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CERTAIN COMMENTS ON THE APPLICATION O F  THE TJE3THOD 

OF AVERAGING TO THE STUDY OF THE ROTATION.4.L P/IOTIONS 

OF A TRIAXIAL R I G I D  BODY 

1. In t roduc t ion  

As indica ted  i n  our February 19 1971, r epor t s  we 

have been i n t e r e s t e d  during the p a s t  seve ra l  years i n  des-  

c r i b i n g  the r o t a t i o n a l  motions of a r i g i d  t r i a x i a l  body  

about i t s  cen te r  of mass. while the  body i s  o r b i t i n g  a-. 

bouts and influenced by, a second (primary) body. I n  C:IP 

February r e p o r t  we mentioned t h a t  we had been studying t r ~ e  

averaging technique a s  a prel iminary s t e p  t o  using i t  i n  

t r e a t i n g  the  v a r i a t i o n a l  equations f o r  the  t r i x i a l  r i g l d  

body problem c i t e d  above. There we gave our i n t e r p r e t a t i o n  

of the  theory which l i e s  behind the  method of averaging 

(which has been developed by Bogoliubov and Nitropolsky ; 

a s  descr ibed i n  the r e c e n t  s t u d i e s  and app l i ca t ions  by 

Kyner [ 2 ] and Morrison [ 3  I), I n  t h i s  r e p o r t  we d.eseribe 

some of the r e s u l t s  we have obtained i n  applying t b s  avera- 

ging method t o  the t r i a x i a l  r i g i d  body problem. 

If the  per turb ing  torque i s  known9 the  f i r s t - c r d e r ,  

( i n  a small parameter) . secu la r  so lu t ions  assocFated w i t h  

the  aanonical v a r i a b l e s  ( o(; P ) can f requen t ly  be obtained 

by applying the  method of averaging t o  a dynamical sys t em 

of t h e  form 



where H i s  the  per turb ing  Hamiltonian. 1 

The d i scuss ion  i n  t h i s  r e p o r t  i s  based on severa l  

assumptions. I t  i s  assumed t h a t  the r i g i d  body moves i n  

an e l l i p t i c  o r b i t  about an a t t r a c t i n g  po in t  mass ( P e t u a l -  

l y  i n  car ry ing  out  the  d e t a i l ' s p  i t  i s  convenient t o  -view 

14 a s  moving about the r i g i d  body).  Although the or"r;i"tal 

plane i s  assumed t o  have a cons tant  nonzero i n c l i n a t i o n  
B 

angle 80 i t  i s  t o  precess  a t  a  constant  r a t e  11 . S t  

i s  f u r t h e r  assumed t h a t  the r o t a t i o n a l  k i n e t i c  energy of  t h e  

r i g i d  body i s  l a r g e  compared t o  the  e f f e c t s  of the  perturb- 

i n g  g r a v i t a t i o n a l  p o t e n t i a l  and t h a t  the  r o t a t i o n a l  rats  

of the body with r e s p e c t  t o  i t s  cen te r  of mass i s  large 

when i t  i s  compared t o  both the  o r b i t a l  and o r b i t a l  preces- 

s i o n  r a t e s .  These assumptions a r e  s a t i s f i e d  i f  t h e  angular 

v e l o c i t y  of r o t a t i o n  i s  g r e a t e r  than l d e g . / s e c ,  

kJe can view the averaging procedure a s  being eompo,sed 

of two s t e p s .  I n  the  f i r s t  s t e p 9  we introduce a  t rans-  

formation of va r i ab les  t o  replace  our s t a r t i n g  dynarnicaL 

system w i t h  an intermediate  s e t  of averaged d i f f e r e n t i a l  

equat ions i n  which ( t o  f i r s  t -order  i n  a  small  parameter) 



the  f a s t  va r i ab les  have been el iminated.  I n  the second 

s t e p  the averaged d i f f e r e n t i a l  equations a r e  in teg ra ted ,  

e i t h e r  numerically o r  ( i f  poss ib le)  a n a l y t i c a l l y 9  t o  

ob ta in  f  i r s t - o r d e r  s e c u l a r  so lu t ions .  H i t z l  and. Breakwell 

[ 4- ] have obtained a  f i r s t - o r d e r ?  s e c u l a r  d e s c r i p t i o n  of 

the  motion of a  g r a v i t y  perturbed t r i a x i a l  body i n  a non- 

precessing,  e l l i p t i c  o r b i t  b y  applying the method of 

averaging t o  a  dynamical system of the form (1.1). In 

Sect ion  5 of  th&s r e p o r t  we ca r ry  out  the  f i r s t  s t e p  o.? 

