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ABSTRACT 

F o r  a n y . b i n a r y  n - t u p l e  t h e  f u n c t i o n s  E k  a n d  Qk a r e  d e f i n e d  
I 

I 

b y  E  =F +F a n d  Qk=Fk-Fn-k w h e r e  F k  i s  t h e  u s u a l  k - t h  n o n -  
k  k  n-k I 

p e r i o d i c  c o r r e l a t i o n  c o e f i c i e n t  o f  a s e q u e n c e .  I n  C h a p t e r  1 i t  

i s  s h o w n  t h a t  t h e s e  t w o  f u n c t i o n s  p l a y  a d o m i n a n t  r o l e  i n  b a n d -  

w i d t h  s p r e a d i n g  s i g n a l  s c h e m e s  a n d  c e r t a i n  g e n e r a l  p r o p e r t i e s  

a b o u t  t h e m  a r e  d e v e l o p e d .  I n  C h a p t e r  2  a c y c l o t o m i c  s e q u e n c e  

n - 1  
i s  d e f i n e d  a s  a s e q u e n c e  s ( x ) = s  + s  x + . . . + s  x  

0 1 
w h i c h  s a t i s -  

n - 1  
2 3 5 n-2 f i e s  s ( x ) + s ( x )  =x+x  +x +...+ x  m o d u l o  l + x n .  I t  i s  s h o w n  t h a t  

f o r  a g i v e n  n ,  s u c h  a s e q u e n c e  e x i s t s  i f  a n d  o n l y  i f  e v e r y  c y -  

c l o t o m i c  c o s e t  o f  i n t e g e r s  m o d u l o  n  c o n t a i n s  a n  e v e n  n u m b e r  o f  

o d d  i n t e g e r s  a n d  t h a t  i n  t h i s  case  t h e r e  a r e  e x a c t l y  2 i ( n )  

s u c h  s e q u e n c e s  w h e r e  l ( n )  i s  t h e  n u m b e r  o f  c y c l o t o m i c  c o s e t s ;  
l 

a n d  f u r t h e r m o r e  i t  i s  s h o w n  t h a t  t h e r e  e x i s t s  a n  i n f i n i t e  num- 

b e r  o f  s u c h  i n t e g e r s .  I t  i s  a l s o  s h o w n  t h a t  f o r  c y c l o t o m i c  se- 

k  q u e n c e s  Q k = ( - 1 )  EZk w h e r e  2 k  i s  r e d u c e d  m o d u l o  n .  
I 

I n  C h a p t e r  3 a s e l f - d u a l  s e q u e n c e  i s  d e f i n e d  a s  a s e q u e n c e  

k  w h i c h  s a t i s f i e s  Q = ( - 1 )  E Two m e t h o d s  a r e  g i v e n  t o  c o n s t r u c t  
k  k  ' 

s u c h  s e q u e n c e s .  I 

I n  C h a p t e r  4 a W e a k l y - B a r k e r  s e q u e n c e  i s  d e f i n e d  a s  a se-  

q u e n c e  w h i c h  s a t i s f i e s  I ~ ~ - ~ l 5  1, f o r  [K k< ( n + 1 ) / 2 .  I t  i s  s h o w n  , 

t h a t  f o r  t h e s e  s e q u e n c e s  1 1 ~ ~ 1 -  lgkll < 2  , a p r o p e r t y  n o t  u s u a l l y  

s a t i s f i e d  b y  m o s t  c o m m o n l y  e n c o u n t e r e d  s e q u e n c e s .  A m e t h o d  i s  

g i v e n  f o r  t h e  c o n s t r u c t i o n  o f  t h e s e  s e q u e n c e s .  

L a s t l y  i n  C h a p t e r  5 c e r t a i n  r e s u l t s  a r e  g i v e n  a b o u t  s e q u e n -  

ces  o b t a i n e d  f r o m  A r i t h m e t i c  c o d e s .  
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CHAPTER 1 

BASIC DEFINITIONS A N D  G E N E R A L  RESULTS 

A .  THE FUNCTIONS F k ,  E k  A N D  Bk 

I I 

L e t  - r=ro,r l , . . . . , rn-l  b e  a s e q u e n c e  o f  + 1  s a n d  -1 s ,  

a n d  c o n s i d e r  a  b a n d w i d t h - s p r e a d i n g  b i n a r y  s i g n a l  s c h e m e [ l , 2 , 3 ]  

i n  w h i c h  t h e  d a t a  s e q u e n c e  . . . , b - l , b o , b l , . . . .  i s  t r a n s m i t t e d  

a s  t h e  e x p a n d e d  s t r e a m  ...., b r , b o r , b  r ,  .... ( w h e r e  b . r  d e n o t e s  
-1- - 1- 1- 

t h e  s e q u e n c e  b i r o , b  r b  r ) .  We r e f e r  t o  e 8 c h  s e g m e n t  i I s *  i n - 1  I 

b . r  a s  a b a u d  o f  t h e  t r a n s m i t t e d  s t r e a m  s i n c e .  o n l y  o n e  i n f o r -  
1- 

m a t i o n  b i t . i s  t r a n s m i t t e d  i n  t h i s  i n t e r v a l .  
n - 1  

L e t  (r;s>= C r . s  d e n o t e  t h e  c o r r e l a t i o n  b e t w e e n  a n y  t w o  - - 
0  1 i 

n - d i g i t  s e q u e n c e s  o f  r e a l  n u m b e r s .  A c o r r e l a t i o n  r e c e i v e r  r e -  

c o v e r s  t h e  d a t a  d i g i t s  i n  t h e  a b o v e  s i g n a l  s c h e m e  b y  c o r r e l a -  

t i n g  t h e  r e c e i v e d  b a u d s  w i t h  - r ,  s i n c e  

n - 1  

B a n d w i d t h - s p r e a d i n g  i s  u s e d  i n  o r d e r  t o  make  t h e  c o r r e l a -  

t o r  s e n s i t i v e  t o  s m a l l ( w i t h  r e s p e c t  t o  o n e  b a u d )  s h i f t s  o f  t h e  

r e c e i v e d  s i g n a l  a n d  t h u s  e n a b l e  t h e  r e c e i v e r  t o  a c q u i r e  a n d  

m a i n t a i n  g o o d  b a u d  s y n c h r o n i z a t i o n  a n d / o r  t o  r e j e c t  e x t r a n e o u s  

d e l a y e d  v e r s i o n s  o f  t h e  r e c e i v e d  s i g n a l  a s  m i g h t  b e  e n c o u n t e r e d  

i n  a m u l t i p a t h  e n v i r o n m e n t .  

C o n s i d e r  t h e  n o n - p e r i o d i c  c o r r e l a t i o n  f u n c t i o n  F k f o r  t h e  

s e q u e n c e  - r w h i c h  i s  d e f i n e d [ d ]  a s  



2  

When t h e  p o s s i b i l i t y  o f  c o n f u s i o n  a r i s e s  w e  w i l l  w r i t e  F k ( r )  - 

i n s t e a d  o f  s i m p l y  F  T h i s  c o r r e l a t i o n  f u n c t i o n  i s  c o m m o n l y  
k  ' 

e m p l o y e d  i n  s i n g l e  p u l s e  s y n c h r o n i z a t i o n  s t u d i e s [ 4 , 5 ] .  When 

t h e  c o r r e l a t o r  f o r  t h e  a b o v e  s i g n a l  s c h e m e  i s  k  b i t s  o u t  o f  

p h a s e  w i t h  t h e  b a u d  e d g e s ,  t h e  c o r r e l a t o r  o u t p u t  i s  g i v e n  b y  

H e n c e  f o l l o w i n g  M a s s e y  a n d  ~ h r a n [ 2 ]  w e  d e f i n e  

E =F +F k  k  n-k 

0 =F -F 
k  k n-k 

w h i c h  a r e  c a l l e d  t h e  e v e n  a n d  t h e  o d d  c o r r e l a t i o ~  f u n c t i o n s  

f o r  - r r e s p e c t i v e l y  t o  e m p h a s i z e  t h e  f a c t s  t h a t  E n-k =E k  a n d  

an  - k=-O k ' We n o t e  t h a t  t h e  c o r r e l a t o r  o u t p u t  w i l l  b e  e i t h e r  

+ + -E  o r  -0 d e p e n d i n g  o n  t h e  v a l u e s  o f  bi,l k k  a n d  bi .  F o r  . a c q u i -  

r i n g  a n d  m a i n t a i n i n g  b a u d  s y n c h r o n i z a t i o n  a n d / o r  f o r  r e j e c -  

t i o n  o f  e x t r a n e o u s  m u l t i p a t h  d e l a y e d  v e r s i o n s  o f  t h e  r e c e i v e d  

s i g n a l ,  i t  i s  d e s i r a b l e  t o  m i n i m i z e  t h e  m a g n i t u d e  o f  t h e  c o r -  

r e l a t o r  o u t p u t '  when t h e  c o r r e 1 a - t o r . i ~  n o t  i n  p h a s e  w i t h  t h e  

b a u d  e d g e s .  T h a t  i s ,  i t  i s  d e s i r a b l e  t o  m i n i m i z e  P = m a x ( P  P  ) E' €2 

w h e r e  

P - max 
E - ~  k< n  

I 'k+',-k ( IEkl=IK k< 

P - max / a k / =  max I F  -F 1 
'-(K k< n  O( i<< n  k  n-k 

a r e  t h e  o f f - p e a k  maximum m a g n i t u d e s  o f  t h e  e v e n  a n d  t h e  o d d  

c o r r e l a t i o n  c o e f f i c i e n t s  r e s p e c t i v e l y .  



'rle also define the off-peak maximum magnitude PF of the non- 

periodic correlation coefficient as , 

P - max , 
F - ~  k< n 

1 F kl* 

In the study of sequences it is usually more fruitful to I 

work with sequences over GF(2) instead of sequences of + l l s  and , 

-1's. If - r=(ro,rl, .... * rn-l ) is a sequence over GF(2), then 

we shall take by way o f  convention 

F k ( r ) =  X rtr* 
j =o J j+k 

r I 

where r?=(-1) j (1.8) 
J I 

where r is treated as a real number in (1.8). 
j 

Lemma 1.1: If r=(rg,rl, ..., r ) is a sequence over GF(2), 
I 

- n-1 

then 
I 

Fk(r)=(n-k)-2d - ti (f n-k (r),bn-k - (r) - (1.9) I I 

where dH( , ) is the Hamming metric and f.(r)=(ro,rl,...,rj-l), , 
J - 

b. (r)=(rn-j,r,-j+l.. . 
J - *=,-,-1)* 

n-k-1 I 

Proof: By (1.7) Fk(r)= C r4rx where rf is defined by (1.8). - 
j =o J j+k J 1 

Now r*r* is equal to 1 if r*=rJ+k and equal to -1 if rtfrr+k I 

J ~ + k  J J I 

The number of times rtfrJ+k is simply dH(fn-k(s),bn-k - 
J (r)) and 

the.number of times rt=r* is simply (n-k)-d (f (r),bnmk - 
J j+k H n-k - (r) 1 ,  I 

hence (1.9) follows. 

Q.E.D. 
I 

From now' on we will call a sequence over GF(2) a binary sequ- 

ence. We define two operators T and N by setting 



w e  r 0 r  r ) is a binary sequence and r .  is the bi- 
n-1 1 

nary complement of ri. T is the well known cvclic shift opera- ! 

- r tor which is widely used in the study of cyclic codes~6,7]. The ~ 
operator N was first' considered by Massey and ~hran[2] in 

the study of Sub-Baud codes. For any integer i>O we define T i 

i i-1 and N~ inductively by setting T (r)=T(T (r)) and Pdi(r)=PJ(fV i-i - - - 
(r)). N will be called the compacyclic shift operator. Ye now - 
express E and a in terms of T and N respectively. k k 

Theorem 1.1: If r=(rg,rl, ..., r ) is a binary sequence, then - n-1 

k a k (r)=n-ZdH(r,N - - - r). 

Proof: 1) By equation (1.4) and Lemma 1.1 E (r)=F (r)+F (r) 
k - k - n-k - 

=(n-k)-2dH(fn-k(f) ,bn-k(g) )+k-2d,,(fk(f).bk(r) - )=n-2[dH(fk(g) ,bk(r)) - 

+dH(fn-k(f) ,bn-k(s) 11. Comparing - r=(ro,rl,. . ,r k-19rk'"'rn-l 1 

k and T r=(r - n-k'* 'rn-l,rO,rl,* ,r n-k-1 ) it is apparent that 

k 
- H n-k - (r)) from which the dH(f,T f)'dH(fk(f),bk(r))+d (f (r),bn-k - 

first part of (1.11) follows. 

2) BY (1.4) and Lemma 1.1 we have that Q (r)=F (=)-F (,-I= k - k - "-k - 
- - - 

(n-k)-2dH(f n-k (r) - 9b n-k (r) - )-k+2dH(fk(?) ,bk(r)). - If - r=(ro,rl, . 
- 

.,r ) denotes the binary complement of r, then clearly dH(fk(r), n-1 - - 
bk(r))=k-d - (f (r),b ( F ) )  which upon substituting in the above H k -  k -  



( r )  1 -  e x p r e s s i o n  f o r  ak  ( r i  - y i e l d s  8 k ( r ) = ( n - k ) - 2 d H ( f n - k  - ( E ) ' b n - k  - I 

k + 2 k - 2 d H ( f k ( r )  , b k ( z )  - ) = n - 2 [ d H ( f k ( f ) ' b k ( F )  - ) + d H ( f n - k ( z )  9 b n - k  ( r )  - 11.  I 

k  - 
C o m p a r i n g  r = ( r o , r l , . . , r k - l , r k , . .  - ) a n d  id r=(? - n - k '  r n - k + l ' " '  1 ' r n - l  

- 
r 

k  
n l , r , r l , . . ,  r ) W e n o t e t h a t  d H ( r , N r ) = d H ( f k ( s ) , b k ( ' ) ) +  

n - 1  - - 
( r ) ) ,  a n d  s o  t h e  s e c o n d  p a r t  o f  ( 1 . 1 1 )  f o l l o w s .  d H ( f n - k ( ~ ) 9 b n - k  - 

Q . E . D .  

We r e m a r k  t h a t  T  i s  a l i n e a r  o p e r a t o r ,  i . e .  i f  r ,  s a r e  - - 
a n y  t w o  b i n a r y  s e q u e n c e s  o f  l e n g t h  n  a n d  r + s = ( r  es r es  - - 0  0 '  1 19* .*  

r @s - ) w h e r e  e d e n o t e s  m o d u l o  2  s u m ,  t h e n  T ( r + s ) = T r + T s .  
n - 1  n - 1  - - - - I 

N o t e  t h a t  we  n e e d  n o t  w o r r y  a b o u t  s c a l a r  m u l t i p l i c a t i o n  s i n c e  

w e  a r e  w o r k i n g  o v e r  t h e  t r i v i a l  f i e l d  G F ( 2 ) .  On t h e  o t h e r  h a n d  

N ( r + s ) f N r + ~ s ,  i . e .  N i s  n o n - l i n e a r .  - - - - 
I 

We a l s o  r e m a r k  t h a t  E i s  p h a s e  i n d e p e n d e n t ,  t h a t  i s  E k ( r )  
k - I 

i = E  ( T  r )  f o r  a n y  i n t e g e r  i > O  a n d  a n y  b i n a r y  s e q u e n c e  r. On t h e  
k  - - 

I 

o t h e r  h a n d  Q k  i s  h i g h l y  p h a s e  d e p e n d e n t .  F o r  e x a m p l e  i f  r = ( l , l ,  - 
0 , 1 , 0 ) ,  t h e n  a = 5 ,  2 =-1, Q -1, Q  - 1, a n d  a -1, b u t  f o r  s = ( O ,  

I 

0  1 2- 3-- 4 -  I - 
l , l , O , l ) = T r ,  - a 0 = 5 ,  Q  - 1, Q  3 ,  Q 3 = 3 ,  a n d  Q4=1 H e n c e  f o r  a 1-- 2=- / 

g i v e n  b i n a r y  s ' e q u e n c e  t h e r e  e x i s t s  a t  l e a s t  o n e  p h a s e  w h i c h  

m i n i m i z e s  P - max l € I k  1 .  T h e r e  i s  n o  known  w a y ,  e x c l u d i n g  a n  '- K k< n  

e x h a u s t i v e  s e a r c h ,  f o r  f i n d i n g  s u c h  a n  o p t i m u m  p h a s e .  

