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ABSTRACT 

The homoger,eo:is i n t e g r a l  s o l u t i o n  procedure of Sams and Kouri  is  

appl ied  t o  i n t e g r a l  equations derived using t h e  coupled channel operator 

formalism. 

of t h e  second kind f o r  so lv ing  t h e  equations f o r  a "modified channel 

wavefunction" (or t h e  channel amplitude dens i ty ) .  The modified channel 

wavefunction i s  found t o  behave l i k e  t h e  s c a t t e r e d  po r t ion  of t h e  wave- 

func t ion .  

It i s  shown how one may ob ta in  Vo l t e r r a  i n t e g r a l  equations 
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T .  INTRODUCTION 

This paper cont inues a series of s t u d i e s  t h e  aim of which is  t h e  

development and app l i ca t ion  of va r ious  techniques f o r  ca l cu ld t ing  scat- 

t e r i n g  amplitudes f o r  rearrangement c o l l i s i o n s  .' 
i n t e g r a l  s o l u t i o n  procedure of Sams and Kouri 

uncoupled i n t e g r a l  equat ions f o r  t h e  amplitude dens i ty  func t ion  f o r  

rearrangement s c a t t e r i n g .  

t he  uncoupled rearrangement channel operator  equat ion requir6d tha t  

e a r e f u l  account of the d i s s o c i a t i v e  continuum b e  taken i n  order  f o r  

r 'esul ts  t o  be  obtained which conserved f lux .  A s  a consequenbe, numerical 

Applications r ecen t ly  repor ted  have been based on coupled i n t e g r a l  equa- 

t i o n s  f o r  t h e  channel opera tors  (or  t h e i r  assoc ia ted  amplitude d e n s i t i e s ) .  

These procedures have been based not  on a s o l u t i o n  of t h e  equat ions by 

dsing Vo l t e r r a  equat ions but  r a t h e r  by a lgeb ra i c  techniques.  

however, s t i l l  of interest t o  see i f  procedures using t h e  Vo l t e r r a  

a u a t i o n  formalism may b e  derived s i n c e  they have been demonstrated t o  

be  of considerable  va lue  i n  t r e a t i n g  nonreact ive i n e l a s t i c  s c a t t e r i n g  

p r o b l e ~ n s ~ - ~  and s i n c e  they have much b e t t e r  convergence p r o p e t t i e s  wi th  

respec t  t o  i terative s o l u t i o n s  than do t h e  equations previously considered. 

I n  I the  homogeneous 

w a s  employed t o  d iscuss  2 

I n  a subsequent a n a l y s i s  ,3  it  w a s  found t h a t  

l 

It is ,  

I n  the  present  paper w e  begin wi th  a cons idera t ion  of nofireactive 

s k a t t e r i n g  t o  develop our n o t a t i o n  and i n t e r p r e t a t i o n  of new q u a n t i t i e s  

introduced i n  t h e  course of t h e  de r iva t ion  of t h e  Vo l t e r r a  i n i e g r a l  

ekuat ions.  

equat ions f o r  amplitude d e n s i t i e s  and "modified channel wavefunctions." 

I& is  then  shown how t h e s e  coupled equat ions may be  employed t o  obta in  t h e  

Vdlterra i n t e g r a l  equations of the  second kind. 

Then t h e  procedure is appl ied  t o  genera te  coupled i n t e g r a l  
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11. NONREACTIVE SCATTERING I N T E G W  EQUATIONS 

Ke begin our d iscuss ion  with t h e  Lippmann-Schwinger i n t e g r a l  equat ion 

f o r  t h e  s c a t t e r i n g  wavefunction 1 -? 7 given by 

is  t h e  usua l  causa l  Green's opera tor ;  is t h e  

1 
where 

channel operator  and 

Following Johnson and Secrest '  and Sams and Kouri,' w e  de f ine  t h e  ampli- 

tude  dens i ty  as 

I > i s  t h e  inc iden t  nonin terac t ing  state. 

r t p >  = V l V >  

such t h a t  t h e  s c a t t e r i n g  amplitude i s  given by 

It is  r e a d i l y  v e r i f i e d  t h a t  

W e  may now de f ine  a "modified channel wavefunction" as 

(3) 

( 4 )  
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which i s  seen t o  s a t i s f y  t h e  i n t e g r a l  equation 

