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Scanning o p t i c a l  systems such as T.V. i n  e f f e c t  make 
one measurement of l i g h t  i n t e n s i t y  f o r  each r e s o l u t i o n  element. 
i n  t h e  o p t i c a l  scene. When the  i n c i d e n t  l i g h t  l e v e l s  are l o w  
o r  t h e  r e s o l u t i o n  d e s i r e d  very h igh ,  t h e  energy i n c i d e n t  on 
one r e s o l u t i o n  element i s  very l o w  and system performance i s  
l i m i t e d  by t h e  no i se  level of t h e  d e t e c t o r  element. For these 
condi t ions  a system is  suggested he re  w h i c h  makes t h e  s a m e  
number of measurements per l i n e  b u t  each i s  across  t h e  e n t i r e  
scan l i n e  through a coded mask. When decoded t h e  same resolu-  
t i o n  i s  achieved wi th  a s i g n i f i c a n t l y  improved s ignal- to-noise  
r a t i o .  The theory ,  based upon Hadamard t ransforms,  i s  developed 
and it i s  shown t h a t  t h e  improvement i n  s ignal- to-noise  ra t io  

over s i n g l e  r e s o l u t i o n  element scanning i s  N' where N i s  t h e  
number of r e s o l u t i o n  elements p e r  l i n e .  Difference equat ions  
are given f o r  computing high r e s o l u t i o n  masks wi th  d e s i r a b l e  
c y c l i c  p r o p e r t i e s  f o r  s i m p l i f i e d  implementation. 
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In t roduct ion  

Opt ica l  systems which use a device o t h e r  than  a photo- 
graphic  emulsion as an energy d e t e c t o r  commonly scan t h e  image 
as  i n  t e l e v i s i o n .  Under condi t ions  of low ambient l i g h t i n g  
and/or high d e s i r e d  r e s o l u t i o n  t h e  energy i n c i d e n t  on a s i n g l e  
r e s o l u t i o n  element i s  very low and t h e  l i m i t i n g  parameter is  
t h e  no i se  a t  t h e  sensor  element i t s e l f .  I n f r a r e d  systems, i n  
p a r t i c u l a r  are most o f t e n  so l imi ted .  I n  such a system, each 
scan l i n e  i s  sampled and encoded, say N t i m e s  p e r  l i n e ,  then  
t h e s e  N samples can be considered t o  be  M d i s t i n c t  measurements 
made through an a p e r t u r e  whose width i s  L/N where L i s  t h e  l i n e  
width. For d i s p e r s i v e  spectrometers  it has  been shown that  a 
s i g n i f i c a n t  improvement i n  s ignal- to-noise  r a t io  can b e  achieved 
by making t h e  N measurements through N d i f f e r e n t  coded masks 
across t h e  e n t i r e  scan  l i n e  i n  t h e  e x i t  p u p i l  of t h e  i n s t r u -  
ment . c11[21[31 These i d e a s  are appl ied  below i n  a system concept 
f o r  a scanning i n f r a r e d  camera. Since t h e  improvement i n  s igna l -  
to-noise  r a t i o  i s  obta ined  a t  t h e  expense of computation t i m e  i n  
decoding, t h e  maximum advantage i s  obta ined  i n  a system i n  which 
a computer i s  i n h e r e n t l y  a p a r t .  The ten-band m u l t i s p e c t r a l  
scanner under development f o r  Skylab produces 8-bi t  d i g i t a l  d a t a  
f r o m  a c i r c u l a r  scan which w i l l  have t o  be reproduced by a 
computer-like device.  It  would thus  appear t y p i c a l  of t h e  type  
of device t o  which coded scanning would be  appl icable .  

Construct ion and B a s i c  Theory 

The  b a s i c  o p t i c a l  s t r u c t u r e  w i l l  be assumed t o  be  a 
S ~ h m i d t - C a s s e g r a i n ' ~ ]  a s  shown i n  F i g .  1. 
s l o t  a p e r t u r e  which d e f i n e s  t h e  scan l i n e  i s  placed on t h e  
f o c a l  plane.  V e r t i c a l  scanning is  accomplished by e i t h e r  t h e  
motion of t h e  s a t e l l i t e  o r  a i r c r a f t  or motion of t h e  e n t i r e  

