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ABSTRACT 

The problem considered i n  t h i s  r e p o r t  i s  t h e  laminar,  

two-dimensional boundary l a y e r  generated i n  t h e  immediate 

v i c i n i t y  of a plane shock wave moving over a f l a t  p l a t e  i n t o  

a gas  i n i t i a l l y  a t  rest. Resul t s  are obtained fo r  both a 

p e r f e c t  gas and a real  gas i n  thermodynamic equi l ibr ium 

( n i t r o g e n ) .  The  a n a l y t i c a l  method employed i n  t h e  p re sen t  

s tudy i s  t h e  method of weighted r e s i d u a l s  o r  MWR. I t  i s  

shown t h a t  t h e  MWR f i rs t  approximation agrees  wi th in  six 

percent  w i t h  t h e  r e s u l t s  f o r  sk in  f r i c t i o n  c o e f f i c i e n t  given 

by Mirels and modified by Lam and Crocco f o r  a p e r f e c t  gas;  

an MWR second approximation i s  a l s o  computed and shows agree- 

ment wi th in  one percent  o r  b e t t e r .  Real gas s o l u t i o n s  a r e  

ca l cu la t ed  f o r  an MWR second approximation and compared-with 

t h e  p e r f e c t  gas r e s u l t s .  T h e  primary u t i l i t y  of t he  p re sen t  

work i s  i ts  app l i ca t ion  t o  the  shock induced f l o w  over a 

semi - in f in i t e  f l a t  p l a t e  where t h e  leading-edge i s  taken i n t o  

account. This extension,  assuming boundary-layer approxima- 

t i o n s ,  i s  given i n  a companion r e p o r t .  



ACKNOWLEDGMENTS 

iii 

The au thors  wish t o  acknowledge Purdue Universi ty  for  

providing computer funds during the  e a r l y  phases of t h i s  

work and NASA-’Ames Research Center f o r  t h e i r  support under 

Grant 15-005-077. I n  p a r t i c u l a r ,  thanks are given t o  M r .  

M. W. Rubesin and M r .  L.  L .  Pres ley  of NASA-Ames for  t h e i r  

he lp  and cons t ruc t ive  criticism a t  var ious  s t a g e s  of t h e  

work, and t o  Professors  F. P.  Incropera and F. J. Marshall 

and Doctors S .  J. Koob and G.  S .  D e i w e r t  fo r  t h e i r  va luable  

d iscuss ions .  The  work on which t h i s  r e p o r t  is  based has 

been up-dated from t h e  Ph.D. Thesis of D r .  M. I. 0. Ero, 

completed i n  March, 1968.  



TABLE OF CONTENTS 

iV 

2 .  MXTHEMATIGU FORMULATION ., . . . . . a . . 5 

3 .  ANALYSIS BY THE mvmD OF WEIGHTED RESIDUALS (. e . 11 

3 - 1  Approximating and Weighting Functions a . . (I 13 
3.1.1. Approximating Funct ions .  a ,, I . 15 
3-1.2 Weighting Funct ions .  a . e ,, e 19 

3.2 The Approximate System of Equations e ., e . 21 

4. SOL1J':LION FOR N=X: FIRST APPROXIFATION . I a . 24  

5, SOLUTION FOR N = 2 t  SECOND A3?I?ROXI;MA'TION a . e . 31 

5 . 1  Shock-Fixed F o r m u l a t i o n  I . ', . . 1) e 35 
5 . 2  Perfect Gas Solu t ion .  . i) . . . e . . . e 39 
5 , 3  IXeaT Gas Solu t ion  . . . " . Y . Y . Y . . b . 42 

6. SUMI!!ARY A 3 D  CONCLUSIONS, (I . ,, . e . ,, e . . 55 

7. REFERENCES a ~ . . . . . . . . . .' e 5 '7 

Table I: Boundary Layer Paranet:ers, Perfect Gas e . I 59 
Table 2: v'elociky P r o f i l e ,  Perfect Gas.  . . a e . 62 
T a b l e  3: ~ou3zdary Layer. Parameters, Real Gas. a . 6 5  



LIST OF SYMBOLS 

cf 

P C 

f 

QC 

h 

J 

K 

L 

P 

Fr 

Q 
pi 

ReL 
t 

u 

V 

w 

x 

Y 

6 

6" 

& * &  

Skin f r i c t i o n  coefficient, [p g] /p,$ 
o m  

Y=o 
- e  Specific heat at constant pressurel B.tu/lbm 

Weighting func t ion  def ined by equat ions (3.181 and (5.20) 

Gravitatiional constantf  32.174 ft/sec 

Dimensional static enthalpyt Btu/'J.bm 

JauLe rnechaubical equivalent of heat, 778-16 fL-lbf/Btu 

2 

Characteristic l e n g t h  

Staksic pressure outside boundary layer; also a dummy 
variable defined in CJll2) 



Vi 

&*** - Energy dissipation Phickness ,  equations (5.26f) and (D.13b) 

n 
Is 

v 

4 

P 

9 

5 

T 

e 

e 

i. 

L 

m 

n 

W 

* 

** 

h 

- Nondimensianal transverse coordinate ,  y 

- Dynamic viscosity 

- Kinematic viscosity 
- Nondimensional t ranspor t  variable, pp/peu, 

- Densi ty  

- Dummy variable used in (5.19) 

- Nondimensional l a n y i t w d i n a l  variable x/L 

- Nondirnensional t i m e  variable, Uet/L 

- Inverse of t h e  gradienk of the nondimensi.ona1 velocity 
giver1 by ( au* /aq ) - l  

Subscripts and Superscr ip ts  

- V a r i a b l e  evaluated outside the boundary layer 

- Indexing subsc r ip t  as in hof hlP etc. 

‘I Characteristic l angth  of flat pla te  
I - Used wi th  respect to rl such t h a t  q, = J U T ;  j p/p, dy 

- Nodal index 0 

- Value of a variable evaluated at .the wall 

- Denotes variable nondimensionmlized w i t h  respect to its 
value at the outer edlge of the  boundary layer i n  pla te  
fixed caordinatea 

- Variable n~ndimcnsiunaXized w i t h  respect ta i ts  value 
at the outer edge of the baurrdary layer in stlock wave 
f i x e d  coordinates 

- Dimensional variable in S ~ Q &  wave fixed coardinates 



1, INTRODUCTIOM 

The problem to be considered in mis report is the 

viscous f l e w  in t he  immediate v i c i n i t y  of a plane shock wave 

moving over a flat surface inta a gas i n i t i a l l y  at rest-,, The 

flow will Be atsumed to sa t i s fy  t h e  laminar boundary-layer 

equations w i t h  zero pressure gradient. While such assumptions 

are not  well satisfied on the walls of shock tubes ,  they are 

IXSSOnably good approxirn,ations for the shock induced f b t J  On 

a shock tube s p l i t t e r  plate .  Solu t ions  for t h i s  problem have 

been reported by i3 number of investigators,  inc luding  Mire1.s 

111 y Aekroydi f 2 , 3 J ,  and as a part of the ana lys i s  of Lam arad 

Crocco E41. Thus, the resu l t s  for a perfect gas to be reported 

here will not be new. 

is to first,  present  a new method crf aimalysis For such flows 

and make ,comparisons w i t h  the ear l ier  work, and second, to 

develop the basis  f o r  the extension o~f the new method to 

i n c l u d e  t h e  leading edge effects of t h e  spl i t ter  p la te  and 

thus analyze the ~~mp%et;.;e s e m i - i n f i n i t e  splitter p l a t e  problem 

(the complete analysis is given in a ccmpanicm report5 

Rather, the purpose of the present work 

The flow under consideratian is sh.0wn in Figure 1, 

Figure la xepresents; the! unstx~ady flow a.s seen by an okis.srver 

fixed relative to the wa1J.1. By assmln.g that: there 9s n.a 
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(a) F l a w  ReZat.ive to the P l a t e .  

us - 
S t a t i o n a r y  

Shock 
Wave 

uw = us 

(b) Flow R e l a t i v e  to the Shock Wave, 

Figure 1: The Boundary Layer Behind a Moving Shock Wave. 
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attenuation of the shock wave, the problem may be considered 

as quasi-steady by cansidering the flow re lat ive to the shock 

wave,. see Figure lb, Solutions i.n either reference frame 

must of caursep be equivalent ,  however the quasi-steady approach 

is simpler to analyze because t i m e  does not enter explicitly 

as an independent variable and the previous work an t h i s  pro- 

blem has taken advantage of t h i s  factor* The analysis to be 

reported here will considern to some extent ,  both reference 

frames, However, the major i ty  sf the analysis w i l l  be for  

the unsteady flaw cas8 because t h e  u l t i m a t e  goal of the present 

analysis will be i t s  extension to inclu.de the plate Leading 

edge; a problem f o r  w h i c h  t l z e  flaw is t r u l y  unsteady both 

relative to t h e  p l a t e  and t he  sliock wave. 

The p r e s e n t  ana1.ysi.s wi3.1 consider so lu t i ans  f o r  bath a 

perfect gas and a real yips in therrn~dynmic equilibrium, 

Although the flow to be a n a l y ~ e d  is consider& to model con- 

d i t i o n s  in a shack tubec the vzriation of thermodynamic pari- 

abEes suc& as density and enkhalpy are assunled to be monotonic 

in accordance w i t h  t.be e a r l i e r  work w h i c h .  w i l l  be used as a 

basis of comparison f u r  the present r e s u l t s .  Thusip even 

though real  gas soluticsns w.iI.1 be developed, a restricted 

range o€ shock wave velocitiss is inheresbt3.y assumed, 

The anal.yticalL method earpIoyed in the presen t  work is the 

method of weighted rtssidual-s or MWR. It will be: shown that an 

MWR first apyrorximatian is in excel1en.k. agseanent with the 

results of Mj.re:Ls 11'1 who employed an integral. techmique and 
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the results of Lam axrd Croicco [4] who used a numerical f i n i t e  

difference method, Results f o r  an MWR second approximation 

will-also be given f o r  both a perfect and a rea l  gas 

(ni t rogen)  * 
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2.  JHATHEMATICAL FORMULATIOH 

The flow under consideration is a laminar two-dimensional 

boundary layer generated by a plane shock wave moving over a 

flat plate and is shown in Figure 1. Relative to the plate,  

the shock wave is located at a point  x,(t)  I where x,(t) = U s t  

and Us is the velocity of the shock, measured with respect to 

the leading edge of the plate which is assumed far upstream 

and out of consideration of the present analys is  (a companion 

report will consider the effect  of t h e  plate Leading edge). 

Time 1s also measured relative to the shock wave arrival at the 

leading edge, but this too is not relevant to the present 

analysis. The following assumptions are made: 

(i) The shock wave is plane, attached to the plate,  and 

does not attenuate w i t h  timeY 

(ii) The conditions outside the boundary layer behind 

the moving shock wave are adequately related to the conditions 

ahead of the shock by t h e  Rankine-Hugoniot re lat ian for  a 

normal shock. 

(iii) The boundary layer is laminar, at constant pressure, 

and is adequately described by the classical two-dimensional 

WStti?ady boundary-layer equations for  a compressible flow. 

( i v )  The f l u i d  is considered to be either a perfect gas 

w i t h  constant Prandtl number, or a real gas in thermodynamic 

equilibrium. 
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Under the above assumptions, the following governing 

equations are obtained fo r  flow relative to the plate: 

@Wit fnu i t y 

a u  
Pat' ax 4- pu- t pv- = - au 

= o (flat p l a t e  c a s e )  ( 2  3b) ax 

Energy - 

Thc thermodynamic  and transport p r o p c r t y  r e l a t i . o n s  are 

assumed i n  t h e  f o r w :  

p = p ( h 1  I '  
The b o u n d a r y  cc jn6i t ions  fop v e l o c i t y  and enthalpy d i s " c r i b u -  

t i o n s  are: 
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where u is  the long i tud ina l  v e l o c i t y  p a r a l l e l  to ,  and v is  

t h e  t r ansve r se  v e l o c i t y  perpendicular  t o ,  t h e  p l a t e ,  respec- 

t i v e l y .  It  w i l l  also be assumed t h a t  t he  w a l l  temperature 

remains cons tan t  during the flow. Thus 

hw = cons tan t  (2.6k) 

This last assumption can be j u s t i f i e d  by t h e  l a r g e  thermal 

capac i ty  of t h e  s p l i t t e r  p l a t e  and t h e  s h o r t  du ra t ion  of 

shock tube flows. 

