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ABSTRACT

A mathematical stress wave model is formulated for use in
predicting the effects of various material combinations and geometry
in the design of sandwich plates that may be subjected to high velo-
city impact. In the experimental investigations the bounding layers
were of a birefringent material and stresses were determined by means
of a dynamic polariscope utilizing a high-speed framing camera. A

comparison is made of the theoretical and experimental results.
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NOMENCLATURE

c wave velocity

E Young's modulus

f photoelastic constant

h model thickness

k constants

K impedance mismatch

N fringe order

0 point of impact

P, pressure at cavity surface

P pulse amplitude

S a point

r radius vector

r, cavity radius

t time

T lamination thickness

u particle displacement

Y particle velocity
distance from free surface of target
target thickness

o decay constant

Er radial strain



NOMENCIATURE, Continued

tangential strain

Lamé constants

Poisson's ratio

scalar displacement potential
material density

radial stress

tangential stress

shear stress
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SECTION T

INTRODUCTION

Meteoroids and other debris in outer space pose potential hazards
to astronauts, spacecraft, and missiles. Although the impacted body
may have sufficient strength and thickness to resist actual puncture,
damage may be caused by strong shock waves resulting from the impact.
When such a stress wave encounters a free surface, it is reflected,
generally as a tensile wave. If the amplitude of this reflected
wave 1is equal to or greater than the strength of the "target' material,
fracture will occur. Such fractures may appear as cracks near the
surface, weakening the structure; as rear surface bulges which could
jam mechanisms or block flow in pipes; or as a complete detachment
of target material, creating a shrapnel effect, endangering equip-
ment or personnel.

It has been demonstrated that damage caused by stress waves pro-
duced by hypervelocity impact can, in many cases, be reduced by employing
laminated targets (Reference 1). The results of such experiments have
served to alert the design engineer to the possibility of reducing the
probability of damage or of using a thinner or lighter material as the
outer skin or hull of spacecraft. It is perhaps more important to
realize that the use of laminates doces not necessarily reduce the
probability of damage, but may, in some cases, actually result in

increased damage to the structure (Reference 2).



This study is an attempt to formulate a mathematical model that
can be utilized to predict the action of laminates in affecting the
stress waves induced by impact. Such a model should include all param-
eters that may affect the ability of structures to resist fracture caused
by hypervelocity collisions before it can be used with confidence.

This study is limited to an investigation of elastic waves in sand-
wich plates or targets of only three layers, the two bounding layers
being of one material and the center layer, or core, being of a different
material. It deals only with stress amplitudes and not with material
strengths and fracture criteria.

A brief theoretical analysis of the propagation of spherical stress
waves is first made, followed by an experimental investigation of the
stresses developed in both homogeneous and laminated targets.

A theoretical model is next formulated that duplicates the experi-
mentally determined stresses in a homogeneous target as closely as
possible. This is called a "quasi-theoretical" method (Reference 3).

By using this theoretical model, the effects of the core are calculated

and compared with those determined experimentally.



SECTION IT

THEORETTICAL ANALYSIS

Spherical dilatational wave propagation in homogeneous, lsotropic

material can be specified by the equation

32¢

32 3r? 1 A

32¢+2 3¢

where ¢ is a scalar displacement potential, c is the wave velocity,
and t is time. Particle displacement (u) and velocity (v) are specified

by the relations

0
u = «E- and v o= =
ar

where r denotes the radius vector from the point of projectile impact.

The radial and tangential stresses are given by the relations

o =(x+2u)31i+2AE)
r ar r
and
o = [ + 200+ ) |8
8 o r

where A and p are the Lamé constants and are related to Young's modulus (E)




n

and Poisson's ratio (v) as follows

A= E
(1 +v) (L -2
Lo E
T2(1 + V)

The mathematical model used in this investigation for generating
spherical elastic waves is that described in References 4 and 5. It is
assumed that there is a hollow hemispherical cavity in the target with
its center at the point of impact and that a time-varying pressure or
forcing function is applied to the cavity surface, generating stress
waves in the target. The pressure (po) applied to the cavity surface
is an impulse that may be described by the relation

-aqt —a,T —agt
= +
pO = kle + kze kge

where 05 O 5« . . T decay constants, t is elapsed time, and‘k19 kQﬁ

. are constants. By the proper choice of values of k and o, various
wave forms can be generated.