B .  COUNTING COMPACYCLIC CLASSES 

I n  t h i s  s e c t i o n  we w i l l  g i v e  a f e w  r e s u l t s  a b o u t  t h e  

o p e r a t o r  N .  W i t h  r e s p e c t  t o  t h e  c y c l i c  s h i f t  o p e r a t o r  T  t h e  

c y c l i c  o r d e r  o f  a b i n a r y  n - t u p l e  ( i . e .  a b i n a r y  s e q u e n c e  



o f  l e n g t h  n  ) r i s  d e f i n e d  a s  t h e  s m a l l e s t  p o s i t i v e  i n t e -  - 
d  g e r  d  s u c h  t h a t  T r = r [ 8 , 9 ] .  I t  i s  w e l l  k n o w n [ 8 , 9 ]  t h a t  d  m u s t  - - 

d i v i d e  n ,  a n d  t h a t  c o n v e r s e l y  f o r  a g i v e n  d  w h i c h  d i v i d e s  n 

t h e r e  e x i s t s  a b i n a r y  n - t u p l e  w h e s e  c y c l i c  o r d e r  i s  d .  I f  r - 
i s  a b i n a r y  n - t u p l e ,  t h e n  t h e  c y c l i c  c l a s s l 9 J  o f  - r i s  d e f i n e d  

a s  t h e  s e t  c o n s i s t i n g  o f  r a n d  a l l  d i s t i n c t  c y c l i c  s h i f t s  o f  r. - - 
T h i s  i n d u c e s  a p a r t i t i o n  o n  t h e  s e t  o f  a l l  b i n a r y  n - t u p l e s .  I f  

m l n ,  i t  i s  k n o w n [ 6 ]  t h a t  t h e r e  a r e  e x a c t l y  

c y c l i c  c l i s ses  o f  o r d e r  m w h e r e  p( ) i s  t h e  M a b i u s  f u n c t i o n ( p .  

234 o f  [ l o ] )  a n d  i s  d e f i n e d  f o r  a n y  p o s i t i v e  i n t e g e r  k  b y  

p ( k ) i  o 
i 

i f  k  h a s  a r e p e a t e d  p r i m e  
( 1 . 1 3 )  

l ( - l l t  i f  k  i s  t h e  p r o d u c t  o f  

t d i s t i n c t  p r i m e s  

A n a l o g o u s l y  we d e f i n e  t h e  c o m p a c ~ c l i c  o r d e r  o f  a  b i n a r y  

d  n - t u p l e  r a s  t h e  s m a l l e s t  p o s i t i v e  i n t e g e r  d s u c h  t h a t  N r=r. - - - 
T h e  c o r n p a c ~ c l i c  c l a s s  o f  r i s  d e f i n e d  a s  t h e  s e t  c o n s i s t i n g  - 
o f  r a n d  a l l  i t s  d i s t i n c t  c o r n p a c y c l i c  s h i f t s .  - 

T h e o r e m  1 . 2 :  I f  r i s  a b i n a r y  n - t u p l e  a n d  d  i t s  c o r n p a c y c l i c  - 
o r d e r ,  t h e n  d 1 2 n  b u t  dXn.  C o n v e r s e l y ,  i f  d l 2 n  b u t  d y n ,  t h e n  

t h e r e  e x i s t s  a b i n a r y  n - t u p l e  r w h o s e  c o r n p a c y c l i c  o r d e r  i s  d .  - 
I n  p a r t i c u l a r  d i s  e v e n .  

P r o o f :  L e t  r h a v e  c o m p a c y c l i c  o r d e r  d  a n d  s u p p o s e  d l n ,  t h e n  - 



- n  r = N  r=PJqdr=r w h i c h  i s  a b s u r d ,  t h e r e f o r e  d[n. L e t  2 n = q d + n ,  - - - - 
CK K d ,  t h e n  ~ ~ ~ r = r  i m p l i e s  t h a t  N 

2n-m 
- -. r=r - - w h i c h  i n  t u r n  i m -  

m 
p l i e s  t h a t  N - r=r. - . B u t  s i n c e  m< d ,  we m u s t  h a v e  t h a t  n=O a n d  

C o n v e r s e l y ,  s u p p o s e  d l 2 n  b u t  d l n ,  t h e n  l e t t i n g  w = ( l , O , O , .  - 

..., 0 )  w h e r e  t h e  n u m b e r  o f  t r a i l i n g  z e r o s  i s  ( d / 2 ) - 1 ,  w e  s ee  

- - 
t h a t  r = w w w w  ... w w ( i . e .  t h e  c o n c a t e n a t i o n  o f  t h e s e )  o f  l e n g t h  n - ---- -- 
h a s  c o m p a c y c l i c  o r d e r  d .  

T h e o r e m  1 . 3 :  I f  n  i s  o d d  a n d  m l n ,  t h e n  t h e  n u m b e r  o f  b i n a r y  

n - t u p l e s  o f  c o m p a c y c l i c  o r d e r '  2m i s  

C 2 d y ( m / d ) .  
d l m  

I n  p a r t i c u l a r ,  t h e  n u m b e r  o f  b i n a r y  n - t u p l e s  o f  c o m p 2 c y c l i c  

o r d e r  2m i s  e q u a l  t o  t h e  n u m b e r  o f  b i n a r y  n - t u p l e s  o f  c y c l i c  

o r d e r  m .  

2m P r o o f :  L e t  m l n  a n d  s u p p o s e  N - r=r ,  - t h e n  s i n c e  n l n  we c a n  p a r -  

t i t i o n  t h e  s e q u e n c e  r i n t o  q b l o c k s  o f  l e n g t h  m w h e r e  b o t h  m - 
a n d  q a r e  o d d .  P i c t o r i a l l y  we h a v e  

w h e r e  t h e  t o p  a r r a y  r e p r e s e n t s  - r a n d  t h e  b o t t o m  a r r a y  r e p r e -  

2m s e n t s  N r t h e  f i r s t  t w o  b l o c k s  i n  t h e  b o t t o m  a r r a y  b e i n g  c r o s s -  - 



h a t c h e d  t o  i n d i c a t e  t h a t  t h e  c o e f f i c i e n t s  c o n t a i n e d  i n  t h e s e  

a r e  t h e  c o m p l e m e n t  o f  t h e  c o e f f i c i e n t s  c o n t a i n e d  i n  t h e  c o r -  

r e s p o n d i n g  b l o c k s  i n  t h e  u p p e r  a r r a y .  Now s i n c e  b o t h  t h e s e  

a r r a y s  r e p r e s e n t  o n e  a n d  t h e  same n - t u p l e ,  i t  f o Z l o w s  t h a t  

t h e  c o e f f i c i e n t s  i n  b l o c k  1 a r e  e q u a l  t o  t h o s e  o f  b l o c k  3 e t c .  

.. u p  t o  b l o c k  q .  S i m i l a r l y  t h e  c o e f f i c i e n t s  i n  b l o c k  2  a r e  e q u a l  
I 

t o  t h o s e  o f  b l o c k  4 e t c  ... u p  t o  b l o c k  q -1 .  B u t  t h e  c o e f f i c i -  

. e n t s  o f  b l o c k  q - 1  a r e  e q u a l  t o  t h e  c o m p l e m e n t  o f  t h o s e  i n  

b l o c k  1, h e n c e  i t  f o l l o w s  t h a t  t h e  f i r s t  m b i t s  o f  r c o r n p l e -  - 
t e l y  d e t e r m i n e  r ,  s i n c e  t h e  b i t s  i n  b l o c k  i a r e  s i m p l y  t h e  - 
c o m p l e m e n t  o f  t h o s e  i n  b l o c k  i - l ( t h e  same o r d e r  b e i n g  rna in -  

t a i n e d ) .  

We h a v e  t h e r e f o r e  s h o w n  t h a t  i f  r n l n ,  t h e n  t h e r e  a r e  e x -  

2m a c t l y  2 m  b i n a r y  n - t u p l e s  r w h i c h  s a t i s f y  N r=r. T o  o b t a i n  - - - 
t h e  n u m b e r  o f  b i n a r y  n - t u p l e s  w h i c h  h a v e  c o r n p a c y c l i c  o r d e r  

2m we m u s t  s u b t r a c t  f r o m  2 m  t h e  n u m b e r  o f  s e q u e n c e s  w i t h  comp-  

a c y c l i c  o r d e r  2 k  f o r  e v e r y  k w h i c h  d i v i d e s  m b u t  i s  n o t  e q u a l  

t o  i t ,  s i n c e  t h e s e  a r e  a l l  a c c o u n t e d  f o r  i n  2". H e n c e  if 

a ( n , 2 m )  d e n o t e s  t h e  n u m b ~ r  o f  b i n a r y  n - t u p l e s  o f  c o m p a c y c l i c  

o r d e r  2m, t h e n  

w h i c h  c a n  b e  r e w r i t t e n  a s  

A p p l y i n g  t h e  M 6 b i u s  i n v e r s i o n  f o r m u l a ( p .  2 3 6  o f  [ l o ] )  t o  



( 1 . 1 6 )  we o b t a i n  

'de r e m a r k  t h a t  t h i s  l a s t  s t e p  c a n n o t  b e  c a r r i e d  o u t  when  n 

i s  e v e n  s i n c e  ( 1 . 1 6 )  d o e s  n o t  h o l d  f o r  a l l  d i v i s o r s  m o f  n ,  

b e c a u s e  when  n  i s  e v e n  2m may d i v i d e  b o t h  2n  a n d  n .  

F rom e q u a t i o n s  1 . 1 2  a n d  1 . 1 7  i t  i s  c l e a r  t h a t  t h e ' n u r n -  

b e r  o f  b i n a r y  n - t u p l e s  o f  c o m p a c y c l i c  o r d e r  2m i s  e q u a l  t o  

t h e  n u m b e r  o f  b i n a r y  n - t u p l e s  o f  c y c l i c  o r d e r  m w h e n e v e r  m 

d i v i d e s  n .  

4 . E . D .  

We r e m a r k  t h a t  t h e r e  e x i s t s  a o n e  t o  o n e  c o r r e s p o n d -  

e n c e  b e t w e e n  t h e  b i n a r y  n - t u p l e s  o f  c o m p a c y c l i c  o r d e r  2m, 

m l n ,  a n d  t h e  b i n a r y  2 n - t u p l e s  o f  c y c l i c  o r d e r  2m w h i c h  a r e  

o f  t h e  f o r m  r r ( i . e .  r c o n c a t e n a t e d  w i t h  i t s  b i n a r y  c o m p l e -  -- - 
m e n t  r).. - T h e  o n e  t o  o n e  c o r r e s p o n d e n c e  i s  r e a l i z e d  b y  t h e  

m a p p i n g  - .  r 4 r r .  -- N o t i n g  t h a t  ~ r K = ~ ( r r ) ,  - - i t  f o l l o w s  t h a t  r -- - 
h a s  c o m p a c y c l i c  o r d e r  2m i f  a n d  o n l y  i f  rr h a s  c y c l i c  o r d e r  -- 
2m. We a l s o  h a v e  f r o m  t h i s  c o r r e s p o n d e n c e  

T h e o r e m  1 . 4 :  I f  r - i s  a  b i n a r y  n - t u p l e ,  t h e n  

1 Q k ( r ) =  -E r ,  K k< n .  - 2 k - -  

C. DUALIZING SEQUEIVCES 

We d e f i n e  a s p e c i a l  b i n a r y  n - t u p l e  z b y  s e t t i n g  - 

0 1 0 1 0 1 . . . 0 1 0  n o d d  
z=  { - 

0 1 0 1 0 1 . . . 1 0 1  n  e v e n .  

I f  z - i c  t h e  b i n a r y  c o m p l e m e n t  o f  - z w e  h a v e  . 





We r e m a ' r k  t h a t  t h e  t r a n s f o r m a t i o n  r->r+z h a s  b e e n  c o n s i d e r z d  - - - 
b y  Golomb a n d  ~ c h o l t z [ l l ]  a s  o n e  o f  t h e  B a r k e r  p r e s e r v i n z  ' ,rzns- 

f o r m a t i o n s .  

E x a m p l e :  I f  - r = ( 1 , 1 , 0 , 1 , 1 )  t h e n  r + z = ( l , O , O , O , l ) ,  T h e  e v e n  cgr -  - - 
r e l a t i o n  c o e f f i c i e n t s  o f  r a r e  5 , 1 , 1 , 1 , 1  a n d  t h e  o d d  c o r r s l a t i o n  - 

I 

c o e f f i c i e n t s  o f  r + z  a r e  5 , - 1 , l - 1 , l .  - - 
k  k  

S i n c e  Q k ( r + z ) = ( - 1 )  - - E k  ( r )  - a n d  E k ( r + z ) = ( - 1 )  - - Q k ( r ) ,  - t b s z ,  v : i t h  
I 

r e s p e c t  t o  t h e  e v e n  a n d  o d d  c o r r e l a t i o n  c o e f f i c i e n t s ,  r z n c  r + z  , - - - 
a r e  i n  a  s e n s e  d u a l s  o f  e a c h  o t h e r .  F o r  t h i s  r e a s o n  w e  z z k e  t h e  

f o l l o w i n g  d e f i n i t i o n  

D e f i n i t i o n  1.1: I f  r i s  a b i n a r y  s e q u e n c e  o f  o d d  l e n g t h  7 ,  t h ~ n  - 
I 

r w i l l  b e  c a l l e d  s e l f - d u a l  i f  - 

T h i s  t y p e  o f  s e q u e n c e  w i l l  b e  s t u d i e d  i n  C h a p t e r  3 .  

. - I t  i s  s o m e t i m e s  m o r e  c o n v e n i e n t  t o  w o r k  w i t h  p o l y n - - -  L ' .  -zis 

i n s t e a d  o f  s e q u e n c e s .  We t h e r e f o r e  a s s o c i a t e  w i t h  t h e  b i n a r y  

n - t u p l e  r= ( ro , r l ,  ...., r ) t h e  p o l y n o m i a l r ( x ) = r  + r  x i . . . . .  - n - 1  0  1 
n - 1  . + r  x a n d  c o n v e r s e l y .  T h i s  a s s o c i a t i o n  s e t s  u p  a o ~ e  ta 

n - 1  

o n e  c o r r e s p o n d e n c e  b e t w e e n  t h e  s e t  o f  a l l  b i n a r y  n - t u p l e s  an3 

- t h e  s e t  o f  a l l  b i n a r y  p o l y n o m . i a l s  o f  d e g r e e  n - 1  o r  l e s s .  i i  

r ( x )  a n d  s ( x )  a r e  a n y  t w o  b i n a r y  p o l y n o m i a l s  o f  d e g r e e  E-1 z r  

? l e s s ,  t h e n  b y  r ( x ) + s ( x )  w e  mean  t h e  p o l y n o m i a l  ( r  es ) + ( r : + a ; , x  
0 0 - - 

x 
n - 1  + . . . . + ( r n - l @ s n - l  w h e r e  e d e n o t e s  m o d u l o  2 sum.  H e n c e  t h e  

b i n a r y  n - t u p l e  c o r r e s p o n d i n g  t o  r ( x ) + s ( x )  i s  s i m p l y  r + s = ( r - t s , ,  - - i: LJ 

r BS , s 1. By F~[*(x)I, ~ ~ [ r ( x ) l  a n d  ~ ~ [ r ( x ) l  x a  n - 1  

w i l l  mean  F k ( r ) ,  E k ( r )  a n d  ( r )  r e s p e c t i v e l y .  A l l  p o l y n o z i z l s  - - k - 



1 2  

c o n s i d e r e d  i n  t h i s  t h e s i s  w i l l  b e  o v e r  G F ( 2 ) .  I f  z ( x )  i s  t h e  

p o l y n o m i a l  c o r r e s p o n d i n g  t o  - z a n d  : ( X I  t h e  o n e  c o r r e s p o n d i n g  

t o  z we h a v e  - 

T h e o r e m  1 . 6 :  I f  n i s  o d d ,  t h e n  
l + x  i f  4  I n - 1  

n  
g . c . d .  ( l + x  , z ( x )  ) =  

i f  4Yn-1 

l + x  i f  41 n i l  I 

n  - 
g . c . d . ( l + x  , z ( x ) ) =  ( 1 . 2 4 )  

if 4 X n + l  

P r o o f :  B e f o r e  e n t e r i n g  i n t o  t h e  p r o o f  p e r  s e  w e  make t h e  f o l -  

k  
l o w i n g  r e m a r k s :  1 )  I f  f ( x ) = f  +f x +  ....+ f k x  i s  a n y  p o l y n o m i a l  0 1 

