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ABSTRACT 

A mthematical  stress wave m d e l  i s  formulated f o r  use i n  

predicting the e f fec ts  of  various material combinations and geometry 

in the  design of sandwich plates  t h a t  may be subjected t o  high vela.- 

c i t y  impact. I n  the  experimental investigations the  bounding l a y e ~ s  

were of a birefringent material and s t resses  were determined by means 

of  a dynamic polariscope u t i l i z ing  a high-speed framing camera. A 

comparison is  made of the  theoret ical  and experimental resu l t s .  
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NOMENCLATURE 

wave velocity 

Young ' s modulus 

photoelastic constant 

model thickness 

constants 

impedance mismatch 

fringe order 

point of impact 

pressure at cavity surface 

pulse amplitude 

a point 

radius vector 

cavity mdius 

time 

lamination thickness 

part icle  displacement 

part icle  velocity 

distance f r o m  f ree  surface of target  

target  thickness 

decay constant 

radial  s t r a in  



NOMENCLATURE, Continued 

tangential strain 
f 

Lame constants 

Poisson's ratio 

scalar displacement potential 

material density 

radial stress 

tangential stress 

shear stress 



SECTION I 

INTRODUCTION 

Meteoroids and other debris in outer space pose potential  hazmds 

t o  astronauts, spacecraft, and missiles. Although the impac-ted body 

may have suff icient  strength and thickness t o  resist actual p m c t l u ~ ,  

damage may be caused by strong shock waves resulting from the ixtpact, 

When such a stress wave encounters a free surface, it is reflected, 

generally as  a tens i le  wave. I f  the q l i t u d e  of t h i s  reflecred 

wave i s  equal t o  o r  greater than the strength of the "target" M e r i a l ,  

fracture w i l l  occur. Such fractures may appear as cracks near rhe 

surface, weakening the structure; as  rear surface bulges w h i c h  could 

jam mechanisms o r  block flow i n  pipes; o r  as a complete detachmen? 

of target  material, creating a shrapnel e f fec t ,  endangering eqyip- 

ment o r  personnel. 

It has been demonstrated tha t  damage caused by stress waves p x -  

duced by hypervelocity impact can, in many cases, be reduced by eniployhg 

laminated targets  (Reference 1). The resul t s  of such experiments mire 

served t o  a l e r t  the design engineer t o  the possibi l i ty  of reducing r'ne 

probability of damage o r  of using a thinner o r  l ighter  material as -:he 

outer skin o r  hul l  of spacecraft. It is perhaps more important -to 

real ize tha t  the use of laminates does not necessarily reduce the 

probability of damage, but may, in some cases, actually resul t  in 

increased damage t o  the structure (Reference 2 ) .  



This study is an attempt t o  formulate a mathematical model +ha-: 

can be u t i l ized  t o  predict the action of laminates i n  affecting the 

stress waves induced by impact. Such a model should include 4.1 p-am- 

e ters  tha t  may affect the ab i l i ty  of structures t o  e s i s t  fractuc3 caused 

by hypervelocity collisions before it can be used with confidence, 

This study i s  limited t o  an investigation of e l a s t i c  waves in sand- 

wich plates o r  targets  of only three layers,  the two bounding layers 

being of one material and the center layer,  o r  core, being of a di6-ferent 

material. It deals only with stress amplitudes and not with material 

strengths and fracture c r i t e r i a .  

A br ief  theoretical analysis of the propagation of spherical stress 

waves i s  first made, followed by an experimental investigation of ~12e 

stresses developed in both homogeneous and laminated targets .  

>rnl..- A theoreticdl model is  next formulated tha t  duplicates the e q c L  * 

mentally determined stresses i n  a homogeneous target  as closely as 

possible. This is  called a "quasi-theoretical" method (Reference 3 ) .  

By using t h i s  theoretical model, the effects  of the core are calcula~ed 

and compared with those determined experimentally. 