I t  is  convenient t o  normalize t h e  dependent variables 

i n  equat ions  (2.1) t o  (2.6) with r e s p e c t  t o  t h e i r  values  in 

t h e  f reestream, and t o  d e f i n e  nondimensional independent 

variables as follows: 

(2.7b) 

( 2 . 7 ~ )  

(2.7d) 

(2 .7e)  
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U t  

L 
e * = -  (2.7i) 

where L is an arbitrary reference length. Under the above 

transformation, the governing equations become: 

Cont Fnu it y 

PI o rn c n t u '12 

(2.109 
P r o p e r t y  e q u a t  ior is  

( 2 .  lla) 
( 2 .  l l b )  

(2 * l l c )  
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Boundary Conditions 

(2.12a) 
(2.12b) 
( 2 .  L2c) 
(2  . 12d)  
(2.12e) 
( 2 . 1 2 f )  
( 2  0 1253) 
( 2  . 12h) 
(2 .12 i )  
( 2 . 1 2 j )  

Equations ( 2 . 8 ) ,  (2.9), and (2.10)  a r e  p a r t i a l  d i f f e r -  

e n t i a l  equat ions i n  t h e  three independent variables C,q, 

and “1. .It is well known (see, f o r  example, Mirels [l]) t h a t  

t h e s e  t h r e e  equat ions may be reduced t o  a system of two 

coupled ord inary  d i f f e r e n t i a l  equat ions  by following t w o  

s t eps :  f i r s t ,  by transforming t o  shock-fixed coord ina tes  

which e l imina te s  T, and then employing a s i m i l a r i t y  t rans-  

formation t h a t  combines 5 and rl i n t o  a s i n g l e  variable. 

Addi t iona l ly ,  t h e r e  is  a t ransformation first proposed by 

Stewartson and employed i n  de ta i l  by Lam and Crocco 141 and 

H a l l  [5,6,7] which combines the  three p la te - f ixed  v a r i a b l e s  

i n t o  t w o  s i m i l a r i t y  v a r i a b l e s .  While t hese  s i m i l a r i t y  

t ransformations do have an advantage for a n a l y s i s  of the 

p resen t  problem of f l o w  behind a shock wave, they prove t o  

be of more academic r a t h e r  than a n a l y t i c a l  i n t e r e s t  i n  t h e  

genera l  case where the  leading edge is  considered. Thus, 
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i n  t h e  p re sen t  report, the f u l l  equat ions ( 2 . 8 ) ,  (2.9), and 

(2.10)  w i l l  be analyzed i n  t h e  next  s e c t i o n  by the  method of 

weighted r e s i d u a l s  (MWR). I t  w i l l  be shown i n  a la ter  s e c t i o n  

t h a t  the  r e s u l t i n g  MWR first  approximation leads t o  an ana- 

l y t i c a l  s o l u t i o n  which provides considerable  i n s i g h t  i n t o  t h e  

problem i n  genera l ,  as w e l l  as s e t t i n g  the  s t a g e  f o r  t h e  

tGeatment of the more general ,  and i n t e r e s t i n g ,  l ead ing  edge 

problem. I t  w i l l  be shown i n  the p resen t  work however, t h a t  

h igher  MWR approximations than the first can b e s t  be obtained 

numerically by r e v e r t i n g  t o  the shock-fixed coord ina tes ,  

although when the leading edge effect i s  included i n  the  

companion r e p o r t ,  t h i s  a n a l y t i c a l  advantage is los t  and the  

p resen t  formulation as given above i s  again employed for all 

orde r s  of MWR approximation. 
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3 .  ANALYSIS BY THE METHOD OF mICHTED RESIDUALS 

An analysis will now be developed to reduce the governing 

equations and boundary conditions ( 2 . 8 )  to (2.12) in three 

independent variables to a system of equations in two inde- 

pendent variables. 

employing the method of weighted residuals or MWR, a technique 

that has been used in the past for a variety of boundary- 

This reduction will be achieved by 

layer problems (see [8,9,10,11,12,13]). T h e  general theory 

underlying the MWR has been extensively reviewed and discussed 

in References 8 and 9 and will not be repeated here, however 

the analytical details of the method as applied to the present 

problem will now be carefully outlined. 

The various steps of the method may be described as 

follows. First, equation ( 2 . 8 )  is multiplied by fi(u*)* and 

( 2 . 9 )  by dfi (u*) /du* where fi (u*) , the "weighting function" , 
is a function of u*, temporarily assumed arbitrary; the 

resulting two equations are added, yielding 



1 2  

Second, equat ion (2.10) is  mul t ip l i ed  by f i (u* )  and equat ion 

(3.1) by h*; t he  two r e s u l t i n g  equat ions a r e  added toge ther  

t o  y i e l d  

Third,  the  r e s u l t i n g  equat ions (3.1) and (3 .2)  a r e  i n t e g r a t e d  

w i t h  r e spec t  t o  tl from 0 t o  0 3 ,  and the v a r i a b l e  of in tegra-  

t i o n  is  changed from n t o  u* y i e l d i n g  the  following integro-  

d i f f e r e n t i a l  equations: 

-1 
where 8 = (%*I (3-5) 
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Recognizing t h a t  t h e  func t ion  b(E;,u*,-r) def ined  by equat ion 

(3.5) is proportional t o  t h e  inverse  of t h e  shear stress, 

and t h a t  0 now replaces  u* i n  t h e  governing equat ions a5 a 

dependent v a r i a b l e ,  t h e  appropr ia te  boundary condi t ions  may 

be w r i t t e n  as: 

(3.6a) 

(3.6b) 

I n  gene ra l  it is  n o t  p o s s i b l e  to ob ta in  a n a l y t i c  solu- 

tions t o  equat ions ( 3 . 3 )  and ( 3 . 4 )  However, by s u i t a b l y  

approximating the  dependent v a r i a b l e s  0 and h* (as well as 

p * ( h * ) ) ,  s e l e c t i n g  appropr ia te  v a r i a t i o n s  of t h e  phys ica l  

p r o p e r t i e s  4 and P r ,  and employing t h e  weighting func t ion  

f i (u* )  t o  a s su re  t h a t  c e r t a i n  mathematical requirements a r e  

satisfied,  approximate s o l u t i o n s  may be formulated t o  provide 

( t h e o r e t i c a l l y )  any desired accuracy. The s e l e c t i o n  of the  

approximating and weighting func t ions  i s  n o t  completely 

a r b i t r a r y  b u t  must be guided by both phys ica l  and mathematical 

requirements.  These requirements w i l l  now be examined i n  

some d e t a i l .  

3.1 Approximating and Weighting Functions 

It is n o t  p o s s i b l e  a p r i o r i  t o  formulate t h e  exact  

f u n c t i o n a l  expressions for p * ,  h* and 8 .  However these 

func t ions  may be approximated by s u i t a b l e  expressions which 

preserve  known phys ica l  c h a r a c t e r i s t i c s  across  t he  boundary 

l aye r .  The formulation of these approximating func t ions  w i l l  
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be discussed i n  Sec t ion  3.1.1. Replacement of the exac t  

expressions fo r  p* ,  0 ,  and h* i n  equat ions ( 3 . 3 )  and (3.4) 

by the corresponding func t iona l  approximation completes t h e  

reduct ion  t o  a problem i n  two independent variables, 5 and T. 

The sense i n  which t h e  i n t e g r o - d i f f e r e n t i a l  equat ions remain 

e x a c t  upon s u b s t i t u t i o n  of the approximating func t ion  i s  

revealed through t h e  proper i n t e r p r e t a t i o n  of the weighting 

func t ion  f i (u*)  ; the  fi(u*) must be chosen first w i t h  t h e  

view that t h e  error developed by r ep lac ing  exac t  func t iona l  

r e l a t i o n s  by approximate expressions and weighted by t h e  

func t ions  f i (u* )  i s  zero over t h e  range of t h e  i n t e g r a t i o n .  

I n  genera l ,  therefore, t h e  role of f i ( u * ) ,  i = 1, 2,...NI is  

t o  preserve the sense i n  which the  i n t e g r o - d i f f e r e n t i a l  

equat ions are exac t  even when p* ,  8 ,  and h* a r e ' r e p l a c e d  by 

approximating func t ions .  I n  t h e  a n a l y t i c a l  sense ,  it is 

clear tha t  the f i (u*)  are orthogonal t o  the error i n  the 

i n t e r v a l  O<u*<l. Error equat ions of the  type def ined above 

w i l l ,  in.  subsequent s e c t i o n s ,  be called t h e  r e s i d u a l  equa- 

t i o n s .  The de r iva t ion  of the  weighting func t ion  i s  d iscussed  

i n  Sec t ion  3.1-2. 

The or thogonal i ty  requirement above imposes an a d d i t i o n a l  

c o n s t r a i n t  on a l l  the free parameters which go i n t o  de f in ing  

the approximating func t ions .  By using weighting func t ions  

f i ( u * ) ,  i = I, 2,...N, it is poss ib l e  t o  ob ta in  N simultaneous 

p a r t i a l  d i f f e r e n t i a l  equat ions which determine N f r e e  parameters 

used i n  the approximating funct ion.  Thus i n  add i t ion  t o  satis-  

fy ing  the known phys ica l  characteristic of p*,  8 and h*, it i s  
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p o s s i b l e  t o  use  an a r b i t r a r y  number of free parameters t o  

ensure their accura t e  determination. 

. T h e  technique described above is the classical method 

of weighted r e s i d u a l s .  Its s i m i l a r i t y  t o  t h e  Kdrmgn-Pohl- 

hausen i n t e g r a l  method is clear, where it w i l l  be recalled 

t h a t  the approximation func t ion  for the  v e l o c i t y  p r o f i l e  is 

obta ined  f r o m  t h e  no s l i p  condi t ion  at the  w a l l ,  and com- 

p a t i b i l i t y  a t ‘ t h e  o u t e r  edge of the boundary l aye r .  

3 .1 .1  Approximating Functions 

The f i rs t  p r e r e q u i s i t e s  i n  t h e  s e l e c t i o n  of approximating 

func t ions  are tha t  the  proper  phys i ca l  characteristics of 

the func t ions  must be assured by the assumed mathematical 

formulation, and t h a t  the  r e s u l t i n g  i n t e g r a l s  must be bounded 

and should be such t h a t  they can be either evaluated analyt-  

i c a l l y  o r  t o  s u f f i c i e n t  accuracy by numerical computation. 

Advantage may be taken of the  occurrence of func t iona l  

groups i n  equat ions ( 3 . 3 )  and (3.4) as a c l u e  i n  formulating 

the approximation func t ions .  Because the group p*B always 

appears together, it is  convenient t o  w r i t e  a s i n g l e  approxi- 

mat ion  €or this product. But before doing t h i s ,  it is  

i n s t r u c t i v e  t o  observe t h a t ,  phys i ca l ly ,  p*0 r ep resen t s  the 

product  of the  nondimensional d e n s i t y  r a t io  p*  and t h e  

inverse of the nondimensional v e l o c i t y  g rad ien t  8 = (au*/aq)’l. 

The condi t ions  t o  be sat isf ied by t h e  approximating func t ion  

f o r  the product of p* and 0 can be r a t i o n a l i z e d  by consider ing 

their ind iv idua l  q u a l i t a t i v e  behavior.  
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I n  Sketch la is  shown the  v e l o c i t y  d i s t r i b u t i o n  asso- 

ciated w i t h  a zero pressure grad ien t  f l o w  of a f l u i d  over a 

s t a t i o n a r y  f l a t  plate. 

zero a t  the wall t o  the v e l o c i t y  a t  t h e  edge of the boundary 

l aye r .  Thus i n  genera l ,  t h e  v e l o c i t y  d i s t r i b u t i o n  satisfies 

the following condi t ions  

The v e l o c i t y  grows uniformly from 

(3.7b) 

(3.7c) 

where 6 is  the  local boundary-layer thickness. From the 

t r ends  i n  Sketch laf t h e  q u a l i t a t i v e  form of t h e  velocity 

g r a d i e n t  and i ts  inve r se  i n  shown i n  Sketch lb .  