2 i  2 i  o v e r  G F ( 2 )  a n d  i > O  t h e n  f ( x )  =f + f  x  +....+ f k x  k z i  0 1 s i n c e  b y  

t h e  b i n o m i a l  t h e o r e m  a l l  o t h e r  c o e f f i c i e n t s  a r e  e v e n  h e n c e  0 mod- 

u l o  2. 2 )  I f  s a n d  t a r e  a n y  t w o  p o s i t i v e  i n t e g e r s  s u c h  t h a t  

s t g . c . d . ( s , t ) = l ,  t h e n  g , c . d . ( l + x  , l + x  ) = l + x .  T o  s e e  t h i s  l e t  F  b e  

a n  e x t e n s i o n  f i e l d  o f  G F ( 2 )  w h i c h  c o n t a i n s  a l l  t h e  r o o t s  o f  l + x S  

t t a n d  l + x  . L e t  a c F  b e  a r o o t  o f  l + x S  a n d  l + x  , t h e n  t h e  m u l t i -  

p l i c a t i v e  o r d e r  o f  a m u s t  d i v i d e  s a n d  t ,  b u t  s i n c e  g . c . d . ( s , t )  

s t =1 i t  f o l l o w s  t h a t  a = l ,  h e n c e  g . c . d . ( l + x  , l i x  ) = l + x .  3 )  L e t  t . 

b e  a n  i n t e g e r ,  t XI, t h e n  a n  i r r e d u c i b l e  f a c t o r  g ( x )  o f  l+x t 

o v e r  G F ( 2 )  i s  s a i d  t o  h a v e  m u l t i p l i c i t y  s i f  g ( ~ ) ~ l  l + x t  b u t  

g ( x ) s ' l t l + x t .  Now i t  i s  w e l l  k n o w n [ l 2 ]  t h a t  o v e r  G F ( 2 )  a l l  i r-  

t r e d u c i b l e  f a c t o r s  o f  l + x  , t >O, h a v e  t h e  s a m e  m u l t i p l i c i t y  a n d  

k  t h a t  t h i s  m u l t i p l i c i t y  i s  2 w h e r e  k  i s  t h e  l a r g e s t  i n t e g e r  s u c h  

k  t h a t  2 It.. w i t h  t h e s e  r e m a r k s  i n  m i n d  w e  p r o c e e d  t o  t h e  p r o o f .  

3 5 n-2 2  4  n-3 2 
z ( x ) = x + x  +X +...+ X = x ( l + x  + X  + . . , + X  ) = x ( l + x + x  +..... 

+ X  
n - 1  2  n  n  ( n - 3 ) / 2 ) 2 = x  ( 1 + x  ) / ( l + x )  . H e n c e  g . c .  d .  ( l i x  , z ( x )  )=g .  c .  d .  ( l + x  , 



n - 1  2 x ( l + x  ) ( + x )  ) a n d  b y  r e m a r k  2 ) .  i t  f o l l o w s  t h a t  t h i s  i s  1 

3 n - 1  3 n - 1  3  n - 1  
i f  ( l + x )  l l + x  a n d  l + x  i f  ( l + x )  I l + x  . Now i f  ( l + x )  I l + x  , 

t h e n  l + x  m u s t  h a v e  m u l t i p l i c i t y  a t  l e a s t  4  b y  r e m a r k  3 ,  h e n c e  

4 n - 1  
( 1 + x 1 4 = 1 + x  l l + x  a n d  t h i s  c a n  b e  i f  a n d  o n l y  i f  d i n - 1 .  I t  

n - 1  
t h e r e f o r e  f o l l o w s  t h a t  ( l + x )  d i v i d e s  l + x  i f  a n d  o n l y  i f  

4111-1 f r o m  w h i c h  ( 1 . 2 3 )  f o l l o w s .  

E q u a t i o n  ( 1 . 2 4 )  c a n  b e  e s t a b l i s h e d  i n  a p e r f e c t l y  a n a l o -  

g o u s  w a y .  

D, R E V I E W  AND P R E V I E W  

Q.E.D. 

T h e  p u r p o s e  o f  t h i s  s e c t i o n  i s  t o  b r i e f l y  r e v i e w  w h a t  

h a s  b e e n  d o n e  i n  t h e  f i r s t  t h r e e  s e c t i o n s  a n d  t o  b r i e f l y  o u t -  

l i n e  t h e  r e m a i n d e r  o f  t h e  t h e s i s .  

I n  s e c t i o n  A a  b a n d w i d t h - s p r e a d i n g  b i n a r y  s i g n a l  s c h e m e  

w a s  d e s c r i b e d  w h i c h  r e q u i r e d  a b i n a r y  n - t u p l e  w i t h  s m a l l  p a r -  

ameter  P = m a x ( P E , P g ) .  T h i s  g i v e s  r i s e  t o  a n e w  p r o b l e m  i n  t h e  

d e s i g n  o f  s e q u e n c e s .  T h e r e  a r e  m e t h o d s  a v a i l a b l e  f o r  t h e  c o n s -  

t r u c t i o n  o f  s e q u e n c e s  w i t h  s m a l l  P F o r  e x a m p l e  t h e  m a x i m a l  
E ' 

l e n g t h  s e q u e n c e s [ 1 3 ] ,  t h e  L e g e n d r e  s e q u e n c e s [ 1 7 1 ,  t h e  t w i n -  

p r i m e  s e q u e n c e s [ 1 7 ]  a n d  t h e  H a l l  s e q u e n c e s [ 1 9 ]  a l l  h a v e  P  =1 E 
a n d ' a r e  a l l  o f  o d d  l e n g t h .  I n  f a c t  f o r  t h e s e  s e q u e n c e s  E =-1, 

k 

O( k e n ,  o r  E -1, K k< n .  By t h e  r e s u l t s  o f  s e c t i o n  C we c a n  k- 

u s e  t h e  a b o v e  t e c h n i q u e s  t o  c o n s t r u c t  s e q u e n c e s  f o r  w h i c h  P  =1, 
Q 

s i m p l y  b y  a d d i n g  z o r  t o  t h e  s e q u e n c e s  o b t a i n e d  b y  t h e s e  m e -  - - 
t h o d s .  t l o w e v e r  t h e  p r o b l e m  o f  c o n s t r u c t i n g  s e q u e n c e s  w i t h  s m a l l  

P h a s  n e v e r  b e e n  c o n s i d e r e d  b e f o r e .  F r o m  t h e  e x p r e s s i o n  f o r  E 
k 



a n d  Q ( e q u a t i o n  1 . 4 )  it r e a d i l y  f o l l o w s  t h a t  k  

H e n c e  i f  we h a v e  a s e q u e n c e  w i t h  s m a l l  P we a u t o m a t i c a l l y  

h a v e  a  s e q u e n c e  w i t h  s m a l l  P S e q u e n c e s  w i t h  s m a l l  P a r e  F ' F 
v e r y  i m p o r t a n t  i n  r a d a r  r a n g i n g  p r o b l e m s [ 5 ,  2 0 1 .  H o w e v e r  t h e r e  

a r e  n o  known  t e c h n i q u e s ,  s i m i l a r  i n  n a t u r e  t o  t h o s e  f o r  c o n s -  

t r u c t i n g  s e q u e n c e s  w i t h  s m a l l  P f o r  c o n s t r u c t i n g  s e q u e n c e s  E ' 
w i t h  s m a l l  PF. 

I n  t h e  f o l l o w i n g  t h r e e  c h a p t e r s  t h r e e  c l a s s e s  o f  s e q u -  

e n c e s  w i l l . b e  p r e s e n t e d  f o r  w h i c h  E a n d  Q k  b e a r  c e r t a i n  r e l a -  
k  

t i o n s  t o  e a c h  o t h e r .  M o r e  s p e c i f i c a l l y  i n  C h a p t e r  2  we p r e s e n t  

k 
a c l a s s  o f  s e q u e n c e s  f o r  w h i c h  G k = ( - 1 )  E Z k  w h e r e  2 k  i s  r e d u c e d  

m o d u l o  n .  I n  p a r t i c u l a r  w e  h a v e  P = P  -P f o r  t h i s  c l a s s .  'The  c o n -  
E -  0 

s t r u c t i o n  t e c h n i q u e  f o r  t h i s  c l a s s  g i v e s  r i s e  t o  a n  i n t e r e s t i n g  

p r o b l e m  i n  N u m b e r  T h e o r y ( s e e  T h e o r e m  2 . 1 ) .  T h e  s t u d y  o f  t h i s  c l a s s  

o f  s e q u e n c e s  a l s o  g a v e  b i r t h  t o  a n  i n t e r e s t i n g  r e s u l t (  s ee  

T h e o r e m  2 . 6 )  o n  t h e  f a c t o r i z a t i o n  o f  t h e  p o l y n o m i a l  l + x n  o v e r  

G F ( 2 ) .  

I n  C h a p t e r  3 we g i v e  t w o  m e t h o d s  f o r  c o n s t r u c t i n g  s e q -  

k u e n c e s  w h i c h  s a t i s f y  Q  = ( - 1 )  E IK k< n .  O n e  o f  t h e s e  c l a s s e s  
k  k  ' 

( s e e  s e c t i o n  B o f  C h a p t e r  3 )  seems t o  b e  a g o o d  s o u r c e  o f  se-  

q u e n c e s  w i t h  s m a l l  P. I n  p a r t i c u l a r  i t  i s  s h o w n  t h a t  t h e  B a r k e r  

s e q u e n c e s [ 5 1  o f  l e n g t h s  5 a n d  1 3  b e l o n g  t o  t h i s  l a t t e r  c l a s s .  

I n  C h a p t e r  4 a c l a s s  o f  s e q u e n c e s  i s  d e s c r i b e d  w h i c h  s a t i s -  

f y  / I E ~ I  - Igkl l  r 2 ,  n .  



CHAPTER I1 

CYCLOTOMIC SEQUENCES 

I n  t h i s  c h a p t e r  we d e s c r i b e  a  c l a s s  o f  s e q u e n c e s  w h i c h  

k  
s a t i s f y  Q = ( - 1 )  E 

k  2 k '  
C K  k< n ,  a n d  w h e r e  2 k  i s  r e d u c e d  m o d u l o  

n .  I n  p a r t i c u l a r  we h a v e  -P f o r  t h i s  c l a s s .  P ~ -  Q 
n - 1  

L e t r ( x ) = r + r  x + . . . . + r  x  0 1 n - 1  b e  a  b i n a r y  p o l y n o m i a l .  

T h e n  when n  i s  o d d ,  i t  i s  w e l l  k n o w n ( p .  5 4  o f  [ 1 3 ] )  t h a t  t h e  

2  e v e n  c o r r e l a t i o n  c o e f f i c i e n t s  o f  r ( x )  ( r e d u c e d  m o d u l o  l + x n )  a r e  

a  p e r m u t a t i o n  o f  t h e  e v e n  c o r r e l a t i o n  c o e f f i ~ i e n t s  o f  r ( x ) .  I n  

2  f a c t ,  ~ ~ [ r ( x )  ] = i Z k [ r ( x ) ]  w h e r e  2 k  i s  r e d u c e d  m o d u l o  n .  

L e t  n  b e  o d d  a n d  s u p p o s e  r ( x )  h a s  t h e  p r o p e r t y  t h a t  r ( x )  

2 n  + r ( x )  ~ z ( x ) m o d l + x  . T h e n  b y  t h e  a b o v e  r e m a r k s  a n d  T h e o r e m  1 . 5  

k k  2  i t  f o l l o w s  t h a t  ~ ~ [ r ( x ) ] = ( - 1 )  ~ ~ [ r ( x ) + z ( x ) ] = ( - 1 )  ~ ~ [ r ( x )  ] =  
k  (-1) E ~ ~ [ ~ ( x ) ]  w h e r e  r ( x I 2  i s  r e d u c e d  m o d u l o  l + x n  a n d  2k  i s  re-  

d u c e d  m o d u l o  n .  T h e  f o l l o w i n g  T h e o r e m  t e l l s  u s  when  s u c h  a n  

r ( x )  e x i s t s .  

T h e o r e m  2 . 1 :  L e t  n  b e  o d d ,  t h e n  t h e r e  e x i s t s  a n  r ( x )  s u c h  t h a t  

2  n  r ( x ) + r ( x )  z z ( x ) m o d  l + x  i f  a n d  o n l y  i f  e v e r y  c y c l o t o m i c  c o s e t  

of  i n t e g e r s  m o d u l o  n  c o n t a i n s  a n  e v e n  n u m b e r  o f  o d d  i n t e g e r s ,  

a n d  i n  t h i s  c a s e  t h e r e  a r e  e x a c t l y  2 s u c h  P ( X ) I S  w h e r e  h ( n )  

i s  t h e  n u m b e r  o f  c y c l o t o m i c  c o s e t s  m o d u l o  n .  

P r o o f :  I n  t h e  f o l l o w i n g  a r g u m e n t s  a l l  p o l y n o m i a l s  a r e  r e d u c e d  

n  m o d u l o  l + x  . 
N e c e s s i t y .  T h e  c y c l o t o m i c  c o s e t  m o d u l o  n o f  a n  i n t e g e r  k ,  

K k< n ,  i s  t h e  s e t  < k  h ~ 2 ~ k r n o d  n  I i = 0 , 1 , . .  ..I [ 1 3 ] .  T h e  f o r -  

m a t i o n  o f  t h e s e  c o s e t s  i n d u c e s  a p a r t i t i o n  o n  t h e  s e t  o f  i n t e -  



. . g e r s  { 0 ' , 1 , 2 ,  ..., n - l f  . !.late alss t n s t  s i n c e  f o r  a n y  i n t e g e r  k ,  

i r i  0< k< n, 2  k m o d ( n ) = k ~ 2  r n o d ( n ) ; ? z e ; r . j  f ~ r  a n y  i n t e g e r  i t h e r ;  

t h e  c y c l o t o m i c  c o s e t  o f  k  i s  < k >=<< 1 t - { k m . m o d ( n )  I i = 1 , 2 , . . .  
1 

. , s j! where  < 1 >= j r n  - - 
l , m 2 , . . . , s  :IS 5ns c y c l o t o r n i c  c o s e t  o f  1. 

S ' 

2  S u p p o s ~  t h e r e  e x i s t s  a n  r ( x !  ssr5 t h a t  r ( x ) + r ( x )  = z ( x ) .  

L e t  kl b e  a n y  o d d  i n t e g e r ,  [K kl< n, t h s n  t h e  e l e m e n t s  o f  < k  > 
I 1 

c a n  b e  a r r a n g e d  a s  

i -1 
1 i2-1 

k1,2k1 , " ,2  k l ,  k2, 2 2 - ,  . . , 2  
i k 2 , k 3 9  

- .  w h e r e  k l , k 2 ,  ..., k  a r e  t h e  o n l y  31- ; : ~ e g e r s  i n  t h e  c o s e t ( i i  m 
1. J 

1 i s  t h e  s m a l l e s t  p o s i t i v e  i n t e ~ ~ r  T z r  >.-:5ich 2 - k .  > n ) .  S i n c e  
1 

kl 

J 

. . 
x  i s  a t e r m  i n  z ( x ) ,  t h e n  x  - T E S T  z z  term i n  r ( x )  o r  

2 kl 
r ( x )  . S u p p o s e  x  i s  a t e r m  i n  r ! x ? ,  t h e n  s i n c e  z ( x )  c o n t a i n s  

2 k  2  n o  e v e n  p o w e r s  o f  x, b u t  x 1 Z ~ ~ E E P S  i n  r ( x )  , we m u s t  a l s o  

2 k 1  
h a v e  t h e  c a n c e l l i n g  t e r m  x - I n  . :;XI. 3 g  s i m i l a r  r e a s o n i n g ,  - - 

1, -: 

22k1 2 '  " 7 

r ( x )  m u s t  i n c l u d e  x  ,..., x 5 u t  n u s t  n o t  i n c l u d e  x k 2  - 
> L s i n c e  t h i s  t e r m  w i l l  a p p e a r  i n  r ! x ,  a n d  m u s t  n o t  b e  c a n c e l l e d  

k  
m s i n c e  i t  a p p e s r s  a l s o  i n  z ( x j .  Alss ~2 nust n o t  h a v e  x  i n  r ( x ) ,  

k 
m f o r  i f  x  i s  i n  r ( x ) ,  t h s n  by t h e  s-evious z r g u m e n t ,  w e  m u s t  

2 k  
a l s o  h a v e  x  m e t c . . .  i n  r ( x )  w h i c h  skews t h a t  x kl w i l l  b e  i n  

2 
- r ( x )  r e s u l t i n g  i n  t h e  u n d e s i r e d  c + n z z l l s t i o n  w i t h  t h e  s i m i l a r  

t e r m  i n  r ( x ) .  
k .  

