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SINGLE -DE GREE -OF -FREEDOM ROLL RESPONSE 
DUE TO TWO-DIMENSIONAL VERTICAL GUSTS 

By John C .  Houbolt and A s i m  Sen 
Aeronaut ical  Research Associates  of Princeton, Inc . 

ABSTRACT 

The single-degree-of-freedom of roll response due to en- 
counter ing v e r t i c a l  gusts which a r e  random i n  the  spanwise d i r e c t i o n  
as wel l  as the  f l i g h t  d i r e c t i o n  i s  s tudied .  Cross-spec t ra l  func- 
t i o n s  a s soc ia t ed  w i t h  t h e  von K&m& s p e c t r a l  func t ion  are used to 
evalua te  the r o l l  response.  Resu l t s  analogous to the  r e s u l t s  t ha t  
apply i n  the  case of v e r t i c a l  motion response only a re  found. It 
i s  shown that  the wing t i p  a c c e l e r a t i o n  due to roll f o r  the two- 
dimensional turbulence case can be g r e a t e r  than  the v e r t i c a l  ac- 
c e l e r a t i o n  that  i s  found f o r  the  v e r t i c a l  motion re ference  case.  
An i n t e r e s t i n g  poss ib l e  means f o r  eva lua t ion  of gust s e v e r i t y  
and turbulence sca l e  L from v e r t i c a l  and r o l l i n g  a c c e l e r a t i o n s  
only i s  developed. 

ow 

INTRODUCTION 

An assumption commonly made i n  t r e a t i n g  t h e  response of a i r -  
c r a f t  i n  a random gus t  environment i s  to asswne the  gus t s  a re  uni- 
form i n  the spanwise d i r e c t i o n .  Some s tud ie s ,  however, r e f e rences  
1-5, have examined t h e  e f f e c t  of t r e a t i n g  the  gus t s  to be random 
i n  the  spanwise d i r e c t i o n  as we l l  as i n  the  f l i g h t  d i r e c t i o n .  The 
single-degree-of-freedom case of pure roll does not ,  however, seem 
to have been given e x p l i c i t  cons idera t ion .  Conceptually, both v e r t i -  
c a l  gus t  and lakeral  gus t  e f f e c t s  on the  rudder can induce exc i -  
t a t i o n  of the pure r o l l  degree of freedom. For the  v e r t i c a l  gus ts ,  
roll cannot develop of course when the  gusts a r e  considered to be 
uniform i n  t h e  spanwise d i r e c t i o n .  Treatment i n  terms of a two- 
dimensional v e r t i c a l  gus t  f i e l d  i s  necessary.  

The purpose of t h i s  r epor t  i s  to t r e a t  t h e  single-degree-of- 
freedom roll case due to v e r t i c a l  g u s t s  a lone.  The main ob jec t ive  
i s  to e s t a b l i s h  the  e x t e n t  to which r o l l i n g  motion i s  induced by 
the  randomness of the  gusts i n  t he  spanwise d i r e c t i o n .  A compari- 
son of the v e r t i c a l  a c c e l e r a t i o n  a t  the  wing t i p  due to roll w i t h  
t he  c.g.  a c c e l e r a t i o n  of the a i rp l ane  that  r e s u l t s  i n  the case of 
single-degree-of -freedom of v e r t i c a l  motion only (uniform span- 
wise gus t s )  i s  the measure used h e r e i n  to a s s e s s  t h e  r o l l i n g  motion. 
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slope of t he  l i f t  curve 

a i r c r a f t  span 
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mean aerodynamic chord 

Four ie r  transform of func t ion  y 

a c c e l e r a t i o n  of g r a v i t y  

r o l l i n g  moment of i n e r t i a  of a i rp l ane  

reduced frequency - 2v 
a l l e v i a t i o n  f a c t o r  f o r  v e r t i c a l  a c c e l e r a t i o n  