U* 1 

Sketch La Sketch lb 
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The foregoing d iscuss ion  suggests  t h a t  t h e  approximating 

func t ion  chosen for t h e  inve r se  of t h e  v e l o c i t y  g r a d i e n t  

must .preserve the following c h a r a c t e r i s t i c s .  

( 3  8a) 

(3.8b) 

The r ep resen ta t ion  of 8 with a polynomial is compli- 

cated by the  Eact that 8 t ends  to  i n f i n i t y  as u* tends t o  

one. Thus, a s i n g u l a r i t y  of 8 of a t  least  t h e  f i r s t  order 

exis ts  a t  u* = 1. It is necessary t o  c h a r a c t e r i z e  t h i s  

s i n g u l a r i t y  by as high an order as possible i f  compa t ib i l i t y  

condi t ions  a t  t h e  edge of the  boundary layer are t o  be 

enforced. However, it is  n o t  p a r t i c u l a r l y  h e l p f u l  t o  impose 

compa t ib i l i t y  condi t ions  s i n c e  the  o u t e r  edge of t h e  boundary 

layer is usua l ly  taken as s a t i s f a c t o r i l y  f ixed a t  a p o i n t  

where t h e  boundary-layer v e l o c i t y  approaches t o  wi th in  99 

percen t  of t h e  freestream v e l o c i t y .  Therefore assuming 0 has 

a f i r s t  o rde r  s i n g u l a r i t y  a t  u* = 1, the €unction may be 

represented  by 

where N = 1, 2 , . . .  is  a s soc ia t ed  with t h e  order of approxi- 

mation of the unknown va r i ab le .  

The nondimensional dens i ty  r a t io  p *  varies between u n i t y  

a t  t h e  o u t e r  edge of the boundary l a y e r  and a value of pw/pe 

a t  t h e  w a l l .  The va lue  of p,/p, i n  genera l  depends on t h e  
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p resc r ibed  w a l l  condi t ions .  I n  shock tube a p p l i c a t i o n s ,  

pw/pe may vary from u n i t y  for an acous t i c  wave t o  a number 

g r e a t e r  than one f o r  moderate i n t e n s i t y  shock waves. Var i a t ions  

of p* wi th in  t h e  boundary l a y e r  depend on a combination of 

f r i c t i o n a l  hea t ing  and t h e  w a l l  value.  For t h e  p re sen t  case 

of moderate i n t e n s i t y  shock waves, it w i l l  be assumed t h a t  

an adequate approximation for  p*B may be w r i t t e n  as: 

(3.10) 

cons i s t an t -  wi th  equat ion (3.9) . 
The v a r i a t i o n  05 t h e  nondimensional dens i ty  and enthalpy 

ratios (z*, h*, and the  thermodynamic and t r a n s p o r t  p roper ty  

ratios 9 = pp/pepe and g = ( P P / P ~ I / ( P ~ P ~ / P ~ J  can be repre- 

s en ted  by a dummy v a r i a b l e  P(S,u*,-r) which has  the following 

characteristics: 

P ( C , O , Z )  = Pw 

P ( C , l , T )  = 1 

where 

A s u i t a b l e  approximation for P is  assumed t o  be 

(3. lla) 

(3.1lb) 

(3.12) 

(3.13) 
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It is  convenient t o  formulate a separate approximating 

func t ion  €or the inve r se  of p * 0  whenever t h i s  occurs on t h e  

right hand side of the i n t e g r o - d i f f e r e n t i a l  equat ions ( 3 . 3 )  

and ( 3 . 4 ) .  However, it is  h e l p f u l  t o  note  t h a t  i n  t he  in tegro-  

d i f f e r e n t i a l  equat ian ,  the inverse  of p * 0  occurs only as 

+/p*e or ($ /Pr ) /p*6 .  I n  genera l  therefore, whenever the 

i nve r se  of p*B occurs as t h e  group Q / p * B r  t h e  following 

approximation is used 

N 
- =  * (l-u*j 1 di (S , r )  u * ~  
P*0 i = O  

where the dummy v a r i a b l e ,  Q, i s  given by 

i4 
i cp + 4)IPr 

Q E i @/Pr 
i 

(3.14) 

(3.15) 

T h i s  form has been used by Pavlovski i  1131 i n  t h e  s tudy of 

s teady  compressible f l o w  over  a b l u n t  body w i t h  s p h e r i c a l  

l ead ing  edge and c y l i n d r i c a l  t r a i l i n g  edge. 

S p e c i f i c a t i o n  of t h e  var ious  approximating func t ions  is 

now achieved. I t  remains t o  complete t he  a n a l y s i s  by 

s e l e c t i n g  t h e  weighting func t ions .  

3.1.2 Weighting Functions 

It  has been noted t h a t  t h e  weighting func t ions  f i ( u * I f  

i = 1,2,. ..N, preserve the  sense  i n  which equat ions  (3.3) and 

(3.4) are exac t  mathematical expressions. I n  Sec t ion  3.1, it 

was deduced that t h e  f i (u* )  a r e  orthogonal t o  t h e  r e s i d u a l  

equat ions i n  t h e  i n t e r v a l  O<u*<l. fn add i t ion  to t h i s  ortho- 

gona l i ty  condi t ion ,  it is necessary i n  equat ions ( 3 . 3 )  and 
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( 3 . 4 ) ,  t h a t  the f i  (u*) be l i n e a r l y  independent; t h a t  is ,  it 

should be impossible t o  f i n d  a real  set of nonzero Xi such 

t h a t .  
M 
1 Xifi(U*) = 0 (3.16)  

i=l 

where M is  any i n t e g e r  such that  M > 1 .  I t  i s  thus  poss ib l e ,  

subject t o  equat ion (3.16), t o  ob ta in  systems of simultaneous 

independent equat ions f r o m  equat ions ( 3 . 3 )  and (3.4) by using 

any convenient number of func t ions  from the set f i (u* ) .  

t h i s  p o i n t  the  choice of func t iona l  expressions fo r  f i (u*)  i s  

A t  

s t i l l  arbi t rary;  t h e  a d d i t i o n a l  c o n s t r a i n t s  which w i l l .  be 

enforced i n  making a s e l e c t i o n  of a set of func t ions  are 

determined from the  following requirements: 

(i) 

(ii) 

(iii) 

Thus 

f i (u* )  should be a uniformly varying set of 

func t ions  a t  least  t w i c e  d i f f e r e n t i a b l e ,  

f i (u*)  should be such t h a t  t h e  in tegrands  i n  ( 3 . 3 )  

and ( 3 . 4 )  can be evaluated without  excessive labor, 

and 

f i (u*)  should approach 0 as u* + 1 so t h a t  the first 

i n t e g r a l  i n  ( 3 . 3 )  or  ( 3 . 4 )  is bounded. T h i s  requi re -  

ment occurs  because p * 0  tends t o  i n f i n i t y  as u* 

approaches uni ty .  

a s a t i s f a c t o r y  choice of f i (u*)  must s a t i s f y  the  

i n e q u a l i t y  

(3.17) 
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The i n e q u a l i t y  i n  equat ion (3.17) can be satisfied i n  a 

gene ra l  way if the  s i n g u l a r i t y  associated with p*0 i n  equa- 

tion . ( 3 . - t l )  i s  el iminated i n  the  product  of fi(u*) and p * 8 .  

I f  f i (u*)  is  chosen as follows: 

(3.18) i f i (u*)  = (1-u*) ; i = 1,2,. ..,N 

then  f i (u*)  satisfies a l l  the r equ i r ed  condi t ions.  

i nc reas ing  values of the exponent i, it is  possible t o  

With 

accommodate h igher  order  s i n g u l a r i t i e s  of p*O as u* approaches 

un i ty .  These E tu*) given by equat ion (3.18) are monotonically 

decreasing func t ions  of u*. Equations ( 3 . 3 )  and ( 3 . 4 )  can now 

be i n t e g r a t e d  once the dependent v a r i a b l e s  p*O and h*, and the 

weighting func t ions  are replaced by t h e  approximating and 

weighting func t ions  der ived  i n  t h i s  s ec t ion .  I t  may be noted 

t h a t  because the c o e f f i c i e n t s  ai, bi, ci, and di are func t ions  

of 5 and T only,  t h e  r e s u l t  of i n t e g r a t i n g  equat ions ( 3 . 3 )  

and ( 3 . 4 )  is  a system of simultaneous p a r t i a l  d i f f e r e n t i a l  

equations, involving these c o e f f i c i e n t s  as the  unknowns. I n  

t h i s  s tudy ,  t h e  c o e f f i c i e n t s  ai, bi, c 

solely from boundary condi t ions ,  they are a l s o  related t o  

and di are n o t  derived i 

values of t h e  dependent v a r i a b l e s  a t  p o i n t s  i n t e r i o r  t o  t h e  

domain of i n t e r e s t ,  (O<u*<l).  T h e  d e r i v a t i o n  of expressions 

for  these c o e f f i c i e n t s  i s  described i n  Appendix A. 

3.2 The Approximate System of Equations 

S u b s t i t u t i o n  of the approximating func t ions  i n t o  t h e  

i n t e g r o - d i f f e r e n t i a l  equat ions y i e l d s  ?N-3. p a r t i a l  d i f f e r -  

e n t i a l  equat ions obtained by using N func t ions  i n  succession 
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from f i (u*)  i n  t he  reduced momentum equat ion ,  and N - l  func t ions  

i n  succession f r o m  f i (u*)  i n  the reduced energy equation. 

p a r t i c u l a r ,  i f  the approximating func t ion  c o e f f i c i e n t s  are 

chosen such t h a t  

I n  

(3.19a) 

( 3  . 19b) 

( 3 . 1 9 ~ )  

for i = 0, 1, 2 . . - H - 3  

then the r e s u l t i n g  sysrem of e q u a t i o n s  i n  23-1 u n k ~ o w n s  a r e  
3-1 8-3. 

( D i e i !  = 1 7  e 1 '  + (3.20) 
-J =o 5 jJ 

j . =  0, I, 2, . - . N-1 

(3.21) 

i =  1, 2 ,  . " . M - 1  

i n  which N=1,2,3, ..., and the dots over piEli and hi i n d i c a t e  

d i f f e r e n t i a t i o n  w l t h . r e s p e c t  to T, whi le  t h e  primes over  

piei and hi r ep resen t  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  5 .  

The c o e f f i c i e n t s  ai j  

c e r t a i n  func t ions  of p . 6  

and eij are numbers or di j bi j  ,cij , 
1 i' hi and the t r a n s p o r t  p r o p e r t i e s  

and (@/Pr) i .  The boundary condi t ions  a s soc ia t ed  wi th  @i 
equat ions (3.20) and (3.21) are: 

(3.22a) 

(3.22b) 
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The system (3.20) and (3.21)  w i l l  be referred to  i n  what 

follows as t h e  approximating system i n  t h e  a-th approximation. 

T h e  system is closed and coinpatible i n  t he  sense t h a t  the 

approximating system has been der ived  from a well-posed 

problem. The c o e f f i c i e n t  ho i n  equat ion (3.21)  is assumed 

known from t h e  boundary condi t ion  a t  the w a l l  i n  the form 

hw = constant .  
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4. SOLUTION FOR N = l :  FIRST APPROXIMATION 

There are 2N-1 unknown parameters i n  t h e  approximate 

system of equat ions (3 .20)  and (3.21), where N r ep resen t s  

t h e  o rde r  of the  approximation. Since there are 2 N - 1  inde- 

pendent p a r t i a l  d i f f e r e n t i a l  equat ions ,  N from (3.20)  and 

N - 1  f r o m  (3.21), s o l u t i o n s  can be obtained f o r  t h e  func t ions  

piei  and hi. 

obtained f o r  t h e  first approximation, N = l ,  and t h e  r e s u l t  

I n  t h i s  s ec t ion ,  an a n a l y t i c  s o l u t i o n  w i l l  be 

compared with t h e  r e s u l t s  of Mirels El] and Lam and Crocco 

E41 f o r  a p e r f e c t  gas .  I n  t h e  next  s e c t i o n ,  t h e  second 

approximation w i l l  be obtained f o r  both a p e r f e c t  gas and a 

real gas. 