SECTION I1 

THEORETICAL ANALYSIS 

Spherical di latat ional  wave propagation i n  homogeneous, i so tmpie  

material can be specified by the equation 

where 4 is  a scalar  displacement potential ,  c is  the wave veloci ty,  

and t is  time. Particle displacement (u) and velocity (v) a= specified 

by the relations 

u - and au v = -  
ar a t  

where r denotes the radius vector f r o m  the point of project i le  bpac- t .  

The radial  and tangential stresses are given by the relations 

and 

where X and p are the ~ame/ constants and are related t o  Young's mcdulus (L) 



and Poisson's r a t i o  ( v  as follows 

The mathematic& m d e l  used i n  t h i s  investigation f o r  g e n e r a ~ h g  

spherical e l a s t i c  waves i s  t h a t  described i n  References 4 and 5. It is 

assumed tha t  there is  a hollow hemispherical cavity i n  the terget with 

i t s  center a t  the point of impact and t h a t  a time-varying presswc-, o r  

forcing function is  applied t o  the cavity surface, generating srress 

waves i n  the ta rge t .  The pressure (p applied t o  the cavity surface 
0 

i s  an impulse t h a t  may be described by the re la t ion  

where a l ,  a2, . . . are decay constants, t i s  elapsed time, a d  k , , k7 
- 

. . . are constants. By the proper choice of values of k and a ,  V ~ ~ O L : S  

wave forms can be generated. 

The solution of the wave equation based upon Blake's work a ~ ~ d  

described i n  Reference 5 is  employed i n  t h i s  study. 

The wave velocity i s  given by the re la t ion  

F i g m  1 shows the ta rge t  being considered. Its thickness i s  deno-ced 

by Y ,  and the distance of a point ( S )  f r o m  the or igin (0) i s  deno~ed by r* 

Only s ~ s s e s  developed along the axis passing through 0 and n o r ~ i i l  -to the 

t a rge t ' s  rear surface have been considered. 



Laminated Targets 

An abrupt change i n  the physical properties of a material w i l l  

r e su l t  in the modification of a pressure pulse as it encounters this 

change. In  general, a portion of the pulse w i l l  be transmitted, a d  a 

portion w i l l  be reflected. The relat ions which describe the n~odificatiolz 

of a pulse are based upon the boundary conditions of continuity of pres-  

sure and continuity of par t ic le  velocity across the interface between 

two materials. These relat ions depend upon the value of pc, called rhe 

"characteristic impedance, " of the two materials. I f  p co i s  for  -the 

first, and p c is f o r  the second laminate, and Po is  the pulse mplituce 
t t  

in the f i r s t ,  the  amplitude of the transmitted component is  

and the reflected component is  

These relat ions a re  somewhat simplified by l e t t i ng  

giving 

and 

The sandwich structure under consideration is shown i n  F i g u ~  2- 

Its t o t a l  thickness is  Y,  the thicknesses of the first and l a s t  layers o.f 

material are To and T2, respectively. The character is t ic  impedaxce of 



both is  poco. The middle lamination has athickness of TI and a &mae- 

t e r i s t i c  impedance of plcl .  This figure shows the distance-time relati.cn 

of the wave fronts.  Starting a t  time zero a t  point ro,  the wave mves 

with a velocity of co through the f i r s t  layer. Upon reaching the firs-t. 

interface, the amplitude of the transmitted component is  
L 

which moves through the core a t  a velocity of c l .  As t h i s  pulse reaches 

the second interface, a portion w i l l  again be transmitted, and a paFc 

w i l l  be reflected. However, the value of the impedance mismatch dl: t h i s  

interface is  not K ,  but has a value of 1 / K .  The amplitude of the pulse 

transmitted i s ,  therefore, 

and i s  denoted by P . As only the stress developed i n  the las-t 
1-0-0 

lsyer  of the target  i s  under consideration, it can be assuned -that the 

target  is  composed of t h i s  material only, and tha t  the i n i t i a l  pulse 

has an amplitude of Po instead of Po. The time reqi lked? 