3. T h e  same a r g u m e n t s  h o l d  icr k, i=1,2,...,rn. H e n c e  i f  x 
k  L .  

k ,  - 
i s  a term i n  r ( x ) ,  t h e n  x i-1 e n d  x L + ~  m u s t  n o t  b e  t e rms  i n  



1 ki 
k 

r ( x ) .  L a s t l y ,  s i n c e  x  i s  i n  r ( ~ ) ~  i f  a n d  o n l y  i f  x  
i-1 

i s  i n  

kl 
r ( x ) ,  t h e n  i t  f o l l o w s  t h a t  w e  m u s t  i n c l u d e  i n  r ( x )  t h e  t e r m s  x  , 

2kl k 3  2 k 3  k 2  2 k 2  k 4  2 k 4  
x x  , X  ,.... e t c  o r  x  , x  x  , x  ,... e t c ,  a n d  

t h i s  c a n  b e  d o n e  s u c c e s s f u l l y  i f  a n d  o n l y  i f  t h e r e  a r e  a n  e v e n  

n u m b e r  o f  o d d  i n t e g e r s  i n  < k  >. T h i s  m u s t  b e  t r u e  f o r  e v e r y  1 

c y c l o t o m i c  c o s e t  s i n c e  e v e r y  c y c l o t o m i c  c o s e t ( e x c e p t  < 0 >) c o n -  

t a i n s  a n  o d d  i n t e g e r  a n d  a l l  o d d  p o w e r s  o f  x  a r e  t e r m s  i n  z ( x ) .  

S u f f i c i e n c y .  C o n v e r s e l y ,  s u p p o s e  t h a t  e v e r y  c y c l o t o m i c  c o s e t  

o f  i n t e g e r s  m o d u l o  n  c o n t a i n s  a n  e v e n  n u n b e r ' o f  o d d  i n t e g e r s ,  

kl 2kl k 3  2 k 3  t h e n  c o n s t r u c t  r ( x )  b y  i n c l u d i n g  i n  r ( x )  x  , x  , . . . x  , x  f 

2 k  
rn x  , . . . f o r  e a c h  c o s e t  < k >& U . S i n c e  x o  c o r r e s p o n d s  t o  < 0 >, 1 

i t  may b e  i n c l u d e d  o r  e x c l u d e d .  By t h e  a r g u m e n t s  u s e d  i n  t h e  

p r o o f  o f  t h e  n e c e s s i t y ,  t h i s  w i l l  y i e l d  a n  r ( x )  w h i c h  s a t i s f i e s  

F rom t h e  a b ~ v e  p r o o f  w e  s e e  t h a t  i n  t h e  c o n s t r u c t i o n  o f  

2  a n  r ( x )  w h i c h  s a t i s f i e s  r ( x ) + r ( x )  = z ( x )  we h a v e  e x a c t l y  t w o  

c h o i c e s  f o r  e a c h  c o s e t ,  h e n c e  t h e r e  a r e  e x a c t l y  2  s o l u t i o n s  

w h e r e  h ( n )  i s  t h e  n u m b e r  o f  c y c l o t o m i c  c o s e t s  m o d u l o  n .  

An a l t e r n a t e  way t o  a s c e r t a i n  t h a t  t h e  n u m b e r  o f  s o l u t i o n s  

2 i s  2 h ( n )  i s  t h e  f o l l o w i n g :  L e t  r ( x )  b e  s u c h  t h a t  r ( x ) + r ( x )  = 

Z ( X )  a n d  l e t  e ( x )  b e  a n  i d e m p o t e n t [ 9 ]  i n  t h e  A l g e b r a  o f  p o l y -  

n  2  n o m i a l s  m o d u l o  l + x  o v e r  G F ( 2 ) ,  i . e .  e ( x )  = e ( x ) .  T h e n  [ r ( x ) +  

2  2  2  e ( x ) l + [ r ( x ) + e ( x ) l  = r ( x ) + r ( x )  + e ( x ) + e ( x )  = z ( x )  a n d  s o  s ( x ) = r ( x )  

2 + e ( x )  s a t i s f i e s  s ( x ) + s ( x )  = z ( x ) .  C o n v e r s e l y ,  s u p p o s e  t h a t  r l ( x )  

2 2 
a n d  r 2 ( x )  s a t i s f y  r .  ( x ) + r .  ( x ) = z ( x ) ,  i = 1 , 2 ;  t h e n  [ r l ( x ) + r 2 ( x ) ]  + 

1 1 



2  2  
[r ( X I + ,  ( x ) ] = r  ( x ) + r  ( x )  +r ( x ) + r  ( x )  = z ( x ) c z ( x ) = O  w h i c h  i m p l -  

1 2  1 1 2  2  

i e s  t h a t  r ( x ) + r  ( x )  i s  a n  i d e m p o t e n t .  Ye  h a v e  t h e r e f o r e  s h o w n  
1 2  

2  
t h a t  t h e  s e t  o f  s o l u t i o n s  { r ( x ) l  r ( x ) + r ( x )  = z ( x ) f  , w h e n  i t  i s  n o t  

2  
e m p t y ,  f o r m s  a c o s e t  o f  t h e  s p a c e  { e ( x ) l e ( x )  = e ( x ) ]  o-F i d e m p o -  

t e n t s  a n d  t h i s  s p a c e  i s  known t o  h a v e  d i m e n s i o n  X ( n )  o v e r  G F ( 2 )  

[ g l .  

B e c a u s e  o f  T h e o r e m  2 . 1  we a r e  l e d  t o  

D e f i n i t i o n  2 . 1 :  A b i n a r y  s e q u e n c e  r o f  o d d  l e n g t h  n  f o r  w h i c h  - 
2  

r ( x ) + r ( x )  = z ( x )  w i l l  b e  c a l l e d  a c y c l o t o m i c  s e q u e n c e .  

E x a m p l e :  I f  n = 5 ,  t h e n  t h e  c y c l o t o m i c  c o s e t s  a r e  {O] a n d  f 1 , 2 , 4 ,  

33. H e n c e  f o l l o w i n g  t h e  n o t a t i o n  u s e d  i n . t h e  p r o o f  o f  T h e o r e m  

2 . 1  we h a v e  k =1 a n d  k -3, U s i n g  t h e  c o n s t r u c t i o n  t e c h n i q u e  d e s -  
1 2- 

c r i b e d  t h e r e  t h e  c y c l o t o m i c  s e q u e n c e s  o f  l e n g t h  5 a r e ( i n  p o l y -  

2 4 2  4  3 n o r n i a l  f o r m )  x + x  + x  , l + x + x  +x , x 3  a n d  l + x  . 
S u p p o s e  n i s  a p r i m e  s u c h  t h a t  n ~ l m o d ( 4 )  a n d  f o r  w h i c h  2  

i s  p r i m i t i v e ( i . e .  2  i s  a p r i m i t i v e  e l e m e n t  o f  G F ( n ) ) .  I n  t h i s  

c a s e  t h e  c y c l o t o m i c  c o s e t s  a r e  { O )  a n d  { 1 , 2 , 3 ,  ..., n - 1 3  a n d  b o t h  

t h e s e  c o s e t s  c o n t a i n  a n  e v e n  n u m b e r  o f  o d d  i n t e g e r s .  We t h e r e -  

f o r e  h a v e  

T h e o r e m  2 . 2 :  C y c l o t o m i c  s e q u e n c e s  o f  l e n g t h  n  e x i s t  f o r  a l l  

p r i m e s  n f o r  w h i c h  2  i s  p r i m i t i v e  a n d  s u c h  t h a t  n = l  m o d ( 4 ) .  

We s i n g l e  o u t  t h i s  s u b c l a s s  b y  m a k i n g  

D e f i n i t i o n  2 . 2 :  A c y c l o t o m i c  s e q u e n c e  o f  p r i m e  l e n g t h  n  f o r  

w h i c h  2 i s  p r i m i t i v e  w i l l  b e  c a l l e d  a p r i m i t i v e  c v c l o t o r n i c  s e q u -  

e n c e .  - 
I 



T h e  f o l l o w i n g  T a b l e  l i s t s  a l l  p r i m e s  u p  t o  4 6 4 9  f o r  w h i c h  

t h e r e  e x i s t s  p r i m i t i v e  c y c l o t o m i c  s e q u e n c e s .  

T A B L E  1 

PRIMES LESS T H A N  4 6 5 0  FUR WHICH PRIMITIVE 

CYCLOTOMIC SEQUENCES EXIST 

S o u r c e :  A .  C u n n i n g h a m ,  H.J. W o o d a l l  a n d  T.G. C r e a k ,  

" P r o c .  o f  t h e  L o n d o n  M a t h .  S o c . , "  V 0 1 . 2 1 ,  1 9 2 2 , ~ ~ .  

By T h e o r e m  2 . 1 ,  i f  n  i s  a s  s p e c i f i e d  by  T h e o r e m  2 . 2 ,  t h e n  

t h e r e  a r e  e x a c t l y  f o u r  p r i m i t i v e  c y c l o t o m i c  s e q u e n c e s  o f  l e n g t h  

n .  I n  f a c t ,  i f  r = ( r o , r l ,  ..., r ) i s  a p r i m i t i v e  c y c l o t o m i c  se -  - n - 1  
- - - - 

q u e n c e  t h e n  t h e  o t h e r  t h r e e  s r e  r = ( r o , r l ,  ..., r ) ,  ~ ~ = ( r ~ ~ r ~ ,  -2  n - 1  - - - 
r 2 , . . . , r  ) a n d  g q = ( r o , r l , r 2 ,  ..., r ) w h e r e  ; i s  t h e  b i n a r y  

n - 1  n - 1  i 

c o m p l e m e n t  o f  r . I t  i s  c l e a r  f r o m  e q u a t i o n  (1.11) t h a t  i f  r 
i - 

a n d  s a r e  t w o  b i n a r y  n - t u p l e s  d i f f e r i n g  o n l y  i n  o n e  c o o r d i n a t e ,  - 
t h e n  I P ~ ( ~ ) - P ~ ( s ) /  - - C 4 a n d  s i m i l a r l y  f o r  P  a n d  P H e n c e  s i n c e  

0 F ' 



a s e q u e n c e  a n d  i t s  b i n a r y  C O ~ Z I ~ ~ ~ ~ K C  h a v e  e x a c t l y  t h e  s a m e  c o r -  

r e l a t i o n  c o e f i c i e n t s ( e v e n ,  o d l  ~7.5 f i n i t e :  t h e n  f o r  a n y  t w o  p r i -  

m i t i v e  c y c l o t o m i c  s e q u e n c e s  - r z n i  - v:e h a v e  ( r ) - p E  - ( S  - ) /  9 4 

a n d  s i m i l a r l y  f o r  P  a n d  F F .  ;;e c o l l e c t  t h e s o  r e s u l t s  a s  a 
. - .  . 

T h e o r e m  2 . 3 :  I f  r a n d  s a r e  zny 5 x o  prlx:-rvs c y c l o t o m i c  s e q u -  - - 
e n c e s  o f  t h e  s a m e  l e n g t h ,  t h e n  

By ( 2 . 2 )  i t  f o l l o w s  t h a t  f ~ =  l ~ r g e  n  sll c y c l o t o m i c  s e q u -  

- 
e n c c s  o f  l e n g t h  n  w i l l  d i s p l a ~ ,  s 3zra~eter i=zax(P P  ) w h i c h  E '  0 

i s  a p p r o x i m a t e l y  t h e  s a m e .  

- 1 

F o r  a l l  n ' s  l e s s  t h a n  2355 i-i-:zn satisfy t h e  c o n d i t i o n s  o f  

T h e o r e m  2 . 2  t h e  p r i m i t i v e  c y c l z t t z - i c  ssquzncs  o f  l e n g t h  n  w i t h  

-r =1 h a s  b e e n  a n a l y z e d  o n  '-,he ;,';I!JAC 1107 C o m p u t e r  i n  t h e  ro- 1 

U n i v e r s i t y  o f  N o t r e  Dame C o r n p a t i n ;  Z s n t e r  znd  t h e  r e s u l t s  a r e  

, c o n t a i n e d  i n  T a b l e  2 .  T h e  Legznarsinr q u z d r z t i c  r e s i d u e )  s e q u -  

e n c e s [ l 7 ]  h a v e  a l s o  b e e n  a n a l g z e l  f o r  c o n p a r i s o n ' s  s a k e  a n d  t h e  

r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  2:s ;iuen i n  t h e  A p p e n d i x ,  

W h e t h e r  o r  n o t  p r i m i t i v e  c y c l s z o n i c  s e q u z n c e s  e x i s t  f o r  

a r b i t r a r i l y  l o n g  l e n g t h s  i s  i n k n z x n  ' s i n c e  i t  i s  u n k n o w n  w h e t h e r  

o r  n o t  t h e r e  e x i s t s  a n  i n f i n i t e  nzxber o f  p r i m e s  f o r  w h i c h  2  i s  

~ ~ r i r n i t i v e [ 6 ] .  H o w e v e r  t h e  f ~ l l c ~ i n g  T h e o r e n  s h o w s  t h a t  t h e r e  

e x i s t  c y c l o t o m i c  s e q u e n c e s  o f  z z S F t r a r i i y  l ~ n g  l e n g t h s .  

T h e o r e m  2 . 4 :  L e t  p l , p 2 ,  . . . , p _  b e  c s e t  o f  d i s t i n c t  p r i m e s  w h i c h  
A 

s a t i s f y  



T A B L E  2 

THE PARAMETERS P F ,  PE,  n / P F ,  n / P E ,  F O R  T H A T  

P R I M I T I V E  C Y C L O T O M I C  SEQUENCE OF LENGTH n 

W H I C H  S T A R T S  W I T H  ro=rl=l, F O R  A L L  n( 2 3 5 8  



2) 2 is primitive modulo p i *  

a 
1 If n=p 1p2a2***prar >I, then there exists a cyclotomic sequ- 

ence of length n. 

Proof: 1) Let p be a prime such that Bfp-1, then by Theorem 95 

in Hardy and \dright[lO] 2 is a quadratic residue modulo p. That 

2 
is to say, there exists an integer a such that a ~2 mod(p), hen- 

ce l=ap-'=(a2) from which it follows that 

2 is not primitive modulo p. By condition 2 of the Theorem it 

follows that (pi-1)/4 must be odd for i=1,2,...,r . 
2 )  Since 2 is primitive modulo p then there exists an inte- i' 

k 2k ger k such that 2 E-lmod(p.) which implies that 2 elmod(pi) 
1 

and this in turn implies that (pi-l)12k. Since k< p we must 
i' 

have that k=(pi-1)/2. We therefore have that 2('i -')'*~-lmod (pi 

for i=192,. , . ,r. If aEbmod(~), p any prime, then by a simple 
P P 2 application of the binomial theorem we obtain a zb mod(p ) and 

t t  
by induction aP -bP mod(pt+l) for any integer t . Applying 

(pi-1)/2 a -1 
this to 2 - =-lmod(p.) we obtain (2 ( pi-1 )/2 pi< =-lmod ( 

1 
- 

a a -1 p.i)wherc -1 remains -1 since p.i is odd. 
1 1 

-1 a -1 p -1 a -1 -1 a Let T=LCM[ ('1 ) pll , ( 2 )p22 , . . . , r - ) prr-'] where - 
2 2 L 

LCM stands for least common multiple, then by part 1) of the 

a -1 - proof 2 1 7  but 4[~, which implies that 2z/(pi-l)pii. is odd for 

1; 01 i=1,2, ..., r. We therefore obtain that 2 E-lmod(p.i) for i=1,2,. 
1 

T ..,r and'consequently 2 r-lmod(n). 