The f i rs t  approximation is obtained from equat ions (3.20) 

and (3 .21)  by s e t t i n g  N = l .  The r e s u l t i n g  equat ions are: 

1 I $0 
( p  8 ) = - - 2 + - 

p 2 0  0 0  

ho = constant  

The boundary condi t ion  i s  
f t  

(4.1) 

Equations ( 4 . 1 )  and (4.2) are coupled i n  a t r i v i a l  sense.  

Because the c o e f f i c i e n t  ho is  a cons t an t  f r o m  equat ion ( 4 . 2 1 ,  

the t r a n s p o r t  property $o is  also cons tan t .  

condi t ion ,  it is  poss ib l e  t o  de r ive  t h e  following genera l  

For t h i s  simple 
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Applying t h e  boundary condi t ion ( 4 . 3 )  y i e l d s  : 

N o t e  t h a t  it is  n o t  necessary t o  spec i fy  an i n i t i a l  condi t ion  

on T t o  ob ta in  a s o l u t i o n  for  t h i s  problem. This  is  simply 

a r e s u l t  of the phys ica l  f a c t  t h a t  t i m e  T and d i s t a n c e  5 are 

t r i v i a l l y  related by t h e  stretched coord ina te  

appearing n a t u r a l l y  i n  equat ion ( 4 . 5 )  I another  way of saying 

t h a t  i n  shock-fixed coord ina tes ,  t h e  problem i s  s teady.  

Us-r/Ue - 5 

From equat ion (3.13), t h e  r e s u l t i n g  enthalpy d i s t r i b u t i o n  

becomes 

and t h e  c o e f f i c i e n t  ho i s  ho = hw/he. 

T h e  l o c a l  sk in  f r i c t i o n  c o e f f i c i e n t  i s  def ined as 

- (p ely =O 
cf - 2 

'eu, 

I n  t h e  terminology of t h i s  r e p o r t ,  t h e  expression becomes: 

( 4 . 7 )  
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where Rex = Uex/ve. Equation ( 4 . 7 )  i s  an exact r e l a t i o n  

t h a t  holds  for  a l l  orders of approximation. S u b s t i t u t i n g  

t h e  a n a l y t i c  s o l u t i o n  f o r  t h e  f i r s t  approximation given by 

equat ion (4.5) y i e l d s  t h e  r e s u l t :  

..-, 
As a p a r t  of t h e i r  a n a l y s i s ,  Lam and Crocco [ 4 ]  solved 

f o r  t h e  bmndary-layer f l o w  behind a moving plane shock wave 

assuming a p e r f e c t  gas ( they a l s o  considered t h e  leading-edge 

problem). On the  basis of t h e i r  r e s u l t s ,  Lam and Crocco 

suggested a modif icat ion of an expression der ived  by Mirels 

Ill f o r  t h e  s k i n - f r i c t i o n  c o e f f i c i e n t .  Misels 'expression,  as 

modified by Lam and Crocco can be w r i t t e n  i n  t he  form: 

( 4 . 9 )  

Equations ( 4 . 8 )  and (4.9) are compared i n  Figure 2 f o r  a 

p e r f e c t  gas (9, = 1). 

is wi th in  s i x  percent over t h e  t o t a l  range shown. 

The agreement between these  two r e s u l t s  

The enthalpy p r o f i l e  given by equat ion ( 4 . 6 )  is  cornpared 

wi th  M i r e l s '  [If r e s u l t s  i n  Figure 3 .  I n  t h i s  f i g u r e ,  Mirels' 

s i m i l a r i t y  v a r i a b l e  q, is def ined  as 
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k u 

2.2 Bract Soln. Mire18 
Perfect D e s ,  + = 1 

0 First Order Approx+ Sob. 
2.0 Perfect Om, + - 1 
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1 I I r 1 

1st Approximation --- - - - - Mirels 'Solution . 
Perfect Gas, 4 = 1.0, PI: = 0.72 . 

I i 

0 .  
0.0. 0.2 0 . 4  0.6 

h" 
0.8 1.0 

Figure 3. Comparison on Enthalpy Profile w i t h  Mirels' 
[l J Solution 

b. w = 6  
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E 

where 

and 

n 

x = U s t  - x 

u, = us - ue 

(4.10) 

(4,111 

(4.12) 

Mirels' variable '1, i s  related to  h* through u,* by equat ion 

(4 .61 ,  and u* is r e l a t e d  to y by the d e f i n i t i o n  of e: 
v U* 

L /-, = \ 0 du* 
UeZI 

0 

(4.13) 

(note  t h a t  p *  = l /h* for  a perfect gas across a boundary 

l a y e r ) .  The parameter w is  t h e  v e l o c i t y  r a t io  across a 

s t a t i o n a r y  shock wave, given by 

= -  w =  n ue 
. ( 4 . 1 4 )  

The f i g u r e  shows t h a t  the  MWR f irst  approximation is  remark- 

ably accura te  fo r  such a l o w  order approximation, It  would 

t hus  be a n t i c i p a t e d  tha t  a second approximation would give 

very adequate engineering accuracy; t h i s  expec ta t ion  i s  

v e r i f i e d  i n  the next  s ec t ion .  



31 

5 .  SOLUTION FOR N=2:  SECOND APPROXIMATION 

I n  the  l as t  sec t ion ,  a s o l u t i o n  for p*0 for a f i r s t  MWR 

approximation w a s  obtained which contained one free parameter 

pgB0, whi le  t h e  enthalpy func t ion  h* contained no free param- 

eters, depending only on the  w a l l  condi t ion  and condi t ions  a t  

t h e  o u t e r  edge of t h e  boundary l aye r .  S p e c i f i c a l l y ,  t he  first 

approximation took the  form: 

h* N ho + (l-ho) U* (5. l b )  

where ho = hw/h,, a cons tan t .  

mation, aside from t h e  remarkably good accuracy obtained for  

The u t i l i t y  of t h i s  approxi- 

a one-parameter approximation, i s  the  fact  t h a t  an a n a l y t i c a l  

s o l u t i o n  w a s  possible and ques t ions  concerning a numerical 

t reatment  of p a r t i a l  d i f f e r e n t i a l  equat ions did n o t  e n t e r  the 

ana lys i s .  I n  t he  p re sen t  s e c t i o n ,  the second MWR approximation 

w i l l  be der ived  i n  p l a t e - f ixed  coordinates .  The r e s u l t a n t  set 

of reduced equat ions is the  form t h a t  must be solved for a 

t r u l y  unsteady problem, and t h i s  i s  t h e  form treated i n  t h e  

companion r e p o r t  where t h e  p l a t e  lead ing  edge i s  considered. 

However, for  t h e  p re sen t  case  of t h e  boundary l a y e r  behind a 

p lane  shock wave, the  corresponding shock-fixed coord ina tes  

w i l l  be reverted to and the r e s u l t i n g  second approximation 
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r e s u l t s  compared with Mirels' [I] enthalpy d i s t r i b u t i o n s  for 

a p e r f e c t  gas.  This a n a l y t i c a l  approach allows t h e  a t t e n d a n t  

numerical d i f f i c u l t i e s  of so lv ing  p a r t i a l  d i f f e r e n t i a l  equa- 

t i o n s  i n  t w o  independent v a r i a b l e s  t o  be delayed u n t i l  t h e  

basic MWR technique is w e l l  e s t ab l i shed .  

For a second approximation, t h e  i n t e g r o - d i f f e r e n t i a l  

equat ions (3.20) and (3.21) will conta in  two f r e e  parameters 

f o r  t h e  p*B-,function and one f r e e  parameter f o r  t h e  h*- 

funct ion.  The appropr ia te  approximations are given by: 

[(1-2~*) poco + u*pleli 1 p*$  N u_. 

1-u* N=2: 

2 h* 2 a + a u* + a2u* 
0 1 

where 

a = ho = hw/he 
0 

al = -3ho + 4hl - 1 

a2 = 2ho - 4hl + 2 

(5.2a) 

(5.2b) 

(5.3a) 

(5.3b) 

(5.3c) 

The d e t a i l e d  d e r i v a t i o n  of equat ions (5.3) i s  given i n  

Appendix A. Introducing t h e  approximation (5.2a) i n t o  

equat ion (3.20) f o r  N=2 yields t he  t w o  equat ions,  i n  matrix 

A l s o ,  s u b s t i t u t i n g  equat ion (5.2) i n t o  equation (3.21) with 

N-2 y i e l d s  t h e  equat ion 
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(5.5) 

The appropr ia te  boundary condi t ions  become: 

The dots +gain r ep resen t  d i f f e r e n t i a t i o n  w i t h  r e spec t  t o  .T 

and t h e  primes d i f f e r e n t i a t i o n  w i t h  r e spec t  t o  5 .  

I n  t h e  reduced momentum equat ion,  ( 5 . 4 1 ,  it will be seen 

t h a t  i n  add i t ion  t o  in t roducing  t h e  free parameter p1B1, a 

new t e r m  9 has appeared i n  t h e  system of equat ions.  Recall 

t h a t  +i has been def ined as 
1 

where i = O ,  1 and N = 2  i n  the scheme of the  second approximation. 

I n  t h e  energy equat ion (5.5), hl is  a dependent v a r i a b l e  

occurr ing  i n  add i t ion  t o  t h e  ho t e r m .  S i m i l a r  t o  equat ion 

(5.7)  the  func t iona l  group ($/Pr) appearing i n  the  energy 

equat ion is def ined  by 



(kIi = (k] u*=i /N 
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(5.8) 

where i = O ,  1 and N=2. 

of the enthalpy f i e l d  wi th in  the boundary l a y e r ,  t hus  it is  

I n  gene ra l  +i  and ( # / P r ) i  are func t ions  

clear t h a t  equat ions (5.4) and (5.5) are coupled through 

these  t e r m s .  Remember t h a t  i n  the  system,of  equat ions under 

the f i r s t  approximation, equat ions (4.1) and (4.2), a coupling 

e x i s t s  between t h e  momentum and t h e  energy equat ions i n  a 

t r i v i a l  sense only.  

t h a t  @o is  cons tan t  for a l l  o rde r s  of approximation. 

Because ho is a cons tan t ,  it follows 

The dependence of 9, on E and T i s  n o t  known a p r i o r i  

for t he  genera l  case of a real gas: i t s  v a r i a t i o n  w i l l  

depend on t h e  appropr ia te  thermodynamic r e l a t i o n s  and w i l l  

depend i m p l i c i t l y  on t h e  s o l u t i o n  for h*. However, i f  a 

p e r f e c t  gas i s  assumed and $1 is a cons tan t  (bu t  n o t  necessa r i ly  

equal t o  9, or  u n i t y ) ,  equat ions ( 5 . 4 )  and (5.5) are uncoupled 

and equation ( 5 . 4 )  has an a n a l y t i c  s o l u t i o n  given by 

It is seen t h a t  t h e  argument of equat ion (5.9) is t h e  same 

' 'elapsed-timen o r  "quasi-steady" v a r i a b l e  t h a t  was found for 

t he  f i rs t  approximation. 

t h a t  may be found by i t e r a t i o n  from equat ion ( 5 . 4 ) .  

T h e  c o e f f i c i e n t s  Ai are cons tan ts  

When t h e  thermodynamic v a r i a b l e  9, i s  allowed t o  vary 

continuously a s  it does for a real gas, equat ions (5.4) and 

(5.5) a r e  coupled and equat ion (5.9) is  no longer a so lu t ion .  