the  averaging procedure and de r ive  the averaged d i f f e r e n t 5 a l  

equat ions f o r  the extended problem of a  t r i a x i a l  body  i n  

a  precessing,  e l l i p t i c  o r b i t .  The development i s  c a r r i e d  

ou t  t o  the  po in t  t h a t  the averaged d i f f e r e n t i a l  equat ions 

& r e  i n  a  form which can r e a d i l y  be in teg ra ted  i f  i t  i s  s o  

des i red .  These averaged d i f f e r e n t f  a1  equat ions w i l l  re-. 

duce t o  the  corresponding equat ions of motions i n  [4] 3.f 
Q 

(i) fi = 0 and (ii) i f  two of the  f a s t  varying Euler  angles 

which a r e  used as  canonical v a r i a b l e s  i n  [ 4 ] a r e  trans-,  

formed t o  the counterpar t  va r i ab les  i n  our  development, 

The second s t e p  of the  averaging procedure w i l l  no t  be 

c a r r i e d o u t f o r  the canonical  va r i ab les  because we gives 

i n  l a t e r  r e p o r t ~ ~ f i r s t - o r d . e r  s e c u l a r  so lu t ions  f o r  an 

a l t e r n a t i v e  s e t  of noncanonical varf ab les  . The f  ormlu- 

l a t i o n  of the  averaged d i f f e r e n t i a l  equat ions of the 

motion i n  terms of the  canonical va r i ab les  w i l l ,  howevers 

be discussed thoroughly. For t h i s  reasons an e x p l i c i t  



expression f o r  the gravi ty-gradient  p o t e n t i a l  energy 'V is 

derived i n  Sect ion  2 of t h i s  r e p o r t  a s  a  preliminary step 

i n  formulating the averaged v a r i a t i o n a l  equat ions.  

The Hamilton- Jacobi  method of canonical  t r ans f  o r -  

mations i s  used i n  [ s  ] t o  ob ta in  an exact  s o l u t i o n  04" t h e  

unperturbed problem of r o t a t i o n a l  motion. Since t h i s  so-  

l u t i o n  w i l l  be used a s  a  b a s i s  t o  e s t a b l i s h  the equat ions 

of motion f o r  the perturbed problem discussed l a t e r ,  

the  necessary d e f i n i t i o n s  and e s s e n t i a l  r e s u l t s  f o r  t h e  

unperturbed problem w i l l  f i r s t  be summarized b r i e f l y ,  

For f u r t h e r  d e t a i l  s ee  [ 51. 

2. Coordinate systems 

A s  shown i n  Figure 2.19 l e t  0  r ep resen t  the center 

of mass of the body. Choose a  r ec tangu la r  coordinate - - - 
system 0 f ( 5  s o t h t ' t h e  9 - a x i s  l i e s  along the angular  

momentum vector  3, p o s i t i v e  i n  the sense of he Considea? - 
- 

a plane, perpendicular  t o  the 5 -axis ,  which conta tns  

-% * t h e  cen te r  of mass. This plane i n t e r s e c t s  the x y -plarze 

of the space-fixed, b u t  otherwise a r b i t r a r y ,  r ec tangu la r  - 
3r 3 f .  +-* frame Ox y z I n  a  l i n e  of nodes ON. The 5 -axis  i s  chosen 

t o  l i e  along t h e  l i n e  of nodess i t s  p o s i t i v e  sense befng - 
a r b i t r a r i l y  chosen. Then the 2 -axis  ( n o t  shown i n  

Figure 2.1) i s  chosen t o  form a right-handed system. The 
* x  x Eule r  angles  between the  i n e r t i a l  system Ox y z and the  

- C 
- 

X 
system 0 'j y 5 a r e  , #*and p*. 



Let  Ox1 y1  zz"  be the  body-f ixed, rectangu1a.r p r i n c l . p a l  

?+ system and l e t  @ , s t ,  +1 r ep resen t  the Euler  angles  
-- - 

r e l a t i n g  the  Oxly' z1 and 0 systems. We w i l l  refer. 

t o  the x V f - p l a n e  a s  the  body-fixed plane.  The Eu le r  angles  

r e l a t i n g  the body-fixed system Oxryfzz" and the space-fixed 

?- c-% system Ox y z  w i l l  be designated by d j  8 , and $ . 
Let  Ox0y0z0 be the  o r b i t a l  system. The zo-axis  I s  

taken p o s i t f v e  i n  the  sense of the  angular  momentum of t h e  

a t t r a c t i n g  po in t  mass. lie w i l l  r e f e r  t o  the xoyO-plane 

a s  the  o r b i t a l  plane. Tbe Euler  angles between the o r b i t a l  

system OxOyOzO and space-fixed system Ox y z a r e  A?- and (6 

The system Oxyz i s  r e fe r red  t o  as  the angular momenTum 
- 

system. The z-axis i s  taken t o  coincide w i t h  the 5 -axis 
and -the x-axis  i s  the  i n t e r s e c t i o n  of the  angular  momentum 

plane,  i . e .  t he  xy-plane, and the body-fixed plane,  Then 

the  y-axis i s  chosen t o  form a right-handed system. 
* X %  

Let  vj  lj 6 9 be the  Euler  angles  r e l a t i n 2  the ine r t i a l .  