We have therefore shown that -1 belongs to < 1  > 



w h i c h  s h o w s  t h a t  k a n d  - k  b e l o n g  t o  t h e  s a m e  c y c l o t o m i c  c o -  

s e t  f o r  e v e r y  i n t e g e r  k ,  O( k< n ,  s i n c e  < k  >=k< 1>. T h i s  i n  

t u r n  s h o w s  t h a t  i n  e a c h  c y c l o t o m i c  c o s e t  ( e x c e p t  t h e  t r i v i a l  

c o s e t  < 0 >) t h e  n u m b e r  o f  o d d  i n t e g e r s  i s  e q u a l  t o  t h e  num- 

b e r  o f  e v e n  i n t e g e r s  b e c a u s e  i f  k i s  o d d ( e v e n )  t h e n  - k r n - k m o d ( n )  

i s  e v e n ( o d d ) .  I f  w e  c a n  now s h o w  t h a t  t h e  o r d e r  o f  e a c h  c y c l o -  

t o m i c  c o s e t ( e x c e p t  t h e  t r i v i a l  o n e )  i s  d i v i s i b l e  b y  4 w e  w i l l  

h a v e  c o m p l e t e d  t h e  p r o o f  t h a t  e a c h  c y c l o t o m i c  c o s e t  c o n t a i n s  a n  

e v e n  n u m b e r  o f  o d d  i n t e g e r s  a s  r e q u i r e d  b y  T h e o r e m  2 . 1 .  

3 )  I f  k i s  an  i n t e g e r ,  IK k< n, t h e n  t h e  o r d e r  o f  < k > i s  t h e  

i s m a l l e s t  p o s i t i v e  i n t e g e r  i s u c h  t h a t  2  k r k m o d ( n ) ,  i . e .  s u c h  

t h a t  n  1 k ( z i - 1 ) .  S i n c e  k< n ,  t h e n  p t l  2 i - l  f o r  s o m e  t ,  1S r. 

B u t ,  s i n c e  2  i s  p r i m i t i v e  m o d u l o  p .  t h i s  i m p l i e s  t h a t  ( p t - l ) l i  
1 ' 

w h i c h  i n  t u r n  i m p l i e s  t h a t  4 1 i  s i n c e  4 1 ( p t - 1 ) .  

Q.E.C.  

T h o u g h  T h e o r e m  2 . 4  p r o d u c e s  a n  i n f i n i t e  n u m b e r  o f  i n t e g e r s  f o r  

w h i c h  c y c l o t o r n i c  s e q u e n c e s  e x i s t ,  y e t  t h e s e  d o  n o t  e x h a u s t  a l l  

s u c h  i n t e g e r s .  C o n s i d e r  f o r  e x a m p l e  n = 1 7 ,  t h e n  t h e  c y c l o t o m i c  

c o s e t s  a r e  < 0 >=(a) , < 1 >= {l, 2 , 4 , 8 , 1 6 , 1 5 , 1 3 , 9 )  a n d  < 3 >=[3, 

6 , 1 2 , 7 , 1 4 , 1 1 , 5 , 1 0 ] .  S i n c e  a l l  t h e s e  c o s e t s  c o n t a i n  a n  e v e n  num- 

b e r  o f  o d d  i n t e g e r s  i t  f o l l o w s  f r o m  T h e o r e m  2 . 1  t h a t  t h e r e  e x i -  

s t  c y c l o t o r n i c  s e q u e n c e s  o f  l e n g t h  1 7 ,  y e t  1 7  i s  n o t  o f  t h e  f o r m  

s p e c i f i e d  b y  T h e o r e m  2 . 4 .  A l i s t  o f  a l l  n ' s  u p  t o  2 6 9  f o r  w h i c h  

c y c l o t o m i c  s e q u e n c e s  e x i s t  i s  g i v e n  i n  T a b l e  3 .  

T h e  f o l l o w i n g  T h e o r e m  g i v e s  t w o  n e c e s s a r y  c o n d i t i o n s  f o r  

t h e  e x i s t e n c e  o f  c y c l o t o m i c  s e q u e n c e s .  



TABLE 3 

INTEGERS UP TO 269  FOR WHICH T H E R E  

EXIST CYCLOTOMIC SEUUENCES 

* I n t e g e r  n o t  o f  t h e  f o r m  s p e c i f i e d  by  

T h e o r e m  2 . 4 .  

Theo rem 2 . 5 :  I f  n  i s  o d d  a n d  i f  t h e r e  e x i s t s  a  c y c l o t o m i c  s e -  

q u e n c e  o f  l e n g t h  n ,  t h e n  41n-1  a n d  n i s  n o t  d i v i s i b l e  by  a n  

i i n t e g e r  o f  t h e  f o r m  2  -1 f o r  i>1. 

P r o o f :  1) T h e  w e i g h t ( i . e .  t h e  number  o f  n o n - z e r o  c o e f i c i e n t s )  

o f  Z ( X )  i s  c l e a r l y  ( n - 1 ) / 2 .  S i n c e  r ( x )  a n d  r ( x ) 2  h a v e  t h e  s a m e  

2 w e i g h t ,  t h e n  t h e  w e i g h t  o f  r ( x ) + r ( x )  i s  e v e n .  Hence  i f  t h e r e  

2  e x i s t s  a n  r ( x )  s u c h  t h a t  r ( x ) + r ( x )  = z ( x )  i t  f o l l o w s  t h a t  ( n - 1 ) / 2  

m u s t  b e  e v e n ,  i . e .  4 m u s t  d i v i d e  n-1. 

i i 2 )  S u p p o s e  2 - 1 l n  f o r  some i> l ,  t h e n  n = q ( 2  -1) a n d  t h e  c y c l o -  

i-1 t o m i c  c o s e t  o f  q i s  q , 2 q ,  ..., 2  q w h i c h  c o n t a i n s  o n l y  o n e  odd  

i n t e g e r ( n a m e 1 y  q i t s e l f ) .  By T h e o r e m  2 . 1  no  c y c l o t o m i c  s e q u -  

e n c e  o f  l e n g t h  n  e x i s t s .  

T h e  c o n d i t i o n s  o f  T h e o r e m  2 . 5  h o w e v e r  a r e  n o t  s u f f i c i e n t .  

F o r  e x a m p l e  t h e  c y c l o t o m i c  c o s e t  o f  3 m o d u l o  0 9  i s  { 3 , 6 , 1 2 , 2 4 ,  

4 8 , 7 , 1 4 , 2 8 , 5 5 , 2 3 , 4 6 ]  w h i c h  c o n t a i n s  o n l y  3 o d d  i n t e g e r s ,  y e t  

8 9  s a t i s f i e s  t h e  c o n d i t i o n s  o f  T h e o r e m  2 . 5 .  



The problem of finding the irreducible factors of l+xn 

over GF(2) is a very important problem in the study of cyclic 

codes[6,7] and as a method of finding irreducible polynomials 

over GF!~) [7,18], Theorem 2.4 affords an interesting Corolla- 

ry in this direction which we state as 

Theorem 2.6: If n is of the form specified by Theorem 2.4, then 

all the irreducible factors of 1+xn over GF(2) are self-reci- 

procal and all(except l+x) have degree a multiple of 4. 

Proof: It is well known191 that there exists a one to one cor- 

respondence between the irreducible factors of l+xn over GF(2) 

and the cyclotomic cosets of integers modulo n. In fact if a 

is a primitive n-th root of unity belonging to some extension 

field of GF(2) and k an integer, 0< k< n, < k >={ml,rn 29...,msJ 
s m its cyclotomic coset, then g(x)=fl (x-a i) is an irreducible 

i=l 
factor of l+xn of degree s. If n is of the form specified by 

Theorem 2.4, then m and -m belong to < k > which implies that 
i i 

if r is a root of g(x) then so is re' which in turn implies 

that g(x) is self-reciprocal(a polynomial f(x) of degree s is 

said to he self-reciprocal if f (x)=xsf (l/x) ) .  

Since the order of every cyclotomic coset(except < 0 >) 

is a multiple of 4 it follows by  the above correspondence that 

all the irreducible factors(except l+x) have degree a multiple 

of 4. 

Examples: 1) The irreducible factors of 1+x2= over GF(2) are 

5 10 15 20 l+x, 1+x+x2+x3+x4 and l+x +x +x +x . 



6 5 
2) T h e  i r r e d u c i b l e  f a c t o r s  o f  l + x  o v e r  GF(2) a r e  l + x ,  l + x  

3 5 6  
1D+x12 a n d  l + x + x  +x +x +x6+x7+x10+x12, l + x  +x + x  +x  +x +x  +x  

+ X ~ + X ~ + X ~ ~ + X ~ ~ .  We r e m a r k  t h a t  ~ + x ~ ~  c o n t a i n s  a l l  t h e  s e l f - r e -  

c i p r o c a l  i r r e d u c i b l e  p o l y n o m i a l s  o f  d e g r e e s  1 , 4  a n d  1 2 .  

A b i n a r y  c y c l i c  c o d e  i s  s a i d  t o  b e  r e v e r s i b l e [ 2 2 ]  i f  when-  

n - 1  n  e v e r  v ( x ) = v  + v  x + . . . + v  x  
3 1 

i s  a c o d e  w o r d  t h e n  s o  i s  x  v ( l / x ) ,  
n - 1  

w h e r e  n i s  t h e  l e n g t h  o f  t h e  c o d e .  T h e  f o l l o w i n g  ~ ' o r o l l a r ~  i s  

i m m e d i a t e .  

C o r o l l a r y : . I f  n  i s  a s  s p e c i f i e d  i n  T h e o r e m  2 . 4 ,  t h e n  a l l  b i n a r y  

c y c l i c  c o d e s  o f  l e n g t h  n  a r e  r e v e r s i b l e .  



CHAPTER 111 

SELF-DUAL SEGJUEIUCES 

In Chapter 1 a self-dual sequence was defined(Defln 1.1) 

k 
is a binary n-tuple - r for which Qk(r)=(-1) - Ek(r). - The follow- 

ing Theorem characterizes the self-dual sequences in a slightly 

different manner. 

Theorem 3.1: If n is odd and r a binary n-tuple, then r is self- - - 
. dual if and only if Fk(r)=O for all odd k, C K  k< n. - 

Proof: 1) Suppose r - is self-dual, then for odd k, Fk(r)-Fn-,(r) - - 
=-Fk(z)-Fn;k(r) - which implies that F (r)=O. 

k - 
2 )  Suppose Fk(r)=D - for all odd k, IK k< n, then O (r)=Fk(r) k - - 

k -F (r)=(-1) Ek(r). If k is even, then n-k is odd and so 8 (r) n-k - - k - 

Q.E.D. 

It is therefore clear that for self-dual sequences P=P =P =P 
E 13 F '  

In this chapter we give two methods for the construction 

of self-dual sequences. The strategy in both of these techniques 

is to consider an operator H which maps binary n-tuples into 

binary n-tuples and which leaves the even correlation coef- 

ficients invariant, i.e. Ek(Hr)=Ek(r), and then look for sequ- - - 
ences r which satisfy r+z(or f ) = ~ r ,  - - - - - 

A. THE CYCLIC SHIFT OPERATOR 

Let r be a binary n-tuple, T the cyclic shift operator - 
defined in Chapter 1, then it is well known(Theorem 5.4 of [13]) 



t h a t  E k ( ~ i r ) = ~ k ( r ) ,  - - k g  i< n .  S u p p o s e  - r h a s  t h e  p r o p e r t y  t h a t  

i r + z = T  r f o r  s o m e  i ,  K i< n ,  t h e n  b y  t h e  a b o v e  r e m a r k  a n d  T h e o -  - - - 
k k i 

r e m  1 . 5  i f  f o l l o w s  t h a t  B k ( r ) = ( - 1 )  E k ( r + z ) = ( - 1 )  E k ( T  r ) = ( - 1 )  
k  

- - - - 
E k ( r ) ,  h e n c e  r i s  s e l f - d u a l .  T h e  same o f  c o u r s e  i s  t r u e  i f  z - - - 

i s  r e p l a c e d  b y  5. T h e o r e m  3 . 2  w i l l  t e l l  u s  f o r  w h i c h  v a l u e s  o f  - 
i a n d  n  s u c h  a n  r e x i s t s .  I n  t h e  p r o o f  o f  T h e o r e m  3 . 2  we w i l l  - 
u s e  p o l y n o m i a l s  m o d u l o  l + x n  i n s t e a d  o f  b i n a r y  n - t u p l e s  a n d  s o  

n - 1  
we  m a k e  t h e  f o l l o w i n g  o b s e r v a t i o n :  i f  r ( x ) = r  + r  x + , . . + r  x  0 1 n - 1  9 

i i-1 i n - 1  t h e n  x  r ( x ) ~ ( r  + r  x + .  . . + r  x + r  x +. . . + r  n - i  n - i + l  n - 1  0 n - i - 1  x  ) m o d  

n  i n  l + x  a n d  s o  t h e  n - t u p l e  c o r r e s p o n d i n g  t o  x  r ( x ) m o d  l + x  i s  s i m -  

i i p l y  T  2. H e n c e  t o  f i n d  a b i n a r y  n - t u p l e  r s u c h  t h a t  r + z = T  r i s  - - - - 
e q u i v a l e n t  t o  f i n d i n g  a b i n a r y  p o l y n o m i a l  r ( x )  s u c h  t h a t  r ( x )  

i T h e o r e m  3 . 2 :  T h e r e  e x i s t s  a b i n a r y  n - t u p l e  r s u c h  t h a t  r + T  r - - - 
= z ( f )  - - if a n d  o n l y  if 4 1 n - l ( 4 1 n + l )  a n d  g . c . d . ( n , i ) = l ;  a n d  i n  

t h a t  c a s e ,  t h e r e  a r e  e x a c t l y  t w o  s u c h  n - t u p l e s .  

P r o o f :  We w i l l  p r o v e  t h e  T h e o r e m  f o r  z ,  t h e  p r o o f  f o r  2 b e i n g  - - 
p e r f e c t l y  a n a l o g o u s .  