Thus, numerical techniques f o r  so lv ing  p a r t i a l  d i € f e r e n t i a l  
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equat ions must be employed t o  obta in  so lu t ions .  I n  a com- 

panion r e p o r t ,  f i n i t e  d i f f e r e n c e  numerical techniques a r e  

employed t o  s o l v e  these  equat ions  which allow no t  only f o r  

real gas proper ty  v a r i a t i o n s  b u t  also t r u l y  unsteady e f f e c t s .  

However, for  t h e  present  work f i n i t e  d i f f e rence  methods w i l l  

be avoided by convert ing t h e  governing equat ions t o  shock- 

f ixed  coord ina tes ,  a s t e p  which automatical ly  reduces t h e  

problem t o  a s i n g l e  independent variable. The r e s u l t i n g  

equat ions will then be solved by s tandard  numerical techniques 

fo r  ordinary d i f f e r e n t i a l  equat ions,  

5 .1  Shock-Fixed Formulation 

The dependent and independent v a r i a b l e s  i n  t h e  shock- 

f i x e d  and p l a t e - f ixed  coordinate  systems a r e  related as 

fol lows 
A 

x = Ust-x (5. loa) 

Y = Y  ( 5 .  lob) 
A 

h 

u = us-u 
, A  v = v  

( 5 . 1 0 ~ )  

(5. loa) 

i n  which t h e  diacr i t ical  s i g n  [i .e. ( A )  3 r ep resen t s  t h e  

shock-fixed system. Note t h a t  i n  t h e  (x,y)-system, t h e  

w a l l  moves a t  t h e  speed of the shock Us, and i n  t h i s  co- 

o r d i n a t e  system t h e  f l o w  i s  s teady ,  Defining nondimensional 

A A  

v a r i a b l e s  i n  t h e  shock-fixed r e fe rence  system by 

(5 e l l a )  

(5.11b) 

( 5 . 1 1 ~ )  
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where t h e  Reynolds number i s  def ined  by 

(where 6, = Us - U,) and t he  related inverse  v e l o c i t y  

(5.12) 

the i n t e g r o - d i f f e r e n t i a l  equations i n  ( 3 . 3 )  and ( 3 . 4 )  take 

the  form 

(5.13) 

The freestream velocity Ge is taken from t h e  noma1 shock 

tables, and w is the r a t i o  of t h e  v e l o c i t y  ahead of 

and behind the s t a t i o n a r y  normal shock. T h e  boundary 
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conditions associated with (5.13) and (5.14) are : 

* A  A 

piei(c=o) = 0 

h*(j=O,u**#W) = 1 

(5.15a) 

(5.15b) 

As discussed in Section 3.1, the weighting and approximating 

functions associated with fi (u**) and p*$'must satisfy the 

proper physical characteristics. Now, however, the approxi- 

mation functions are formulated with a nonzero velocity at 

11 = 0. Also, the inverse velocity function 6 is now negative 

because the highest flow velocity occurs at the wall and 

decays monotonically across the boundary layer to the value 

fie at the outer edge. 

A 

The approximating functions are also derived i,? Appendix 

A for shock-fixed coordinates. They take the form: 

[ (w+l-Zu**) polio' (u**-w) Pl"e,l 

*O  + 4(u**-w) 7 - Q N\  l-'** [(w+l-Zu**) - 
p*; I 1 - W l 2  I pogo QlOl *l 1 

r 
t (w+l) ho-4whl+w (w+l) + E- (3+~) ho 1 h* cz 

(1-w12 i t 

i + 4 (w+l)hl- ( I - 3 ~ )  ] u** + (2ho-4h1+2)~**L 

(5.16) 

'(5.17) 

(5.18) 

The approximation functions preserve the characteristic 

listed previously. The free parameters are obtained from 

where i=O, 1, and 
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The weighting func t ion  is taken t o  be 

fi(U**) = (l-u**)i 

i = 1 , 2 ,  ... N 

(5.19b) 

( 5 . 2 0 )  

S u b s t i t u t i o n  of these approximating and weighting func t ions  

i n t o  t h e  i n t e g r o - d i f f e r e n t i a l  equations (5.13) and (5.14) 

l eads  routinely t o  t h e  following d i f f e r e n t i a l  equations: 

(5.21) 

where the elements of t h e  matrix Ai j  are 
2 3 a = (w+l)(l-w )/2-2(1-w )/3 11 

= (l-w3)/3-wli-w 2 ) / 2  
12 a 

a n d  t h e  elements of t h e  ~ f i ~ i t r i x  B are ij 
bl l  = 1 
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The energy e q u a t i o n  is obtained as:  

( 5 . 2 2 )  

where 

T h e  d e r i v a t i o n s  fop R H S ,  LHS, A H  a r e  showil i.n Appf- . ’nr! ix  2. 

T h e  b o u n d a r y  conditions associated w i t h  (5.21) and ( 5 . 2 2 )  

are :  

p e ((=(I) = o 
0 0  (5.23a) 

(5.23b) 

The s o l u t i o n  of equat ions (5.21)  and ( 5 . 2 2 )  with boundary. 

condi t ions  (5.23) will now be sepa ra t e ly  discussed €or  a 

p e r f e c t  gas w i t h  4 = cons tan t  and for  a real gas (n i t rogen) .  

5.2 Perfect Gas Solu t ion  

The mat r ix  Aij  is nonsingular.  Upon assuming a perfect 

gas and s e t t i n g  @i = 1, equation (5.21) may be inve r t ed  t o  

give 

f 

( 5 . 2 4 )  
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where Eij - - A i j  B i j  i n  which Aij -' is  the  unique inve r se  of -1 

t h e  mat r ix  Aij. The energy equat ion depends on both +i and 

W P r )  Choosing +=I and s e t t i n g  Prt0.72 (a cons tan t )  the 

elements of equat ion (5.22) t ake  t h e  form: 

(5.25a) 

The d e r i v a t i o n  of the above equat ions follows d i r e c t l y  from 

t h e  more genera l  r e s u l t s  given i n  Appendix 3. The boundary 

condi t ions  given by equat ion ( 5.2 3 are unchanged. 

The i n t e g r a t i o n  of equat ions (5.22) and ( 5 . 2 4 )  w i t h  

boundary condi t ions  (5.23) w a s  achieved by standard numerical 

computation on an IBM 7 0 9 4  computer using an Adam-Moulton 

v a r i a b l e  s t ep - s i ze  rou t ine .  The error margin during compu- 

t a t i o n  was s e t  so as to be dynamically related t o  the  c u r r e n t  
h 

growth characteristics of poGo, plOl and hl, thus assur ing  a 

s m a l l  error i n  t he  f i f t h  decimal place.  

of f is unbounded i n  the context  of t he  present  problem, it 

Since the upper l i m i t  

w a s  varied from zero to an a r b i t r a r y  value of uni ty .  

Upon s u b s t i t u t i n g  the numerical solutions for the 
A 

parameters poBo, p181, and hl obtained from equat ions (5.24) 

and (5.25) i n t o  t h e  approximations for p*g and h* given by 

equations (5.16) , (5.171, and (5.18) , the standard boundary- 

l a y e r  parameters may be computed from the following 

d e f i n i t i o n s :  
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Skin-friction coefficient: 

Velocity prof i le :  

y-FL L 

Boundary-layer' thickness: 

Displacement thickness: 

Momentum Thickness: 

U"" 

= I ̂e du** 
W 

** 
ue 

= I ̂e du** 
W 

** 
'e 

= $(l-p*u**)du** 
W 

** 
'e 

- d * * , r  = p*gu**(i-u**)du** 
L \, ReL 

(5.26a) 

(5.26b) 

(5.26~) 

(5.26d) 

(5.26e) 
W 

Energy dissipation thickness: ** 

Nusselt number: 

The relation between these parameters and the conventional 

definitions for  a plate-fixed coordinate system is given in 

Appendix D. Note that for a perfect gas with constant 

specific heats p* is related to h* across the boundary layer 
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by t h e  simple re la t ion  p*  = l/h*. 

Calcu la t ions  were made for 2 2 w - < 6 with t j  = 1 and 

P r  = . 0 . 7 2  and t h e  r e s u l t s  are given in T a b l e s  1 and 2 .  

Typical  r e s u l t s  f o r  t h e  s k i n - f r i c t i o n  c o e f f i c i e n t ,  v e l o c i t y  

p r o f i l e s ,  and enthalpy p r o f i l e s  are shown i n  Figures  4 ,  5, 

and 6 ,  r e spec t ive ly .  The p resen t  r e s u l t s  for  t h e  enthalpy 

p r o f i l e s  are compared with Mirels' [l] c a l c u l a t i o n s  i n  

Figure 7 (note  t h e  change i n  scale of t h e  absc i s sa  at u**=2):  

t h i s  comparison shows agreement wi th in  3 percen t  or better 

f o r  a l l  t h e  va lues  of w. The p r e s e n t  c a l c u l a t i o n s  for t h e  

boundary-layer parameters are i n  e x c e l l e n t  agreement with 

those of Mirels Ill. For example, it is found t h a t  t h e  skin-  

f r i c t i o n  c o e f f i c i e n t  c a l c u l a t i o n s  agree wi th in  better than a 

percent  over t h e  e n t i r e  range of t h e  p re sen t  c a l c u l a t i o n s .  

I t  i s  now of i n t e r e s t  t o  consider t h e  s o l u t i o n  of 

equat ions  (5.21) and (5.22) where t h e  thermodynamic and 

t r a n s p o r t  p roper ty  parameters are related t o  real gas va r i a -  

t i o n s  f o r  n i t rogen .  By ga in ing  confidence i n  t h e  accuracy 

of t h e  MWR second approximation through t h e  above comparison 

wi th  Mirels' E l ]  s o l u t i o n s  f o r  a p e r f e c t  gas, it w i l l  then 

prove p o s s i b l e  t o  draw c e r t a i n  conclusions regarding p e r f e c t  

gas and real gas behavior.  

5.3 Real G a s  So lu t ion  

Equations (5.211,  (5.221, and (5.23) w e r e  also solved 

assuming a real  gas i n  thermodynamic equi l ibr ium. Nitrogen 

w a s  selected as t h e  gas fo r  these  c a l c u l a t i o n s  with t h e  

thermodynamic and t r a n s p o r t  p r o p e r t i e s  being taken from 
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Figure 4. Skin Friction Coefficient Variation., 
Perfect Gas Solution, Second Approximation. 
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Figure 5. Typical Velocity Profiles, .  Perfect Gas 
Solution, w = 4, Second Approximation. 
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Figure 7, Comparison of Enthalpy Profile w i t h  Mirels’ [l] 
Solu t ion  for Perfect G a s ,  Second;Approximation. 
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Ahtye and Peng [14] as curve fit by Marvin and Deiwert 1153. 

Results were obtained assuming an initial pressure of 0.001 

atm and an initial temperature of 530OR. The values of + 
and +/Pr as a function of h/hr are obtained from the pro- 

perty polynomials given in Appendix C. The reference 

enthalpy hr is given in T a b l e  C-1. The real gas properties 

are related to the approximation functions +i and (4/PrIi by 

equations (5.7) and (5.8), and the values of enthalpy ratio 

used for evaluating these variables are obtained from equation 

(3.19b) together with the following expression 

he * - - hi ; i=O,l, ... N-1 h - -  
hr hr 

(5.27) 

The numerical calculations were again obtained on an IBM 7094 

digital computer using an Adam-Moulton numerical method. 

The boundary-layer parameters defined by equations (5 .26)  

.werecalculated for various values of the shock wave parameter 

w and the results are given in Table 3 .  The variation of 

skin-friction coefficient and Nusselt number with is shown 

in Figures 8 and 9, respectively. On comparing Figure 8 with 

Figure 4, it is seen that there is considerable departure 

from t he  perfect gas calculations for the skin-friction 

coefficient. For example, at w = 6 and e = 1, there is a 

four-fold increase in the nondimensional skin-friction when 

the real gas properties are used. By reference to Tables IC 

and 3c, it is seen t h a t  the numerical values of p08, differ 

by less than 0.2 percent. The large real gas variation in the 

skin-friction coefficient is, rather, accounted for by the 
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v a r i a t i o n  i n  t h e  @o as shown i n  Figure LO. 

t h i s  f i g u r e  t h a t  @o is  increas ing  i n  a exponent ia l  fash ion  

wi th '  i nc reas ing  w. 