however, f o r  t h i s  pulse t o  reach any point i s  not the sane as for a 

homogeneous target  due t o  the change in velocity through the core. I-t 

must be adjusted by the amount 

The component of the pulse reflected from the second interface i s  

Po, which, upon again reaching the f i r s t  interface, w i l l  be 

reflected with an amplitude of A + :I2 p0. A portion w i l l  _:in be 

transmitted through the second interface, t h i s  being 



If the transmitted pulse amplitudes i n  t h i s  layer are denoted by F 
A-B-.C ' 

the other pulses P may be specified as 
A-0-0 

These pulse amplitudes , P 
'1-0-0 ' '2-0-0 ' 3-0-0 

. . . form a rapLdLiy con- 

verging series ,  the sum of which appmadhes the value of Po. This 2s Lo 

be expected, because pulse attenuation and energy losses have been neglected 

up t o  t h i s  time. The time adjustments f o r  these waves are given bgi me 

relation 

Figure 3 gives the amplitudes of P as functions of the inrpeda~ce 
A-0-0 

mismtdh, K. 

Although the distance-time relations of a l l  the wave f m t s  indi- 

cated by PA - - are shown in Figure 2 ,  only the amplitudes of PA C-O - 

are considered in t h i s  paper as the other waves do not enter into ehe 

specific problem being investigated. Derivations of the other wave ampLr- 

tudes and t h e i r  contribution t o  the t o t a l  stress in other targets sre 

given i n  Reference 6 .  An analysis of stress waves in targets  consisting 

of a large number of laminates may be found in  Reference 7 .  



SECTION I11 

EXPERlMENTAL INVESTIGATION 

In the experimental investigation described in t h i s  report,  t3 

Beckman and Wi t l ey  Pbdel 2 0 1  synchronous framing camera was used to 

record the dynamic fringe pattern generated in the model. The camera 

i s  a rotating mirror type, making twelve 0 .7  X 0.9-inch photographs on 

a 4 X 5-inch f i l m  at speeds up t o  one million frames per second, Exposure 

time fo r  each photograph a t  t h i s  speed is approximately 0 .6  miaw, cecond 

Figure 4 is  a diagram of the camera and related equipment, 

The two pulse generators deliver 1 0 0  Joules each a t  5 KV, One w a s  

used t o  provide energy f o r  the l igh t  source. After much e~perimen~atiorr 

with exploding w i r e s  and other devices, it w a s  found tha t  a Buss type 

AGC-1 safety fuse was  an ideal  l igh t  source. This fuse, when explockd, 

provides an intense l igh t  with a suff icient ly long duration for  sa--is- 

factory exposure of all twelve frames. 

The other pulse generator was used as  the energy source fo r  generatirg, 

stress waves in the model as a simulation of hypervelocity h p a  c-t . Af t e ~  

experimenting with many kinds of mde l  materials, PSM-1, a clear polyester 

sheet manufactured by Photolastic, Inc. , was selected as  the basic rn~teria' 

t o  be used in t h i s  study. Its manufacturer claims tha t  it has the 'nighest 

photoelastic sensi t ivi ty of any model material available and lids a wave 

velocity of about 60,000 inches per second, suff icient ly low "ctr, be oho-Lo- 

graphed without apparent wave movement during exposure. Another irrpo&;u~r- 



factor  i s  tha t  it i s  practically f ree  of creep and edge effects .  This 

p las t ic  can be easi ly machined, polished, and cemented t o  other materials- 

The most consistent stress waves were generated by exploding a fice wi- 

in contact with one edge of the model. The amplitudes of these wa~es ,  

however, were not suff icient ly great f o r  accurate comparison of w- ~ v e  s 

having only s l ight  differences i n  amplitude. A stronger shock, gi(r2ng a 

greater number of fringes, resulted when a small amount of explosive w a s  

added. Urea n i t r a t e  was  the explosive used in t h i s  investigation, 

Separation of the stresses i s  possible without additional experi- 

mental data since the waves in t h i s  case propagate without mtaticn- 

Stresses are developed both along and perpendicular t o  the direction of 

wave propagation. Displacement occurs, however, only in the d i r e c ~ i o n  

of wave motion. The displacements are specified by: 

and the strain-displacement relations by 

The stress-strain equations are 

and the shear stress has the value 

where E is  Young's modulus and v i s  Poisson's r a t io .  