The above equation i s ,  of course, reminiscent  of t h e  o r i g i n a l  Lippmqnn- 

Schwinger equat ion except i n  p lace  of t h e  inhomogeneity /Cp) one 

has 6; \J I p) . Indeed, i f  w e  r e c a l l  t h e  d e f i n i t i o n  of ($3 , 
it  i s  t r i v i a l l y  seen  t h a t  [ y f  > i s  simply t h e  s c a t t e r e d  wave 

For t ion  of ly *7 . As such, it is  seen from e i t h e r  Eqs. (7) OF 
1 

(8) t h a t  Iy+) 
waves (with no plane wave inhomogeneity). Even though Eq. (8) i s  no 

more convenient t o  employ f o r  c a l c u l a t i o n s  than  Eqs. (1) o r  (6) from 

asymptot ica l ly  conta ins  only outgoing s c d t t e r e d  
3 

1 

which it  w a s  der ived ,  it i s  s t i l l  i n s t r u c t i v e  t o  ca r ry  t h e  a n a l y s i s  

of Eq. (8) f u r t h e r  s i n c e  it  w i l l  a i d  i n  i n t e r p r e t i n g  t h e  meaning of t h e  

mbdified channel wavefunctions i n  t h e  genera l  case where reac>t ive  col-  

l i s i o n s  are p o s s i b l e ,  

W e  now write the  Green's func t ion  G'o i n  t h e  form 7 

w6ere t h e  operator & 
state I > : 

produces a constant when ac t fng  on any 

c =  or,. 
Then i n  p lace  of Eq. (81, w e  may write 
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where 

It i s  obvious t h a t  

where 

2 Then following Sams and Kouri, w e  can w r i t e  

where 

and 

CPKrentheti&ally, we no te  tha t  for  nonreact ive c o l l i s i o n s ,  9 5 1 cp) 
and from t h e  uniqueness of the  so lu t ions  of Eqs. (16) - (171, i t  follows 
t h a t  19, > 3 1 pi > ) . The constant  c' i s  the  

so lu t ion  of 
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Then by Eq. (15) , w e  f i n a l l y  ob ta in  

Vxcept f o r  t h e  p a r t i c u l a r  inhomogeneity i n  Eqs. (16) - (17) , t h e  above 

expressions are i d e n t i c a l  t o  those i n  Sams and Kouri 's2 t reatment  of t h e  

nonreact ive Lippmann-Schwinger equation. The equat ions f o r  $he vD> yv 

qnd l q d  7 i n  t h e  coordinate  r ep resen ta t ion  are Vol te r r$  i n t e g r a l  

equations of t h e  second kind and t h e r e f o r e  t h e  same q u a d r a t q e  procedure 

Qan be  appl ied  i n  t h e i r  so lu t ion .  

VI. AMPLITUDE DENSITY AND MODIFIED WAVEFUNCTION EQUATIONS l$OR REACTIVE 

SCATTERING 

I n  d i r e c t  analogy with t h e  preceeding discussion,  we now consider 

t h e  amplitude dens i ty  equations f o r  rearrangement c o l l i s i o n s ,  However, 

i n  con t r a s t  t o  t h e  preceeding approach, w e  s h a l l  no longer d e f i n e  t h e  

amplitude dens i ty  by d i r e c t  recourse  t o  t h e  Lippmann-Schwinger equation 

E or  \ qd ( i  )> bu t  r a t h e r  w e  u se  t h e  approach of Eq. ( 4 )  wh$ch is  

based on t h e  channel operator. '  Again, w e  do no t  employ t h e  d e f i n i t i o n  

of channel opera tors  as is  implied by Eqs. (3) - ( 4 )  bu t  i n s t ead  use the  

d e f i n i t i o n  

6 

+ 

L 8  

If, f o r  s impl i c i ty  w e  res t r ic t  a t t e n t i o n  t o  a problem wi th  t w ~  arrange- 

mqnt channels,  i t  has  been shown t h a t  t h e  channel opera tors  
d 

LdOL and 

T p d  s a t i s f y  coupled i n t e g r a l  equat ions given by L 3  
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and 

Then t h e  amplitude d e n s i t i e s  

coupled equatFons of t h e  form 

I gdd (i)  '>, and l fF4ii)> sat  is  f y 

W e  then e a s i l y  w r i t e  

8 9  It is  n a t u r a l  t o  de f ine  a "modified wavefunction" ' ly;4 (i 1) by 