I t  i s  seen i n  

Comparison of the values  given i n  Tables 1 and 3 show 

t h a t ,  except  a t  w = 2 ,  t h e  boundary-layer th icknesses  a r e  

somewhat smaller f o r  a real  gas.  Typical  enthalpy p r o f i l e s  

for  both the r e a l  and p e r f e c t  gas s o l u t i o n s  are shown i n  

Figure 11. I n  general, the real  gas  depar ture  from t he  

p e r f e c t  gas model i nc reases  for a l l  of the  computed q u a n t i t i e s ,  

as expected, as t h e  shock s t r e n g t h  increases .  
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Figure 10. Dependence of Qo on Shock I n t e n s i t y  
Parameter, Second Approximation. 
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Figure l l a .  Comparison of Enthalpy P ro f i l e  at  = 0.1 
for R e a l  and Perfect Gas Solu t ions ,  w = 4, 
Second Approximation.' 
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Second Approximation. 
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E; = .25 f o r  R e a l  and P e r f e c t  Gas 
Solutions, w = 6, Second Approximation. 
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6. SUMMARY AND CONCLUSIONS 

The laminar boundary l a y e r  immediately behind a shock 

wave moving over  a f l a t  p l a t e  has been analyzed for  both a 

p e r f e c t  gas and a real  gas  i n  thermodynamic equi l ibr ium. 

The method of weighted r e s i d u a l s  w a s  employed as an approxi- 

mat ion technique f o r  so lv ing  t h e  appropr ia te  p a r t i a l  d i f f e ren -  

t i a l  equat ions and t h e  r e s u l t s  f o r  a p e r f e c t  gas were compared 

with those of Mirels Ell, and where appl icable ,  t h e  s o l u t i o n  

given by Lam and Crocco [ 4 1  . 
It w a s  found t h a t ,  fo r  a p e r f e c t  gas ,  t h e  f i r s t  MWR 

approximation led t o  a simple a n a l y t i c a l  s o l u t i o n  which 

agreed remarkably w e l l  wi th  t h e  more accura te  s o l u t i o n s  of 

Mirels. Fur ther ,  i t  was shown t h a t  h igher  MWR s o l u t i o n s  

could t h e o r e t i c a l l y  be obtained from simple a l g e b r a i c  equa- 

t i o n s  ( fo r  a p e r f e c t  gas)  t o  any desired accuracy. 

By r e v e r t i n g  t o  a shock-fixed coordinate  system an MWR 

second approximation numerical s o l u t i o n  w a s  obtained for  both 

a p e r f e c t  and a real gas ( n i t r o g e n ) .  T h i s  led t o  very accur- 

ate boundary-layer parameter c a l c u l a t i o n s  when compared w i t h  

Mirels' [I] p e r f e c t  gas r e s u l t s .  I t  w a s  a l s o  poss ib l e  t o  

compare the e f f e c t s  of real gas-behavior  on the  boundary l a y e r  

and, as expected i n d i c a t e d  inc reas ing  depar ture  from p e r f e c t  

gas computations a s  t h e  shock s t r e n g t h  inc reases .  

c 
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The primary u t i l i t y  of t h e  work repor ted  he re in  is  i ts  

app l i ca t ion  t o  t h e  shock induced flow over a semi - in f in i t e  

f l a t . p l a t e  where t h e  leading-edge effect is  taken i n t o  

account. T h i s  extension,  where boundary-layer assumptions 

are re t a ined ,  is  given i n  a companion report. 
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Table 2a 

Velocity Profile Dependence on Distance from Fixed Shock 

61.7 1 5=.9 

w = 2,  9 = 1, Pr = .72, 

Second Approximation - 
v 

0 ,00000  OeCOU00 
O e 1 8 C 4 3  0 0 2 0 4 5 9  
0.39125 0 .44364  
0 , 5 1 4 7 8  0,58371 
0.65754’ 0 .74550 
0.93069 0,94192 
1.05931 le20115 
1.42342 1 ,61401  
2 . 5 4 1 7 1  20.88203 
3.62350 4,11547 



63 

Table 2b 

Velocity Profile Dependence on Distance from Fixed Shock 

w = 4 ,  fp = 1, Pr = .72 
Second Approximation 

U** 

4,000 
3 0 7 5 0  
3,500 
3.250 
3, on0 
2,750 
2.500 
2.250 
2, or30 
1. eo0 
1 600 
1.500 
1,400 
10300 
1.200 
1. 100 
1.010 
1 . h  

.-. 
5r.l 
- 

5=.3 

0,01792 
0.03879 
0,06324 
0 . Q c4 2 1 0 
0,12657 
OllGH37 
0.32519 
0.2Rb5-3 
0 . 3 5 5 4 7  
0.44737 
005O70 1 
0. 5811 7 
0 . 6 7 P 2 R  
0 e H 1 7 2 3  
l , l l" i62  
1 , 8 7 2 9 4  

4=.5 

0,00000 
0,02312 
0.0 5005 
0.08159 
0.11883 
0.16 330 
0,21723 

0,36969 
0.45865 
0.5 7722 

0.74986 
0.654 17 

0,87516 
1,05452 
1.36590 
2.4 1659 
3 . 4 7 2 7 3  
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Table Zc 

Velocity Profile Dependence on Distance from Fixed Shock 

Uf * 
b s  000 
5.750 
5,500 
5,250 
5,000 
4,750 
4.500 
4.250 

3 , 7 5 0  
4,000 

3 , 5 0 0  
3.250 
-3,000 
2.750 
2,500 
2.250 
2.000 
1,RQO 
1,600 
1.500 
1.400 
1.300 
1.200 
1. io0 
1.010 
1.001 

Second Approximation 

n 

5=.1 

0.occoo 
0.00029 
0*00220 
0,00279 
0-00516 
0,00841 
0,01265 
0,0iR02 
0,02473 
0- O329'3 
0,06309 
0,05545 
0.07057 
0,0892 I 
0 , 1 1 2 4 4  
0.14197 
O r  1 R C 6 1 )  
0,22146 
0.27672 
0. 31294 
. O e  35826 
0 . 4 1 79 8 
0 - 5 0  399 
o r  bS4 1 7  
1. I t ,  38 2 
1 d t 7 7 2  3 
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APPENDIX A 

ON THE DETERMINATION OF COEFFICIENTS IN APPROXIMATING FUNCTIONS 

I n  t h i s  a p p e n d i x ,  a p r o c e d u r e  i s  g i v e n  for c o m p u t i n g  t h e  

c o e f f i c i e n t s  i n  t h e  a p p r o x i m a t i o n  f u n c t i o n s .  The v a r i a b l e s  

whose c o e f f i c i e n t s  a r e  r e q u i r e d  a r e  pate,  h* ,  $, r$/Pr, a n d  

t h e  p h y s i c a l  c o n d i t i o n s  w h i c h  mus t  b e  preserved b y  t h e  

f u n c t i o n a l  a p p r o x i m a t i o n s  h a v e  beeE g i v e n  i n  d e t a i l  i n  

S e c t i o n  3 . 1 .  The  e q u a t i o n s  f o r  d e t e r m i n i n g  t h e  N c o e f f i -  

c i e n t s  i n  t h e  a p p r o x i m a t i o n  f u n c t i o n  for a n  a r b i t r a r y  vari- 

able +(ua";, i s  o b t a i n e d  by  c o l l o c a t i o n :  

w h e r e  i t  i s  r e c a l l e d ,  N=l, 2 . . c o r r e s p o n d  t o  t h e  o r d e r  

of  a p p r o x i m a t i o n  i n  t h i s  s t u d y ,  a.nd O<ufz:<l.  Any method may 

b e  a d o p t e d  f o r  c h o o s i n g  v a l u e s  of ufi i n  t h e  a l l o w a b l e  i n t e r -  

- -  

v a l  for w h i c h  e q u a t i o n  A . l  i s  e x a c t ,  A c o m p a t i b l e  s y s t e m  

o f  s i m u l t a n e o u s  e q u a t i o n s  i s  o b t a i n e d  i n  t h e  form s t a t e d  

be low i f  e x a c t l y  N c o l l o c a t i o n  p o i n t s  a r e  t a k e n ;  

9: 

0 
U 

8. ,. 
1 U 

.l. n 

N-2 U 

z 
N - 1  U 



or t h e  r e d u n d a n t  s y s t e m  b e l o w  
c 

1 

1 

1 

1 

1 

1 
i 

r 

0 a 

1 a 

a N - 2  

N - 1  a 

i - 

3; 

0 U 

* 
1 U 

. t 
'N-2  

J; 

N - 1  U 

.?E 

N U 

* 
N +  j -1 U 

..... 

..... 
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( A . 3 )  

i f  more  c o l l o c a t i o n  p o i n t s  t h a n  t h e  minimum r e q u i r e d  t o  

solve f o r  ai in e q u a t i o n  (A.1) are t a k e n .  I t  is c l e a r  

t h a t  e q u a t i o n s  ' ( A . 2 )  a n d  ( A . 3 )  a r e  i d e n t i c a l  for j = O .  

The s y s t e m  i n  e q u a t i o n  (A.2) c a n  b e  s o l v e d  e a s i l y  and  

e x a c t l y  for smal l  v a l u e s  of  N .  For h i g h e r  v a l u e s  o f  N ,  

a n d  i n  g e n e r a l ,  e q u a t i o n  ( A . 3 )  must b e  s o l v e d  b y  a n y  

a p p r o x i m a t e  m e t h o d s ;  l e a s t - s q u a r e  o r  r e g r e s s i o n  m e t h o d s  
!. 

a r e  recommended.  

I n  t h i s  s t u d y ,  t h e  p o i n t s  for c o l l o c a t i o n  a r e  c h o s e n  

s u c h  t h a t  
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w h e r e  i = 0 ,  1, 2 ,  . . N-1 
a n d  

w h e r e  i = 0 ,  1, 2, . . N-1 

A . L  A p p r o x i m a t i n g  F u n c t i o n s  i n  P l a t e - F i x e d  C o o r d i n a t e  System 

I n  t h e  p l a t e  f i x e d  r e f e r e n c e ,  e q u a t i o n  ( A . 4 )  g i v e s  t h e  

p o i n t s  of  c o l l o c a t i o n .  

I n  t h e  scheme of t h e  f i r s t  o r d e r  a p p r o x i m a t i o n ,  a n d  

t h e  c o l l o c a t i o n  p r o c e d u r e  d e f i n e d  a b o v e ,  t h e  f o l l o w i n g  

e q u a t i o n s  a r e  o b t a i n e d ,  

a n d  i n  t h e  scheme o f  t h e  s e c o n d  order a p p r o x i m a t i o n ;  

( A . 9 )  

(A.10) 
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w h e r e  

A . 2  A p p r o x i m a t i n g  F u n c t i o n s  i n  S h o c k - f i x e d  C o o r d i n a t e  Sys t em 

The c o l l o c a t i o n  p r o c e d u r e  i n  t h i s  r e f e r e n c e  s y s t e m  

is t h e  same as  d e f i n e d  a b o v e ,  e x c e p t  t h e  c h o i c e  o f  c o l l o -  

c a t i o n  p o i n t s  n e e d  t o  b e  m o d i f i e d .  B e c a u s e  t h e  v e l o c i t y  

a t  the w a l l  i s  f i n i t e  i n  this case ,  t h e  c o r r e s p o n d i n g  

c o l l o c a t i o n  p o i n t s  a r e  o b t a i n e d  a t  

i = w -i- (1-w)- N 
& .A 

U i (A.12) 

where  i = 0 ,  1, 2, . , . N - 1  

When w i s  r e p l a c e d  by  z e r o  i n  e q u a t i o n  (A.121, a d i r e c t  

a l g e b r a i c  c o r r e s p o n d e n c e  c a n  b e  s e e n  b e t w e e n  t h i s  e q u a t i o n  

a n d  e q u a t i o n  ( 8 . 4 ) .  With  t h e  v a r i a b l e  wh ich  i s  t o  b e  

a p p r o x i m a t e d  g i v e n  by  

E q u a t i o n  ( A . 1 )  c a n  b e  u s e d  f o r  c a l c u l a t i n g  t h e  c o e f f i c i e n t s  

a i '  
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The a p p r o x i m a t i o n  f u n c t i o n s  u n d e r  t h e  f i r s t  o r d e r  

a p p r o x i m a t i o n  are o b t a i n e d  by s e t t i n g  N e q u a l . t o  u n i t y  i n  

t h e  c o l l o c a t i o n  e q u a t i o n  (A.11, a n d  u s i n g  e q u a t i o n s  ( A . 1 2 )  

a n d  (A .13)  t o  c h o o s e  t h e  c o l l o c a t i o n  p o i n t s  y i e l d s :  

(A .14)  

(A.15) 

(A.16) 

I n  e q u a t i o n  (A.161, t h e  i d e n t i t i e s  g i v e n  by e q u a t i o n  

( A . l l b )  a r e  a s s u m e d .  