From these relations 



but 

The radia l  and tangential stresses are, therefore, 

This derivation is essentially the same as t h a t  described in R e f e ~ n c e  8 .  

The stress-optic relat ion is  

where N is  the fringe order, f is the photoelastic constant of the 

material, and h is the model thickness. 



These relations may be s tated in terms of the model materid 

properties and the fringe order 

Values of displacement, strain, and stress may now be cleternkned 

by numerical integration. 

A s  the objective of the present research i s  t o  compare "cine stresses 

developed in a laminated target  with those produced in a homogenec~ls 

target  under the s a w  dynamic impulse, the properties of the material, 

such as  the dynamic mdulus of e l a s t i c i ty  and photoelastic constark, have 

not been determined. Resulting strains, displacements, and sfresses ace, 

therefore, re la t ive  values only and are designated by k l = ,  kiu, a 3  k a 
2 

where kl = E / f  and k2 = l / f .  Values of other properties f o r  the target 

material, PSM-1, are: Poisson's r a t i o  ( v )  = 0.38,  density ( p )  = 20 grams 

per cubic inch, thidmess (h) = 0.25 inch, and wave velocity :c) = 60,533 

inches per second. The characteristic impedance values of t h i s  sam.e 

other materials are given in Table I. 

It w a s  found tha t  a l igh t  f i e l d  polariscope u t i l iz ing  c i l r c ~ i l ~  

polamids, and a dark red f i l t e r  gave the most satisfactory pho-tographs 



of the stress pattern. Figure 5 was  prepared f r o m  three sets  of photo- 

graphs, shots 175, 176, and 177, and show fringe locations fo r  eac2 

frm. Frame 1 2  of shot 175 was identical w i t h  f m  1 of sho"il.76, 

but there was a s l ight  gap between the l a s t  frame of shot 176 ?he 

first frame of shot 177. In the last frame of 176 the wave fmnt  4s 

approaching the rear edge of the   rod el and in 177 the wave is being 

reflected. The zero fringe (wave front) cannot be seen i n  these pho~o- 

graphs because of the l i @ t  f i e l d  being used, so t h i s  fringe was deter?- 

mined by extrapolation f r o m  the other fringes. The broken l ine  shows 

the approximate location of the reflected wave front.  

Displacements, s t rains,  and stresses were computed f r o m  -v.alues of 

r and N read f romthis  figure. Figure 6 shows the photographs and can- 

puted results. Shots 175 and 176 were considered continuous with the 

frm numbers indicated as being from 1 t o  23. Shot 177 w a s  not hcluded 

in the computations as t h i s  report does not deal with the waves refleeted 

f r o m  a free surface. 

A plot  of fringe order versus distance fo r  various times is  shown. 

in Figure 7. Computed displacements are shown in Figure 8 ;  s.rtr;l5ns in. 

Figure 9 ;  and stresses i n  Figure 1 0 .  The different scales for  the radial 

and tangential s t ra in  and stress should be noted. 

Two targets were next prepared having cores of aluminum cemented t o  

the PSM-1 with Eas-tman 910 epoxy. Referring t o  Table 11, which gives 

impedance mismatch values fo r  various combinations of m t e r i d ~ s ,  it i s  

seen tha t  the impedance mismatch between PSM-1 and al-urn is &OCT nke, 

In the first target ,  the core thickness w a s  only 1/8 in&. Fi 11 

shows ten frms of t h i s  shot (No. 240). The second target  had a core 



thickness of 1 . 0  inch. Figure 1 2  shows photographs of t h i s  shot (No, 226). 

Plots of the fringe order a t  a time of 68 microseconds and the co~~pu-ted 

s tresses are shown in F i g m  13. Only fringes 0.5 and 1.5 w e r ~  developed 

in the l a t t e r ,  and as  fringe n&r 1.5 w a s  barely distinguishable, it was 

the maximum point on t h i s  curve. 