S u f f i c i e n c y .  S u p p o s e  411-1-1 a n d  g . c , d . ( n , i ) = l ,  t h e n  b y  r e m a r k  2 

i i n  t h e  p r o o f  o f  T h e o r e m  1 . 6  w e  h a v e  t h a t  g . c . d .  ( l + x n , l + x  ) = l + x  

a n d  s i n c e  n i s  o d d ( w h i c h  i n  p a r t i c u l a r  i m p l i e s  t h a t  l + x n  h a s  

n o  r e p e a t e d  f a c t o r s )  i t  f o l l o w s  t h a t  g. c .  d .  [ l + x n ,  ( l + x i ) / ( l + x )  ] 

=l. I f  g ( x )  i s  a p o l y n o m i a l  o v e r  GF(2) w h i c h  i s  r e l a t i v e l y  p r i m e  

t o  l + x n ,  t h e n  t h e r e  e x i s t s  p o l y n o m i a l s  f ( x )  a n d  h ( x )  s u c h  

t h a t  l = f ' ( x ) g ( x ) + h ( x ) [ l + x ~  f r o m  w h i c h  i t  f o l l o w s  t h a t  f ( x ) g ( x )  

n 
-1rnod l + x  ( s e e  T h e o r e m  3H i n  [ 1 4 ] ) .  H e n c e  t h e r e  e x i s t s  a p o l y -  



n  
n o m i a l  s ( x )  s u c h  t h a t  S ( X ) [  ( 1 + ~ ~ ) / ( 1 + ~ ) ] ~ 1  mod l + n  w h i c h ,  u p o n  

i 
m u l t i p l y i n g  b u t h  s i d e s  b y  z ( x ) ,  b e c u m e s  [ z ( x ) s  ( x ) / ( l + x ) l  ( l + x  ) 

n  
~ z ( x )  mod l t x  . L e t t i n g  r ( x ) = z ( x ) s ( x ) / ( l + x )  mod l t x n  we h a v e  

i n  i r ( x ) ( l + x  ) ~ z ( x )  mod l + x  f r o m  w h i c h  i t  f o l l o w s  t h a t  r + T  r = z  - - - 
w h i c h  i s  w h a t  w e  w a n t e d  t o  s h o w .  We now s h o w  t h a t  i f  t h e r e  i s  

o n e  s o l u t i o n ,  t h e n  t h e r e  a r e  e x a c t l y  t w o ,  

S u p p o s e  w e  h a v e  t w o  b i n a r y  n - t u p l e s  r a n d  r s u c h  t h a t  r -1 - 2  -1 
i i i 

+T r = z  a n d  r +T r = z ,  t h e n  ( r  + r  ) = T  ( r  + r  ) a n d  s i n c e  g . c . d . (  1 - -2 -2 - -1 -2 -1 - 2  
- 

n , i ) = l ,  t h i s  c a n  o c c u r  o n l y  i f  x =r o r  r =r -1 -2 -1 -2 '  

N e c e s s i t y .  S u p p o s e  t h e r e  e x i s t s  a p o l y n o m i a l  r ( x )  s u c h  t h a t  

i n  i 
r ( x ) + z ( x ) ~ x  r ( x ) m o d  l + x  , t h e n  i t  f o l l o w s  t h a t  ( l + x  ) r ( x ) ~ z ( x )  

i n  
mod l + x n ,  w h i c h  i n  e q u a t i o n  f o r m  i s  ( l + x  ) r ( x ) = z ( x ) + f ( x )  ( l + x  ) 

f o r  s o m e  p o l y n o m i a l  f ( x ) .  L e t  g . c . d . ( n , i ) = d ,  h e n c e  n = q  d  a n d  i= 
1 

q  d  w h e r e  g . c . d .  ( q  q d  
2  

1 , q 2 ) = 1 .  We t h e r e f o r e  h a v e  ( l + x  1 ) r ( x ) = z ( x )  

d 
+f ( x )  ( 1 + ~ ~ 2 ~ )  w h i c h  i m p l i e s  t h a t  ( l t x  ) I g . c . d .  ( z ( x )  , l + x n )  w h i c h  

b y  T h e o r e m  1 . 6  i m p l i e s  t h a t  4 l n - 1  a n d  d=l. 

I f  n  i s  a n  o d d  i n t e g e r ,  t h e n  4 1 n - 1  o r  4 l n + l ( b u t  n o t  b o t h ) ,  

h e n c e  b y  T h e o r e m  3 . 2 ,  g i v e n  a n  o d d  i n t e g e r  n ,  t h e r e  e x i s t s  e x -  

i a c t l y  2 @ ( n )  b i n a r y  n - t u p l e s  r w h i c h  s a t i s f y  r + T  r = z ( o r  z )  f o r  - - - - - 
s o m e  i , O< i< n ,  a n d  @ ( n )  i s  t h e  E u l e r - P h i  f u n c t i o n  o f  n ( s e e  

S e c t i o n  5 . 5  i n  [ l o ]  1. D ( n )  i s  s i m p l y  t h e  n u m b e r  o f  i n t e g e r s  l e s s  

t h a n  n  a n d  p r i m e  t o  i t .  

i E x a m p l e :  When n = 3 ,  2 J 3 ( 3 ) = 4  a n d  t h e  s o l u t i o n s  t o  r + T  r = z  a r e  - - - 
(1,~,0),(0,~,1,),(0,1,1) a n d  ( l , 0 9 0 ) .  

D e f i n i t i o n  3 . 1 :  We d e f i n e  t h e  r e c i p r o c a l  o p e r a t o r  R b y  s e t t i n g  



r ,..., rO). R(r0.r1,. - ,rn-l)=(rnnl, n-2 

i -z-i2 
Lemma 3.1: For any binary n-tuple r we have that RT r=! - - ..r - 

i 
Proof: RT r=R(rn i,..,r - - n-1' rgprl,- ,r n-i-1 )=(rn-i-19 n-1-L 

- 7 1 . . ,  

n-i n-i 
r 0 r ,  . r 1. On the other hand T Rr= T (r n-i - n-l,. * , T o )  

=(r n-i-1' r n-i-2' ..,ro,rn-l,..,r . ) .  Hence it follows that n-1 

i n-i RT r=T Rr. - - 

i n-i Theorem 3.3: If r+T r=z(f), then Rr+T Rr==(z). - - - -  - - - -  
n-i i i Proof: By Lemma 3.1, Rr+T Rr=Rr+RT r = ~ [ r + ~  r]=~z=z and sini- - - - - - - - - 

larly for 5. - 

By Theorem 3.3 when finding the solutions r of r+~\=rior - - - - 
- 
Z) we only need consider those i's which are less than or equal - 

For all n's up to 51 the best sequence(in the sense of xi- 

nimizing P=max(P P ) )  in the above class, i.e. the class z 
E '  Q - 

i r+T r=z(or f ) ,  g.c.d.(n,i)=l , was found on the 13M 1122 cgs- - - - - 
- puter of the Engineering College of the University oi X3tr9 dame. 

The results of this investigation are given in Table 4. Irs5ea5 

of giving a best sequence explicitely the correspondin< i, i.e. 

i that i such that r+T r=z(of I), is given. - - - - 



TABLE L 

- --- 
SELF-DUAL SE<Ur:;t:a '.<HIGH 

- 
SATISFY r+~'r=z: g r  z )  - - - - 

I t  i s  c l e a r  t h a t  i f  r i s  a  b i n a r y  n - t u p l e ,  n o d d ,  t h e n  - 
Ek(Rr)=Ek(r), i . e .  R l e a v e s  t h s  e v e n  c o r r e l a t i o n  c o e f i c i e n t s  - - 
i n v a r i a n t .  H e n c e  i f  r + z = R r  t h e n  r is s e l f - d u a l .  We n o t e  h e r e  - -  - - 
t h a t  w e  c a n n o t  u s e  ; b e c a u s e  z .=1 w h e r e a s  t h e  c o r r e s p o n d i n g  - n - l  - 

L 
c o o r d i n a t e  o f  r + R r  i s  a l w a y s  z e r o .  Ye  h a v e  - - 

r 1  

T h e o r e m  3 . 4 :  I f  4 l n - 1 ,  t h e n  t h e  scrir>+R==z; _- - - f o r m s  a c o s e t  o f  

t h e  s p a c e  { r l ~ r = r ? .  I n  p a r t i c u l a r ,  ;he n u m b e r  o f  b i n a r y  n - t u -  - - - d  

p l e s  r w h i c h  s a t i s f y  r + z = R r  i s  2 ( n t 1 ) / 2  - - -  - 

P r o o f :  I t  i s  c l e a r  t h a t  t h e  s e t  o f  a l l  b i n a r y  n - t u p l e s  f o r m s  



a v e c t o r  s p a c e  o v e r  G F ( 2 ) ( w i t h  t h e  n a t u r a l  o p e r a t i o n s )  of d i m -  

e n s i o n  n .  S i n c e  R i s  a l i n e a r  t r a n s f o r m a t i o n  o n  t h i s  s p a c e  t h e n  

V= { r /  ~ r = r )  i s  a v e c t o r  s u b s p a c e .  Now Rr=r i f  a n d  o n l y  i f  - - -  - - 
( r  n - l ,  ... , r ) = ( r 0 , r 1 , e * * , r ( n - 3 ) / 2  ( n + l ) / L  

) ,  t h e  m i d d l e  c o o r d i -  

n a t e  b e i n g  a r b i t r a r y ,  h e n c e  t h e  d i m e n s i o n  o f  V o v e r  G F i 2 )  i s  

L e t  - ~=(0,..,0,0,1,0,1,.~~1,0) w h e r e  t h e  n u m b e r  o f  l e a d i n g  

z e r o s  i s  ( n + 1 ) / 2 .  L e t  w b e l o n g  t o  V a n d  l e t  r = s + w , ' t h e n  r+Rr= - - - - - - 
s + w + R ( s + w ) = s + R s + w + R w = s + R s = z  a n d  s o  r s a t i s f i e s  r i z = R r .  - - - -  - - -  - -  - -  - - -  - 

L e t  r l , r2  s a t i s f y  r . + z = R r  i = 1 , 2 ,  t h e n  ( r  +r )+R(rl+s2)= - - -1 - -i -1 -2 - 
z + z = O  w h i c h  i m p l i e s  t h a t  ( r  + r  ) b e l o n g s  t o  V .  H e n c e  r s a t i s f -  - - -1 -2 - 
i e s  r + z = R r  i f  a n d  o n l y  i f  r b e l o n g s  t o  s+V.  - -  - - - 

C o r o l l a r y :  T h e  s e t  C r l r + z = ~ r j  ils c l o s e d  u n d e r  R ,  b i n a r y  camp- - - -  - i 
l e m e n t a t i o n  a n d  t h e  map  r-> r+lz.  - - - 

I 

E x a m p l e :  I f  n=5  t h e  s e t  o f  r's w h i c h  s a t i s f y  r + z = R r  i s { ( 0 , 0 , 0 ,  - - -  - 
~ ~ o ~ , ~ o , o , ~ , ~ , o ~ , ~ o , ~ 9 o , o , o ~ , ~ ~ ~ ~ , ~ , ~ , ~ ~ , ~ ~ , ~ , o , ~ , ~ ~ , ~ ~ , ~ , ~ , ~ ,  

1 ~ , ~ 1 , 1 , 0 , 0 , 1 ~ , ~ ~ , ~ , ~ , ~ , ~ ~ 1 .  

A b e s t  p o s s i b l e  s e q u e n c e ,  i n  t h e  s e n s e  o f  m i n i m i z i n g  

P, w h i c h  sat is fie,^ r+z=Rr h a s  b e e n  f o u n d  f o r  n = 5 , 4 , 1 3 , 1 7 , 2 1 ,  

25 a n d  2 9 .  T h e s e  r e s u l t s  a r e  g ' i v e n  i n  T a b l e  5. T h e s e  r e s u l t s  

s e e m  t o  i n d i c a t e  t h a t  t h i s  c l a s s  o f  s e q u e n c e s  i s  a s o u r c e  o f  

g o o d  s e q u e n c e s ( u n f o r t u n z t e 1 y  i t  i s  l a r g e ) .  F o r  e x a m p l e  we n o t e  

f r o m  T a b l e  5 t h a t  t h e  B a r k e r  s e q u e n c e s ( s e q u e n c e s  w h i c h  s a t i s f y  

I F ~ I G  1 f o r  LK k< n )  o f  l e n g t h s  5 a n d  1 3  a r e  i n  t h i s  c l a s s .  



T A B L E  5 

SELF-DUAL SEQUENCES WHICH SATISFY 

Because  o f  t h e  wide  a t t e n t i o n  p a i d  t o  B a r k e r  S e q u e n c e s  we s i n g l e  

t h i s  o u t  a s  

n  

5 

9 

1 3  

1 7  

2 1  

25 

29 

Theorem 3 . 5 :  The B a r k e r  s e q u e n c e s  o f  l e n g t h s  5  and 1 3  s a t i s -  

F o r  t h e  l e n g t h s  9 , 1 7 , 2 1 , 2 5  and 29 t h e  s e q u e n c e s  g i v e n  

i n  T a b l e  5 a r e  t h e  b e s t  ( i n  t h e  s e n s e  o f  m i n i m i z i n g  P )  f o r  t h e s e  

l e n g t h s  s i n c e  t h e r e  do n o t  e x i s t  B a r k e r  S e q u e n c e s  f o r  t h e s e  

l e n g t h s [ 1 5 ] .  

Sample  Sequence  

F o r  l e n g t h s  3 3 , 3 7  and 4 1  a s e q u e n c e  i n  t h e  above  c l a s s  was 

found  f o r  which P=S. These  a r e  g iven .  below.  

P=PF 

n=33 ,  11O110110100000O01010100001110001 

n=37 ,  1001101011110010000101110010111110011 

n=41 ,  11O11OO1U11O11OOOOOOOlOlOlOOlllOOOOllOOOl 

We remark  t h a t  t h e s e  may n o t  be  t h e  b e s t  f o r  t h e s e  l e n g t h s .  

-- 
1 0 1 1 1  

100001011  

1111100110101  

101001OOO1OOO1111 

111101100001011000101 

10001110000001010110110l1 

11100111000000010101001001101 

1 

3 

1 

3 

3 

3  

3 



CHAPTER I V  

WEAKLY-BARKER SEQUENCES 

I n  C h a p t e r  1 a b i n a r y  s i g n a l  s c h e m e  w a s  i n t r o d u c e d  w h i c h  

g a v e  b i r t h  t o  a new p r o b l e m - i n  t h e  d e s i g n  o f  s e q u e n c e s ,  n a m e -  

l y  t h e  p r o b l e m  o f  f i n d i n g  s e q u e n c e s  h a v i n g  s m a l l  P = m a x ( P  P  ) .  E' Q 

H e n c e  g i v e n  n  we w o u l d  l i k e  t o  f i n d  a n  n - t u p l e  r w h i c h  m i n i -  - 

m i z e s  P. A B a r k e r  5 e q u e n c c [ 5 ]  i s  a b i n a r y  n - t u p l e  r - s u c h  t h a t  

/'n-k ( r )  1, K k< n .  S i n c e  E -F +F k- k  n-k  
a n d  8 =F -F  

k  k  n-k  
i t  fall- 

o w s  t h a t  f o r  a B a r k e r  S e q u e n c e  r ,  - P E ( r ) <  2 a n d  P g ( r ) <  2  f r o m  - - 
w h i c h  i t  f o l l o w s  t h a t  P ( r ) , (  2 .  We c a n  s a y  a l i t t l e  m o r e  f o r  - 
s i n c e  F k  ( r ) = ( r 1 - k ) - 2 d ~ [ f ~ - ~ ( ~ )  - , b n - k  ( r ) ]  - t h e n  F k ( r ) - ( n - k ) m o d ( 2 ) .  - 

I f  n  i s  o d d  a n d  k  i s  o d d  t h e n  2 ) ~ ~ ( r ) .  H e n c e  if r i s  a B a r k e r  - 
S e q u e n c e  o f  o d d  l e n g t h  n ,  t h e n  F ( r ) = D  f o r  k  o d d  a n d  i ~ ~ ( r ) /  =l 

k  - - 
f o r  e v e n  k.  T h e r e f o r e  f o r  a B a r k e r  S e q u e n c e  r o f  o d d  l e n g t h  - 
P ( r ) = l  a n d  f o r  a B a r k e r  s e q u e n c e  g o f  e v e n  l e n g t h  P ( r ) = 2 ,  I n  - - 
b o t h  c a s e s  t h i s  i s  a n  o p t i m u m  s o l u t i o n  t o  t h e  a b o v e  m i n i m i z a -  

t i o n  p r o b l e m .  U n f o r t u n a t e l y ,  B a r k e r  s e q u e n c e s  a r e  known t o  e x -  

i s t  o n l y  f o r  n = 1 , 2 , 3 , 4 , 5 , 7 , 1 1  a n d  1 3 .  I t  i s  known  t h a t  i f  a n y  

o t h e r  B a r k e r  s e q u e n c e s  e x i s t ,  t h e y  h a v e  n  e v e n  a n d  a p e r f e c t  

s q u a r e [ 4 , 1 5 , 1 6 ] .  W h e t h e r  a n y  s u c h  e x i s t  f o r  n  g r e a t e r  t h a n  1 3  

a n d  o f  t h i s  f o r m  i s  u n k n o w n ,  b u t  t h e  e d u c a t e d  g u e s s  s e e m s  t o  

b e  " n o " .  

T h e  t a c t i c  i n  t h i s  C h a p t e r  i s  t o  r e l a x  t h e  s t r i c t  B a r k e r  

c r i t e r i o n  s u f f i c i e n t l y  t o  g u a r a n t e e  t h e  e x i s t e n c e  o f  m a n y  s e q -  

u e n c e s  w t i t h o u t  e l i m i n a t i n g  a l l  t h e  u s e f u l  i m p l i c a t i o n s  w h i c h  

t h e  c o n d i t i o n  i m p o s e s  o n  E a n d  8 .  T o  t h i s  e n d ,  w e  d e f i n e  a 

3 4  



W e a k l y - B a r k e r  S e q u e n c e ( o r  h ' B - s e q u e n c e  f o r  s h o r t )  t o  b e  a  b i n a -  

r y  n - t u p l e  r - s u c h  t h a t  

T h e  f o l l o w i n g  r e s u l t  s h o w s  t h a t  t h i s  r e l a x a t i o n  o f  t h e  f u l l  

B a r k e r  c r i t e r i o n  h a s  i n d e e d  g r e a t l y  w i d e n e d  t h e  n u m b e r  o f  s e q u -  

e n c e s .  