A narrow h o r i z o n t a l  
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s l o t  as i n  a f o c a l  p lane  s h u t t e r .  For s i m p l i c i t y ,  w e  assume 
t h e  former. The coded mask cons i s t ing  of a p a t t e r n  of ver t i -  
cal s l o t s  c u t  i n t o  a completely r e f l e c t i n g  material i s  placed 
a t  an angle  of 4 5 O  d i r e c t l y  behind t h e  h o r i z o n t a l  s lo t .  A 
t y p i c a l  p a t t e r n  f o r  t h e  mask is  shown i n  Fig.  2b ,  b u t  t h e  
mathematical theory behind t h e  mask w i l l  b e  covered la ter .  
Exactly h a l f  of t h e  mask i s  r e f l e c t i n g  so t h a t  approximately 
ha l f  of t h e  r a d i a t i o n  i n c i d e n t  on the  h o r i z o n t a l  s l o t  i s  
t r ansmi t t ed  through t h e  mask t o  a set of co l l imat ing  o p t i c s  
which condenses a l l  of t h e  t r ansmi t t ed  l i g h t  onto t h e  de t ec t -  
ing  element. The o t h e r  h a l f  of t h e  r a d i a t i o n  i n c i d e n t  upon 
t h e  mask i s  r e f l e c t e d  and focused upon a second d e t e c t o r  as 
shown i n  Fig. 1. The output  of each d e t e c t o r ,  with s u i t a b l e  
bu f fe r ing  goes t o  both a sum a m p l i f i e r  and a d i f f e r e n c e  ampli- 
f i e r .  The sum a m p l i f i e r  i s  used f o r  AGC and another  purpose 
t o  be  covered later. The d i f f e r e n c e  a m p l i f i e r  ou tput  i s  
d i g i t a l l y  encoded. 

I n  t h e  usua l  r a s t e r - l i k e  scan t h e  h o r i z o n t a l  s l o t  
would be sampled say  N t i m e s  through a s i n g l e  a p e r t u r e  as 
shown i n  Fig.  2b. I n  o t h e r  words, N s e p a r a t e  measurements 
would be made, and as N increases ,  the  energy a v a i l a b l e  t o  t h e  
d e t e c t o r  decreases  wi th  t h e  area of t h e  aper ture .  Since w e  
are only i n t e r e s t e d  i n  t h e  comparison of t w o  d i f f e r e n t  methods 
of scanning across  t h e  h o r i z o n t a l  s l o t ,  t h e  width of t h e  s l o t  
w i l l  be assumed t o  be f ixed .  Thus, i n  t h i s  case t h e  a r e a  of 
the  s i n g l e  s l o t  ape r tu re  and t h e  energy decreases  as 1 / N .  To  
ob ta in  the  same r e s o l u t i o n ,  us ing  coded masks again,  a t  least  
N measurements must be made through N d i f f e r e n t  masks. 
However, t h e  r a d i a n t  energy i n c i d e n t  on a detector i n  a s i n g l e  
measurement through a mask i s  a weighted average of t h e  t o t a l  
energy across  t h e  s l o t  and i s  independent of N and i s  approxi- 
mately - f o r  each d e t e c t o r .  Hence, a s i g n i f i c a n t  improvement 
i n  s igna l - to-noise  r a t i o  can b e  achieved. BY u t i l i z i n g  the  
c y c l i c  p r o p e r t i e s  of t h e  Hadamard matrices below, a s i n g l e  mask 
can be cons t ruc ted  so  t h a t  each measurement i s  made a f t e r  s h i f t -  
i n g  the  mask one inden ta t ion  from t h e  preceding measurement. 
The computer decoding involves  matr ix  m u l t i p l i c a t i o n ,  b u t  
because t h e  elements of t h e  mat r ix  are e i t h e r  +1 or  -1 it can 
be accomplished by using only a d d i t i o n  and sub t r ac t ion .  

T 
2 

The p a t t e r n  
a Hadamard matr ix .  A 
elements are e i t h e r  + 

on each mask corresponds t o  t h e  rows of 
N x N  Hadamard m a t r i x . i s  a mat r ix  whose 
o r  -1 with t h e  property:  

H ~ H  = H H ~  = NI 
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Furthermore, it i s  shown i n  t h e  appendix t h a t  i f  N=2n then 
Hadamard matrices, H ,  can be  cons t ruc ted  from a mat r ix ,  H , 
whose rows (and columns) are c y c l i c  permutations of one of t h e  
rows (columns). (I t  i s  t h i s  proper ty ,  of course,  which a l l o w s  
simple mask interchange.  ) The mask i s  divided i n t o  N=2n  equa l  
areas across t h e  l eng th  of t h e  h o r i z o n t a l  s l o t  and each area 
i s  l abe led  t o  correspond t o  a column of t h e  Hadamard matrix.  
Take any r o w  i of t h e  matr ix  except  t h e  f irst  which c o n s i s t s  
of a l l  +1's. I f  t h e  j- component of t he  row vec tor  i i s  -1, 
t h e  i- area of t h e  mask is  made t r ansmi t t i ng .  I f  it i s  +1, 

- 

t h  
t h  

it i s  made r e f l e c t i n g .  
given below a s  an i l l u s t r a t i o n .  