system 0 2 ~ ~ z '  and the  angular  momentum system Oxyz and 

l e t  B H 3  qHbe  the Euler  angles  which r e l a t e  the 

o r b i t a l  system OxOyOzO and the  angular  momentum s y s t e m  

Oxyz . 
Referr ing  t o  Figure 2.19 we note  t h a t  the  o r i en ta -  

% - X -  Y 
t i o n  of the  r i g i d  body w i t h  r e s p e c t  t o  the  Ox y z s y s t e m  

can be e x p l i c i t l y  determined by ons of the th ree  s e t s  of 
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X 
angles  ( y i 3  R 3 $ ) ,  ( * 0 %  96 9') or  

(42 (;d , where i s  the r i g h t  
d H 3 P H  

ascension of the l i n e  of nodes and 8 i s  the o r b i t a l  in-. 

c l i n a t i o n  angle.  

% . x  x The s e t s  of vec to r s  ( i  - - .-I J &  ) 9 ( f 0 J ~ 0 9 ~ 0 ) 3 ( i P j B k )  - -" - 
and ( i % J 8  - ,k" - a r e  the  s e t s  of u n i t  vec tors  of the  2neri; lal  

jc X *  system Ox y z 3 o r b i t a l  system3 0x0y0z09 angular moment-urn 

system Oxyz and body-fixed system Ox1 yy" z \  respect ivePy,  

3. The Unperturbed Problem 

It  has been shown i n  [ S  ] t h a t  if the s e t  of angles  

% i f %  
( V /  9 6 3 P 3 6 ' 3 @\ and themagnitude h of t h e  angular  ra$~iriertum 

a r e  used? the s i x  independent q u a n t i t i e s  comprised 3f 

( gX3cp1) and t h e i r  congugate momenta ( p  .>p * ,po i )  
1// s 

w i l l  be s u f f i c i e n t  t o  descr ibe  the unperturbed r o t a t i o n a l  

motion of a body about i t s  cen te r  of mass referenced t o  
g * + ! -  

t h e  i n e r t i a l  system O x  y z . When the unperturbed Hamilton- 

i a n  Ho i s  expressed i n  terms of these va r i ab les ,  the  

associa ted  Hamilton-Jacobi p a r t i a l  d i f f e r e n t i a l  equation 

i s  separable .  A canonical  t ransformation f  porn the  variables 
I f  x 

( L' 9 0 3 7 " 9 ~ p  9PB* 9Pd r) t o  a new s e t  of canonical 

q u a n t i t i e s  ( o ;  19 
23 xj3 13 / 23 lj) may thus be obtaine5. 

The new q u a n t i t i e s  a r e  constant  f o r  the unperturbed m o t i o n ,  

The e x p l i c i t  equat ions of t ransformation a r e  



p , I = C a\ bb" sin" = h cos 69 ' [[ct + d B  

where  t represents  the  time and 



and . / \?  B y  C a r e  the p r i n c i p a l  moments of i n e r t i a  of t h e  body ,  

I n  wr i t ing  equations ( 3.2) Y we assume t h a t  0 < 8 b c:1'2 

and a l s o  t h a t  A > B > C.  The quan t i ty  a h a y  be positive, 

negat ivey  o r  zero. We assume t h a t  a ' i s  a nonnegative 

q u a n t i t y  . 
The phys ica l  meanings of the  canonical  constants  

can be i d e n t i f i e d .  The cons tant  o( i s  the  k i n e t i c  energy 
1 

of the  r o t a t i n g  body o& the unperturbed Hamiltonian funcf t i an  

Ho 
. The cons tant  o( i s  the magnitude of the  angular  

2 
momentum vec to r  - h while C( i s  the  magnitude 

3 
pyl* of 

the p r o j e c t i o n  of - h i n  the  zx-direction. The constant  

i s  an epoch time corresponding t o  a value 4 a = $5 
R 

s w 

,be is a reference  value of 7 when p = + b and 

i s  equal  t o  - $* . 
Bquations (3.2) have been inver ted  t o  express t h e  

independent va r i ab les  y ;f 9 0 J @ ' J P ~ * ' P ~ ~  'P i n  terms 
?' 