The time of 68 microseconds corresponded t o  Fram 14 of the hanzo- 

geneous target .  A comparison of the stress waves in the horngeneom 

target  ana the two sandwich plates is  made in Figure 14. The distmces 

traveled are, of course, not the sanae, as the wave velocity in the aLmi- 

nun was about four times as great as i n  the p las t ic .  



SECTION I V  

A QUASI-THEOETICAL SOLUTION 

It w a s  shown i n  Section I1 of t h i s  report t h a t  forcing fmc-eiol~s 

can be selected t h a t  w i l l  closely simulate explosive impulses o r  hyper- 

velocity impact. Therefore, it w a s  desired t o  formulate 

would approximately duplicate the experimentally determined pres" 

waves . Without in to  the de ta i l s  of the  procedure, it was 

tha t  the function 

shown in Figure 15 w i l l ,  when multiplied by the proper constant 2nd 

applied t o  a 2-in& spherical cavity, m a t e  a wave at a t i m e  af 6F 

microseconds t h a t  approximates the experimental wave as shown in 

Figure 1 6 .  The time of the  theoret ical  wave has been adjusted by 

32.6 microseconds, the time required f o r  the wave t o  t rave l  -two inches, 

the assumed cavity radius. By employing a greater number of - tern in 

the equation representing the forcing function, the theoret ical  wave 

could have been made t o  coincide with the experimental wave as closely 

as desired. Values of r ad ia l  and tangential  s t resses  at other t ln les 

were computed and are shown i n  Figure 1 7 .  By comparing Figures 1 3  md 

1 7  it is seen t h a t  the waves have the same amplitudes at a trimti of 

68 microseconds but tha t  the stress amplitudes do not attenuate 2-z ";he 



same ra te .  This i s  t o  be expected. The theoretical solution i s  fox- 

spherical waves which decay at a r a t e  proportional t o  r-', but the 

experimental ones would be expected t o  be cylindrical waves Lr a t n i n  

plate.  Theoretically, cylindrical waves attenuate at a r a t e  propa2- 

t ional  t o  r-' '5 . The expected attenuation of both spherical a d  

cylindrical waves are compared with the experimental resul ts  in 

Figure 1 8 .  This shows tha t  in rea l i ty ,  the experimental resol-ts 21- 

i n  closer agreement w i t h  the spherical than with the cylindrtcal wzve 

attenuation. 

Distance-time plots  of the waves in the targets  having 1/ 8- zrd. 1.0 - 

inch aluminum cores are given in Figure 1 9 .  It is seen tha t  because of 

the geometry of the targets ,  only the waves PA - - contribute t o  ~i-ie 

stress i n  the th i rd  layer a t  the time under consideration. 

The sane forcing function applied t o  the homogeneous target  was 

also applied t o  the sandwich plates.  The radial  stress-distance r ~ l a t i o n s  

a t  the time of 68 microseconds were computed. The resul ts  are shorn i? 

Figure 2 0 .  This figure also shows each of the transmitted componen"_-s, 

'A-0-0' as well as t h e i r  resultants.  A comparison of these I h e o ~ t i c a l  

stresses in homogeneous and laminated targets i s  given i n  Figu-re 21, 



SECTION V 

CONCLUSION 

The experimental and theoretical results given in  figure.^ l i b  and 21 

are shown in Figure 22 with values normalized f o r  comparison of ma.x?m-~aa 

stresses.  These may be summarized as fo.llows: 

1/8" Core 1 . 0 "  Core 

E x p e r k n t a l  

Theoretical 

There i s  practically no difference between the experimen-cal m d  ueo-  

r e t i c a l  resul ts  in the case of the target  with the one-inch core. In fact, 

one would expect the experimental e r ror  t o  be greater than  he s ~ d i  dlCf=~'--  

ence tha t  can be detected. 

In the case of the 1/8-inch core, however, the agreement bevdeen ;-heal-y 

and experiment is  not as  good. The experimental study indicated that r:?e 

amplitude of the stress wave a f t e r  passing through the core w o d d  be 7? 

percent of its amplitude i n  a homogeneous m t e r i a l .  The theoretical a:ial\~sis 

gives an amplitude of 86 percent. 