A t y p i c a l  

H =  

1 1 1 1 1  
1 -1 -1 -1 1 
1 1 -1 -1 -1 
1 1 1 -1 -1 
1 -1 1 1 -1 
1 1 - 1  1 1  
1 -1 1 -1 1 
1 -1 -1 1 -1 

Hadamard mat r ix  f o r  N=8 i s  

1 1 1  

-1 1 1 
1 -1 1 

-1 1 -1 
-1 -1 1 
-1 -1 -1 

1 -1 -1 
1 1 -1 

N o t e  t h a t  t h e  f i r s t  r o w  and column are a l l  1 's .  Consider the  

mat r ix  H- below formed by d e l e t i n g  t h e  f i r s t  row and column 
of H. 

- 
-1 -1 -1 1 -1 1 
1 -1 -1 -1 1 .-1 
1 1 -1 -1 -1 1 

-1 1 1 -1 -1 -1 
1 -1 1 1 -1 -1 

-1 1 -1 1 1 -1 
-1 -1 1 -1 1 1 - 

1 
1 

-1 

1 
-1 

-1 
-1 

( 3 )  



- 4 -  

Each row i s  a c y c l i c  permutation of t h e  r o w  preceding it. 
Each row of H- can be  made i n t o  a row of H by adding a +1 as 
t h e  f i r s t  component. The mask can now be made from H- by 
repea t ing  t h e  f i r s t  row of H' t w i c e .  The f i r s t  +1 component 
i s  added by a f i x e d  s i n g l e  area r e f l e c t o r  as shown i n  Fig.  2c. 
For each measurement t h e  mask needs t o  be moved only one s l i t  
p o s i t i o n  from t h e  preceding p o s i t i o n  because of t h e ' c y c l i c  

~ 

s t r u c t u r e  of t h e  code. Since t h e  f i r s t  r o w  of H i s  a l l  fl's, 
t h e  encoding f o r  t h i s  measurement i s  taken from t h e  sum 
ampl i f i e r  . 

L e t  I ( x )  be t h e  i n t e n s i t y  of i l l umina t ion  of t h e  
s l o t  as a func t ion  of t h e  d i s t a n c e  x measured along it with 
the s l o t  l ength  normalized t o  1. I f  h i j  i s  t h e  e n t r y  i n  t h e  
. t h  t h  1- row and j- column of H ,  yi i s  t h e  ou tpu t  of t h e  d i f f e r -  

th. e n t i a 1  a m p l i f i e r - a t  t h e  i- measurement then  w e  have 

j 

I (x )  dx' l ' I ( x ) d x  + l ' I ( x ) d x  - N + ... + i:l - N 

1 
y1 = 5 I ( x ) d x  = 

N 
I (x)  dx 

+ * . '  + L-l - 
N 

1 1 

I (x) hiNdxi 
L-1 

I (x)  hildx . . . . 
- 

Y i  = I," 
N 
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1 1 

I ( X I  hNNdx 
L-1 

yN = ["I (x)hNldx . . . . 
- 

N 

( 4 )  

Since t h e  h i j  a r e  a l l  e i t h e r  + o r  -1, they  can be brought out- 
r j / N  

s i d e  t h e  i n t e g r a l .  Denote by E t h e  i n t e g r a l  J I(xr/$x j j-1 
N 

which i s  simply t h e  noise- f ree  response of a d e t e c t o r  t o  t h e  
i l l umina t ion  through a mask of a s i n g l e  r e s o l u t i o n  element. 

N 

j=1 
Y 1  = c E j  

Hence, t o  decode t h e  measurements equat ions  (4a) must be  
solved f o r  t h e  E 

vec to r  of t h e  yi, E 

(4a) are: 

I n  mat r ix  n o t a t i o n ,  where 9 i s  t h e  column 
j .  

a s i m i l a r  vec to r  of t h e  E .  equat ions 
7 

thus  1 T A  E = - H y  N 

Since HT c o n s i s t s  of only +1's and -1's and N i s  a power of 2 ,  
t h e  mat r ix  m u l t i p l i c a t i o n  r e q u i r e s  only add i t ions  and subtrac-  
t i o n s  and a s h i f t  of t h e  b inary  poin t .  