a l l e v i a t i o n  f a c t o r  for r o l l i n g  a c c e l e r a t i o n  

turbulence sca l e  

cuc 

a i rp l ane  mass 

r ad ius  of gyra t ion  of a i r c r a f t  i n  roll 

wing a r e a  

v e l o c i t y  of a i r c r a f t  

v e r t i c a l  gus t  ve loc i ty  

a i r c r a f t  weight 

spanwise c oor d ina t e  

wing t i p  d e f l e c t i o n  due t o  roll 

gus t  wave l eng th  

mass parameter 

"mass parameter" f o r  r o l l  

a i r  dens i ty  

r m s  value of v e r t i c a l  gus t  v e l o c i t i e s  



r m s  value of c.g. v e r t i c a l  a c c e l e r a t i o n  

@W 

@12 

w 

R 

r m s  ,value of wing t i p  v e r t i c a l  a c c e l e r a t i o n  due to roll 

angle of roll 

power spectrum of c .g. v e r t i c a l  acce le ra t ion  

power spectrum of wing t i p  v e r t i c a l  acce le ra t ion  due 
to roll 

power spectrum of v e r t i c a l  gus t  v e l o c i t i e s  

c ros s - spec t r a l  of v e r t i c a l  gus t  v e l o c i t i e s  between 
pa th  1 and pa th  2 

c i r c u l a r  frequency 

s p a t i a l  frequency - V 
w 

ROLLING EQUATION 

Consider the  a i r p l a n e  to have t h e  single-degree-of -freedom of 
roll, as depicted. i n  t h e  fol lowing sketch 

Development i n  terms of a s t r i p  theory approach i s  considered ade- 
quate f o r  p re sen t  purposes.  Through use of the  aerodynamic and 
response r e l a t i o n s  given I n  r e fe rences  6-7, the  equat ion f o r  r o l l i n g  
motion may be shown to be 

b/2 b/2 

pV(F 3. i G ) $ l c y 2 d y  + $ pV(P + i Q )  cywdy (1) 
a I @ = - -  
2 

.. 
-b/2 -b/2 

where s inuso ida l  motion i s  implied.  The f i r s t  term on the r i g h t -  
hand s ide  i s  the  r o l l i n g  moment due to roll r a t e ,  t he  second term 
i s  the  r o l l i n g  moment generated by t h e  v e r t i c a l  gus t s  w ; F + i G  
r ep resen t s  t he  Theodorsen l i f t  func t ion  f o r  an o s c i l l a t i n g  a i r f o i l ,  
F 3- i Q  i s  t h e  corresponding type func t ion  f o r  a s inuso ida l  gust. 
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W e  introduce the  wing t i p  v e r t i c a l  acce le ra t ion  

W i t h  equat ion (1) and th i s  r e l a t i o n  we can der ive,  a f t e r  a l i t t l e  
manipulation, t he  fol lowing r e l a t i o n  f o r  the frequency response 
func t ion  f o r  Ant 

where 

i n  which r i s  the  r ad ius  of gy ra t ion  a s soc ia t ed  w i t h  the  r o l l i n g  
moment of i n e r t i a  (I, = m r  ) , b i s  the  wing span, p the  mass 2 

-.. ., 
a n d  IC i s  an aerodynamic r o l l i n g  i n t e g r a l  defined ' L W  

apcgS ' r a t i o  
as 

The chord c r e p r e s e n t s  the mean aerodynamic chord of the wing. 
From equat io8  ( 3 )  t he  spectrum f o r  An, fol lows as 

@W 
1 1 2 3 6 2  

where @ = f f f - ; t he  s p e c i f i c  f func t ions  a r e  given by 
W 
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f 2 ( k )  = P2 + Q2 

i n  which i s  the  c ros s - spec t r a  f o r  v e r t i c a l  gus t  v e l o c i t i e s  
a s soc ia t ed  &?th a p a t h  sepa ra t ion  d i s t ance  of ( re ference  51, 
and ow i s  the  p o i n t  s p e c t r a l  func t ion  ( r e fe rences5  and 8 ) .  