The solution of the wave equation based upon Blake's work and
described in Reference 5 is employed in this study.

The wave velocity is given by the relation

EQ - V) 1/2

p(l + v) (1 - 2v)

Figure 1 shows the target being considered. Its thickness 1s denoted
by Y, and the distance of a point (S) from the origin (0) is denoted by 1.
Only stresses developed along the axis passing through O and normal to the

target's rear surface have been considered.



Laminated Targets

An abrupt change in the physical properties of a material will
result in the modification of a pressure pulse as it encounters this
change. In general, a portion of the pulse will be transmitted, and a
portion will be reflected. The relations which describe the modification
of a pulse are based upon the boundary conditions of continuity of pres-
sure and continuity of particle velocity across the interface between
two materials. These relations depend upon the value of pc, called the
"characteristic impedance," of the two materials. If 0% is for the
first, and o ct is for the second laminate, and P, is the pulse amplitude

in the first, the amplitude of the transmitted component is

2p C
tt
P =} —m—] Py
"t + Po%

and the reflected compconent is

P+ = P0%
P z| — | B,
Dtct + Po%o

These relations are somewhat simplified by letting

p C
t T
K =
PoCo
giving
2K
P = P
t [K + 1} 0
and

The sandwich structure under consideration is shown in Figure 7.
Its total thickness is Y, the thicknesses of the first and last layers of

material are T, and T,, respectively. The characteristic impedance of

2)



both is p,c,. The middle lamination has a thickness of T; and a charac-
teristic impedance of p;c;. This figure shows the distance-time relation
of the wave fronts. Starting at time zero at point r,, the wave moves
with a velocity of ¢, through the first layer. Upon reaching the first

K+1
which moves through the core at a velocity of c;. As this pulse reaches

interface, the amplitude of the transmitted component is [—25-E Py

the second interface, a portion will again be transmitted, and a part
will be reflected. However, the value of the impedance mismatch at this
interface is not K, but has a value of 1/K. The amplitude of the pulse

transmitted is, therefore,

2K 2/K ] o [ ][: 2 ] o[ .
K+ 1@ +1)°% [x+aflx+1) 0 [a+ 1?2 |0

and is denoted by Pl 0 As only the stress developed in the last

layer of the target is under consideration, it can be assumed that the
target is composed of this material only, and that the initial pulse

has an amplitude of 4K Py instead of P,. The time required,
™+ 1521 0 0

X+ 1)
however, for this pulse to reach any point is not the same as for a

homogeneous target due to the change in velocity through the core. It

must be adjusted by the amount

t

H
=

1-0-0 CcpCy

The component of the pulse reflected from the second interface is

K+1

reflected with an amplitude of [K - 1]2 P. A portion will then be
K+ 1

transmitted through the second interface, this being

P _fK-1)° LK P, o | 4K A - X% p
2-0-0 lx+1 (K + 1)2 (1 + K4

[K - %] Po’ which, upon again reaching the first interface, will be




If the transmitted pulse amplitudes in this layer are denoted by PA R

£ &—B“‘u

the other pulses P, may be specified as

A-0-0
2(A - 1)
p . KA - X)
A-0-0 2A
1+ K
These pulse amplitudes, Pl—O—O’ PZ—O—O’ P3—O—O . . form a rapidly con-

verging series, the sum of which approaches the value of Py. This is to
be expected, because pulse attenuation and energy losses have been neglected
up to this time. The time adjustments for these waves are given by the

relation

(2A - l)CO - c

t = )
A-0-0 e,

Figure 3 gives the amplitudes of P as functions of the impedance

~0-0
mismatch, K.

Although the distance-time relations of all the wave fronts indi-
cated by PA—B—C are shown in Figure 2, only the amplitudes of PA—OWO
are considered in this paper as the other waves do not enter into the
specific problem being investigated. Derivations of the other wave ampli-
tudes and their contribution to the total stress in other targets are

given in Reference 6. An analysis of stress waves in targets consisting

of a large number of laminates may be found in Reference 7.