Signal-to-Noise R a t i o  

Equation (5 )  must be modified t o  account f o r  t h e  
e f f e c t s  of noise .  The development fol lows very c l o s e l y  t h a t  
of Sloan, e t  a l .  ['I The no i se  w i l l  be  assumed t o  be  p r imar i ly  
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due t o  t h e  d e t e c t o r  or sensor  element and t h e  f i r s t  elec- 
t r o n i c  s t ages .  
s i n g l e  s l o t  of width - Then 

Consider a measurement xi made through a 

N'  

x i = Ei + ni (7) 

where ni i s  t h e  component of n o i s e  con t r ibu ted  by t h e  detector 
th t o  t h e  i- measurement. A l l  measurements are assumed t o  be 

made f o r  t h e  same length  of t i m e  i nc lud ing  t h e  measurements 
through t h e  masks. The  mean <ni> averaged over t h e  ensemble 
of measurements i s  assumed 0 wi th  va r i ance  <ni> = o . 
more, no i se  i n  d i f f e r e n t  measurements i s  uncor re l a t ed ,  i . e . ,  
<n f n  > = 0 f o r  i # j .  Thusf i f  t h e  primary no i se  i s  behind t h e  
ape r tu re  (e .g . ,  i n  t h e  d e t e c t o r )  then t h e  no i se  con t r ibu t ion  
i s  independent of t h e  coded mask and each measurement yi i s  
then  

2 2 Further- 

i j  

N 

j 
E .  + n 

Y i  = j=1 c h i j  7 

and equat ions  (5)  and ( 6 )  become: 

where 6* is  now an estimate of k. Now 
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and hence, <i*> = &> = 

m a t e  i s  unbiased. 
(i i s  d e t e r m i n i s t i c )  and t h e  esti-  

The var iance  0; = ~ ( l ? * - i ) ~ ,  (k*-g>> i s  

The s ignal- to-noise  r a t i o  ST is  given by 

The var iance  of t h e  measurements through a s i n g l e  s l o t  i s  
computed from ( 7 )  and i s  c l e a r l y  <n ,fi> = No wi th  s ignal- to-  
no i se  r a t i o  

AT 2 

The improvement i n  s igna l - to-noise  r a t io  i s  thus  

For N=1024, a reasonable  number f o r  high r e s o l u t i o n  
scanning, t h e  improvement i s  a s i g n i f i c a n t  ga in  of 32  t i m e s .  

C lea r ly ,  t h e  improvement i s  obta ined  by inc reas ing  
t h e  average s i g n a l  level w h i l e  t h e  no i se  f o r  d i f f e r e n t  
measurements i s  uncor re l a t ed  and adds i n  an RMS way. This 
raises t h e  ques t ion  of dynamic range. I n  each measurement 
exac t ly  h a l f  of t h e  mask is  t r a n s m i t t i n g ,  h a l f  r e f l e c t i n g .  
The ou tpu t  from t h e  sum a m p l i f i e r  w i l l  be t h e  average across  
any scan l i n e .  Over any given scene (bu t  excluding cont r ived  
scenes such as a bar c h a r t )  t h e  peak-to-peak v a r i a t i o n  of t h e  
l i n e  averages i s  less than  t h e  peak-to-peak v a r i a t i o n  of t h e  
e n t i r e  scene. Therefore ,  t h e  dynamic range of t h e  sum ampli- 
f i e r  can b e  used as an AGC t o  set  t h e  ope ra t ing  p o i n t  df t h e  
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d i f f e r e n t i a l  a m p l i f i e r  so t h a t  it does n o t  overload. Thus, 
dynamic range i s  n o t  l i k e l y  t o  b e  a problem i n  a m p l i f i e r  
design b u t  only i n  t h e  sensor  elements. The i n p u t  upper level 
w i l l  i n c r e a s e  over  t h a t  of s i n g l e  s l o t  scanning by t h e  number 
of s l o t s  i n  t h e  h o r i z o n t a l  l i n e .  The lower bound i s  of 
course,  zero. I n  s i n g l e  s l o t  scanning t h e  e n t i r e  dynamic 
range w i l l  be r e a l i z e d  i n  a s i n g l e  scan a s  long as t h e r e  i s  a 
very s t rong  source and a very weak source i n  t h e  same scan 
l i n e  which i s  n o t  u n r e a l i s t i c .  However, t h i s  s i t u a t i o n  can 
occur i n  coded scanning only i f  t he  d i s t r i b u t i o n  of l i g h t  
i n t e n s i t y  across t h e  e n t i r e  s l o t  corresponds exac t ly  t o  t h e  
p a t t e r n  of one of t h e  rows of H ,  a m o s t  u n r e a l i s t i c  and 
un l ike ly  happenstance. I n  f a c t ,  t h e r e  i s  cons iderable  empir- 
i ca l  evidence from r e l a t e d  work on d i s p e r s i v e  spectrometers  
t h a t  t h e  dynamic range i s  reduced by using coded scanning. 
However, t h e  dynamic range i s  a func t ion  of t h e  s p a t i a l  f r e -  
quencies p r e s e n t - i n  t h e  scene and there i s  a t  p re sen t  insuf -  
f i c i e n t  information a v a i l a b l e  f o r  an a n a l y t i c  so lu t ion .  