We wish to note the  p a r t i c u l a r  form that  equat ion (4) has been 
expressed. Care has been taken here  to wri t e  the equat ion so as t o  
have a correspondence w i t h  t he  s p e c t r a l  equat ion  that a p p l i e s  f o r  
c .g .  v e r t i c a l  a c c e l e r a t i o n  f o r  an a i rp l ane  w i t h  v e r t i c a l  motion 
only and w i t h  uniform spanwise g u s t s .  Re la t ive  to t h i s  case,  only 
t w o  d i f f e rences  occur; the  func t ion  assoc ia ted  w i t h  induced 

mass parameter i s  found to take the  p l ace  of the mass para- 
meter . Thus equat ion  (4) i s  p r e c i s e l y  the  v e r t i c a l  response 
equat ion i f  f 3  7 1 and 1 i s  used i n  p l ace  of /+ . Response 
r e s u l t s  very similar i n  form t o  the v e r t i c a l  motion case can there-  
f o r e  be expected f o r  the r o l l i n g  case be ing  t r e a t e d .  

x - q 

r o l l i n g  power, appears as an func t ion ,  and a modified 
wr 

The r m s  value of a c c e l e r a t i o n  a t  the  wing t i p  due to roll 
fol lows from equat ion (4) as 

where 

K =  r 
0 

(9) 
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Equation (8) f o r  wing t i p  a c c e l e r a t i o n  due to roll i s  p r e c i s e l y  the  
same form as has been developed for the  v e r t i c a l  motion only case,  
re fe rence  8. 
the  p lace  of the  v e r t i c a l  a l l e v i a t i o n  f a c t o r  K@ . Resu l t s  f o r  Kr 
a r e  developed i n  t h e  next  s ec t ion .  

The only d i f f e rence  i s  i n  t h e  f a c t o r  Kr , which takes 

EVALUATION OF Kr 

To e s t a b l i s h  t h e  magnitude of t he  wing t i p  a c c e l e r a t i o n  that  
r e s u l t s  from r o l l i n g  response, s p e c i f i c  a p p l i c a t i o n  of equat ions  
(4) and (9) w a s  made to t he  wing planform shown i n  f i g u r e  l ( a ) .  To 
eva lua te  the  func t ion  f 3  , equat ion  (7 ) ,  the wing w a s  divided i n t o  
equal  spanwise i n t e r v a l s  as shown i n  f i g u r e  l ( b ) .  
equat ion (7) i n  terms of t h i s  lumped a r e a  system y i e l d s  the  follow- 
ing  r e s u l t  f o r  the wing under consid.eration 

Applicat ion of 

C 
- 2 n ’n and where %n i s  t h e  c ros s - spec t r a l  

s = (n-1) 7 . 
I n  t h e  de r iva t ion  of equat ion (lo), use was made of the  f a c t  

where ‘ n - 7  Corn’ 
func t ion  a s soc ia t ed  w i t h  a sepa ra t ion  d i s t ance  

that 

b 

- 
- - r7 

2 = - r 6  
- 

r 3  - - r5 
The equat ion  r ep resen t s  a coarse  i n t e r v a l  numerical i n t e g r a t i o n  of 
equat ion (71, but  i s  considered s u f f i c i e n t l y  accurate  t o  y i e l d  
r ep resen ta t ive  r e s u l t s .  The use of f i n i t e  span i n t e r v a l s  impl ies  
t h a t  the gus t  v e l o c i t i e s  a r e  uniform over the  span i n t e r v a l  bu t  
that  they d i f f e r  from i n t e r v a l  to i n t e r v a l  as represented  by the  
c r o s s - s p e c t r a l  func t ions .  I n  the  eva lua t ion  of equat ion (10) the  
fol lowing r e c i p r o c a l  p r o p e r t i e s  of the  c ros s - spec t r a l  were used 

6 



( a )  Plan Form 

( b )  Lumped Area Representation 

Figure 1. Example Wing Used i n  Analysis.  
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The eva lua ted  r e s u l t  f o r  f o r  the  wing of f i g u r e  1, us ing  
the c ros s - spec t r a l  r e s u l t s  ped i n  re ference  5, i s  shown i n  
f i g u r e  2. Severa l  i n t e r e s t i n g  p o i n t s  a r e  t o  be noted. The func- 
t i o n  i s  noted t o  be dependent on the  s c a l e  value L a t  low value 
of k , but  i s  independent of L a t  l a r g e  k ; f o r  l a r g e  L the 
func t ion  becomes independent of L over the whole range of k . 
The peak i n  the  func t ion  a t  k of about .28 can be i d e n t i f i e d  
w i t h  the  fol lowing phys ica l  i n t e r p r e t a t i o n  that  i s  a s soc ia t ed  w i t h  
t he  nonuniformity of the  gus t s  i n  t h e  spanwise d i r e c t i o n .  O f  the  
var ious frequency components i n  t h e  spanwise d i r ec t ion ,  t he re  a r e  
some that would tend t o  produce maximum ro l lLng power, as t h e  
fol lowing sketch d e p i c t s  