of the canonical cons tants  o(' 4;' FZ9 l3 and t r .e  

time t . The d e t a i l s  of the somewhat lengthy p r o e e d ~ r e  

appear i n  [ 5 1, The r e s u l t s  a re  



where 



per iod ic  func t ions  of the argument v w i t h  a period 2 7;' . 
The funct ions  , and 12 have t he  f o l looing  

t 
0 5j 1 

d e f i n i t i o n s  : 

m + l  mk 
- -1 - 1  q sin(2mv) s i n h [ 2 m ( p - w ) ]  + 2 K t a n  [ 

3 
j b) 

n: "0 m m2 ( l c 2  1 ( -1) q cos(2mv) cosh [2m( p-w ) ] 
1 

where 

1 The d e f i n i t i o n s ,  bas ic  information and the app l i ca t ions  
of e l l i p t i c  i n t e g r a l s  a r e  a l l  referenced t o  Byrd and 



We note t h a t  during the  i n v e r t i n g  procedure, we have 

taken +" - -2 . 
U 

Equations ( 3 - 5 )  r ep resen t  the exact  s o l u t i o n  t o  t h e  

unperturbed problem of r o t a t i o n a l  motion of a t r i a x f a l  

body. From elementary s p h e r i c a l  trigonometry the  var ia ls les  

Z 
( ?tF, 8 , 9' 'ply" ,p B~ , p  ) can be expressed i n  termm of 

s" 
the  v a r i a b l e s  ( -yl, + I py, pG. , p ) which r e l a t e  the 

body-f ixed and the space-f ixed sys tems , The e x p l i e i  t 

equat ions of transformation, which appear i n  [ 5' 1 ,  are  

repeated here f o r  convenience of the reader .  They are 



where c - cosOC3 s = s i n R  d - o( 

I n  a  l a t e r  s e c t i o n  of t h i s  r e p o r t  we w i l l  use  t he  

method of averag ing  t o  s tudy  the  f i r s t - o r d e r 9  s e c u l a r  

s o l u t i o n  f o r  gravi ty- induced p e r t u r b a t i o n s  of a n  o r b i t i n g  

t r i a x i a l  body. Fo r  t he  problem of r o t a t i o n a l  motionss 

if the  o r b i t a l  p lane  i s  assumed t o  p r e c e s s  a t  a c o n s t a n t  
@ 

r a t e  fi with  c o n s t a n t  i n c l i n a t i o n  0 Of a n  a l t e r n a t i v e  

s e t  of v a r i a b l e s  ( yl BH3 qH9 $ ', pr h)  has been found tc 
;i 

be convenien t9  s i n c e  t h e  E u l e r  ang le s  $ @ re- 
H' $H' X' 

l a t e  d i r e c t l y  t o  t h e  o r b i t a l  p lane  x 0 y 0 9  r a t h e r  than  t o  
& tc 

t h e  i n e r t i a l  p l ane  x y  . The geometr ic  r e l a t i o n s  

S S c o t  = -S 
B* hii*-~.) YH 

c - C  S C 
e O Q* e 0 0" (ylrlrL) 

( a s )  

( 3 . 8 )  

S d o  S (Y"-R) c o t  (q*-pH) - - c  t ) 0 S $ ~ - S 8 0 C B " 7 v ~ - J r ~ )  ! el 

a r e  r e a d i l y  deduced f rom elementary  s p h e r i c a l  t r igonometry .  

Equat ions  ( 3 . 6 )  r e l a t e  ( d*, @*, qbX3 @ g , $ l  ) t o  

( fi 9 8 O 3  qH9 oH3 qH3 + ' )  . We w i l l  have t o  show later 

t h a t  t h e  equa t ions  of motion f o r  t he  l a t t e r  s e t  of variables 

has  t h e  p roper  form f o r  a p p l i c a t i o n  of t h e  method of 

averaging.  For  t h i s  r ea son  we would l i k e  t o  express  t h e  
P 

t r i g o n o m ~ t r i c  f u n c t i o n s  of t h e  f a s t  v a r i a b l e s  $B @ ' , d t  H' 
i n  terms of p e r i o d i c  f u n c t i o n s  of t h e  two new f a s t  variables 



X v and v w i t h  per iod of 2 ~ .  One of these  va r i ab les  

v = au/2~ has a l ready been defined.  The second va r i ab le  

Y v 9 which i s  a l s o  a l i n e a r  func t ion  of time t ,  w i l - l  ba 

defined i n  the equat ions t o  follow. Using the Four ier  

s e r i e s  expressions f o r  the Jacobian e l l i p t i c  func t ions  

sn  u, cn us dn u given i n  [ 6 ] and equations ( 3.3) we 

can show, if k $ 0 ,  t h a t  



w h e r e  

I1 = 2 sinh [ Z ( ~ - W * ) ] ,  k 4 - y 2  

K 

I2 = s i n h  [ 4(p-w')  7 k c - 2 c 4 
2K .- 

34 
= sinh 4 w  , O K  - y a  c k .  