Conclusions 

It has  been shown t h a t  coded scanning o f f e r s  a s ig -  
n i f i c a n t  improvement i n  s igna l - to-noise  r a t i o  a t  t h e  p o s s i b l e ,  
bu t  un l ike ly ,  expense of i nc reased  dynamic range. The o p t i c a l  
system i n  f r o n t  of t h e  f o c a l  p l ane  i s  completely independent 
of t h e  scanning system and hence, can be optimized f o r  any 
app l i ca t ion .  Mechanically, t h e  scanning system i s  simple 
r e c t i l i n e a r  motion loca ted  where i t s  i n t e r f e r e n c e  w i t h  t h e  
o p t i c a l  pa th  i s  minimal except  f o r  i t s  designed coding func- 
t i o n .  T h e  p r e c i s i o n  of t h e  s lo t s  i n  t h e  coded s h u t t e r  i s  t o  
micrometer t o l e rances  no t  o p t i c a l .  The a s s o c i a t e d  e l e c t r o n i c s  
would be unchanged except  t o  t ake  advantage of t h e  s i g n i f i c a n t  
s ignal- to-noise  r a t i o  improvement. The b inary  d i f f e r e n c e  
equat ions t o  c a l c u l a t e  t h e  a p e r t u r e  codes f o r  1285N11024 a r e  
given i n  t h e  appendix. 
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a) ACROSS SLOT SCANNING WITH APERTURE 
SIZE EQUAL TO SIZE OF RESOLUTION 

b) CYCLIC CODED MASK OF 7 RESOLUTION 
ELEMENTS 

FIXED MASK 

c) ADDITION OF FIXED MASK TO GIVE FULL 
e .  e e  8 RESOLUTION ELEMENTS 

MOVING CODED t=--ToTAL -4 
SLOT LENGTH MASK 

FIGURE 2 - EXAMPLE OF CODED MASKS 



APPENDIX 

W e  s h a l l  u se  t h e  theory of c y c l i c  error co r rec t ing  
k codes t o  c o n s t r u c t  Hadamard matrices of order 2 . F i r s t ,  a 

matr ix  of t h e  d e s i r e d  dimension with components of 0's and 
1's from G F ( 2 )  ( t h e  Galois f i e l d  of c h a r a c t e r i s t i c  2 )  , is  
cons t ruc ted  wi th  t h e  proper ty  t h a t  both t h e  rows and columns 
form a group of o r d e r  2 . Making t h e  usua l  correspondences 
O + + l ,  l++-l between G F ( 2 )  and t h e  reals converts  t h e  ma t r ix  
i n t o  a c h a r a c t e r  t a b l e  and t h e  o r thogona l i ty  r e l a t i o n s  f o r  
cha rac t e r s  g ives  t h e  d e s i r e d  Hadamard property.  

k 

Given any polynomial $ ( x )  of degree n,  t h e  r e c i p r o c a l  
The r e c i p r o c a l  of t h e  product n 1  polynomial i s  def ined  as x $(z). 

of  two polynomials i s  t h e  product  o f - t h e  r ec ip roca l s .  I t  is  
w e l l  known t h a t  any polynomial over a f i n i t e  f i e l d  is  a f a c t o r  
of xn+l f o r  some n s u f f i c i e n t l y  l a rge .  Below a l l  polynomials 
are t o  be  considered over  GF(2). L e t  t h e  i r r e d u c i b l e  f a c t o r s  
of x"+l be 

Since t h e  r e c i p r o c a l  of xn+l i s  xn+l i f  4 .  (x)  i s  a f a c t o r  of 
xn+l of degree r then  i t s  r e c i p r o c a l  xr4. (-) also is  a f a c t o r  
of xn+l .  The  exponent of a polynomial $ ( x )  i s  t h e  smallest n 
f o r  which 4 (x) i s  a f a c t o r  of xn+l. 
and i t s  r e c i p r o c a l  have t h e  same exponent. 