( 2 8 )  

Furthermore, from the f a c t  t h a t  t h e  s c a t t e r i n g  amplitude f o r  going 

from O ( l i  -+ Y, is 
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it r e a d i l y  fol lows t h a t  i n  t h e  asymptotic l i m i t  of fl, -3 Qo 3 

i s  i d e n t i c a l  with t h e  s c a t t e r e d  wavefunction. Thus, 

t h e  i n t e r p r e t a t i o n  of t h e  preceeding s e c t i o n  can be c a r r i e d  over even 

though a d i f f e r e n t  d e f i n i t i o n  of t h e  channel operator  has  been used t o  

de f ine  t h e  modified channel wavefunction. 
* 

W e  now opera te  on Eq. (26) wi th  Go, and Eq. (27) with  
Ty 

The major d i f f e rence  between Eqs. (30) - (31) and Eq. (13) i q  t h e  presence 

. It is  
and /3 s f  t h e  coupling between t h e  two channels 

qonvenient t o  express t h e s e  equations i n  mat r ix  form by 

& 

N 

are diagonal  matrices given by 



and 

t h e  mat r ix  v i s  of t he  form 
c- .-c 

8 

(33) 

and 

Very similar equations hold f o r  t h e  amplitude d e n s i t i e s  as obtained from 

Eqs .  (26) - (27 ) :  

where 
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Because of t h e  e s s e n t i a l  s i m i l a r i t y  of t h e  Eqs. (32) and (34) f o r  t h e  

modified channel wavefunctions and amplitude d e n s i t i e s  r e spec t ive ly ,  i t  

is convenient t o  proceed i n  our d iscuss ion  by considering a genera l  

mat r ix  i n t e g r a l  equation of t h e  form 

where obviously, f o r  t h e  amplitude dens i ty ,  gd (i ) is ._ c-c 

; whereas 

c, 

is V * G ,  = =  d 
k z o  

f o r  t h e  modified channel wavefunction, dd ci) is  ge 
I or( (i 

J 

- 0  z= 
is Go* - - 

c (i ) i s  of course t h e  same i n  both equat ions) .  
--o< 

I n  order t o  e f f e c t  t h e  s o l u t i o n  of Eq. (41),  w e  begin bf analogy 

with Sams and Kouri’ t o  w r i t e  

h e r  e 

--d. 

It immediately follows t h a t  

( 4 3 )  
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and t h e  elements of t h e  a r r ay  - c o( are found from 

with 

which generates  a set of a lgebra ic  equations f o r  t h e  constant elements 

of e GI . On t h e  o ther  hand, if we a r e  deal ing with modifaed 

wavefunctions, then noting Eqs. (28) and (39 ) ,  w e  have 

-4 

and again using Eq. (42), w e  a r r i v e  a t  t h e  a lgeb ra i c  equations 

f o r  determining the  Cd(L1 z ar ray .  

Up t o  t h i s  point  i n  our discussion,  t h e  analogy with t h e  nopraact ive 

case has been r e l a t i v e l y  s t rong.  

t o  stress t h a t  un l ike  Eqs. (16) - (17),  Eqs.  ( 4 3 )  - ( 4 4 )  a r e  not Vol te r ra  

However, a t  t h i s  s t age  i t  is  important. 
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i n t e g r a l  equations of t h e  second kind. 

v a r i e t y  (ne i the r  purely Fredholm nor Vol te r ra )  . 
Rather they are s t i l l  of a mixed 

I n  order t o  d i sp l ay  t h i s  more c l e a r l y ,  it i s  convenient t o  express 

khe equations i n  t h e  coordinate r ep resen ta t ion .  

Eqs.  ( 4 3 )  - ( 4 4 )  have the  same b a s i c  s t r u c t u r e ,  w e  s h a l l  d e a l  only with 

Bq. ( 4 3 ) .  ( I n  order t o  treat  the equation f o r  ire", 
benient  t o  s p l i t  it up i n t o  columns labe led  

then  - 

t h e  same fash ion) .  W e  take t h e  coord ina te  r ep resen ta t ion  of - dd h.1 