4. Gravity-gradient  P o t e n t i a l  Eneras 

As shown i n  Figure 4.1, the o r i g f n  0 of the  in -  
* x x  e r t i a l  system Ox y  z i s  loca ted  a t  t h e  a t t r a c t i n g  point 

mass M and the  o r i g i n  0' of the  body-fixed system 

O x v f  z 1  i s  loca ted  a t  the cen te r  of the  mass of the  orbit- 

ing  r i g i d  body m. The p o s i t i o n  v e c t o r  i s  drawn f r s rn  P: to 

t he  q-enter of mass of the o r b i t i n g  body; - R r ep resen t s  "s;le 

p o s i t i o n  vec tor  of a  d i f f e r e n t i a l  mass dm of t h e  body m 
x! referenced t o  0 ; _r r ep resen t s  the  p o s i t i o n  vec tor  of t h e  

same d i f f e r e n t i a l  mass referenced t o  0' and P = R /R, , - -0 

where Ro = / R ~ I  . The f u n c t i o n  V which rep resen t s  t h e  

p o t e n t i a l  energy of the  mass ms due t o  i t s  presence i n  

the g r a v i t y  f i e l d  a r i s i n g  from Ms can be w r i t t e n  

where G i s  the  g r a v i t a t i o n a l  constamt, R = a-ssd 

the g r a v i t y  f i e l d  i s  the negat ive of the  g rad ien t  of V ,  

An e x p l i c i t  expression f o r  the  po%ent ia l  energy V f o r  a 

body of u n i t  mass i s  given i n  C 5, equation( l4.4,15) , p,35'l]  

This expression, which i s  v a l i d  t o  terms of the order  o f  

J ( r = ) 9 may, f o r  a  small  body of mass rn, be 

w r i t t e n  i n  the  form 



Figure 4.1 



I n  (4.2) 1 P and a r e  t h e  d i r e c t i o n  c o s i n e s  
2 3 

of t h e  p o s i t i o n  v e c t o r  go w i t h  r e s p e c t  to t h e  body-f ixed  

sys t em O x l y r z f .  

F o r  p u r p o s e  of t h e  l a t e r  a n a l y s i s ,  we would L ike  

t o  e x p r e s s  V i n  te rms of t h e  f a s t  v a r i a b l e s  # v and 
H ' 

t h e  a rgument  of l a t i t u d e  0 
L *  

The e q u a t i o n s  of t r a n s f o r -  

m a t i o n s  from t h e  body-f ixed  sys t em Oxt y ' z l  to t h e  angular 

momentum systerx Oxyz and f rom t h e  o r b i t a l  sys t em OxOyOz" t o  

t h e  angular momentum sys tem are,  r e s p e c t i v e l y  

where  tho  elerncuts of the  matrices 



a r e  r e a d i l y  deduced f rom the  geometry of the r o t a t i o n s -  

I n  (4.3) 2 i s  any vec tor  referenced t o  the angular 

momentum system Oxyz. The q u a n t i t i e s  - a h n d  do represent  

the same vector  referenced t o  the body-fixed system Oxff j y p  z t  

and the  o r b i t a l  system 0x0y0z09  r e spec t ive ly .  By u s ing  

the  fact t h a t  

and t h e  equations of transf o m t S  n n s  ( .lI) , we f l n d 9  

a f t e r  aorrie t xd i  oug m a n i p u l a t f  on9 t h a t  



Since, from the unperturbed solution, the q/'s a n d p  % 
k k 

are related to the Euler angles y/ 8 9  $ 9 B ' r O ' .  we 
H H H  

can view V as a function of q' and ,,LJ k, 
k 

k = 1,293, 

5. Equations of Motion for Canonical Variables 

Since the perturbing gravity-gradient potential 

energy V is conservative, the differentfal equations 



can be used t o  s tudy the v a r i a t i o n s  of o( and P . 
k  

I n  equations ( 1 )  2 V/ 2 o( k9 av/  f k p  k=l,2r3* 

a r e  continuous func t ions  of o( 
k p P  k 

. Since c e r t a i n  of 

the  canonical v a r i a b l e s  O( 
k and k k 

a r e  express ib le  i n  t,ernizs 

of 6 P 9 @ , and + ., we can a l s o  view i ) ~ / a  ,.J and 
L H k 

3 V / 3 ~  a s  containing e x p l i c i t l y  these  l a t t e r  var iablen . 
I n  t h i s  sense '2 and % ~ / ~ p  have the same funct ion-  

k 
a 1  dependence a s  V i n  (4 .6 ) .  Also they a r e  pe r iod ic  f u n c t i o n s  

of time of each of 0 , , o r p  $J; with period 2x. be 
L H 

note  a l s o  t h a t  the  magnitude of these p a r t i a l  d e r i v a t i v e s  

i s  of t h e ' o r d e r  of 6 a s  compared with the  unperturbed 

values of 4 and / k. Here 6 i s  defined a s  the  r a t i o  
k 

of ,,the,/**perturbing p o t e n t i a l  energy V t o  the r o t a t i o n a l  
/' / 

~ k i n e t i c  energy T. 