7 1  
7 x  

C lea r ly ,  a polynomial 

Polynomials over  GF ( 2 )  are o f t e n  w r i t t e n  as n-tuples 
or  v e c t o r s  where t h e  components r ep resen t  t h e  c o e f f i c i e n t s .  
Thus 

4 + ox5 + ox6 = 1 + + x2 + 
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6 H e r e  it is  understood t h a t  t h e  t e r m  of h ighes t  degree (x  ) i s  
on t h e  r i g h t .  It could equal ly  as w e l l  be on t h e  l e f t  i n  
which case: 

(A-3) 2 (1 1 1  0 1 0  O ) + + X 6 + X 5 + X 4 + X  

b u t  (A-3) i s  t h e  r e c i p r o c a l  of (A-2) .  C lear ly  t h e  s a m e  r e s u l t  
could be  obta ined  by leaving t h e  i n t e r p r e t a t i o n  the  same and 
w r i t i n g  t h e  vec to r  from r i g h t  t o  l e f t  as 

( 0  0 1 0  1 1  1) 

A s  i s  very w e l l  known, 15] 16] t h e  elements of a 
c y c l i c  code form an i d e a l  i n  t h e  r i n g  of polynomials modulo 
(xn+l ) .  L e t  n = 2 -1. Then t h e  r i n g  i s  semi-simple and the  
minimal i d e a l s  are generated by p r i m i t i v e  orthogonal idempo- 
ten ts" ] .  W e  s h a l l  be  concerned here only with t h e  minimal 
i d e a l s  a l l  of which are isomorphic t o  f i n i t e  f i e l d s .  That i s ,  
t o  t h e  f i e l d  of polynomials modulo $I (x)  where cpk(x) i s  irre- 
ducib le  and 0.f degree k. There are 2 -1 non-zero elements i n  
t h e  f i e l d  and, l i k e w i s e ,  i n  t h e  i d e a l .  L e t  p ( x )  be t h e  idem- 
po ten t  gene ra t ing  a minimal i d e a l  where 

k 

kk 

0 n-1 p ( x )  = a0x + a x + ... a .x i  + ... + anmlx 1 1 

k f o r  a i c G F ( 2 ) ,  n = 2 -1. 
given mod(xn+l) by 

Obviously, t h e  polynomial xp(x)  i s  

(A-5 n-1 xp (x )  = an lxo + aOxl + ... a xi + ... a x - i-1 n- 2 

a c y c l i c  permutation of  (A-4) .  Wri t ing t h e  2 k - l  polynomials 
xip(x) as r o w  v e c t o r s  one o b t a i n s  t h e  c i r c u l e n t  mat r ix  where 
t h e  ai are 0 o r  1: 
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a O  al 

n-1 a~ a 

.a a n-2 n- 

, al a2 

an-2 i 

n-1 i n-3 

0 . .  a2 ... a 

al a2...  a a a 

a 
* * *  n-4 

. . 
0 . . . 

a. 
.... an-l 

an-l 

an- 2 

n-3 a 

. 

. 

al 

a. 

(A-6) 

If one cons iders  columns as polynomials w i th  high-degree t e r m s  
on t h e  bottom, then  t h e  l a s t  column is  t h e  r e c i p r o c a l  poly- 
nomial of t h e  f i r s t  r o w  considered as a polynomial wi th  high- 
es t  degree t e r m s  t o  t h e  r i g h t .  A l s o ,  t h e  o t h e r  columns are 
c y c l i c  perinutations of it. From t h e  above p r o p e r t i e s  of poly- 
nomials and t h e i r  r e c i p r o c a l s ,  it can be  e a s i l y  shown t h a t  i f  
p,(x) i s  t h e  p r i m i t i v e  idempotent gene ra t ing  a minimal i d e a l ,  
then i f  p 2 ( x )  i s  i t s  r e c i p r o c a l ,  p2 (x )  a l s o  genera tes  a mini- 
m a l  i d e a l  of t h e  same dimension, Therefore ,  t h e  columns of 
(A-6) considered a s  polynomials are elements of an i d e a l  of 
dimension 2k-l  and wi th  t h e  a d d i t i o n  of  a vector of a l l  0 ' s  

form an a d d i t i v e  group under a d d i t i o n  of o r d e r  2k generated by 
k independent elements each of o r d e r  2.  By adding a r o w  and 
column of a l l  0 ' s  t o  (A-6) one o b t a i n s  a modular representa-  
t i o n [ * ]  t a b l e  i n  which both t h e  rows and columns d i sp lay  
t h e  group opera t ions .  A s  an example, consider  t h e  case k=3, 
n=7 and t h e  r i n g  of polynomials modulo ( x  +l). One minimal 
i d e a l  i s  generated by p ( x )  = 1 + x + x2 + x4 and t h e  elements 
are : 