SECTION ITI

EXPERIMENTAL INVESTIGATION

In the experimental investigation described in this report, a
Beckman and Whitley Model 201 synchronous framing camera was used to
record the dynamic fringe pattern generated in the model. The camera
is a rotating mirror type, making twelve 0.7 X 0.9-inch photographs on
al X 5-inch film at speeds up to one million frames per second. Lxposure
time for each photograph at this speed is approximately 0.6 microsecond.
Figure 4 is a diagram of the camera and related equipment.

The two pulse generators deliver 100 Joules each at 5 KV. One was
used to provide energy for the light source. After much experimentation
with exploding wires and other devices, it was found that a Buss type
AGC-1 safety fuse was an ideal light source. This fuse, when exploded,
provides an intense light with a sufficiently long duration for satis-
factory exposure of all twelve frames.

The other pulse generator was used as the energy source for generating
stress waves in the model as a simulation of hypervelocity impact. After
experimenting with many kinds of model materials, PSM-1, a clear polyester
sheet manufactured by Photolastic, Inc., was selected as the basic material
to be used in this study. Its manufacturer claims that it has the highest
photoelastic sensitivity of any model material available and has a wave
velocity of about 60,000 inches per second, sufficiently low to be photo-

graphed without apparent wave movement during exposure. Another important



factor is that it is practically free of creep and edge effects. This
plastic can be easily machined, polished, and cemented to other materials.
The most consistent stress waves were generated by exploding a fine wire
in contact with one edge of the model. The amplitudes of these waves,
however, were not sufficiently great for accurate comparison of waves
having only slight differences in amplitude. A stronger shock, giving a
greater number of fringes, resulted when a small amount of explosive was
added. Urea nitrate was the explosive used in this investigation.
Separation of the stresses is possible without additiocnal experi-
mental data since the wavés in this case propagate without rotaticn.
Stresses are developed both along and perpendicular to the direction of
wave propagation. Displacement occurs, however, only in the direction

of wave motion. The displacements are specified by:

u = f(r) . u =90
r

and the strain-displacement relations by

The stress-strain equations are

o E + E
= ——— € vEg T ————
r l ~ \)2 T 6 b] Ue l _ \)2 [Ee + VE?}

and the shear stress has the value

H

where E is Young's modulus and v is Poisson's ratio.

From these relations

u du
21 = g, -0, = £ [ee - EPJ = £ = .=

1+ r dr
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The radial and tangential stresses are, therefore,

_‘ 2 )[T+(1+v)fl er
v l"'\) r
2 T

—( )[vr+(l+v)f- dr]
8 1-v r

This derivation is essentially the same as that described in Reference 8.

Q
"

Q
H]

The stress-optic relation is

Nf
2h

where N is the fringe order, f is the photoelastic constant of the

material, and h is the model thickness.
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These relations may be stated in terms of the model material

properties and the fringe order

r Eh
e - L *wf N+/'N. d;p]: ____dur
T Th r dr

_ @+ wf N
5T T m {f}? dr]
£ X
%“m[N”“”fr dr]

a :-—-—i————— l:\)N+(]_+\))fN— dx»J
6 h(l - v) r

I

Values of displacement, strain, and stress may now be determined
by numerical integration.

As the objective of the present research is to compare the stresses
developed in a laminated target with those produced in a homogeneous
target under the same dynamic impulse, the properties of the material,
such as the dynamic modulus of elasticity and photoelastic constant, have
not been determined. Resulting strains, displacements, and stresses are,
therefore, relative values only and are designated by kls, klu, and kzg
where kl = E/f and kz = 1/f. Values of other properties for the target
material, PSM-1, are: Poisson's ratio (v) = 0.38, density (p) = 20 grams
per cubic inch, thickness (h) = 0.25 inch, and wave velocity (c) = 60,500
inches per second. The characteristic impedance values of this and some
other materials are given in Table I.

It was found that a light field polariscope utilizing circular

polaroids, and a dark red filter gave the most satisfactory photographs
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of the stress pattern. Figure 5 was prepared from three sets of photo-
graphs, shots 175, 176, and 177, and show fringe locations for each
frame. Frame 12 of shot 175 was identical with frame 1 of shot 176,
but there was a slight gap between the last frame of shot 176 and the
first frame of shot 177. In the last frame of 176 the wave front is
approaching the rear edge of the model and in 177 the wave is being
reflected. The zero fringe (wave front) cannot be seen in these photo-
graphs because of the light field being used, so this fringe was deter-
mined by extrapolation from the other fringes. The broken line shows
the approximate location of the reflected wave front.