However, b6cause both 
1 

, it  is  con- 
5 (W 
- I F"' ) and - (12 I (0 1 

3 J- and - Fd (A') are t r e a t e d  i n  ' e s sen t i a l ly  
3 J: (if\ 

- 

t o  be 

where Ed denotes t h e  coordinates f o r  i n t e r n a l  degrees of freedom 

i n  t h e  d conf igura t ion  and denotes t h e  relative scat- 

t'ering vec tor  i n  t h e  conf igura t ion .  For purposes of concre tenew,  

i f  w e  consider an atom-diatom c o l l i s i o n ,  then 

o r i e n t a t i o n  and v i b r a t i o n  of t h e  diatom and 

from t h e  incoming atom t o  t h e  diatom center  of mass. 

rLpresenta t ion  of $pd ~ i )  is w r i t t e n  as a func t ion  of d cop- 

f i g u r a t i o n  coordinates i f  one is t r e a t i n g  t h e  amplitude dens i ty .  

i 

3 oc d e d r i b e s  t h e  

is  f h e  vec to r  
? 

(The chord ina te  

I n  the 

modified channel wavefunction equations,  it is a func t ion  o f  Cf / &  
Of course,  one may r e a d i l y  transform from one set of coordinates t o  

another without undue d i f f i c u l t y  i n  t h e  case of t h e  inhomogeneity.) 
B 

The 

coordtriate r ep resen ta t ion  of '*I (A: ) is given by 
--ci 
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and 

F i n a l l y ,  t h e  form taken  f o r  t h e  quan t i ty  

(53) 

is  given by 

i f ,  f o r  example, one i s  dea l ing  wi th  t h e  amplitude dens i ty ,  and is  

given by 

(55) 

i f  one is  t r e a t i n g  t h e  modified channel wavefunctions. Here, i s  
2 

i s  t h e  s p h e r i c a l  Hankel 9- t h e  r egu la r  s p h e r i c a l  Bessel func t ion ,  

func t ion  of t he  f i r s t  kind, 

state func t ion ,  7 j I ;z& R 
xy 'd I A x  ) is  a v i b r a t i o n a l  i n t e r n a l  

is a coupled r ep resen ta t ion  
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t o t a l  angular func t ion  and 4w i s  always an i n t e g r a l  

 pera at or on a func t ion  of its primed argument. I n  connecticin wi th  t h e  

% n t e g r a l  operator n a t u r e  of , it i s  stressed t h a t  t h e  

r n t e g r a l  over t h e  primed r a d i a l  s c a t t e r i n g  coord ina te  /?; i s  

7 always from zero up t o  t h e  unprimed r a d i a l  s c a t t e r i n g  coordinate /?, , 

I n  what follows, w e  s h a l l  now s p e c i f i c a l l y  treat  t h e  channel amplitude 

dens i ty  choice of d Y k  but t h e  procedure f o r  analyzing t h e  

given by Eq. (55) i s  s u f f i c i e n g l y  similar equations using J 4 P  
t h a t  no d i f f i c u l t i e s  should a r i s e  i n  v i s u a l i z i n g  those  r e s u l t s .  

We the re fo re  s u b s t i t u t e  Eq. (50) - (54) i n t o  Eq. (43) t b  ob ta in  
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t o  ob ta in  (upon s u b s t i t u t i o n  of t h e  expansions i n t o  Eqs. (56) - (57)) the 

The above equations are i n t e r e s t i n g  i n  t h a t  i f  one chooses f o r  wd$ 

r e spec t ive ly  rd and Jpf , then  Vol te r ra  

FxO( (d 1 ( R, ) . However, 
and Wfa 
equations immediately r e s u l t  f o r  

t h e  equat ion f o r  t h e  rearrangement func t ion  
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has been previously shown t o  v i o l a t e  conservation of f l u x  i f  t h e  d i s -  

s o c i a t i v e  continuum e igens ta tes  of Kf; a r e  neglected ar not p r o p e r ~ y  

t r ea t ed .3  

eontinuurn, w e  cannot employ t h i s  p a r t i c u l a r  choice of 

$However, t h e  Vol te r ra  equation obtained f o r  %d i j ' / L /  Rd with 

@ i s  choice of W b t /  does g ive  resul ts  that conserve f lux .  

Otf course, t hese  r e s u l t s  are r e l i a b l e  only i f  t he  rearrangement channel 

5s unimportant.) 