T h e o r e m  4 . 1 :  T h e r e  e x i s t  W E - s e q u e n c e s  o f  l e n g t h  n  f o r  e v e r y  n .  

P r o o f :  T h e  p r o o f  f o l l o w s  b y  n o t i n g  t h a t  - r = ( 1 , 0 , 1 , 0 , . . , 1 , O , D , .  

..., 0 ) ,  w h e r e  t h e  n u m b e r  o f  t r a i l i n g  z e r o s  i s  ( n - 1 ) / 2  f o r  o d d  

n  a n d  ( n / 2 ) + 1  f o r  n e v e n ,  i s  a l w a y s  a W B - s e q u e n c e ( U n f o r t u n a t -  

e l y ,  t h i s  p a r t i c u l a r  s e q u e n c e  h a s  p o o r  E a n d  0 f u n c t i o n s  f o r  

l a r g e  n ) .  

T h a t  t h e  r e l a x a t i o n  o f  t h e  B a r k e r  c o n d i t i o n  h a s  n o t  c o m p l e -  

t e l y  d e s t r o y e d  i t s  u t i l i t y  w i t h  r e s p e c t  t o  d e s c r i b i n g  E a n d  €I 

f o l l o w s  f r o m  t h e  f o l l o w i n g  T h e o r e m  w h i c h  s t a t e s  e s s e n t i a l l y  

t h a t  f o r  W B - s e q u e n c e s  e i t h e r  t h e  e v e n  a n d  o d d  c o r r e l a t i o n  f u n c -  

t i o n s  a r e  b a t h  g o o d  o r  t h e y  a r e  b o t h  b a d .  

T h e o r e m  4 . 2 :  F o r  a W B - s e q u e n c e ,  

P r o o f :  F r o m  ( 1 . 4 )  we h a v e  t h a t  

E -8 -2F 
k k- n-k 

O( k< n ( 4 . 3 )  
E k + Q k = 2 F k  

B u t  ( 4 . 3 )  w i t h  t h e  d e f i n i t i o n  o f  a W B - s e q u e n c e  s h o w s  t h a t  



B u t  ( 4 . 4 )  i n  t u r n  i m p l i e s  ( 4 . 2 ) .  

Q.E.D. 

T h e  f a c t  t h a t  f o r  a W B - s e q u e n c e  b o t h  t h e  e v e n  a n d  t h e  o d d  

c o r r e l a t i o n  f u n c t i o n s  a r e  o f  t h e  s a m e  q u a l i t y  i s  a f e a t u r e  n o t  

c h a r a c t h e r i s t i c  o f  m o s t  c o m m o n l y  e n c o u n t e r e d  s e q u e n c e s .  F o r  i n -  

s t a n c e ,  ~ ~ - s e ~ u e n c e s [ l 3 ]  h a v e  o p t i m a l  e v e n  c o r r e l a t i o n  c o e f f i c i -  

e n t s ( i n  f a c t  E =-1 f o r  0( k< n )  b u t  c a n  h a v e  f a i r l y  p o o r  o d d  k  

c o r r e l a t i o n  c o e f f i c i e n t s ,  i . e .  t h e r e  may b e  v a l u e s  o f  k f o r  w h i c h  

Q k  i s  q u i t e  l a r g e .  F o r  e x a m p l e ,  t h e  P N - s e q u e n c e  l O O O O l l O l  

0 1 0 0 1 0 0 0 1 0 1 1 1 1 1 0 1 1 0 0 1 1  o f  l e n g t h  3 1  h a s  Q18=13. 

F o r  a n y  g i v e n  l e n g t h  n ,  t h e  s e t  o f  a l l  W B - s e q u e n c e s  c a n  

b e  g e n e r a t e d  a s  f o l l o w s .  F i r s t  p i c k  r a n d  r 
0  n - 1  a r b i t r a r i l y .  

H e n c e  t h e r e  a r e  f o u r  s t a r t i n g  p o i n t s  f o r  t h e  c o n s t r u c t i o n .  N e x t ,  

c h o o s e  r a n d  rn  i n  s u c h  a w a y  t h a t   IF^ 2 ]<  1. R e c a l l  t h a t  
1 - - 

F  i s  a f u n c t i o n  o f  ro , r l ,  ..., r r r ..., r h e -  
n - i  i-1' n - i '  n - i + l '  n - 1 '  

t h  n c e  c a n  b e  c o m p u t e d .  On t h e  k  s t e p  c h o o s e  r a n d  r s u c h  k -1  n-k  

t h a t l ~ ~ - ~ l <  1. I f  n  i s  o d d  t h e n  t h e  l a s t  s t e p  i n  t h e  a l g o r i -  

t h m  w i l l  c o n s i s t  i n  c h o o s i n g  r 
(n-111'2 

s u c h  t h a t  I F  < 1. 
( n - l 1 / 2 ' \  

I f  w e  o n l y  c o n s i d e r  t h e  c o n s t r u c t i o n  o f  W E - s e q u e n c e s  o f  e v e n  

l e n g t h ,  t h e n  t h e  a b o v e  a l g o r i t h m  g e n e r a t e s  a t r e e  i n  w h i c h  e a c h  

b r a n c h  i s  l a b e l l e d  w i t h  a b i n a r y  2 - t u p l e ,  n a m e l y  ( r k - l , r n -k ) .  

A l l  t h e  p a t h s  o f  l e n g t h  k s t a r t i n g  f r o m  t h e  f i r s t  n o d e  w i l l  

g i v e  a l l  t h e  W B - s e q u e n c e s  o f  l e n g t h  2 k .  I n  t h e  c o n s t r u c t i o n  o f  

t h i s  t r e e  a  p a t h  w i l l  t e r m i n a t e  w h e n  i t  i s  n o  l o n g e r  p o s s i b l e  

t o  c h o o s e  r a n d  rn  i n  s u c h  a  w a y  t h a t  I F  i,i 1. S e e  f i g u r e  
k - 1  - n-k  



1 for an example. 

FIGURE 1. 

PARTIAL TREE FOR THE GENERATION OF 

WB-SEQUENCES OF LENGTH 8 

Following the path with arrow heads we obtain the WB-sequence 

00310010 of length 8. The above algorithm was implemented on the 

UNIVAC 1107 computer in the University of Notre Dame Computing 

Center, and all the b/B-sequences were generated for lengths 13, 

14,16,18,19,20,21,22,25,27,31 and 32. In Table 6 a sample of the 

best WB-sequences(in the sense of minimizing P) obtained is given 

for each of the above mentioned lengths. In Table 7 all the best 

WB-sequences of length 31 are given. It is interesting to note 

that the smallest value of P obtainable with PN-sequences o f  Q 

length 31 is 7. Hence the WB-sequences given in Table 7 are stric- 

tly better than the best PN-sequences(in the sense of minimi- 



zing P ) .  

T A B L E  6 

SAMPLE OF B E S T  WB-SEQUENCE OF V A R I O U S  

L E N G T H S  

N u m b e r  o f  
E I p  a I s e q u e n c e s  

S a m p l e  S e q u e n c e  



T A B L E  7 

B E S T  WB-SEQUENCES OF L E N G T H  3 1  



CHAPTER V 

SEQUENCES OBTAINED F R O M  AN-CODES 

T h e r e  e x i s t s  v e r y  f e w  m e t h o d s  o f  o b t a i n i n g  s e q u e n c e s  

w i t h  d e s i r a b l e  c o r r e l a t i o n  p , r o p e r t i e s .  T h e  o n l y  r e a l  s u c c e s s  

o b t a i n e d  i n  t h i s  a r e a  h a s  b e e n  t h e  c o n s t r u c t i o n  o f  b i n a r y  t w o -  

l e v e l  a u t o c o r r e l a t i o n  s e q u e n c e s ( i . e .  b i n a r y  s e q u e n c e s  f o r  

w h i c h  E  -n a n d  E = m ,  K k< n ,  a n d  m a n  i n t e g e r ,  -n< r r K  n ) [ 1 3 ]  0- k 

. T h e  s u c c e s s  o b t a i n e d  h e r e  c a n  b e  m a i n l y  a t t r i b u t e d  t o  t h e  

f a c t  t h a t  t h e  c o n s t r u c t i o n  o f  b i n a r y  t w o - l e v e l  a u t o c o r r e l a t i o n  

s e q u e n c e s  h a s  a p e r f e c t  a n a l o g  i n  N a t h e m a t i c s ,  n a m e l y  t h e  c o n s -  

t r u c t i o n  o f  s p e c i a l  d i f f e r e n c e  s e t s [ 1 7 , 1 9 ] .  A s  h a s  b e e n  p o i n t e d  

o u t  b e f o r e ,  t h e r e  a r e  n o  c o n s t r u c t i o n  t e c h n i q u e s  a v a i l a b l e  f o r  

t h e  c o n s t r u c t i o n  o f  s e q u e n c e s  w i t h  a p r e s c r i b e d  v a l u e  o f  P F =  

ikl. 
T h i s  C h a p t e r  i s  m a i n l y  a c o m p e n d u m  o f  r e s u l t s  o b t a i n e d  

a b o u t  s e q u e n c e s  d e r i v e d  f r o m  A r i t h m e t i c  C o d e s ,  m o r e  s p e c i f i c a l l y  

f r o m  c y c l i c  A N - c o d e s .  T h e s e  r e s u l t s  seem t o  i n d i c a t e  t h a t  t h i s  

i s  a s o u r c e  o f  g o o d  c o r r e l a t i o n  s e q u e n c e s  a n d  h o p e f u l l y  m o r e  

w o r k  w i l l  b e  d o n e  i n  t h i s  a r e a .  

F o r  a n y  p o s i t i v e  i n t e g e r  A t h e  AN-code  g e n e r a t e d  b y  A i s  

t h e  s e t  o f  i n t e g e r s  A N  f o r  ILK B w h e r e  B i s  a s p e c i f i e d  i n -  

t e g e r  w h i c h  d e t e r m i n e s  t h e  n u m b e r  o f  i n t e g e r s  i n  t h e  c o d e [ 2 1 ] .  

W i t h  e a c h  i n t e g e r ( o r  c o d e  p o i n t )  i n  a n  AN-code  we  a s s o c i a t e  a 

c o d e  w o r d  a s  f o l l o w s :  L e t  t h e  l a r g e s t  c o d e  p o i n t  A ( B - 1 )  i n  t h e  

A N - c o d e ' r e q u i r e  n  p l a c e s  f o r  i t s  r a d i x  t w o  f o r m ,  t h e n  w e  a s s o -  

c i a t e  w i t h  e a c h  c o d e  p o i n t  i n  t h e  AN-code  i t s  n - p l a c e  r a d i x  



t w o  f o r m  w h i c h  i s  c a l l e d  t h e  c o r r e s p o n d i n g  c o d e  w o r d  a n d  n  t h e  

l e n g t h  o f  t h e  c o d e .  F o r  e x a m p l e  i f  A=3 a n d  B=4 t h e n  t h e  AN-code  

i s  [ 0 , 3 , 6 , 9 3  a n d  t h e  c o r r e s p o n d i n g  s e t  o f  c o d e  w o r d s  i s  { 0 0 0 0 ,  

0 0 1 1 , 0 1 1 0 , 1 0 0 1 ~  w h e r e  t h e  r i g h t m o s t  d i g i t  i n  t h e  r a d i x  t w o  

0 
f o r m  c o r r e s p o n d s  t o  2  . An AN-code  i s  s a i d  t o  b e  c y c l i c  i f  t h e  

c o r r e s p o n d i n g  s e t  o f  c o d e  w o r d s  i s  c l o s e d  u n d e r  t h e  c y c l i c - s h i f t  

o p e r a t o r  T .  I n  t h e  s t u d y  o f  c y c l i c  A N - c o d e s  t h e  c o n v e n t i o n  i s  

a d o p t e d  t h a t  a c y c l i c  AN-code  o f  l e n g t h  n  i s  n o t  t o  c o n t a i n  t h e  

i n t e g e r  c o r r e s p o n d i n g  t o  t h e  a l l  1 c o d e  w o r d .  W i t h  t h i s  c o n v e n -  

t i o n  i t  i s  k n o w n ( s e e  T h e o r e m  3 . 1  o f  [ 2 1 ] )  t h a t  a n  AN-code  w i t h  

B c o d e  p o i n t s  i s  c y c l i c  i f  a n d  o n l y  i f  A ~ = 2 " - 1 .  F o r  e x a m p l e  i f  

A = 3  a n d  B = 5  t h e n  t h e  AN-code  i s  { 0 , 3 , 6 , 9 , 1 2 ]  a n d  t h e  c o r r e s p o n -  

d i n g  s e t  o f  c o d e  w o r d s  i s  f00@0,0011,0110,1001,1100~ w h i c h  i s  

c l e a r l y  c l o s e d  u n d e r  T .  G i v e n  a n  o d d  i n t e g e r  A t h e  c o n v e n t i o n  

i s  a d o p t e d  t h a t  ~ = ( 2 " - 1 ) / ~  w h e r e  n  i s  c h o s e n  s u c h  t h a t  ~ [ 2 " - 1 ,  

b u t  A Y Z ~ - ~ ,  f o r  a n y  i ,  K i< n .  T h i s  p a r t i c u l a r  n  i s  c a l l e d  

t h e  e x p o n e n t  o f  2 m o d u l o  A a n d  d e n o t e d  b y  e ( A ) (  e ( A )  i s  t h e r e -  

f o r e  t h e  l e n g t h  o f  t h e  c y c l i c  AN-code  g e n e r a t e d  b y  A ) .  S e q u -  

e n c e s  o b t a i n e d  f r o m  t w o  c l a s s e s  o f  c y c l i c  A N - c o d e s  h a v e  b e e n  

a n a l y z e d ,  n a m e l y  t h e  M a n d e l b a u m - B a r r o w s  c y c l i c  A N - c o d e s  a n d  t h e  

m o d i f i e d  M a n d e l b a u m - B a r r o w s  c y c l i c  A N - c o d e s .  I n  t h e  f i r s t  c a s e  

t h e  s e q u e n c e  a n a l y z e d  w a s  t a k e n  t o  b e  t h e  f i r s t  h a l f  o f  t h e  c o -  

d e  w o r d  c o r r e s p o n d i n g  t o  A ( t h e  r e a s o n  f o r  t h i s  i s  g i v e n  i n  sec -  

t i o n  A )  a n d  i n  t h e  s e c o n d  c a s e  t h e  s e q u e n c e  w a s  t a k e n  a s  t h e  

c o d e  w o c d  c o r r e s p o n d i n g  t o  A .  

A.  MANDELBAUM-BARROWS 

We s t a t e  T h e o r e m  3 .7  o f  [ 2 1 ]  e v e n  t h o u g h  i t  u s e s  t e r m s  



w h i c h  h a v e  n o t  b e e n  d e f i n e d  h e r e .  T h e  d e f i n i t i o n s  c a n  b e  f o u n d  

i n  [ 2 1 1 .  

T h e o r e m  S.l(Mandelbaum-Barrows): I f  B i s  a n y  p r i m e  s u c h  t h a t  

2 i s  p r i m i t i v e  i n  G F ( B ) ,  t h i n  ~ = ( 2 ~ - ~ - 1 ) / ~  g e n e r a t e s  a n  e q u i -  

d i s t a n t  c y c l i c  AN-code o f  l e n g t h  n=B-1 a n d  min imum d i s t a n c e  

D m i n  = i n t [  ( ~ + 1 ) / 3 ] .  