There are several possible explanations of discrepancies bet-deen -~iie2-- 

r e t i c a l  and experimental values. Some of these w i l l  be discussea bl:S_el'2~ 



so t h a t  they may be taken in to  consideration in future  studies and lr~?iy 

lead t o  more accurate and dependable r e su l t s .  

1. The e x p e r k n t a l  waves were generated and analyzed i n  

0.25-inch sheets ,  but the  theore t ica l  r e su l t s  were corr- 

puted f o r  spherical  waves i n  semi-infinite t a rge t s .  

Close agreement would not be expected. Three-dimensional 

experiments employing an imbedded polariscope are being 

planned. 

2 .  Explosives t h a t  generated the stress waves probably 

varied somewhat f r o m  shot t o  shot.  More consistent 

results w e r e  obtained when w i r e s  w e r e  exploded witl?olut 

the  use of chemical explosives. A more powerful energy 

source i s  needed so t h a t  a w i r e  alone can be used and a 

greater  number of fr inges w i l l  be generated. Reference 

t o  Figure 13 w i l l  show t h a t  more fringes are needed t o  

accurately define the  amplitude of the stress wave t h a t  

had passed through the 1/8-inch core. Although only the 

0.5 and 1.5  f r inges  were created in the t a rge t  havir-g 

the  1.0-inch core, the  peak of the  wave was more accurately 

determined because the  1 . 5  f r inge was barely v i s ib le  I r l  

t h a t  frame. 

3. It has been assumed t h z t  the  cemented joints  have nc 

effkct upon the  transmitted and ref lected waves. Two 

sheets of PSM-1 were-cemented together and a s t r e s s  w a J e  

photographed as it passed through the joint .  No attenua- 

t i on  of the  wave could be detected. As  long as the e f fec t  



of the joint is  small it w i l l  not materially affect  

the resul ts  in the case of a relat ively thick core. 

With a one-inch laminate only two transrmtted waves 

contributed t o  the maximum stress (Figure 20 ) . The 

situation is  much different when the core is  th in .  

In the  i n s t a n e  of the 1/8-inch core the resultant 

stress was  dependent upon a t  l eas t  nine transmitted 

components. In t h i s  case there w e r e  ten  waves trans- 

mitted through and sixteen reflections fromthe 

cemented joints.  It is apparent tha t  although an 

attenuation of stress may not be detected a t  a 

single joint it can be quite significant when there 

is  a large number of reflections and transmissions. 

A s  previously s tated,  Easlman 910 cement was used 

i n  the construction of the models used in t h i s  study. 

%re attention should probably be given t o  selecting 

a cement having a dharacteristic impedance equal t o  

tha t  of the model material. Any voids i n  the cemented 

joint w i l l ,  of course, have a large effect on the 

experimental resul ts .  

4. It has been assumed tha t  the wave velocity remains 

constant in any given material. Only the first compo- 

nent (P1-o-o passes through undisturbed m t e r i a l .  

The reflected waves m y  traverse the core material 

many times. The material density and e l a s t i c  con- 

stants w i l l  probably be changed s l ight ly ,  perhaps due 



t o  heating of the material. This w i l l  cause some 

change in the wave velocity and in the characteristic 

impedance (pc) of the material. (It has been shown 

that  the velocity of a reflected wave in Lucite is  

about 80 percent of tha t  of the incident wave 

ence 21 1. 

5 .  Energy losses have been neglected. This is  obviously 

not a valid assunption although these losses may be 

small. 

A s  it is  impossible t o  experimentally t e s t  even a s m a l l  pexei~tage 05 

all possible material combinations of which sandwich plates may be con- 

structed, a dependable theoretical method of analysis is  needed.. It i s  

believed tha t  the semi-empirical method developed in th i s  study m-y be 

used t o  predict the effects  of various material combinations and Se of 

value in the desigrl. of sandwich plates tha t  may be subjected to high 

velocity impact. It is shown that  the multiple reflections w i " c k  the 

structure must be taken in to  consideration. 
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