I n  t h e  s e c o n d  o r d e r  a p p r o x i m a t i o n ,  N i s  s e t  e q u a l  t o  

two i n  e q u a t i o n  ( A . 1 1 ,  a n d  t h e  c o l l o c a t i o n  p o i n t s  a r e  

c h o s e n  a s  i n  t h e  s e c t i o n  a b o v e ;  t h i s  l e a d s  t o  t h e  f o l l o w i n g  

e q u a t i o n s :  

a n d  
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where 
w t l  - 

2 a - -  
l1 (1-w) 

2 a =  13 C1-Wl2 

- 4w 
2 

( 1 - w )  a21 - - 

4(w+l) 
2 a =  2 2  (1-w) 

2 
2 a =  3 3  (1-w) 

( A . 2 0 )  

( A . 2 1 )  

(A.22) 

The procedure outlined above can be routinely extended 

to higher values of N. It may be pointed out t h a t  in the 

above equations, the e q u a l i t y  sign has been used where it 

is strictly correct in the mathematical sense. The 

approximation functions are exact only at the collocation 

points and errors a re  expected at intermediate p o i n t s .  

!. 
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APPENDIX B 

D E R I V A T I O N  OF ENERGY DIFFERENTIAL 

E Q U A T I O N  FOR SHOCK-FIXED ANALYSIS 

The s t e p s  for r e d u c i n g  e q u a t i o n  (5’.14) t o  t h e  form 

g i v e n  by e q u a t i o n  (5.22) was o m i t t e d .  I n  t h i s  appendix  

t h e  f u n c t i o n a l  r e l a t i o n s  d e f i n i n g  R H S ,  LHS a n d  A H  i n  

equat ion  (5.22) w i l l  be  d e r i v e d .  

With t h e  a i d  of a w e i g h t i n g  f u n c t i o n  g i v e n  by 

a n d  a p p r o x i m a t i n g  f u n c t i o n s  d e f i n e d  i n  A . 2 ,  t h e  i n t e g r o -  

d i f f e r e n t i a l  e q u a t i o n  

can  b e  i n t e g r a t e d  a n a l y t i c a l l y .  I t  i s  c o n v e n i e n t  t o  

d e f i n e  t h e  following f u n c t i o n a l  g r o u p s  
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(B.1) 

S u b s t i t u t i n g  t h e  a p p r o x i m a t i n g  f u n c t i o n s  o b t a i n e d  i n  
h n 

Append ix  A . 2  f o r  hf:, p k 0  a n d  Q/pS:ti t h e  f o l l o w i n g  r e s u l t s  a r e  

o b t a i n e d :  

w h e r e  

~ - ( 3 + ~ ) h ~ i 4 ( ~ + l ) h ~ - ( l + 3 ~ ) ]  (B.8) 
1 

AC(w,ho,hl)  = 
( l - W l 2  

AD(w,ho,h l )  = 2 ( 2h0-4h1+2)  
( 1 - w )  

1b.9) 
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whence 

and 
n h -i n n 

I AH(W~P,~~,P 8 ) = - 2 [-4wAB1( W, p o8 'PlO,) 
(1-w) 1 1  

And the variables AB2, AC2, and AD2 in equations (B.13) 

and (B.14) are defined by the following functionals: 
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(B.18) 
w h e r e  

hw = A B ( ~ , h ~ , h ~ ) + w A C ( w , h ~ , h ~ ) + w  2 AD(w,ho,hl) (B.19) 

(B.20) 

The functional relations R B 1  and R B 2  in the above e q u a t i o n s  

are d e f i n e d  as follows: 

+ 4[(1-w2)/2-(1-w 3 )/3-w(l-w 2 1/21 



n n 

RC = 0 

(B.23) 

(B.24) 

-2(1-w2)/2+(1-w 3 )/31-2[(L-w 2 )/2-2(1-w 3 ) / 3  

2 3 4 (1-w )/2-2(1-w )/3+(1-w )/4 

whence 

I- 
* n n 

(B.25) 

(B.26) 
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The differential equation governing the conservation of 

energy is obtained by combining equations fB.13, (B.14) 

and (B.26) to give 

The integration of (E.27) was accomplished simultaneously 

with t h e  momentum equation, at which time simultaneous 
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APPENDIX C 

EETHOD FOR D E R I V A T I O N  OF POLYNCMIALS FOR REAL G A S  PROPERTIES 

The r e a l  g a s  p r o p e r t i e s  o f  n i t r o g e n  t a b u l a t e d  by Ah tye  

i n  r e f e r e n c e  1 4  f o r m  t h e  b a s i s  for t h e  r e a l  g a s  p r o p e r t i e s  

u s e d  i n  t h i s  s t u d y .  T h i s  s o u r c e  a p p e a r s  s a t i s f a c t o r y  p r i -  

m a r i l y  b e c a u s e  it p r o v i d e d  a d e q u a t e  i n f o r m a t i o n  €or a l e a s t  

s q u a r e s  c u r v e  f i t  o f  t h e  d e s i r e d  p r o p e r t y  v a r i a b l e s  i n  t e r m s  

o f  e n t h a l p y .  

The c o e f f i c i e n t s  i n  t h e  p r o p e r t y  p o l y n o m i a l s  u s e d  i n  

t h i s  s t u d y  were t a k e n  f r o m  r e f e r e n c e  1 5 .  The me thod  of  

t h e i r  d e r i v a t i o n  i s  p r e s e n t e d  h e r e  for c o m p l e t e n e s s  o n l y .  

The t a b u l a t e d  d a t a  o f  r e f e r e n c e  1 4  were f i t t e d  i n  g e n e r a l l y  

o v e r l a p p i n g  s e g m e n t s  w i t h  s e v e n t h  d e g r e e  p o l y n o m i a l s  i n  t -he  

e n t h a l p y  ratio, e x p r e s s e d  i n  t h e  f o l l o w i n g  f o r m :  
7 

w h e r e  
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- 
1 

1 

1 

1 

L 

and t h e  v a r i a b l e s  d e s i g n a t e d  p r' 'r3 h r a r e  r e s p e c t i v e l y  

t h e  r e f e r e n c e  d e n s i t y ,  d y n a m i c  v i s c o s i t y  and  e n t h a l p y .  

T h e s e  r e f e r e n c e  p r o p e r t i e s  a r e  c h o s e n  t o  n o r m a l i z e  t h e  

r e l a t e d  v a r i a b l e s ,  and  h e n c e  r e d u c e  t h e  o v e r a l l  m a g n i t u d e  

o f  t h e  c o e f f i c i e n t s ,  ai. 

The a i ,  ( i  = .O, 1, 2 ,  . . 7 )  a r e  o b t a i n e d  by  s o l v i n g  

t h e  s i m u l t a n e o u s  s y s t e m s  o f  e q u a t i o n s  f o r n e d  by w r i t i n g  t h e  

e q u a t i o n  ((2.1)- f o r  a t  l e a s t  e i g h t  v a l u e s  of  h / h r  i n  t h e  

s e g m e n t  of  p r o p e r t y  v a r i a t i o n  t h a t  i s  b e i n g  c u r v e  f i t t e d .  

Thus  t h e  e q u a t i o n s  o b t a i n e d  for a n y  o f  t h e  p r o p e r t i e s  i n  

e q u i v a l e n c e  e q u a t i o n  ( C . 2 )  can b e  w r i t t e n  i n  t h e  f o l l o w i n g  

f o r m  : 

,, ( h / h r 1 7  

. . . e  

f . . .  

. . . a  

. . . -  

( C . 3 )  
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IR t h e  a b o v e  e q u a t i o n ,  ( h / h r l i  i s  t h e  e n t h a l p y  r a t i o  t a k e n  

a t  t h e  i - t h  l o c a t i o n ,  a n d  + ?  i s  t h e  v a l u e  o f  t h e  d e p e n d e n t  

v a r i a b l e  whose  s e v e n t h  d e g r e e  p o l y n o m i a l  i n  t e rms  of h / h  

i s  b e i n g  s o u g h t .  The f o r m  of  e q u a t i o n  ( C . 3 )  i s  g e n e r a l ,  

r 

a n d  t h e  d e v e l o p m e n t  i n  t h i s  a p p e n d i x  a p p l i e s  t o  t h e  o t h e r  

p r o p e r t i e s  s t a t e d  i n  e q u a t i o n  ( C . 2 ) .  If j = O  t h e  s y s t e m  

(C.3) i s  c o m p a t i b l e  a n d  c a n  b e  s o l v e d  for t h e  a i ' s  e x a c t l y  

by  we l l -known me thod  of G a u s s i a n  e l i m i n a t i o n .  When j > O ,  

t h e n  t h e  s y s t e m  h a s  a r e d u n d a n c y  o f  j ,  and  a s o l u t i o n  may 

b e  s o u g h t  i n  w h i c h  some c r i t e r i o n  of  e r r o r  m i n i m i z a t i o n  i s  

s a t i s f i e d .  I n  r e f e r e n c e  1 5 ,  t h e  c r i t e r i o n  g u a r a n t e e d  a 

l e a s t  s q u a r e  d e v i a t i o n  a t  t h e  c u r v e  f i t  p o i n t s .  

h a r e  p r e s e n t e d  i n  r '  'r ' r The r e f e r e n c e  v a l u e s  of p 

Table C - l , a n d  t h e  c o e f f i c i e n t s  i n  t h e  s e v e n t h  d e g r e e  poly- 

n o m i a l s  for n i t r o g e n  gas  p r o p e r t i e s  a r e  g i v e n  i n  T a b l e  C-2 

f o r  p r e s s u r e  i n  t h e  rangeO.OO1 t o  1 0 0  a t m o s p h e r e s .  The 

v a l u e s  o f  s p e c i f i c  h e a t  a t  c o n s t a n t  p r e s s u r e  a r e  g i v e n  in 

T a b l e  C - 3  as a f u n c t i o n  o f  h / h r  for t h e  same p r e s s u r e  r a n g e .  
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Table c-1 

FUWERENCE NITROGEN PROPERTIES 
2 ’  a h*= 0.2160E 09 Ift /sec J 

Pressure 

.0001 

0001 

001 

e l  

f 

10 

100 

0. 10398E-07 

0 - 96395E- C? 

