusselt Number 
Distribution, Ms = 1.6. 
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5 = x/L 

F i g u r e  14. Comparison o f  NusseEt Number 
D i s t r i b u t i o n ,  Ms = 2 . 2 .  
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Figure 15. Comparison of Nusselt Number 
Distribution. Ms = 5. 
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Figure 16. Comparison of Nusselt N*mber 
Distribution, Ms = 12. 



cor responding  shock i n t e n s i t i e s ,  t h e  cause  p robab ly  Ires 

w i t h  t h e  numer ica l  smoothing p rocedure  d i s c u s s e d  carlder, 

Again, t h i s  p o i n t  w i l l  have t o  be i n v e s t i g a t e d  i n  rnore 

d e t a i l  i n  f u t u r e  work. 



RY AND CONCLUSIONS 

The complete problem of shock induced boundary-layer 

flow on a  s e m i - i n f i n i t e  f l a t  p l a t e  has  been so lved  by e cam- 

bined method of weighted r e s i d u a l s  and f i n i t e  differense 

technique.  The p r e s e n t  a n a l y s i s  was developed a s  a dsrect 

ex t ens ion  of t h e  MWR second approximation given i n  reference 

[I] f o r  t h e  flow i n  t h e  v i c i n i t y  of t h e  shock wave, By ~ o d r -  

fy ing  t h e  e a r l i e r  work t o  account f o r  t h e  p l a t e  leading edge, 

and in t roduc ing  a f i n i t e  d i f f e r e n c e  scheme t o  t r e a t  t i l e  

r e s u l t i n g  t r u l y  unsteady equa t ions ,  s o l u t i o n s  were obtainec 

f o r  t y p i c a l  boundary-layer parameters  f o r  bo th  a perfect an6 

r e a l  gas (n i t rogen )  f o r  a  range of  shock wave Mach numbers 

from 1.6 t o  1 2 .  

I t  was shown t h a t  t h e  c a l c u l a t e d  boundary-layer thickness 

d i f f e r s  s i g n i f i c a n t l y  from t h e  shock-v ic in i ty  calculations cf 

[ l l  except  very c l o s e  t o  t h e  shock wave; of course ,  near the 

l e ad ing  edge t h e  shock-v i c in i ty  s o l u t i o n ' b r e a k s  down conpLetely, 

I t  was a l s o  shown t h a t  t h e  p r e d i c t e d  asymptot ic  apprcach o f  

t h e  leading-edge flow t o  s t e a d y - s t a t e  va lues  ( a s  the shack 

wave moves f a r t h e r  and f a r t h e r  a long t h e  p l a t e )  agrees v e r y  

w e l l  wi th  exper imental  r e s u l t s  based on w a l l  h e a t  krzinsfer  

measurements. 

Resu l t s  were a l s o  shown f o r  t h e  s k i n - f r i c t i o n  coefficient 

and t h e  Nusse l t  number f o r  a  v a r i e t y  of shock intensities a::d 



shock wave l o c a t i o n s  f o r  bo th  a p e r f e c t  and r e a l  qas c a l c u i a -  

t i o n s .  A s  expected,  it was shown t h a t  (i) t h e  so?iut icns 

agreed w e l l  w i t h  t h e  shock-v ic in i ty  s o l u t i o n s  near the shock 

wave, and (ii) t h e  p e r f e c t  and r e a l  gas  s o l u t i o n s  depx te2 

more and more from each o t h e r  wi th  i n c r e a s i n g  shock wave 

Mach numbers. 

An unexpected anornology appeared i n  t h e  c a l c u l a t i a n s ,  

t o  some e x t e n t  f o r  t h e  boundary-layer t h i ckness  b u t  very 

pronounced f o r  t h e  Nusse l t  number v a r i a t i o n ,  as evidenced by 

a waviness o r  d ipp ing  of t h e  p r e d i c t e d  curves  between %,he 

shock-wave l o c a t i o n  and t h e  p o i n t  where t h e  r e s p e c t i v e  curves 

showed a marked d e p a r t u r e  t o  t h e i r  leading-edge value, This 

unusual  behavior  can probably be blamed on a numerical  snooth ing 

procedure t h a t  was i nco rpo ra t ed  i n t o  t h e  a n a l y s i s  as a r e s u l t  

of t h e  p a r a b o l i c  n a t u r e  of the o r i g i n a l  governing (boundary- 

l a y e r )  equa t ions .  The p o i n t  needs f u r t h e r  work and p s s s l b l y  

could be  reso lved  by cons ide r ing  a Navier-Stokes model f o r  

t h e  f low, r a t h e r  t han  t h e  boundary-layer model present,y 

employed. 
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