T h e  c o d e s  g i v e n  by t h e  a b o v e  T h e o r e m  a r e  t h e  M a n d e l b a u m -  

B a r r o w s  c y c l i c  AN-codes .  I t  h a s  b e e n  o b s e r v e d  i n  t h i s  w o r k  t h a t  

t h e  c o d e  w o r d s  o f  t h e  M a n d e l b a u m - B a r r o w s  c o d e  a r e  a l l  o f  t h e  

f o r m  -- r% w h e r e  r - i s  a n  n / 2 - t u p l e .  T h i s  f o l l o w s  d i r e c t l y  f r o m  t h e  

f a c t  t h a t  t h e  s e t  o f  n o n - z e r o  c o d e - w o r d s  f o r  t h e s e  c o d e s  f o r m s  

a  s i n g l e  c y c l i c  c l a s s  w h i c h  i s  c l o s e d  u n d e r  c o m p l e m e n t a t i o n  a n d  

t h e  o n l y  way t h i s  c a n  b e  i s  t h a t  t h e  c o d e  w o r d s  b e  o f  t h e  f o r m  

s u g g e s t e d  a b o v e .  We c o l l e c t  t h i s  a s  

T h e o r e m  5 . 2 :  T h e  n o n - z e r o  c o d e  w o r d s  c o r r e s p o n d i n g  t o  t h e  Man- 

d e l b a u m - B a r r o w s  c y c l i c  A N - c o d e s  a r e  a l l  o f  t h e  f o r m  r?, w h e r e  -- 
r i s  a n  n / 2 - t u p l e  a n d  n  i s  t h e  l e n g t h  o f  t h e  c o d e .  - 

B e c a u s e  o f  T h e o r e m  1 . 4  w e  h a v e  u s e d  f o r  o u r  s e q u e n c e  t h e  

f i r s t  h a l f  o f  t h e  c o d e  w o r d  c o r r e s p o n d i n g  t o  A .  T h e  r e s u l t s  o f  

t h i s  i n v e s t i g a t i o n  a r e  g i v e n  i n  T a b l e  8 .  

B. NODIFIED MANDELBAUM-BARROh'S AN-CODES 

T h e  m a i n  r e s u l t  a b o u t  t h e  M o d i f i e d  M a n d e l b a u m - B a r r o w s  c y c l i c  

AN-codes  i s  c o n t a i n e d  i n  C o r o l l a r y  3 . 3  o f  1 2 1 1  w h i c h  w e  s t a t e  

a s  

T h e o r e m  5 . 3 :  I f  B i s  a p r i m e  s u c h  t h a t  R ( - 2 ) = B - 2  i s  p r i l n i -  
B 

t i v e  i n  G F ( B )  b u t  2 i s  n o t  p r i m i t i v e ,  t h e n  A=[2 (B- l ) /2- l ] ,B 



g e n e r a t e s  a n  e q u i d i s t a n t  c y c l i c  AN-code o f  l e n g t h  n = ( B - 1 ) / 2  a n d  

minimum d i s t a n c e  D = ( 1 / 2  ) i n t [  ( ~ + 1 ) / 3 ] .  min  

TABLE 8 

SEQUENCES OBTAINED FROM MANDELBAUM-BARROWS 

CYCLIC AN-CODES 

T h e  r e s u l t s  o b t a i n e d  with s e q u e n c e s  o b t a i n e d  f r o m  t h e  

M o d i f i e d  Mande lbaum-Bar rows  c y c l i c  AN-codes a r e  g i v e n  i n  Ta-  

b l e  9  

TABLE 9  

SEQUENCES OaTAINED F R O M  MODIFIED MANDELBAUM- 

BARROWS C Y C L I C  AN-CODES 

n  

1 2  

1 8  

28 

3 6  

5 2  

6 6  

A 

3 1 5  

1 3 , 7 9 7  

9 , 2 5 6 , 3 9 5  

1 , 8 5 7 , 2 8 3 , 1 5 5  

8 4 , 9 7 3 , 5 7 7 ,  
8 7 4 , 9 1 5  
1 , 1 0 1 , 2 9 8 , 1 5 3 ,  
6 5 4 , 3 0 1 , 5 8 9  

n 

11 

2 3  

3 5  

3 9  

5 1  

S e q u e n c e  

1 1 0 1 1 1  

1 0 1 0 0 1 1 1 1  

1 1 0 1 0 0 1 1 1 0 1 1 1 1  

l l O O l O l O O O l O O l l l l l  

110001111011010100110111l1 

1 0 1 0 1 0 0 1 1 1 0 0 1 1 0 1 1 1 0 1 1 0 1 1 1 0 1 1 0 1 0 0  
O O 1 1 1 1 1 1  

P~ 

2 

3 

6  

, 5 6 6  

11 

1 

P ~ !  P~ 

2  1 2  3 3 3  

6  14  6  6  

A 

8 9  

1 7 8 , 4 6 1  

4 8 3 , 9 3 9 , 9 7 7  

6 , 9 5 3 , 9 3 4 , 3 5 3  

1 1 , 8 6 2 , 1 3 4 , 1 1 3 ,  
4 4 9  

1 3  11 

S e q u e n c e  

l O O l l O l O 0 0 0  

1 0 0 0 1 1 0 0 1 0 0 1 1 1 0 1 0 1 0 0 0 0 0  

lOOlOOOlOllOlOlOOOOl101100111 
0 0 0 0 0 0  

lOOOlOlOlOOlOlllOOOlOOllOllll1113 
0 0 1 1 0 0 0 0 0 0  

1001010100100~1O010lUCi10i3llll 
0111001001131010000000 

P~ 

. 7  

10 

P~ 

2 3 3  

5 7 9  

'11 

11 

P0 
I 

9  

9  

1 5  



CHAPTER V I  

CONCLUSIONS 

I n  C h a p t e r  1 a b a n d w i d t h - s p r e a d i n g  b i n a r y  s i g n a l  s c h e m e  

w a s  i n t r o d u c e d  w h i c h  r e q u i r e d  a b i n a r y  n - t u p l e  w i t h  s m a l l  p a -  

r a m e t e r  P = m a x ( P  P  ) w h e r e  PE=max  E '  8 
I F  +F I a n d  Pg= max 

K k< n  
k n-k I Fk-  C K  k< n  

F  1. T h i s  g a v e  b i r t h  t o  a new p r o b l e m  i n  t h e  d e s i g n  o f  se- 
n-k 

q u e n c e s .  

A s u b - b a u d  c o d e l 2 1  o f  l e n g t h  n  i s  a s e t  v = ~ ~ ~ ~ ~ ~ ,  e . .  ,zM] 
o f  M b i n a r y  n - t u p l e s  w h e r e  n o  t w o  r ' s  b e l o n g  t o  t h e  same c y c l i c  i 

c l a s s  n o r  t o  t h e  same c o m p a c y c l i c  c l a s s .  W i t h  V w e  a s s o c i a t e  

t h e  p a r a m e t e r s  P  ( V ) =  max P  ( r . ) ,  P g ( V ) =  max P g ( z i ) ,  P E C ( V ) =  E E -1 
l< i< IY l< kg PI 

k  k  
ma'x[ m a x l n - 2 d  H ( r .  -1' T  r j ) l ] , a n d  - P Q C i v ) = m a x [  rnaxln-2d (r N r j ) l  1. 
i f j  K k< n  i f j  kc n  

H i' 

G i v e n  a n  n  a n d  M t h e n  t h e  p r o b l e m  i s  t o  c o n s t r u c t  a V o f  o r d e r  

M w h i c h  m i n i m i z e s  P ( v ) = ~ ~ ~ [ P ~ ( v ) , P  ( V ) , P  ( V ) , P  ( v ) ] .  When M = l  Q E C  QC 

we d e f i n e  P E C ( V ) = O  a n d  P Q C ( V ) = D  i n  w h i c h  c a s e  P ( V ) = m a x [ ~  ( V ) ,  E 
P ~ ( v ) ] .  H e n c e  t h e  p r o b l e m  d e s c r i b e d  i n  C h a p t e r  1 i s  b u t  t h e  d c -  

g e n e r a t e  c a s e  o f  t h i s  m o r e  i n t e r e s t i n g  a n d  c o r r e s p o n d i n g l y  m o r e  

d i f f i c u l t  p r o b l e m .  

I n  C h a p t e r  2 a c l a s s  o f  s e q u e n c e s  w a s  d e s c r i b e d  f o r  w h i c h  

k  k 
Fk-F,-k'(-l) ( F 2 k + F 2  ( n - k )  ) o r  e q u i v a l e n t l y  0 k  = ( - 1 )  E 2 k  w h e r e  2 k  

a n d  ' 2 ( n - k )  a r e  r e d u c e d  m o d u l o  n .  F o r  t h i s  c l a s s  P=P =P T h e  
E 0' 

c o n s t r u c t i o n  o f  t h e s e  s e q u e n c e s  g a v e  r i s e  t o  a n  i n t e r e s t i n g  

p r o b l e m  i n  N u m b e r  T h e o r y ,  n a m e l y  t h a t  o f  c h a r a c t e r i z i n g  t h e  i n t e -  

g e r s  n  f ~ r  w h i c h  a l l  c y c l o t o m i c  c o s e t s  c o n t a i n  a n  e v e n  n u m b e r  

o f  o d d  i n t e g e r s .  T h i s  p r o b l e m  w a s  o n l y  p a r t l y  s o l v e d  t h e r e .  



I n  C h a p t e r  3 a  c l a s s  o f  s e q u e n c e s  w a s  d e s c r i b e d  f o r  w h i c h  

k 
Q k = ( - 1 )  E k .  Two m e t h o d s  w e r e  d e s c r i b e d  t o  g e n e r a t e  s u c h  se- 

q u e n c e s .  T h e  c l a s s  g i v e n  i n  s e c t i o n  E o f  C h a p t e r  3 l o o k s  p r o -  

m i s i n g  a s  a  s o u r c e  o f  g o o d  s e q u e n c e s  a n d  p e r h a p s  d e s e r v e s  m o r e  

s t u d y .  I t  s h o u l d  b e  p o i n t e d  o u t  t h a t  t h e r e  e x i s t  o t h e r  o p e r a t o r s  

w h i c h  l e a v e  t h e  e v e n  c o r r e l a t i o n  c o e f f i c i e n t s  i n v a r i a n t  b u t  t h a t  

T a n d  R w e r e  c h o s e n  b e c a u s e  t h e y  c o u l d  b e  h a n d l e d  a n a l y t i c a l l y  

a n d  b e c a u s e  t h e  c o r r e s p o n d i n g  s e q u e n c e s  c o u l d  e a s i l y  b e  g e n e r a -  

t e d .  I t  i s  h o w e v e r  p o s s i b l e  t h a t  o t h e r  o p e r a t o r s  may y i e l d  b e t -  

t e r  s e q u e n c e s .  

I n  C h a p t e r  4 t h e  ' d e a k l y - B a r k e r  s e q u e n c e s  w e r e  i n t r o d u c e d  

f o r  w h i c h  1 1 ~ ~ 1 -  11 < 2 a p r o p e r t y  n o t  u s u a l l y  p o s s e s s e d  b y  

m o s t  e n c o u n t e r e d  s e q u e n c e s ,  U n f o r t u n a t e l y  n o t  much m o r e  seems 

t o  b e  p o s s i b l e  h e r e .  

L a s t l y  i n  C h a p t e r  5 c e r t a i n  c o m p u t e r  r e s u l t s  were g i v e n  

a b o u t  s e q u e n c e s  o b t a i n e d  f r o m  AN-codes .  T h o u g h  n o  a n a l y t i c a l  

r e s u l t s  h a v e  b e e n  o b t a i n e d  h e r e  i t  i s  h o p e d  t h a t  t h e  r e s u l t s  

p r e s e n t e d  w i l l  s t i m u l a t e  s o m e  r e s e a r c h  i n  t h i s  a r e a .  

I n  T a b l e  11 o f  t h e  A p p e n d i x  w e  h a v e  c o l l e c t e d  s o m e  r e s u l t s  

a b o u t  t h e  b e s t  s e q u e n c e s ( i n  t h e  s e n s e  o f  m i n i m i z i n g  P) f o u n d  

d u r i n g  t h i s  w o r k .  



P, F O R  THE ZERO ?HASE AND THE [(P;+~)/~]-TH 

PHASE OF THE LEGEkDRE SEQUEYiCES 

* By the (n+1)/4 p h a s e  is neant t h e  sequence  T 
(n+1)/4 - 

w h e r e  r i s  t h e  z e r o  p h a s e  - 
0 6  

- 

n .  

3 
7 

* I 1 z e r o - ? h a s e  /(n+l)/4 p h a s e  Zero Phase j(n+1)/4 ? h z s ?  
I n I 

i P n/PF / pF 1 n / ~ ~  , / F~ n / P F  , / P, n/pF 

20.16 11 4 

2 

2.75 3 13.67 ?a3 130 i2.76 19 

i i i 

3.00 F67 : 29 j 12.65 1 16 i 

, 1.50 1 

I 
22.94 
27.07 3  

26.18 6 

2.33 / 1 ' 7,OD P79 / 2 1  1 13.07 14 

23 6 
3.17 3 6.33 "19  1 3" 12.32 ; 16 

31 7 4.43 a 4 7.75 $39 1 34 1 li.91 
43 a 5.37 8.69 4 4 3 ' 3 4  112.93 
47 j1014.70 11.75 2 6 3  1 36 12.86 / 16 28.94 
5 9  i12i 4.92 11.83 467 1 3 5  / 13.34 ' I 16 29.15 

11.17 479 j 37 1.12.94 i 20 23.95 
11.63 4 2 7  : 36  i 13.52 19 25.63 

491 38i12.92 !19 25.84 
4 9 9  29i12.79 121 23.76 
593 3 6  113.57 118 27.94 
5 2 3 4 1 i 1 2 . 7 6  120 26.15 

I - 12.73 547 / 41 ; 1 2 . 3 4  f 23 23.78 
16.37 553 140 j iL?=Cl7 1 18 31.27 
15.44 571 i 4 5  12.69 / 22 25.95 
16.77 537 147 12.49 !23 25.52 

227 1259.08 
239 2011.95 
251 , 28,8.96 
263 28 19.39 
271 23:11.78 
283 2919.76 
307 2711.37 
311 27111.52 
3 3 1  29jll.41 

3.83 3 7.66 271 , d A I 4 3  1 10.77 



T A B L E  11 

THE BEST FOUND SEQUENCES I N  T H E  

SENSE OF MINIMIZING P 

1. S e l f - d u a l  s e q u e n c e  f rom T a b l e  5 

2. Weakly-Barker  s e q u e n c e  

3 .  T h e  ( n + 1 ) / 4  p h a s e  o f  t h e  Legend re  s e q u e n c e  

Type 

B a r k e r  

B a r k e r  

B a r k e r  

B a r k e r  

R S D ~  

B a r k e r  

B a r k e r  

W B ~  
WB 

RSll 

bJ B 
WE 
WB 

RSD 

WB 

Legendre 3 

RSD 

WB 

RSD 

WB 

WB 

Sample Sequence  

1 1 0  

1 1 0 1  

1 0 1 1 1  

1110010 

100001011  

11100010010 

1111100110101  

11100011101101 

Leng th  

3 

4 

5 

7 

9 

11 

1 3  

1 4  

1 6  

1 7  

1 8  

19 

20 

2 1  

22 

23  

P 

1 

2 

1 

1 

3 

1 

1 

4 

PE 

1 

0 

1 

1 

3 

1 

1 

2 

4 1 4  
3 3 

2 2 I 
2 

3 

2 

3 

4 

3 

4 

5 

P g  

1 

2 

1 

1 

3 

1 

1 

4 

5 

4 

3 

2 5  
I 

3 

27 5 

29 3 

31 5 

P F  

1 

1 

1 

1 

3 

1 

1 

3 

3 

5 

3 

I 5 

5 

4 

3 

3 

5 

3 

5 

3 '0000110D10010101 

3 

2 

4 

4 

3 

3 

3 

4 12 

3 100011100000010101101 i O1 
/loll 

10100100010001111 

O l O l l O l O O O O O l l O O l l  

10101010O1111110011 

00111100100010010101 

1111011O@OO1O11000101 

O l l O O l O l O l l O O O l l l l l l 1  
1 

O l O O O O l l l l l O l O l l O O l l O  5 

5 

3 

5 

5 32  

1 

1010101O01011O0OO1111 
1 1 0 0 1 1  

111001110O000001O1010 
01001101 

DDOOllOOOOllOlllOll10 
l 0 1 0 0 1 0 1 0 l  

l l lOOOl l l l l lOlOOOlOO0 
10101101101  

4 6 6 
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