- x - I  
The gust  wavelength X i s  r e l a t e d  to k according to the  r e -  
l a t i o n s  

For a E - - 1.5 (a  r ep resen ta t ive  choice) ,  k becomes 

where A i s  the  aspec t  r a t i o  of the  wing. For t he  A = 8 aspec t  
r a t i o  wing under cons idera t ion ,  th i s  r e l a t i o n  y i e l d s  k = .26 , 
which i s  noted to agree very wel l  w i t h  t he  value of k at  which 
the  peak of f3 occurs.  

8 
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From the f 3  func t ion  given by equat ion (lo), the  f 2  and 
QV expressions given i n  re ference  8, and t h e  $1 func t ion  as 
given i n  equat ion ( h ) ,  t h e  
( 9 ) ;  t h e  r e s u l t s ,  r ep resen t ing  the bas i c  r e s u l t s  of the  p re sen t  
paper,  a r e  shown i n  f i g u r e  3. T h i s  f i g u r e ,  i n  conjunct ion w i t h  
equat ion ( 8 ) ,  a l s o  shown on the  f i g u r e ,  allows wing t i p  a c c e l e r a t i o n  
due to roll to be computed just as simply as v e r t i c a l  a c c e l e r a t i o n  
i s  computed through means of the a l l e v i a t i o n  f a c t o r  K 

An i n d i c a t i o n  of the magnitude of the wing t i p  a c c e l e r a t i o n  due 
to roll i s  afforded by the  fo l lowing  example. The value of 1, f o r  
t he  wing shown i n  f i g u r e  1 i s  found to be 1, = .552 A representa-  
t i v e  value of r i s  r = . l5b ; the  r o l l i n g  mass parameter 
t hus  becomes 

p = 40 then  vr = 13 . Assume c = 100 ; then  from f i g u r e  3 we 
f i n d  tha t  = .95. By c o n t r a s t ,  f o r  the same p and - 2L values ,  
we f i n d  ( re ference  8) that  the  a l l e v i a t i o n  f a c t o r  f o r  the v e r t i c a l  
motion case i s  K = .72 . Thus we see that  t h e  r m s  wing t i p  
a c c e l e r a t i o n  due $0 the  2-d gus t  r o l l i n g  e f f e c t  i s  even s l i g h t l y  
higher  t han  the  rms value f o r  c.g.  v e r t i c a l  a c c e l e r a t i o n  f o r  t he  
v e r t i c a l  motion only case; s p e c i f i c a l l y ,  i n  t h i s  case, i n  the r a t i o  
.95 over .72 . 

Kr func t ion  w a s  evaluated by equat ion 

@ -  

pr - - .ci 1 2 6 ~  . If the  a i r p l a n e  has a mass parameter 
2L 

C 

The r e s u l t s  shown i n  f i g u r e  3 a re  r e p r e s e n t a t i v e  of wings of 
l a r g e  aspec t  r a t i o  (neighborhood of 8 ) .  
r a t i o ,  such as d e l t a  wings, genera l  t r ends  may be expected to be 
similar, bu t  numerically the  r e s u l t s  appear to decrease i n  value.  
With re ference  to f i g u r e  2, t he  peak of the  
ward as the aspec t  r a t i o  goes down. T h i s  woul l e a d  to Kr curves 
of the  same type as i n  f i g u r e  3, b u t  w i l l  lower values.  