7 

4 p ( x )  = 1 + x + x2 4- x 

5 xp(x )  = x + x2 + x3 + x 
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2 6 x p ( x )  = x2 + x3 + x 4  + x 

3 3 4 5 x p ( x ) = l + x  + x  + x  

4 6 x p ( x )  = x + x4 + x5 + x 

5 2 6 x p ( x )  = 1 + x + x5 + x 

6 6 x p ( x )  = 1 + x + x3 + x 

Writing t h e s e  polynomials i n  mat r ix  form gives  

1 

~ 1 

0 

0 

1 ~1 1 

H e r e  t h e  f i r s t  t h r e e  rows o r  columns may be chosen as t h e  
genera tors  of t h e  group. Writing e f o r  the i d e n t i t y  and a ,  
b ,  and c f o r  e i t h e r  t h e  f i r s t  three rows o r  f i r s t  t h r e e  columns 
g ives  t h e  following modular r e p r e s e n t a t i o n  table. 

TABLE I 

e e a b c (a+c) (a+b+c) (a+b) (b+c) 
e 0 0 0 0  0 0 0 0 

a 0 1 1 1  0 1 0 0 
b 0 0 1 1  1 0 1 0 

C 0 0 0 1  1 1 0 1 
(a+b) 0 1 0 0 1 1 1 0 

(b+c) 0 0 1 0 0 1 1 1 
(a+b+c) 0 1 0 1 0 0 1 1 
(a+c) 0 1 1 0 1 0. 0 1 
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Making t h e  s u b s t i t u t i o n  0-1, l++-l conver t s  t h e  above table 
t o  t h e  Hadamard mat r ix  ( 2 ) .  W e  s h a l l  now show t h a t  t h e  
process holds i n  general .  By t h e  above methods, it i s  clear 
t h a t  a modular r ep resen ta t ion  table of s i z e  2k can be construc- 
t ed  f o r  a r b i t r a r y  k and t h e  s u b s t i t u t i o n  of t h e  - real  numbers 
+1 and -1 f o r  t he  elements 0 and 1 of G F ( 2 )  made. N o t e  t h a t  
m u l t i p l i c a t i o n  of +1's and -1's, i . e . ,  

- 1 x - 1 =  l + + l + l = O  

Thus t h e  modular r ep resen ta t ion  table of t h e  example becomes 
t h e  character t a b l e  

TABLE I1 

a 
1 

-1 
1 
1 

-1 
1 

-1 

-1 

b c  
1 1  

-1 -1 
-1 -1 

1 -1 
1 1  

-1 1 
1 -1 

-1 1 

(a+c) 
1 
1 

-1 
-1 
-1 
1 
1 

-1 

(a+b+c) (a+b) 

1 1 
-1 1 
1 -1 

-1 1 
-1 -1 

-1 -1 
1 -1 
1 1 

(b+c) 
1 
1 
1 

-1 
1 

-1 
-1 
-1 

Vector a d d i t i o n  of two rows ( o r  columns) modulo 2 i n  T a b l e  I 
becomes component-wise m u l t i p l i c a t i o n  of t h e  same r o w s  (columns) 
i n  T a b l e  I1 and holds  f o r  any s i z e  of such tables. Each r o w  
(column) of a character table can be made i n t o  a diagonal  
matrix.  Thus f o r  t h e  column labeled a i n  T a b l e  11: 
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a: 1 
-1 
1 
1 

-1 

1 
-1 
-1 

f - f  

0 0  

-1 0 

0 1  
0 0  

0 0  

0 0  

0 0  

0 0  

0 0  

0 0  

0 0  

1 0  
0 -1 
0 0  

0 0  

0 0  

0 0  

0 0  

0 0  

0 0  

0 0  

1 0  
0 -1 
0 0  

0 

0 

0 

0 

0 

0 

0 

-1 - 

Simi la r ly  f o r  c. It i s  obvious from t h e  above remarks t h a t  
matr ix  m u l t i p l i c a t i o n  i s  isomorphic t o  group m u l t i p l i c a t i o n ,  
i .e. , 

a ++ [a] c ++ [C]  

and t h e  matrices are a group r e p r e s e n t a t i o n  of t h e  a d d i t i v e  
group of t h e  i d e a l .  Furthermore, t h e  i r r e d u c i b l e  representa-  
t i o n s  a r e  obviously of dimension 1 and t h e r e  are p r e c i s e l y  
2 of them. The cha rac t e r s  of a group r ep resen ta t ion  are t h e  
traces of t h e  matrices i n  t h a t  r ep resen ta t ion .  The charac- 
ters of t h e  i r r e d u c i b l e  r ep resen ta t ions  are given by t h e  one 
dimensional +1's and -1's of  t h e  above matrices. Hence, a 
modular r ep resen ta t ion  table can be made d i r e c t l y  i n t o  a 
cha rac t e r  t a b l e  by t h e  same s u b s t i t u t i o n  t h a t  took Table I 
i n t o  Table 11. 