Through the  well-&own r e l a t i o n s  f rorn o r b i t a l  analysis 

and equat ions (.3.10) , the p o t e n t i a l  energy V can be also 
Y viewed a s  containing the var iables  M ~ v  , and v. In ($,2j 

r ep resen t s  the  angle between the xQ-axis  and the axis 
0 

from the  o r i g i n  0 through the  p4rigee of the o r b i t a  f 

and represen t  the  t r u e  and mean anomalies., respectPve:Lgi 



e ( 0  c e  C 1) and a  represent  the  e c c e n t r i c i t y  and semi- 

major a x i s ,  r e s p e c t i f e l y ,  of the o r b i t .  The p a r t i a l  d e r i -  

va t ives  2 ~ / 3 ~  , and sV/ 8/3 a r e  therefore  continuous 
k k 

func t ions  i n  W, v *, and v  and per iodic  funct ions  i n  e a c h  

of these three  va r i ab les  with period 2n, 
'--i 

Ye w i l l  choose M, v* , and v  a s  the f a s t  va r i ab les .  

A l l  the  f a s t  v a r i a b l e s  i n  the  p o t e n t i a l  energy func t ion  V 

can be expressed e x p l i c i t l y  i n  terms of % veand v and 

the time d e r i v a t i v e s  $f, G x  and ; have the same mathema- 

t i c a l  form, t o  the  f i r s t - o r d e r ,  a s  equations (l.l(bi) 3 

our February 14, 1971, r epor t .  ( ~ u r t h e r  re ferences  t o  

equat ions i n  the February r e p o r t  w i l l  be pref ixed by t h e  

l e t t e r s  F.R.) I n  order  t o  i d e n t i f y  them a s  the f a s t  variebles, 
- 

we w i l l  designate  M,V" and v  by yl, y2 
and y39 

respec t ive ly ,  

Their time d e r i v a t i v e s  a r e  given t o  the  f i r s t - o r d e r  by the 

equations 

where n  i s  the  mean motion i n  the  o r b i t .  

So t h a t  the  form of our equat ions w i l l  be c o n s i s t e n t  

with the form of equat ions [F.R. (1 . l ( b )  ) 1, w e  introduce 



t he  d e f i n i t i o n  

and rewr i t e  equat ions ( 5.1) a s  

The equations of motion, s p e c i f i e d  by ( 5.5) f o r  the2 

s i x  slow v a r i a b l e s  d and P and by ( 5.3) f o r  t h e  
k - SF t h ree  f a s t  va r i ab les  Ms v and v, a r e  of the  form [F,ii;, ( le ,I.) j 

when M = 6 and N = 3 and hence a r e  i n  the  proper form to 

apply the  method of averaging a s  ou t l ined  i n  our February IT, 

1$719 r e p o r t .  We w i l l  c a r ry  out  the  method of averaging 

up t o  the poin t  where we replzce  the s i x  f i r s t  order  
C 

d i f f e r e n t i a l  equat ions f o r  
9 0( 29 Dijl i l s i  2 9  f3  

t h e  
1 

six transformed d i f f e r e n t i a l  equations corresponding t o  

[ F e R . ( 1 . 3 ( a ) ) ] .  Although we do no t  ca r ry  out  the  d e t a i l s  

of the i n t e g r a t i o n J  the transformed d i f f e r e n t i a l  system 

i s  i n  a form where i t  can r e a d i l y  be in teg ra ted  t o  ob ta in  

a f  i r s t - o r d e r  s e c u l a r  s o l u t i o n  f o r  the  ( qk, k=l, 2,3. 

We assume t h a t  the  nonresonance condi t ion [F,R,(2,3;) ] 

i s  s a t i s f i e d  and we introduce t h e ,  t ransformation [F,R,( l.,2) 



where 

If we consider only the s e c u l a r  s o l u t i o n s  f o r  t h e  s l o w  

v a r i a h 7 . e ~ ~  equations [FeR.(1,3a) 1 become 

for s u i t a b l e  func t ions  Uk and Vk . If we use [F.R.( 1.13) ] 

and [F ,R , (  1-14) 1, equat ions (5.7)  become 

2n 2n 291 

where k=lJ2,3. 