For wings of s m a l l  a spec t  

curve sh i f t s  out- f 2  

EVALUATION OF ow AND L 

The s t r i k i n g  analogy between t h e  r e s u l t s  developed h e r e i n  and 
t h e  r e s u l t s  f o r  t he  v e r t i c a l  motion only case suggests  a r a t h e r  
simple way to deduce gus t  s e v e r i t y  ow and turbulence s c a l e  value 
L d i r e c t l y  from only t h e  a c c e l e r a t i o n  va lues  that  a re  measured i n  
f l i g h t s  through rough a i r .  Suppose that  a more r e f i n e d  a n a l y s i s  
than used here in ,  involving a b e t t e r  and more complete d e s c r i p t i o n  
of the  l a te ra l  motion response of the  a i rp l ane ,  were used to 
evalua te  the Kr curves of f i g u r e  3. Suppose a l s o  that  more 
r e a l i s t i c  K@ curves were a l s o  e s t a b l i s h e d  f o r  t he  v e r t i c a l  motion 
only case,  u s ing  appropr ia te  l o n g i t u d i n a l  dynamics. 
p i c t s ,  say, these  more accu ra t e ly  e s t a b l i s h e d  K@ and Kr curves .  
I n  terms of t hese  K values  the  c.g. v e r t i c a l  a c c e l e r a t i o n  and 
wing t i p  a c c e l e r a t i o n  due to roll would read 

Figure 4 de- 
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2L/c  = 

Figure 4. KG, and Kr Values (Assumed Accurately Evalua ted) .  

Q W  

Figure 5. 

I Deduced flight values 
I for cW and 2L/c 

I 

2L / c  
2L Deduction of ow and from Ver t i ca l  and Roll 

Accelerat ions Only. 
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For a given a i rp l ane  and a given f l i g h t  through rough a i r ,  
L as appearing i n  these  equat ions must be the  same. Divis ion of 
equat ion (11) by equat ion (12)  thus  y i e l d s  

ow and 

Since oan and. onnt a r e  t h e  f l i g h t  measured values, the only 
known appearing i n  t h i s  expression i s  T h i s  value can be 
found simply by assuming var ious values u n t i l  one i s  found that 
causes the expression to be s a t i s f i e d .  With 2L es t ab l i shed ,  

- 2L 
c .  

un- 

L 

e i t h e r  of equat ions  (11) or  (12) may i n  t u r n  be used to e s t a b l i s h  

Another procedure i s  one that  allows ow and L to be 
e s t ab l i shed  simultaneously.  With the  measured value of oAn , we 
use equat ion (ll), assume seve ra l  values  of a , and eva lua te  ow 
s o  as to s a t i s f y  the  equat ion;  from t h i s  eva lua t ion  we make a p l o t  

?& , such as the curve l a b e l l e d  c.g.  i n  f i g u r e  5. The 
process  i s  repeated us ing  equat ion (12),  y i e ld ing  the  curve marked 
r o l l .  The i n t e r s e c t i o n  thus e s t a b l i s h e s  the ow and - values 
f o r  the g u s t s .  encountered. 

w *  o 

C 

vs.  
C 

of ow 

2L 
C 

CONCLUDING REMARKS 

Gust encounter involv ing  gus t s  which a re  considered random i n  
the  spanwise d i r e c t i o n ,  as we l l  as the f l i g h t  d i r ec t ion ,  i s  con- 
s idered  f u r t h e r  he re in .  The s p e c i f i c  case t r e a t e d  i s  tha t  of an 
a i rp l ane  having the  single-degree-of-freedom of roll only, en- 
counter ing v e r t i c a l  g u s t s  which a re  random i n  both the span and 
f l i g h t  d i r e c t i o n s .  It i s  shown that the  wing t i p  a c c e l e r a t i o n  due 
to r o l l s  f o r  the  2-d gus t  s t r u c t u r e  case i s  of the same order of 



magnitude as the  c .g .  v e r t i c a l  a c c e l e r a t i o n  f o r  the commonly con- 
s idered  case of v e r t i c a l  motion only (uniform spanwise g u s t s ) .  

I n  connection w i t h  the  use of complete l a t e r a l  dynamic e f f e c t s ,  
as mentioned i n  the s e c t i o n  dea l ing  w i t h  t he  determinat ion of L , 
i t  i s  considered worthwhile to e s t a b l i s h  how r o l l i n g  a c c e l e r a t i o n  
i s  inf luenced by ind iv idua l  l a t e ra l  dynamic e f f e c t s .  I n  p a r t i c u l a r ,  
s ide  s l i p  and yaw, d ihed ra l  e f f e c t ,  r o l l  due to rudder, l a t e r a l  
turbulence,  and spanwise v a r i a t i o n  i n  l o n g i t u d i n a l  turbulence 
should be inves t iga t ed  to e s t a b l i s h  t h e i r  r e l a t i v e  importance. 
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