k 

I n  t h e  gene ra l  theory  of group r e p r e s e n t a t i o n s ,  
t h e r e  are s e v e r a l  theorems e s t a b l i s h i n g  o r thogona l i ty  rela- 
t i o n s  between t h e  cha rac t e r s  of t h e  i r r e d u c i b l e  representa-  
t i o n s  of t h e  group. For t h e  above a d d i t i v e  group Ck,  t h e s e  
r e l a t i o n s  become (using S l e p i a n ' s  n o t a t i o n )  

c1 a k 1 X (A) X (B) = 2 6- 
ecCk 

(A- 8)  

(A-9) 
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where x a ( A )  i s  t h e  e n t r y  i n  the  c h a r a c t e r  t a b l e  i n  r o w  A and 
column a and 6 i s  t h e  Kronecker d e l t a .  Thus, (A-8) says  
t h a t  any two columns of t h e  c h a r a c t e r  t a b l e  mul t ip l i ed  toge the r  
component-wise and summed w i l l  b e  zero un le s s  a column i s  
mul t ip l i ed  and summed with i t s e l f .  Equation (A-9) expresses  
t h e  s a m e  r e l a t i o n  f o r  rows. Consider t h e  cha rac t e r  t a b l e  as 
a matr ix  [K] and t ake  i t s  t ranspose  [K] . Then (A-8) and 
(A-9) express  t h e  ord inary  row by column mat r ix  mul t ip l ica-  
t i o n  of [K] and [KIT and thus  imply t h a t  [K] has t h e  Hadamard 
proper ty  

018 

T 

t h e  d e s i r e d  r e s u l t .  

k = 2 [I] 

F i n a l l y ,  it i s  d e s i r a b l e  t o  have a s impler  method of 
genera t ing  t h e  minimal i d e a l s .  A s  noted be fo re ,  t h e  minimal 
i d e a l s  are isomorphic t o  t h e  f i n i t e  f i e l d s  of t h e  polynomial 
r i n g  modulo an i r r e d u c i b l e  polynomial. To genera te  a sequence 
of 0 ' s  and 1's which i n t e r p r e t e d  as a polynomial w i l l  be  a 
c y c l i c  permutation of t h e  p r i m i t i v e  idempotent select from a 
s u i t a b l e  t a b l e  an i r r e d u c i b l e  polynomial of degree k whose 
exponent is  ak- l .  I t  has been shown 17] t h a t  t h e s e  polynomials 
can be considered as delay ope ra to r s  and used t o  cons t ruc t  
b inary  d i f f e r e n c e  equat ions o r  " s h i f t  r e g i s t e r s . "  L e t  y ( n )  be 

a sequence of 0 ' s  and 1's and x y ( n )  = y(n-1) .  Thus, 
p ( x ) y ( n )  = 0 i s  a homogeneous b inary  d i f f e r e n c e  equation. As 
an example, t ake  t h e  polynomial x3 + x2 + 1 of exponent 7. 
Then , 

and y(n-3) + y(n-2) + y ( n )  = o 

o r  y ( n )  = y(n-2) + y(n-3) .  The f i r s t  k=3 p laces  of t h e  sequence 
are a r b i t r a r y  so pick (1, 0 ,  O f . . . } .  Using the  d i f f e r e n c e  
equat ion t h e  o t h e r  t e r m s  are computed as 

(1, 0, 0, 1, 0, 1, 1, 1, 0 ,  0, ... 1 
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t h e  sequence r epea t ing  af ter  t h e  f irst  7 places .  Wri t ten as 
a column vector it can be seen t h a t  t h e  sequence corresponds 
t o  column a of Table I. Appropriate d i f f e r e n c e  equat ions f o r  
var ious N are given below. 

N - 

1 2 7  

255 

511 

1 0 2 7  

2 0 4 7  

Difference Equation 

y ( n )  = y(n-1) + y(n-7) 

y ( n )  = y(n-1) + y(n-3) + y(n-4) + y(n-8) 

y ( n )  = y(n-4) + y(n-9) 

y ( n )  = y(n-3) + y(n-10) 

y ( n )  = y(n-2) + y(n-11) 
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