The remainder of our effort in this section is aim- 

ed at expressing the right hand sides of (5.8) in mare 

compact form. Recalling (4.6), we define V t  and Ve by 
e 

the equations 

kle note that the last two terms on the right hand side 

of (5 .9 (b) )  are independent of the d Is and Pkts and k 
therefore (5.6) cam be written in the form 

or simply from relation ( 5.9(a) ) 



Since the s and ,b s are slow variables they may, to 
k k 

the first ordeyp be treated as constant parameters in t h e  

integrands.  Thusp using LeibnStzf rule, the order of 

integration and differentiation may be interchanged and 

we have 

If we introduce t h e  notation 



equations (5.12) become 

The t r u e  anomaly may be introd-uced as  a  v a r i a b l e  of 

i n t e g r a t i o n  t o  s ~ p l a c e  through the use of the well- 

known two body o r b i t  r e l a t i o n  [S] 

and r e l a t i o n  (5'.2(b) ) . Againj a9 9 dog qH9 6' may 
H 

be t r e a t e d  a s  constant  parameters wi th in  the  integrands.  

If equat ions (5.15) and ( 5.2(b) ) a r e  used9 we can w r i t e  



x 3  where Ve = Ro V$GM. I f  we examine (4.6), we note t ha t ,  

27t 
i n  forming I V,dyl, i n t e g r a l s  of' t h e  t h ree  types 

n 

appear. ~s note t h a t  - 6 = V - iJ - f from ( 5.2) . 
H L H 0 

Since ?C/ and LJ a r e  both slo~nr va r i ab les ,  t o  f i r s t  
H 0 

order,  the  th ree  types of i n t e g r a l s  w i l l  vanish because 

t h e i r  fntegrands a r e  odd func t ions  which contain e i t h e r  

cos f o r  s i n  f . We can thus conclude t h a t  



and wri te  

To the f i r s t  order,  we have d( - QL)  = - df so 

t h a t  we can wri te  
jc 

Since f o r  o( r ea l ,  d e f i n i t e  i n t e g r a l s  of the  form 

Y E -  Q ,) d( - 0 L) have the same value 

' Relat ion (5.10) can a l s o  be obtained by d i r e c t  substitution 
of (5*2) in  t o  equation (5.17) with no r e s t r i c t i o n  a s  t o  o r d e r ,  



over any i n t e r v a l  of l eng th  2n 

becomes 

equa t i  on ( 5.1-8) 

In car ry ing  out  the  second i n t e g r a t i o n  ( i , e , ,  ave r  

X 
y2 = v ) a s  indica ted  i n  (5.13) , i n t e g r a l s  of the t y p e s  

34 
dv s 

X 
dv and 

I 

appear. In!e note  from equations (3.5) t h a t  

t r e a t e d  a s  a constant  during the  i n t e g r a t i o n  over y 
2" 

271 2n 
X 

Thus f 5 qj 1 dv and dv" both vanish and 
9 



We can then wr i t e  

1T.cliw (5-19) and (5'-21) w e  r ewr i t e  (5.13) i n  $he 

form 

Trea t ing  a l l  slow var i ab les  a s  constant ,  we can carary ouc, 

t o  f i r s t  order,  the i n t e g r a t i o n  with r e s p e c t  t o  ( 19 -. C) ) 
H L 

and c-"-  - I t  i s  c l e a r  from (4.6) t h a t  only t r igonometr ic  
1.' 

f unci.rc?~ of the r e l e v a n t  arguments appear i n  t h e  in tegrands  . 
Thus tts : j~ocedure i s  q u i t e  s t ra ight forward  and we f i n d  

t h a t  



The l a s t  term i n  the integrand of ( 5.23) gives r i s e  

t o  a term which we l a b e l  Qv. Since A + B + C does n o t  

depend upon the qE1 s and $'s, Qv w i l l  con t r ibu te  no- 

th ing  i n  forming the v a r i a t i o n a l  equat ions ( 5.14) . Se t -  

t i n g  V-? rF-  - 
e  - Ve - Qv , we wr i t e  (,\noting t h a t  v  = x d 2 ~ )  

Using the i n t e g r a t i o n  formulas i n  [ 6 ]  ( i n t e g r a l s  

( 314.02) and (310.02), r e s p e c t i v e l y ) ,  we f i n d  t h a t  



and hence 

T"  ing in^; ( see [s]) the following r e l a t i ons  

--f* 
we R-. ' :, Ve ( and ye a lso)  depends upon only four of 

t h e  r- -J :.':,:a1 var iab les9  i n  the  form 



-.,I 

-1.~1.e i i f f e r e n t i a l  equations which desc r ibe  the  f i r s t -  

order,  . s ecu la r  v a r i a t i o n s  of the o( and p, which ap- 

pear i n  (5.1) a r e  

7 - ;r. .:I$ s p e c i a l  case of a  c i r c u l a r  o r b i t ,  we have 

2 3 
e = - n = G M / ~  , where a. represents  t h e  radius of 

0 

thc %-c o r b i t .  Equation ( 5.28) then takes  the foran 



If we e n t e r  (5.31) with 
- ?4& 
Ve a s  given i n  ( 5.32) , then 

equat ions ( 5.31) give t h e  associated equat ions of mo'cicam 

f o r  the  dynamical system ( ~ e 1 ) ~  

6 

For the s p e c i a l  case, 6 =a= OJ i .e . ,  the  orb i ta l .  