Since w e  do not  propose i n  t h e  above equations td include the  

%x 

is  t h a t  used by Baer and l iouri  i n  ~w Another choice of 

papers I I - V  of t h i s  series. They take  b& f equal t o  (1- cfda 

w p f  equal t o  ( / -  c$g . I n  t h i s  case,  w e  no te  t h a t  

t r i p l e  i n t e g r a l s  occur on t h e  r i g h t  hand s i d e  of both Eqs .  (158) and (59), 

t he  f i r s t  being s d , ~ ~ s d R ^ ,  Rp d$ and t h e  second is 

0 1 
J&ysnii, rifl; . 

w e  can transform i n t e g r a l s  of t h e  form J-dG Jd& lRgi~'g, 
t o  J d f i J d  d t Y I  where JAR is  an i - tegra l  

oqer t h e  t h r e e  Euler angles def ining the  o r i e n t a t i o n  of t h e  s y s t e m  and 

Following Miller' and Baer and Kouri, 

O0 . R ~ I  

0 6 

I d  I c 8 3 ; l r y f  1 is  an i n t e g r a l  over an i n t e r n a l  angle  

a w o c i a t e d  with t h e  shape of the  system. The s i g n i f i c a n t  i n t e g r a l s  

arp JTflr, [ ' " > A i ,  
of, the  pure Fredholm kind. 

which show t h a t  t h e  i n t e g r a l  equations a r e  
0 0 

I n  order t o  derive Vol te r ra  equations f o r  descr ibing r eac t ive  p lus  

nonreact ive s c a t t e r i n g  w e  can now choose t o  be  1 / N  where 

N is  the  number of channel configurat ions ( i n  t h e  present  case,  two). 

Eqqtations (58) and (59) then are m i t t e n  a s  



16 

and 

It is  now apparent t h a t  i n  order  t o  genera te  Vo l t e r r a  i n t e g r a l  equat ions,  

an a n a l y s i s  similar t o  t h a t  which l ead  t o  t h e  o r i g i n a l  

may be employed. 

3, ( i  equations 
c 

However, an important d i s t i n c t i o n  now arises due t o  

.*---- 

c3 Xd 1 ' I d  4; vX/(R I $  IR,l f l g  I ,  
The important po in t  is t h a t  t h e  quan t i ty  

genera l  is n o t  a separable  func t ion  of R,, f l y  . I f ,  however, 

it i s  expanded i n  a complete set of func t ions  

(60) - (61) can be represented  by 

VI, (1 I d  I R,f ) R ,  1 i n  

cph , then Eqs. 
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These equations are e a s i l y  put  i n  matr ix  form s o  t h a t  

- c Bd, 

and G - a r e  diagonal matrices t h e  d e f i n i t i o n  of 
- 0  

where v 
which is e a s i l y  in fe r r ed  by comparison of Eqs. (64) and (65) and t h e  

matrices (3 have a s t r u c t u r e  given by 

/ / 

- 

Then t h e  so lu t ion  of Eqs. (64) can be w r i t t e n  as 

where 

and 
N 

(0 1 
t he re fo re  s a t i s f y  Vol te r ra  i n t e g r a l  

c F A  Both Td and 

equations.  

- 
This r e su l t  completes t h e  der iva t ion  of Vol te r ra  equ8tions 

descr ibing r e a c t i v e  and nonreact ive s c a t t e r i n g .  I n  conclusion, t hese  

equations w i l l  again have t h e  property t h a t ,  i n  solving E q s .  (68) and 

(69) f o r  t h e  $ ‘O’ and 3~ , no matr ix  inversions are -4 
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2 requi red  as a consequence 

course, i t  is  necessary t o  
(61 

from Td and t h e  

rJ 

of t h e  p a r t i c u l a r  form of Of 

perform mat r ix  invers ions  t o  ob ta in  3, 
FA but t h e s e  are performed once and 

t h e  order of t h e  mat r ix  inver ted  does not  depend on t h e  number of 

quadrature p o i n t s  used t o  so lve  t h e  i n t e g r a l  equations.  Also, because 

these  i n t e g r a l  equations have a t r i a n g u l a r  ke rna l ,  it follows t h a t  

i terative so lu t ions  of t h e  Eqs. (68) - (69) converge under q u i t e  l oose  

conditions." 

ob ta in ing  Vo l t e r r a  equations from coupled channels operatorp i s  not t he  

only way t h i s  can be  done and o ther  approaches are p resen t ly  under study. 

F i n a l l y ,  i t  is r e a l i z e d  t h a t  t h e  present procedure for 
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