Displacements, strains, and stresses were computed from values of
r and N read from this figure. Figure 6 shows the photographs and com-
puted results. Shots 175 and 176 were considered continuous with the
frame numbers indicated as being from 1 to 23. Shot 177 was not included
in the computations as this report does not deal with the waves reflected
from a free surface.

A plot of fringe order versus distance for various times is shown
in Figure 7. Computed displacements are shown in Figure 8; strains in
Figure 9; and stresses in Figure 10. The different scales for the radial
and tangential strain and stress should be noted.

Two targets were next prepared having cores of aluminum cemented to
the PSM-1 with Eastman 910 epoxy. Referring to Table II, which gives
impedance mismatch values for various combinations of materials, it is
seen that the impedance mismatch between PSM-1 and aluminum is about nine.

In the first target, the core thickness was only 1/8 inch. Figure 11

shows ten frames of this shot (No. 240). The second target had a core
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thickness of 1.0 inch. Figure 12 shows photographs of this shot (No. 226).
Plots of the fringe order at a time of 68 microseconds and the computed
stresses are shown in Figure 13. Only fringes 0.5 and 1.5 were developed
in the latter, and as fringe number 1.5 was barely distinguishable, it was
the maximum point on this curve.

The time of 68 microseconds corresponded to Frame 14 of the homo-
geneous target. A comparison of the stress waves in the homogeneous
target ana the two sandwich plates is made in Figure 14. The distances
traveled are, of course, not the same, as the wave velocity in the alumi-

num was about four times as great as in the plastic.



SECTION IV
A QUASI-THEORETICAL SOLUTION

It was shown in Section IT of this report that forcing functions
can be selected that will closely simulate explosive impulses or hyper-
velocity impact. Therefore, it was desired to formulate a function that
would approximately duplicate the experimentally determined pressure
waves. Without going into the details of the procedure, it was found
that the function

-0.01 t -0.02 t -0.03 T

b, = 9,161 e -52,194 e +116,950 e

-0.04 t ~0.05 t ~0.06 T
~129,079 e +70,283 e - 15,121 e

shown in Figure 15 will, when multiplied by the proper constant and
applied to a 2-inch spherical cavity, create a wave at a time of 68
microseconds that approximates the experimental wave as shown in
Figure 16. The time of the theoretical wave has been adjusted by
32.6 microseconds, the time required for the wave to travel two inches,
the assumed cavity radius. By employing a-greater number of terms in
the equation representing the forcing function, the theoretical wave
could have been made to coincide with the experimental wave as closely
as desired. Values of radial and tangential stresses at other times
were computed and are shown in Figure 17. By comparing Figures 10 and

~

17 it is seen that the waves have the same amplitudes at a time of

68 microseconds but that the stress amplitudes do not attenuate at the
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same rate. This 1s to be expected. The theoretical solution is for
spherical waves which decay at a rate proporticnal to r—l, but the
experimental ones would be expected to be cylindrical waves in a thin
plate. Theoretically, cylindrical waves attenuate at a rate propor-

tional to v 2:°.

The expected attenuation of both spherical and
cylindrical waves are compared with the experimental results in
Figure 18. This shows that in reality, the experimental results are
in closer agreement with the spherical than with the cylindrical wave
attenuation.

Distance-time plots of the waves in the targets having 1/8- and 1.0-
inch aluminum cores are given in Figure 19. It is seen that because of

the geametry of the targets, only the waves contribute to the

Fa-0-0
stress in the third layer at the time under consideration.

The same forcing function applied to the homogeneous target was
also applied to the sandwich plates. The radial stress—-distance relations
at the time of 68 microseconds were computed. The results are shown in
Figure 20. This figure also shows each of the transmitted comporents,
PA—O—O’ as well as their resultants. A comparison of these theoretical

stresses in homogeneous and laminated targets is given in Figure 21.