0 ,6824  LE-03 

Oo2138OE-13 

0.2 0898 E- 1 2 

0020028E-LO 

0- 1950 I E-09 
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0002 
0.04. 
0. Ob 
0. OB 
0. LO 
00 1 2  
0.14 
0. l a  
0. 16 
0.20 
0 0 2 2  
0.24 
0.2b 
0- 28 
0.30 
0.32 
0- 31, 
0. 36  
0-  3 8  
0.40 
0.42 
0.44 
0.46 
0.48 
0.59 
0.52 
0- 54 
0.56  
0. 58 
0, 6 0  
0.62 
0.64 
0.66 
0.68 
0.70 
0.72 
0.74 
0.76 
0.78 
0.80 
0, R 2  
0.84 
0.86 
0.89 
0.93 
0.92 
0.94 
0.95 
0.98 
1.00 
l e 0 2  
1.04 
1 - 0 6  
1.08 
i .  10 

07 

Table C-3 

Nitrogen Specific Heat A t  Constant Pressure 

Pressure Atmospheres . 0001 
0,24936 
0 ,26205 
0.28279 
0.29419 
0.30154 
0, 30547 
0 -  3 0 6 7 9  
0.32 1 8 6  
0.34731 
0.46052 
0.64175 
0 8 9 3 6 9  
1.21545 
1 0 5 6 7 5 3  
L 8 6 5 6 4  
2,15032 
2.42155 
2.67935 
2.92841 
3,16850 
3.39776 
3.61614 
3.82379 
4.02055 
4.13995 
4.33892 
4.53587 
4.73081 
5 .46260  
5 ~ 8 0 2 1 3  
6 ,06475 
6.23057 
6.29956 
6.27174 
6.14710 
5.92564 
5.60736 
5 03647 
4.69029 
4 -  36782 
4.06909 
3.794n0 
3.54266 
3.31 503 
3 . l l t l l  
2 -9309O 
2.77440 

2,50924 
2.64162 

2,34521 
2 . 1 9 1 O 7  
2 03468 1 
I .Y1244 
1,79795 
1,67335 
7 

,001 

0.24936 
0.26205 
0.28279 
0.29419 
0.30154 
0.30540 
0.30806 
0.31459 
0.32451 
0.34945 
0.4752 1 
0.69650 
0.89846 
i.081142 
I . 2 9666 
1.53052 
1,78388 
2 . 0 4 1 ~ 1  
2.26255 
2,52218 
2. 7 6 0  79 
2.99838 

3.4352 3 
3 .62256 
3,79731 
3.9594q 
4.10310 
4,21829 
4,35225 
4.4 7770  
4,53462 
4- 7 0  3 0  3 
4.97’522 
5.07258 
’5,14248 
5, I 7 f V  3 
50 16082  
5.11426 
5 . 0 3 0 5 3  

4.755 31 
4*’ ibC)H4 
4.32657 
4 - 0 6 2 5 H  
3.79526 
3,46325 

3,23532 

4.914 7n 

3.0 h 5 ‘> 5 
2.60514 
2.00206 
1 . 4 Z ’ t B O  
0.97~2 
0.62il I 5  
0 . 3 7 > 5  1 
( 1 . S V Z  

1 

3.24936 
D.26235 

S . 2 9 4  1 9  
3.28279 

Do30154 
0- 35533  
3.33830 
3,31086 
0,31289 
D o  31476  
3.32125 
3.33518 
0.36511 
0.41121 
3.48412 
3 -  56958 
0.66646 
0 ,76284 
3 . 8 9 8 6 4  
1 - 0 1 5 9 9  
1.13625 
1,25930 
1.38511 
t .50645 
1.62641 
1.74619 
1.65837 
1 0 9 6 6 3 7  
2 06552 
2.16345 
2- 26  72 3 
2.34186 
2.46333 
2.54493 
2-  6 1  794 
2.68242 
2 73834  
2.79571 
2.82575 
2 80057 
2,93544 
2.3302P 
5.34512 
3.09996 
3 .  1 5 4 8 0  
3 . 7 3 9 6 5  
3.26449 
3031333  
3.37417 
3.42932 
5,48185 
3 . 5 3 8 7 [ :  
3.59354 
3 = b 48 3P 
% ‘I !om= 
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APPENDIX D 

E V A L U A T I O N  OF ESSENTIAL BOUNDARY-LAYER.PARAMETERS 

The expression for t h e  characteristic boundary-layer 

parameters will be derived in terms of t he  free parameters 

p i e i  and hi, i = O , l  

determination of the coefficients of the approximating 

A 

t h a t  were used in Append ix  A in the 

functions, and the shock intensity parameter,  w .  

The skin friction coefficient, Cf, in the shock-fixed 

reference can be written as  follows: 

whence 

where 
7 

and 
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T o  f a c i l i t a t e  t h e  c o m p a r i s o n  o f  e q u a t i o n  ( D . l )  w i t h  e x a c t  

s o l u t i o n s  o b t a i n e d  by  Mirels i n  t h e  s h o c k - f i x e d  r e f e r e n c e ,  

t h e  c . o r r e s p o n d i n g  e q u a t i o n  f o r  s k i n  f r i c t i o n  c o e f f i c i e n t  

d e v e l o p e d  f r o m  r e f e r e n c e  1 c a n  be  w r i t t e n  i n  f o l l o w i n g  f o r m  

w h e r e  f i s  a f u n c t i o n  o f  t h e  s i m i l a r i t y  v a r i a b l e n m  g i v e n  

i n  e q u a t i o n  (&lo), a n d  f ( O ) ,  e v a l u a t e d  at?lm=O, i s  i n d e -  

p e n d e n t  o f  i n  t h e  e n t i r e  r a n g e  0 < $ < 1 .  

I t  

- -  
I n  a c o o r d i n a t e  s y s t e m  which  i s  s t a t i o n a r y  w i t h  r e s -  

p e c t  t o  t h e  w a l l ,  t h e  v a l u e  of  t h e  s k i n  f r i c t i o n  c o e f f i -  

c i e n t  c a n  be  o b t a i n e d  i n  a form s imi l a r  t o  e q u a t i o n  ( D e l ) .  

T h i s  i s  a s  f o l l o w s :  

where  

On a c c o u n t  o f  t h e  d i f f e r e n c e  i n  t h e  s t r e t c h i n g  o f  t h e  t r a n s -  

v e r s e  c o o r d i n a t e ,  a n d  t h e  d i f f e r e n c e  b e t w e e n  t h e  nondimen-  

s i o n a l  v e l o c i t i e s  i n  t h e  s h o c k - f i x e d  a n d  t h e  f i x e d - w a l l  

r e f e r e n c e s ,  t h e  i n v e r s e  o f  t h e  g r a d i e n t  o f  t h e  n o n d i m e n s i o n a l  

v e l o c i t i e s  i n  t h e  two r e f e r e n c e s  a r e  n o t  e q u a l .  For t h e  same 
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reasons, the skin friction coefficients given by equations 

( D . 1 )  and ( 2 . 3 )  cannot have the same values, but are related 

through some multiplying factor. Equation ( D . 3 )  determines 

the skin friction coefficient in the physical coordinate 

system. In order to relate equation (D.3) to ( D . l ) ,  it is 

facile to use the fundamental transformation equations 

( 2 .  7a >, ( 2 .  7h 1 and (5.11b), the essential parts of which 

are reproduced-here: 

I -  1 

U u:I:= _. 

e U ( 2 .  7a) 

and using the definition of the inverse of the gradient of 

the nondimentional velocity gradient: 

n 

Then the relationship between 8 and 0 can be obtained in 

the form 
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and from which  t h e  s k i n  f r i c t i o n  c o e f f i c i e n t s  g i v e n  by 

e q u a t i o n s  (D.1) a n d  ( D . 3 )  a r e  r e l a t e d  by  

The h e a t  t r a n s f e r  a t  t h e  w a l l  i s  e s t i m a t e d  f r o m  t h e  h e a t  

c o n d u c t i o n  a t  t h e  w a l l  s u r f a c e  o r  f rom c o n v e c t i v e  e x c h a n g e  

b e t w e e n  t h e  w a l l  a n d  t h e  f r ees t r eam:  

9 =  (D.9) 

w h e r e  G i s  t h e  u n i t  h e a t  c o n v e c t i v e  c o e f f i c i e n t  o f  t h e  w a l l  

s u r f a c e .  Combin ing  e q u a t i o n  (D.8) a n d  ( D . 9 )  y i e l d s  t h e  non-  

d i m e n s i o n a l  N u s s e l t  number ,  Nu,  g i v e n  by t h e  f o l l o w i n g  

r e l a t i o n :  

(D.10) 

I n  a d d i t i o n  t o  t h e  s k i n  f r i c t i o n  a n d  c o n v e c t i v e  c o e f f i c i e n t  

d e f i n e d  a b o v e ,  t h e  f o l l o w i n g  b o u n d a r y - l a y e r  p a r a m e t e r s  a r e  

d e f i n e d  b e l o w :  

i. B o u n d a r y - L a y e r  T h i c k n e s s  
% 

( D . 1 1 )  
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ii. B o u n d a r y - L a y e r  D i s p l a c e m e n t  T h i c k n e s s  

iii. B o u n d a r y - L a y e r  Momentum T h i c k n e s s  

i v .  B o u n d a r y - L a y e r  E n e r g y  D i s s i p a t i o n  T h i c k n e s s  

I n  t h e  a b o v e  i n t e g r a l  e q u a t i o n s ,  i t  i s  as sumed  t h e  o u t e r  e d g e  

o f  t h e  b o u n d a r y  l a y e r  i s  a d e q u a t e l y  l o c a t e d  a t  t h e  p o i n t  

w h e r e  uft = 0 . 9 9 5 .  T h i s  c h o i c e  i s  c o n s i s t e n t  w i t h  s t a n d a r d  

p r a c t i c e  i n  b o u n d a r y - l a y e r  a n a l y s i s ,  s i n c e  i n  a l l  o f  t h e s e  

e 

e q u a t i o n s ,  it c a n  b e  o b s e r v e d  t h a t  t h e  u p p e r  l i m i t s  o f  i n t e -  

g r a t i o n  c a n n o t  b e ' u n i t y .  A t  u*=l, t h e  i n t e g r a l s  a r e  un-  

b o u n d e d .  

T h e r e  i s  some a r b i t r a r i n e s s  i n  l i t e r a t u r e  i n  t h e  d e f i n -  

i t i o n  of  t h e  R e y n o l d s  number a s s o c i a t e d  w i t h  t h e  s t u d y  of 

s h o c k  i n d u c e d  f l o w s  o v e r  a f l a t  p l a t e .  I n  a r e c e n t  w o r k ,  
k 

Ackroyd ( r e f e r e n c e  2 )  f o r m u l a t e d  a R e y n o l d s  number b a s e d  on 

t h e  r e l a t i v e  m o t i o n  b e t w e e n  t h e  f r e e s t r e a m  a n d  moving  f l a t  

s u r f a c e .  I n  t h i s  case R e y n o l d s  number was g i v e n  b y  
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P,(W-l> xu e 

R e  = 
'e 
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(D.14) 

a n d  f o r  t h e  same r e a s o n s  as  t h o s e  s t a t e d  by  Ackroyd  a b o v e ,  

i n  r e f e r e n c e  1, Mirels c h o s e  t h e  f o l l o w i n g  f o r m u l a t i o n  

p ( w - 1 2 u e  * t 
Re = 

p W  
(D.15) 

B e c a u s e  R e y n o l d s  number o c c u r s  f r e e l y  i n  a l l  t h e  above 

e x p r e s s i o n s  f o r  b o u n d a r y - l a y e r  p a r a m e t e r s ,  i t  b e h a v e s  a s  a 

s t r e t c h i n g  f a c t o r .  Thus  t h e  e x p r e s s i o n s  i n  (D.14) and  (D.15) 

do n o t  c o n t r i b u t e  t o  b e t t e r  c o r r e l a t i o n  o f  r e s u l t s ,  and  it 

i s  t h e  o p i n i o n  o f  t h i s  s t u d y  t h a t  t h e y  do  i n  f a c t  b e c l o u d  

t h e  p r o b l e m  o f  c o m p a r i n g  t h e  r e s u l t s  o f  d i f f e r e n t  a u t h o r s .  

I n  t h i s  s t u d y ,  t h e  R e y n o l d s  number a s  i t  a p p e a r s  i n  t h e  

b o u n d a r y - l a y e r  p a r a m e t e r s  a b o v e  i s  g i v e n  by t h e  f o l l o w i n g  

e q u a t i o n :  