plane i s  no t  precessing)  we f ind  from (5 .25)  t h a t  

and i t  fol lows t h a t  D( = %  = = 0 and F1,P2,/?.j 1 2 3 

have secu la r  v a r i a t i o n s ,  Under these  circumstancess i t  

can be seen r e a d i l y  tha t  the  d i f f e r e n t i a l  equations (5.31-) 

reduce t o  the corresponding forms given by H i t z l  and 

Breakwell i n  [ 4 ] . Since the  complete f i r s  t-order,  secu-. 

l a r  solnt ions,for  the a l t e r n a t i v e  va r i ab les  ( fl , , 8'. H B .Ha 

$ ' )h), of the t r i a x i a ?  problem associa ted  with a precess- 

ing  o r b i t  w i l l  be given i n  l a t e r  r e p o r t s )  the  correspond- 

ing  f i r s t - o r d e r  secular  so lu t ions  f o r  the o: and ,,(? 
k 

w i l l  no t  be given here. Equations ( 5.31) a re ,  however, 



i n  a form i n  which they can be in teg ra ted  r e a d i l y ,  If 

the reader  i s  f u r t h e r  i n t e r e s t e d  i n  the s e c u l a r  so lu t ions  

f o r  the  canonical va r i ab les ,  he 2 s referenced t o  [ 3 for 

the f i r s t - o r d e r  s e c u l a r  so lu t ions  associa ted  wlth a tri-- 

a x i a l  body moving i n  an e l l i p t i c p  nonprecessing o r b i t ,  

The canonical va r i ab les  used i n  [ b  ] a r e  s l i g h t l y  dff- 

f e r e n t  than the canonical  va r i ab les  appearing i n  t h i s  

r e p o r t .  One s e t  of canonical va r i ab les  can r e a d i l y  be eb- 

ta ined  from the o the r  by a simple t ransformation.  

For a u n i a x i a l  body9 we have k = O 9  dn u = 1, 

Equation ( j . j ( d )  ) reduces t o  

hence B i s  a func t ion  of d and ,4 only. S imi lar ly ,  
1 2 

sn  u = s i n  U, cn u = cos u and from r e l a t i o n s  (3,2(a)) and 

( 3 . 4 ( a ) ) ,  we f i n d  t h a t  

Therefore, f o r  the  axisymmetric case,  equat ion ( 5.24) t akes  

the form 

Equation (5.36) i s  t o  be used i n  connection w i t h  equation 

(5.31) i n  forming the v a r i a t i o n a l  equat ions f o r  the moticn 

of a u n i a x i a l  r i g i d  body, 



BIBLIOGRAPHY 

[l ) Bogoliubov, W.N. and Nitropolsky, Y.A. 9 -- t i e  
Methods i n  the  --I------ Theory .--- of ---- Nonlinear i5611-- O ~ c i l l a t k o n s ~  
New York, Gordon and Breach? 

[ 2 ]  Kyner? 1 ~ r . T . ~  I tLectures  on Nonlinear Resonancea! 
Third Compilation of Papers on Tra jec to ry  Analysis 
and Guidance Theory9 PM-8l9 E lec t ron ics  Research 
Center, NASA, 1469. 

[ 3 ]  r~Iorrison, J . A . ,  'Applicat ion of the Method of  
Averaging t o  Planar  Orbi t   problem^,^^ J. Skam 13> L i 6 5 .  

[4] H i t z l ,  D.L. and Breakwell, J.TT., 'Resonant and 
and Non-resonant Gravity-gradient Per turba t ions  
of' a Tumbling Tr i -ax ia l  S a t e l l i t e g  \ AIAA/AAX 
Astrodynamics Conf., A I A A  Paper No. 69-422> 
Princeton, N o  J., Augo 20-22, 1964. 

[4;] F i t z p a t r i c k ,  P.M., P r i n c i p l e s  of C e l e s t i a l  
Mechanics,lTew York and London, Academic Press, 1418, 

[ 6 ]  Byrd, P.F. and Friedman, M.D.9 Handbook of E l l i p t i c  -- 
I n t e g r a l s  f o r  Engineers and P h y s i c i s t s 9  Springer, 
Eer l in ,  1954. 