SECTION V

CONCLUSION

The experimental and theoretical results given in Figures 14 and 21
are shown in Figure 22 with values normalized for comparison of maximum

stresses. These may be summarized as follows:

Maximum Stress Compared With Homogeneous Target

1/8" Core 1.0" Core
Experimental 0.72 Q.41
Theoretical 0.86 0.42

There is practically no difference between the experimental and theo-
retical results in the case of the target with the one-inch core. In fact,
one would expect the experimental error to be greater than the small differ—
ence that can be detected.

In the case of the 1/8-inch core, however, the agreement between theory
and experiment is not as good. The experimental study indicated that the
amplitude of the stress wave after passing through the core would be 72
percent of its amplitude in a homogeneous material. The theoretical analysis
gives an amplitude of 86 percent.

There are several possible explanations of discrepancies between theo-

retical and experimental values. Some of these will be discussed briefly
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so that they may be taken into consideration in future studies and may
lead to more accurate and dependable results.

1. The experimental waves were generated and analyzed in
0.25-inch sheets, but the theoretical results were com-
puted for spherical waves in semi-infinite targets.

Close agreement would not be expected. Three-dimensional
experiments employing an imbedded polariscope are being
planned.

2. Explosives that generated the stress waves probably
varied somewhat from shot to shot. More consistent
results were obtained when wires were exploded without
the use of chemical explosives. A more powerful energy
source is needed so that a wire alone can be used and a
greater number of fringes will be generated. Reference
to Figure 13 will show that more fringes are needed to
accurately define the amplitude of the stress wave that
had passed through the 1/8-inch core. Although only the
0.5 and 1.5 fringes were created in the target having
the 1.0-inch core, the peak of the wave was more accurately
determined because the 1.5 fringe was barely visible in
that frame.

3. It has been assumed thet the cemented joints have nc
effect upon the transmitted and reflected waves. Two
sheets of PSM-1 were -cemented together and a stress wave
photographed as it passed through the joint. No attenua-

tion of the wave could be detected. As long as the effect




18

of the joint is small it will not materially affect
the results in the case of a relatively thick core.
With a one-inch laminate only two transmitted waves
contributed to the maximum stress (Figure 20). The
situation is much different when the core is thin.

In the instance of the 1/8-inch core the resultant
stress was dependent upon at least nine transmitted
components. In this case there were ten waves trans-—
mitted through and sixteen reflections from the
cemented joints. It is apparent that although an
attenuation of stress may not be detected at a

single joint it can be quite significant when there
is a large number of reflections and transmissions.
As previously stated, Eastman 910 cement was used

in the construction of the models used in this study.
More attention should probably be given to selecting
a cement having a characteristic impedance equal to
that of the model material. Any voids in the cemented
joint will, of course, have a large effect on the
experimental results.

It has been assumed that the wave velocity remains
constant in any given material. Only the first compo-
nent (Pl—O—O) passes through undisturbed material.
The reflected waves may traverse the core material
many times. The material density and elastic con-

stants will probably be changed slightly, perhaps due
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to heating of the material. This will cause some
change in the wave velocity and in the characteristic
impedance (pc) of the material. (It has been shown
that the velocity of a reflected wave in Lucite is
about 80 percent of that of the incident wave [Referw
ence 2]).

5. Energy losses have been neglected. This is obviously

not a valid assumption although these losses may be
small.

As it is impossible to experimentally test even a small percentage of
all possible material combinations of which sandwich plates may be con-
structed, a dependable theoretical method of analysis is needed. It is
believed that the semi-empirical method developed in this study may be
used to predict the effects of various material combinations and be of
value in the design of sandwich plates that may be subjected to high
velocity impact. It is shown that the multiple reflections within the

structure must be taken into consideration.
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STRESS WAVES THROUGH < INCH ALUMINUM LAMINATE
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FRINGE ORDER (N)
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FRINGE ORDER AND COMPUTED RESULTS-ALUMINUM LAMINATES
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FORCING FUNCTION TO SIMULATE EXPERIMENTAL IMPULSE
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STRESS WAVE ATTENUATION
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SUPERPOSITION OF TRANSMITTED STRESS WAVES IN LAMINATED TARGETS
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FIGURE 22

COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS





