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r e p o r t  was provided by M r .  David TI Harr je ,  Senior 

Research Engineer and Lecturer  a t  Pr inceton u n i v e r s i t y ,  



SUMMARY 

A q u a n t i t a t i v e  understanding of the combustion process 

assoc ia ted  with t ransverse  mode combustion i n s t a b i l i t y  i n  

an annular l i q u i d  rocket  motor i s  the  ob jec t ive  of this 

t h e o r e t i c a l  research.  ~ m p h a s i s  i s  on the  nonl inear  aspects  

of  the  phenomena. The gas dynamic equat ions f o r  the  annular 

motor a r e  developed and represent  a  considerable  s impl i f i ca -  

t i o n  when compared t o  the  c y l i n d r i c a l  chamber. The equat ions 

a r e  solved by the  technique of expansion i n  powers of a 

small  parameter r e l a t e d  t o  the pe r tu rba t ion  amplitude, S i n c e  

the  source term i s  s t rong ly  dependent on the comparative 

magnitude of the  t ransverse  pe r tu rba t ion  v and the  steady- 
- 

s t a t e  r e l a t i v e  a x i a l  ve loc i ty  u. - u  , d i f f e r e n t  ranges of 

these v e l o c i t i e s  a r e  considered and condi t ions  f o r  -the exis -  

tence of shock-type pe r iod ic  so lu t ions  i s  determined, 

This t h e o r e t i c a l  s tudy confirmed t h a t  shock-type waves 

a r e  c h a r a c t e r i s t i c  of t ransverse  mode i n s t a b i l i t y  i n  an 

annular chamber a s  shown experimentally.  The design require- 

ments t o  minimize the  occurrence of such i n s t a b i l i t y  (apart 

from requi r ing  s o l u t i o n s  such a s  b a f f l e s  and acous t i c  l i n e r s )  

a r e  t h a t :  (1) the  combustion should e i t h e r  be spread over 

the e n t i r e  length  of the  combustor or  completed i n  ]Less than  

20% of chamber length f o r  the  example c i t e d ,  ( 2 )  the  chamber 

length should be a s  small  a s  poss ib le  compared t o  the mean 

annulus circumference and ( 3 )  the r a t i o  of nozzle erntrance t o  

in jec ted  ve loc i ty  should be maximized by i n j e c t i n g  the pro- 

p e l l a n t  a t  the  lowest ve loc i ty  and increas ing  the chamber 

Mach number. 

iii 
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Ai = i n j e c t i o n  p o r t  a rea  
- 

A = funct ion  of t h e  parameters: u  and g n  ' 
a = sonic  v e l o c i t y  

- 
funct ion  of t h e  parameters: un, 2 and 1( 

b  = s t a t i o n  i n  t h e  combustion chamber wherein - 
s teady s t a t e ,  3 = 0 

C = cons tant  

= cons tant  ( see  ~ q .  (18) ) 

C2 
= cons tant  ( see  Eq. (18) ) 

Cr = reference  sonic  v e l o c i t y  

D = funct ion  of  t h e  parameters: p . 7 ,  g a n d g  

f  = frequency 

F = genera l  q u a n t i t y  

b F  = jump of t h e  q u a n t i t y  F through t h e  shock 

g = l i n e a r  i n t e g r a l  funct ion  of  8 

G = i n t e g r a l  funct ion  of g  ( 8 ) 

K = funct ion  of  P 
1 = combustion chamber length  

M = funct ion  of 8 

fi i 
= i n j e c t i o n  f l u x  pe r  u n i t  a rea  

N~ = drop le t  number dens i ty  

0 (  ) = order  of 

P  - - pressure  

Pr = Prandt l  number 

- mass source (o r  evaporat ion r a t e )  Q .- 

q  = gas v e l o c i t y  



l i q u i d  p r o p e l l a n t  v e l o c i t y  

r e l a t i v e  v e l o c i t y  

d r o p l e t  r a d i u s  a t  i n j e c t i o n  

Reynolds number 

time 

long i tud ina l  gas  v e l o c i t y  

long i tud ina l  l i q u i d  ve loc i ty  

gas  v e l o c i t y  a t  nozzle en t rance  

d r o p l e t  volume ( r e l a t i v e  t o  i n j e c t i o n  d r o p l e t  
volume) 

c i r cumferen t i a l  gas  v e l o c i t y  

long i tud ina l  coordinate  

c i r cumferen t i a l  coordinate  

s u b s t a n t i a l  d e r i v a t i v e  

Greek Symbols 

d = c i rcumferen t i a l  coordina te  def ined as: f t - y  

r a t i o  of t h e  gas  v e l o c i t y  a t  nozzle entrance 
t o  t h e  l i q u i d  p rope l l an t  ve loc i ty .  

d = r a t i o  of s p e c i f i c  h e a t s  

d = time elapsed from t h e  i n j e c t i o n  of t h e  droplet 

= a r b i t r a r y  funct ion  of 

= s t r e t c h i n g  of t h e  long i tud ina l  coordinate  

r- = 
nondimensional i n j e c t i o n  f l u x  

? = square r o o t  of t h e  r e l a t i v e  d r o p l e t  volume 

p = gas  dens i ty  

9, = reference  gas dens i ty  

- 
5 L  

- l i q u i d  p rope l l an t  dens i ty  



$, = amount of p r o p e l l a n t  per  u n i t  chamber 
volume a t  i n j e c t i o n  

r = d r o p l e t  l i f e t i m e  

= dummy v a r i a b l e  

= guess funct ion  of 8 t o  s t a r t  t h e  i t e r a t i o n  
procedure 

e;, = nondimensional entropy change 

8 = s t r e t c h i n g  of t h e  c i r cumferen t i a l  coordina te  

@* = value of @ f o r  which t h e  t r a n s v e r s a l  ve loc i ty  

v  ( 8 ) t akes  on t h e  mean value v  m 

Subsc r ip t s  

0 = zeroth-order quan t i ty  

1 = f i r s t - o r d e r  q u a n t i t y  

2 = second-order q u a n t i t y  

m = corresponding t o  a  mean value along t h e  shack 

n  = nozzle 

d = p a r t i a l  d e r i v a t i v e  with r e s p e c t  t o  o( 

= p a r t i a l  d e r i v a t i v e  with r e spec t  t o  7 

= p a r t i a l  d e r i v a t i v e  with r e spec t  t o  @ 

x = p a r t i a l  d e r i v a t i v e  with r e spec t  t o  x 

t = p a r t i a l  d e r i v a t i v e  with r e spec t  t o  t 

b a r  = vector  

a s t e r i s k  = r e l a t e d  t o  t h e  s t a t i o n  i n  t h e  combustion chamber 
where t h e  s t eady-s ta t e  gas v e l o c i t y  i s  equal ta 
t h e  l i q u i d  p rope l l an t  ve loc i ty .  

Supersc r ip t s  

a s t e r i s k  = dimensional value 

b a r  = s t eady-s ta t e  value 

prime = per tu rba t ion  

v i i  



SECTION I 

Introduction 

In a liquid propellant rocket motor, the combustion pro- 

cess is never entirely smooth, During the steady-state perlod 

between starting and cutoff, fluctuations occur in all i r p o r t -  

ant properties (pressure, temperature, velocity, etc, j around 

the desired operating values, The amplitude of such fluctu- 

ations can vary over a wide range, from motor to motor and 

in one motor for different operating conditions, WIian I 1 3 ~  

fluctuations are completely random, the operation i s cl ~ s s i  - 

fied as "rough" combustion, Combustion instability, on the 

other hand, consists of organized oscillations, which are 

maintained and amplified by the combustion process itself, 

Theoretical explanations of the causes of combustion in- 

stability date back to Rayleigh's anal sis. Since t%at t i v e  
1-32 

a number of concepts have been advanced. One exanmle Is the 
constant combustion time lag which has proven to be usej-c l  lr 

explaining low frequency instability (i.e,, interactir)~ br- 

tween the feed system and combustion chamber). Later Crocco 

introduced the time varying combustion lag in his analysis of 

high frequency instabjlity, That approach involved bo tF  in- 

sensitive and sensitive time lags, the later responding to 

fluctuations in the chamber conditions. Sirignano analyzed 

longitudinal mode, nonlinear combustion instability for a 

combustion time negligible compared to wave travel time in 

the chamber and for combustion times of the same ori3er or' 

magnitude. Unstable operation was shown possible for both 

conditions with triggering action initiated whenever a pl-iase 

existed between energy addition and pressure, Later theu- 

retical studies at Princeton dealt with transverse rnodes and 

with concentrated combustion, 

A mechanistic approach to the origins of combustion in- 
9 

stability was investigated by Priern and Guentert at LeiniLs 
13 

Research Center. The approach used the Priem-Weidmann drop- 

let evaporation model as the basic for energy generation, 

The assumptions used in that mechanistic approach may be 



brief Py s t a t e d  as :  

1) t h e  burning r a t e  was equal  t o  t h e  vapor iza t ion  r a t e ,  

2 )  t h e  combustion chamber was composed of t o r o i d s  of a  

very small  th ickness ,  A r, and length ,  A z ,  

3 )  and t h e  t o t a l  mass, momentum and energy i n  t h e  

t o r o i d s  were cons tant ,  

I n  t h e  p resen t  work, which i s  t h e  sub jec t  of t h i s  r e p o r t ,  

t he  t h e o r e t i c a l  model of t h e  combustion chamber i s  an annular  

geometry and use has  been made of t h e  same d r o p l e t  evaporation 

model, However, t h e  d i f f e rences  a r e  i n  t h e  assumptions i n  

that : 

1) instlead of a  one-dimensional t o r o i d a l  s e c t i o n  wi th  

a very small  th ickness  and length ,  h e r e  we consider  

a two-dimensional combustion wi th  a  f i n i t e  length 8, 

29 in t h e  p resen t  model a  time dependency f o r  t h e  drop- 

l e t  h a s  been introduced ( T  = b/u where b  i s  t h e  eD 
s t a t i o n  a t  which t h e  d rop le t  vanishes and u i s  t h e  R 
constant  l i q u i d  v e l o c i t y ) ,  

3 )  r e s t r i c t i o n s  a s  t o  mass, energy and momentum con- 

s t a n t  wi th  time a r e  no longer necessary because of 

the  boundary condi t ions e x i s t i n g  i n  t h e  present  

model a t  t h e  i n j e c t o r  and nozzle entrance planes.  

A s  l i q u i d  rocket  designs have changed wi th  t ime one ob- 

serves t h a t  t a n g e n t i a l  modes have surpassed long i tud ina l  modes 

ira, importance, shock waves and o t h e r  nonl inear  behavior have 

become inc reas ing ly  important. The purpose of t h i s  r epor t  

i s  t o  focus a t t e n t i o n  on t h e  combustion behavior of an annular  

chamber t o  i l l u s t r a t e  how t h e  b a s i c  mechanism of d rop le t  evap- 

o r a t i o n  toge the r  wi th  t h e  chamber gas dynamics can r e s u l t  i n  

c m b u s t i o n  i n s t a b i l i t y .  Triggering behavior and l i m i t  cyc le  

opera t ion  a r e  t r aced  t o  t h e  e f f e c t  of t h e  pressure  o s c i l l a t i o n s  

on t h e  combustion processes  where t h e  amount of energy feed- 

back i s  s u f f i c i e n t  t o  balance t h e  energy absorbed by d i s s ipa -  

t i v e  o r  other damping processes ,  



SECTION I1 

~ n n u l a r  MO t o r  

The mathematical approach which was developed by Croccs 

f o r  nonl inear  t r ansverse  mode i n s t a b i l i t y  i s  descr ibed i n  

t h i s  sec t ion .  

2 . 1  Theore t ica l  Model and ~ s s u m p t i o n s  

A combustion chamber geometry corresponding t o  a constant 

t h i n  annular c r o s s  s e c t i o n  followed by a  l a r g e  number of in-  

d iv idua l  small  nozzles  (Fig. 1) has  been chosen, The dependence 

on the  r a d i a l  coordinate  can be disregarded and t h e  only reLe- 

vant independent v a r i a b l e s  a r e  the  time t , t he  a x i a l  coordi- 

na te  x and t h e  c i r cumferen t i a l  coordinate  y . The reference 

length  w i l l  be chosen equal  t o  the  c i r cumferen t i a l  development 

o f  the  annulus; the  reference  v e l o c i t y  i s  t h e  son ic  velocity 

i n  the  reference  s t a t e ;  and the  reference  time i s  the  ratio of 

t h e  reference  length  t o  the  ve loc i ty .  A l l  o the r  q u a n t i t i e s  a re  

normalized accordingly.  

The fundamental assumptions a r e  t h e  following: 

a )  The gaseous ma te r i a l  contained i n  the  chamber i s  in the 

form of  gases of  p e r f e c t  combustion, The volume occupied 

by l i q u i d  o r  vaporized p r o p e l l a n t s  and intermediate  e o m -  

bus t ion  products  i s  neg l ig ib le .  

b )  The combustion gases  a r e  assumed t o  be thermally andi 

c a l o r i c a l l y  p e r f e c t  and homocompositional. viscous effects 

and h e a t  conduction a r e  disregarded.  The combustion i m -  

mediately follows t h e  p r o p e l l a n t  evaporat ion,  

c )  The d r o p l e t s  have no drag, so  t h a t  t h e i r  ve loc i ty  
=A. 

is 

cons tant  i n  space and time. 

d) A combustion model has  been re t a ined  such t h a t  the  corn- 

bus t ion  r a t e  which has been assumed t o  be equal  to the  drop- 

l e t  evaporat ion r a t e ,  has  a  law of  propor t ional i ty  wz th  re- 
13 spec t  t o  the  square r o o t  of the  Reynolds number - 



2-2 The Combustion Chamber Zquations 

Following Crocco's mathematical derivation, we first 

write the conservation equations for the combustion chamber: 

The riglrt-hand sides of .the three equations represent the mass, 

momentum and energy sources corresponding to the rate of gasi- 

f l c a t i a n  (or combustion rate) Q of the liquid propellants. 

T h e  expressions for the first and the third actually coincide 

only  because in the nondimensionalization the energy content 

of any mass generated is taken as unity. 

T h e  conservation equations can be transformed to the 

variables p,  q and s' (representing a nondimensional entropy - - 6' change from the reference conditions) by taking 9 = +"*e . 
After rearranging,the new equations can be written in the con- 

v s n i e n t  form:; 

The only relevant independent variables are t, x and y. The 

reference length will be chosen equal to the circumferential 

developn~.snt of the annulus. Hence, all physical quantities must 



be periodic in y with unitary period. The equations for 

the annular geometry become: 

For the time being we have assumed that the velocity Ug of 

the liquid propellants is undisturbed, which means that the drop- 

let drag is vanishingly small. This produces a substantral simpli- 

fication in the treatment because if the injection velocity 1s 

constant and axial, so the droplet velocity will remain at every 

location. Hence Ue represents the constant value of the ( a x i a l )  

droplet velocity. 

2.3 Steady-State Equations 

Equations (1) can be applied, of course, also in steady 

state, or the corresponding solution can be obtained directly 

from the conservation equations written in finite form 

# 

.p-' -*/El - 2 
,- =.;h e X ( Q e - E )  = FCC ( 4 t e - K )  

'd 

2.4 Purely Tanqential Waves; First Order Equations 

By definition the nondimensional values of steady-state 

pressure and temperature have been taken as unity at the injector 

-12- 



and the corresponding sonic  v e l o c i t y  has  been used a s  r e fe rence  
II It 

velocity, Only two cases  have been considered, t h e  pure ly  a x i a l  

and t ke  ""purePy"transversa1 cases .  The pure ly  a x i a l  case  was 

devela3ed by Mitchel l ,  so  h e r e  we w i l l  p resen t  only t h e  t r a n s -  

versal case, We assume t h a t  we have a  spinning type of  in-  

s t a ao i l i r y ,  t r ave l ing  i n  t h e  p o s i t i v e  y  d i r e c t i o n .  Then a l l  

quantitres m u s t  be  funct ions  of 

d =  f t  - 3 
\><here E i s  t h e  s t i l l  unknown frequency. We s e e  t h a t  any of 

t h e  dependent v a r i a b l e s  must be pe r iod ic  i n  o< with  per iod  1. 

I n  the new v a r i a b l e s  t h e  equat ions can be  w r i t t e n  

The boundary condi t ions  a t  t h e  i n j e c t o r  and a t  t h e  nozzle 

a r e a - =  o O  u =  0 (3a) 

represei-zs the l o c a l  sonic  ve loc i ty .  The nozzle boundary con- 

d - t l o n  holds f o r  a  very s h o r t ,  m u l t i - o r i f i c e  nozzle,  and was de- 
14 

rrved Sy Crocco and Sirignano. 

To these x-boundary condi t ions  one has t o  add those of 

periodicity i n  the va r i ab le .  I n  t h e  case where t h e  spinning 



wave inc ludes  a  shock, t h e  conservat ion equat ions through the  

shock have a l s o  t o  b e  s a t i s f i e d .  We w i l l  expand a l l  q u a n t i t i e s  

i n  powers of a  small  parameter expressing t h e  i n j e c t i o n  flux, 

Indeed, i f  t h e  i n j e c t i o n  f l u x  reduces t o  zero,  t h e  s t eady-s ta t e  

p ressu re  becomes cons tant  and uniform throughout t h e  chmLber, 

Hence any dev ia t ion  from uniformity i n  space o r  from constancy 

i n  time should be r e l a t e d  t o  t h e  i n j e c t i o n  f l u x  and vanish with 

it. Simi lar ly ,  t h e  a x i a l  v e l o c i t y  u reduces t o  zero  i f  there 

i s  no combustion, Again both  t h e  s teady value of  u  or i t s  

o s c i l l a t i o n s ,  o r  t h e  o s c i l l a t i o n s  of v  and d ( t h e i r  s teady-  

s t a t e  values a r e  zero)  should be  r e l a t e d  t o  t h e  injeiction f l u x  

and vanish with it. Hence, c a l l i n g  ,U t h e  i n j e c t i o n  flux. w e  

w i l l  assume t h e  following expansions. 

We have taken p o = l  i n  agreement with t h e  choice of the 

reference  condi t ions  f o r  t h e  s t eady-s ta t e  so lu t ion .  

The i n j e c t i o n  f l u x  can be w r i t t e n  a s  

where - A .  i s  t h e  product of t h e  a c t u a l  l i q u i d  dens i ty  f"ni - PL 1 

t imes t h e  i n j e c t i o n  p o r t  a r e a  Ai pe r  u n i t  a rea ,  and represents  

t h e  a c t u a l  d r o p l e t  mass per  u n i t  chamber volume a t  i n j e c t i o n ,  

The i n j e c t i o n  f l u x ,  f o r  a  given p rope l l an t , can  vary as a result 

of varying Ai and ul. Here we s h a l l  assume t h a t  Ai i s  kept eon- 

s t a n t ,  i n  which case  we can w r i t e  



Observe t h a t  i n  s teady s t a t e  (assuming t h e  combustion t o  

be rerninated be fo re  t h e  nozzle entrance)  we must have 
, e 

p =/d 4 4  

C r ,  by v i r t u e  of  ~ q .  (5e) o 

I n s e r t i a n  of t h e  expressions (5 )  i n  t h e  equat ions ( 2 )  w i l l  

provide,  a f t e r  sepa ra t ion  of t h e  terms i n  d i f f e r e n t  powers of p , 
t h e  equations t o  be  solved. We n o t i c e  t h a t  each one of equat ions 

12) contains a mean convective term due t o  t h e  s t eady-s ta t e  gas  
- 

velocity u, The presence of t h e  convective terms r e s u l t s  i n  

i ~ c c n s i s t e n c i e s  which we s h a l l  not  d i scuss  he re ,  s i n c e  they 

affect o n l y  terms i n  h igher  powers of P than  those  considered 

i~ t h e  presen t  study. I t  i s  s u f f i c i e n t  t o  say t h a t  t h e  incons is ten-  

cies even i n  t h e  h igher  order  terms can probably be  suppressed 

by using a double s c a l e  of a x i a l  length ,  according t o  a  r e c e n t l y  

established technique f o r  t h e  t reatment  of c e r t a i n  nonl inear  

problems, 

Another technique which i s  found use fu l  i n  nonl inear  prob- 

lems i s  =hat of  t h e  coordina te  s t r e t c h i n g .  Here we have a l ready 

i ~ ~ t r o d u c e d  a time s t r e t c h i n g  through t h e  use of t h e  frequency f ,  

which c a n  al.so be expanded a s  

where eke cons tants  f l ,  f2"..... a r e  t o  be  determined and, of 

ccQrse,  the frequency reduces t o  u n i t y  f o r  /.I = 0. 

I n  add i t ion  t o  t h i s  time s t r e t c h i n g ,  it i s  convenient t o  

i r t roduce  also a s t r e t c h i n g  of t h e  v a r i a b l e s  a< and x , *  i n  t h e  

f o r m  of a s e r i e s  

"Observe t h a s  ins t ead  of introducing f ,  and s t r e t c h i n g  a and x ,  
one could j u s t  s t r e t c h  t h e  o r i g i n a l  v a r i a b l e s  t ,  y ,  and x, with t h e  
same end r e s u l t s ,  The mixed procedure we a r e  following h e r e  allows 
f a s t e r  derivations, 



where t h e  funct ions  0 @ 2 ,  7 2 ,  . . . . . a r e  t o  be deter- 

mined. A l l  dependent v a r i a b l e s  a r e  funct ions  of 8 . 7 ; 
they  must be pe r iod ic  i n  @ with per iod  1. I f  t h e r e  i s  a 

t r a v e l i n g  t r a n s v e r s a l  shock, we choose t o  s t r e t c h  N i n  such 

a  way t h a t  t h e  shock corresponds t o  @ = cons t .  I n  p a r t i c u l a r ,  

i f  we p lace  t h e  shock a t  @ = 0 ,  because of t h e  p e r i o d i c i t y  we 

must f ind  again t h e  shock a t  @ = 1 and a t  any o t h e r  integral 

value of  6 . 
The d e r i v a t i v e s  of a  genera l  q u a n t i t y  

with Fo = cons t  ( a s  it i s  i n  a l l  expansions ( 5 ) )  can then  be 

w r i t t e n  a s  

Introducing a l l  t h e  expansions above i n  Eq. ( 2 )  and 

separa t ing  t h e  powers of /4 we ob ta in  t h e  following equations 

f o r  t h e  f i r s t  order  q u a n t i t i e s  

2.5 Second Order Equations 

The following a r e  t h e  second order  equat ions : 



The injector and nozzle condi t ions  (3a)  and (3b) a r e  a l s o  ex- 

panded w i t h  -the h e l p  of (4) . They show t h a t  a t  t h e  i n j e c t o r  

we must have 
I I 
(0.0) )= ur (e,o) , o 

and a t  t h e  nozzle* 

O n  the  other hand, i f  t h e r e  a r e  shocks a t  6 = 0 and 1 and we 

i x d i c a r e  w i t h  A F  t h e  jump of t h e  q u a n t i t y  F through t h e  shock, 

t'?is i s  obviously a  funct ion  of x only,  and can be expanded a s  

where we have defined f o r  t h e  genera l  q u a n t i t y  g ( 6 , 1 t h e  

t w o  q u a r \ t i t i e s  

A %  = % l ~ l ? )  - g ( d . ? )  

*The assumption i s  made t h a t  combustion terminated a t  the  nozzle 
e r t rance  is s teady s t a t e ,  so  t h a t  

4,  ( l )  = - 



The equat ion of t h e  shock loca ted  a t  e =  0 i s  given bv - (8) as 

Hence t h e  l o c a l  angle  between t h e  shock and t h e  a x i a l  direc- 

t i o n  i s ,  t o  f i r s t  o rde r ,  g iven  by 

Applying t h e  conservat ion equat ions through t h e  shock one 

ob ta ins  t h e  f i r s t  and second order  shock condi t ions  i n  the  form 

The f i r s t  equat ion of (13) and (14) r ep resen t s  t h e  continuity 

of t h e  t a n g e n t i a l  v e l o c i t y  component. The second equat ion i n  

each group expresses  t h a t  up t o  second order  t h e  shock i s  isen- 

t r o p i c .  The remaining equat ions express  t h e  invar iance  through 
2 t h e  shock of t h e  appropr ia te  Riemann i n v a r i a n t  J- - , 

Y--a 
This invar iance  holds indeed t o  second order  f o r  t h e  oblique 

shock under cons idera t ion  a s  f o r  a  normal shock. Observe that 

t h e  second term of each Equation (14) vanishes because of Equa- 

t i o n s  (13) .  F i n a l l y ,  it i s  evident  t h a t  t h e  shock v e l o c i t y  i n  

t h e  y d i r e c t i o n  i s  given by f .  For t h e  purposes of tln1.s t r e a t -  

ment we need only t h e  f i r s t  order  c o e f f i c i e n t  f l  of the expansion 

( 7 ) .  I t  i s  given by t h e  same r e l a t i o n  a s  i f  t h e  shock w e r e  normal, 

and hence by t h e  mean value of  v l l  + a ' across  t h e  shock, that 1s 1 
by 



2-6 s r s t  Order S o l u t i o n  

The s t e a d y - s t a t e  s o l u t i o n  can b e  ob ta ined  e i t h e r  from 

Equations (9), s e t t i n g  a l l  @ - d e r i v a t i v e s  equa l  t o  ze ro ,  o r ,  

rc,s>re d i r e c t l y ,  from expansions o f  t h e  Equation (1) a l r e a d y  

i n  finite form, The r e s u l t  i s  
, Y 

Comparing with  (6 )  we s e e  t h a t  

For t h e  unsteady components we o b t a i n  from Equat ion (9 )  

/ I r:, I / / I 
' u -  - P - f ~  bf@ = O  

if 4 8 - 7  , 
For many combustion models (such a s  t h a t  cons idered  l a t e r )  t h e  

effect of the pe r tu rbed  c o n d i t i o n s  on t h e  combustion r a t e  Q i s  

r a t  felt b e f o r e  t h e  second o r d e r  term Q ' .  Hence Q1' = 0, and 2 
xi1'= const = 0 c o n s i s t e n t l y  wi th  t h e  i n j e c t o r  and nozz le  con- 

ditions (14a and b )  , This  r e s u l t  is ,  o f  course ,  due t o  t h e  

assumption of p u r e l y  t r a n s v e r s a l  waves, a s  shown by  t h e  second 

 quat ti on (17) which shows t h a t  pl '  must b e  a  f u n c t i o n  of 8 alone.  

Rence t h e  o t h e r  two equa t ions  ( 1 7 )  a r e  s a t i s f i e d  by  

where C1 and C2 a r e  c o n s t a n t s  t o  b e  determined,  * and Cf) ( 8 )  

i s  an a r b i t r a r y  func t ion .  It i s  c l e a r  t h a t  t h i s  s o l u t i o n  s a t i s -  

f i e s  the f i r s t  o r d e r  shock c c n d i t i o n s  (13 ) .  

2,7 Second Order S o l u t i o n  

The second o r d e r  s o l u t i o n  i n  s t e a d y  s t a t e  can aga in  be  ob- 

t a i n e d  either from t h e  Eq. (10) o r  d i r e c t l y  from t h e  Equa- 

r i o n  (1). I f  we assume F(~g)=p ( 7 )  f o r  a l l  va lues  of  p , 
then G2 = 0, and one g e t s  

- -- L 

"Actual_Cly C 2  could b e  an a r b i t r a r y  f u n c t i o n  of Cg , however, i n  
the way Cp and C 2  w i l l  be  determined,  it can be  shown t h a t  C 2  
i s  independent of . For s imp l i c i t y ,we  assume from t h e  beginning 
that i t  i s  cons t an t .  



The equat ions f o r  t h e  unsteady components a r e  then,  using the 

r e l a t i o n  

2,8 Wave Sh3pe Equation i n  t h e  Most General Case 

I t  i s  assumed t h a t  t h e  cons tan t s  C 1  and C2 of ~ q ~ ( l . 8 )  

t o  be zero and t h i s  i s  genera l ly  t h e  r i g h t  value w i t h  some 

exceptions.  We can then  r e w r i t e  Eq. (18) s o  t h a t :  

r ep resen t  a  poss ib le  f i r s t  order  s o l u t i o n  (pure ly  t r ansverse  

wave). From Equation(l5) we have (having taken y4 = 0 ) : 

which r e s u l t s  i n  the  following equation 

We a l s o  have: 



Multiplying Eq. ( 2 2 )  b y p  and Eq. (23) by /Ic , adding them 

ug and r e c a l l i n g  t h e  expansions ( 5 ) ,  we f i n d  t h e  equation: 

between the unexpanded q u a n t i t i e s  K , r ,  Q . This equat ion 

app l i e s  f o r  t h e  case  when a l l  q u a n t i t i e s  a r e  p e r i o d i c ,  and 

hence can be expressed a s  funct ions  of 0 = f t - y  and 7 alone. 

I f  t h e  s o l u t i o n  i s  not  p e r i o d i c ,  every q u a n t i t y  should b e  con- 

s ide red  t o  s - t i l l  depend on t ,  independently on t h e  0 depen- 

dence, I n  t h i s  case  an a d d i t i o n a l  term should appear on t h e  

l e f t  hand s i d e  of t h e  equat ion which wr i t e s :  

I n  r e a l i t y  t h i s  equat ion holds  only i f  Q ' =  0 ,  and i f  ,u (and 1 
hence vj a r e  small  a s  wel l  a s  when t h e  Q p e r t u r b a t i o n  i s  of 

o r d i r p  while t h e  s teady s t a t e  Q i s  of order  P . However, 

w s  shall suppose i t s  approximate v a l i d i t y  a s  wel l  a s  t h a t  of  

EqJ (21) even i n  t h e  case  when Q '  i s  of o rde r  /M , provided 

V C L  1, I n t e g r a t i n g  from 0 t o  2 we o b t a i n  

4 

From the expanded nozzle condi t ion ,  Eq. (lib), we can again(multip1y- 

ing  the f i r s t  by /U and t h e  second by ,A and adding up) synthe- 

size the res.ult :  

and hence we obtain:  e 

Tke corresponding equat ion i n  t h e  non-periodic case  i s ,  



When t h e  r e l a t i o n s h i p  between Q and v  i s  known,  quat ti on (24) 

( o r  24a) r ep resen t s  a  nonl inear  i n t e g r o - d i f f e r e n t i a l  equat ion 

f o r  v. 

2.9 Droplet  Evaporation Model 

The quas i -s teady evaporat ion r a t e ,  under c e r t a i n  assinrnp- 

t i o n s ,  i s  defined by t h e  r e l a t i o n :  

De r* - - + u q - $ + = -  > f "  -K f + ~ . 3  R e  Pr 4/3 - - 7v "Sr* 

~ t *  a t* r *  
where s t a r s  s tand f o r  dimensional q u a n t i t i e s ,  K i s  a constant 

r e l a t e d  t o  t h e  p r o p e r t i e s  of t h e  gases  and of t h e  d r o p l e t s ,  Pr 

i s  t h e  Prandt l  number, t h e  Reynolds number i s  defined as: 

and q* i s  t h e  d r o p l e t  v e l o c i t y  r e l a t i v e  t o  t h e  gas ,  g iven  by: r e 1  
t 

Introducing t h e  r e l a t i v e  d r o p l e t  volume 

where ri* r ep resen t s  t h e  d r o p l e t  r ad ius  a t  i n j e c t i o n ,  and non- 

dimensionalizing t h e  o the r  q u a n t i t i e s  i n  t h e  usual  fashion  we 

obta in :  

where we have: 

con ta ins  t h e  r e fe rence  length  * (developed periphery ef the 

annulus) ,  t h e  reference  sonic  v e l o c i t y  cr* and gas dens i ty  Pr * 
( i n  our case these  a r e  t h e  corresponding values a t  tlne ic jee tor  

end) and t h e  v i s c o s i t y p *  i s  t h e  average gas v i s c o s i t y .  

The i n j e c t i o n  f l u x  per  u n i t  a rea  i s  given by: 



d w h e r e  N i s  t h e  d r o p l e t  number dens i ty  which i s  cons tant  .* 
since U l  is cons tant ,  yL* i s  t h e  l i q u i d  p r o p e l l a n t  dens i ty ,  * 
and i s  t h e  amount of  p r o p e l l a n t  per  u n i t  chamber volume 

a t  injection, The dimensional evaporat ion r a t e  is:  

* * 
and i t s  nondimensional value,  Q = e*@ yp' c, i s  immediately 

prsved to be: 

% 
where soji =FA=, y * i s  r e l a t e d  t o  t h e  nondimensional i n j e c -  .,- 
tion flux by t h e  Qquation: /rc = ypi U e  . Equations (A) and 

(B$ completely def ine  t h e  source s t r e n g t h  Q. 

2 - 1 0  - Wave Shape Equation With Droplet  Evaporation Model 

From Equations (A) and ( B )  we have: 

Eere we have i d e n t i f i e d  o( with 8 ( 8, .= 0 ) . Hence, tak ing  

\ = $ w e  can wr i te :  

Eere z 

where LL Tias been replaced by , c o n s i s t e n t l y  with t h e  
/ 

approxinat ic~n t h a t ,  t o  o r d e r p  , U =O , and where wi th in  

the same accuracy, we can take  (see  Eq. ( 2 1 ) )  

Eitf 'J- . " i+?fi - 4-e - , y!x4+p - e: = 4 + g =  y (@) 
2 h' 

??he f o r m a l  s o l u t i o n  Q(g, @) of Eq. (26)  which has  

'$(o~ @)=A ( i n i t i a l  d r o p l e t  diameter f ixed)  is: 
7 '/ 2 

C?I .p,@)= i - 7 -  3 dcJ ( 2 8 )  

au, 



a f t e r  which Eq.  (25). g ives  

We have then Eq. (24) i n  t h e  form: e 

2 
J 
0 

t h e  l a s t  term being p resen t  f o r  non p e r i o d i c  s o l u t i o n s ,  Since Eq, 
m 

(27) g ives  P =  i (wi th in  t h e  p resen t  approximation)we can ob- 

t a i n  ye from: 
i 

The equat ion f o r  fl i s  now e n t i r e l y  def ined f o r  assigned - 
values of (2' , , M e  , y and . I t  must be observed 

t h a t  it app l i e s  t o  t h e  case of shock-type waves, and Tm 

r ep resen t s  t h e  mean value a t  t h e  shock wi th  t h e  frequency ; 

For shockless waves, of course,  v i s  meaningless, but f m 
i s  s t i l l  meaningful, and v should be simply replaced by m 
( 2  ) ( -1 ) .  I n  t h i s  case,  ins t ead  of t h e  unknown v t o  

n?. 

be determined simultaneously wi th  t h e  s o l u t i o n  v ( 8  ) ,  w e  will 

have t h e  unknown frequency f  t o  be determined a l s o  i n  the 

same time a s  t h e  s o l u t i o n  v (  8 ) . 
We a l s o  have: 

- - 
Since g = 1, and ( 3 0 )  /U=u ,  . Hence we have 

from Eq,  (26) : 

where we have introduced f =  a\a& 



2-11 Case f o r  B4 1 

The s o l u t i o n  of Equation ( 3 2 )  f o r  /8 4 1, where z c  U e  

a t  all s t a t i o n s  is: 

represents t h e  time elapsed from t h e  i n j e c t i o n  of t h e  

droplet, 

i s  t he  d rop le t  l i f e t i m e ,  b  represent ing  t h e  s t a t i o n  where, - 
In steady s t a t e ,  L) = 0 ,  and K being r e l a t e d  t o  f by: 

The relation between b o r  T and t h e  cons tant  C! appearing 

:-n Eq, (25) i s  found t o  be: 
Ift 

cu, r = b  c = 2 1 ( ( f )  
uifL r '" 

Fro= Eqs, (31) and ( 3 2 )  we o b t a i n  then: 

Application of Eq. ( 2 8 )  gives  then: 

Ir; t h e  case /J> 1. z< U L  only t o  a  c e r t a i n  value of 6, - 
(or a certain s t a t i o n  * s e e  Eq. ( 3 4 ) )  ,where V becomes equal - 
ra a certain value $ *; a f t e r  t h i s  s t a t i o n  we have u> e - 



- - 
W e  f i n d  f o r  s, S,, s>V,, 2~ R e  

For: 2s bc 5, we have : 

and f o r  s> w e  m u s t  take: 





fo r  P 7 j  - 
I t  i s  obvious t h a t  any n e g a t i v e  va lue  of 3 r e s u l t i n g  

from   qua ti on (36)  o r  (38) must be rep laced  by 0 , 



SECTION I11 

Numerical Analysis f o r  Per iodic  Solut ions 

 his s e c t i o n  concerns the  numerical i n t e g r a t i o n  of the 

wave equat ion [Eq .  ( 2 9 ) ]  i n  t h e  previous sec t ion ,  A shoc3~;- 

type s o l u t i o n  i s  sought i n  the  case of a l r / 3 t = O  which repre- 

s e n t s  the  case of a  p e r i o d i c  so lu t ion .  I t  i s  u s e f u l  to reca l l  

t h a t  i n  a  l i n e a r  t reatment  once i n s t a b i l i t y  appears,  the an~pli- 

tude of the  pe r tu rba t ion  grows i n d e f i n i t e l y  l a r g e r  with t ime, 

Of course,  i n  r e a l i t y ,  t h i s  i s  no t  so,  because of the  presence 

of nonl inear  e f f e c t s  r e s u l t i n g  i n  a  l i m i t a t i o n  of  the  final 

amplitude. 

~ r o c c o ' s  mathematical study of the  nonl inear  behavior i n  

t h e  case of a  t h i n  annular  chamber has ,  indeed, t h e  purgose of  

determining the  l imi t ing-cycle  (pe r iod ic  so lu t ion)  of a l i n e a r l y  

uns table  rocket .  However, an even more u s e f u l  goal  t h e  

s o l u t i o n  of t h e  problem of nonl inear  i n s t a b i l i t y ,  t h a t  i s  insta- 

b i l i t y  which may r e s u l t  during an otherwise s t a b l e  run, when t h e  

a p p l i c a t i o n  of d is turbances  of  a  s u f f i c i e n t l y  high l e v e l  results 

i n  ampl i f ica t ion ,  while d is turbances  of lower-level decay, This 

kind of  i n s t a b i l i t y  i s  s a i d  t o  be " t r i g g e r i n g  i n s t a b i l i t y "  and 

t he  corresponding " threshold"  has  a  p e r i o d i c  s o l u t i o n  w h i c h  i s  

c a l l e d  " t r i g g e r i n g  cycle" .  For t h i s  kind of  a n a l y s i s  it i s  

immaterial  i f  ,8< I o r  > 1 . 
3.1 ~ o l u t i o n  of the  Nonlinear I n t e g r a l - ~ i f f e r e n t i a l  Equation (29) 

I£  the  i n t e g r a l  appearing i n  the  l a s t  term of  Eq .  (29) i s  

formally reduced t o  a  simple funct ion  M ( 8 ) ,  the  same equation 

may be w r i t t e n  a s  follows: 

adding f u r t h e r  s i m p l i f i c a t i o n s ,  



where 

are constants f o r  given: r ,  1 , u , z- (and hence /3 ) ,  and 
b b (ar T-. - - 
a& 

Let u s  de f ine  t h e  right-hand s i d e  of Eq, (4 )  a s  g  ( €3 ) , whern 

g is see11 to be a l i n e a r  i n t e g r a l  funct ion.  With t h i s  asswnp- 

t:on, Eq, (40) may be  wr i t t en :  

or': 

S ince  we have a p e r i o d i c  s o l u t i o n  wi th  d i s c o n t i n u i t i e s  only a t  

the endpoints of t h e  i n t e r v a l  (3s 8 s  4 , it follows t h a t  t h e r e  

is sage 19 * i n  t h i s  range, such t h a t  v(@')= d-, . From Eq. (43) 

it i s  seen t h a t  8 * i s  a  s i n g u l a r  p o i n t  and f o r  t h a t  equat ion t o  

have meaning I t  must be: 

~ntegration of Eq, (42) y i e l d s  t h e  formal r e l a t i o n  

Evaluation of Eq, ( 4 6 )  a t  @=1 and t h e  d e f i n i t i o n  Eq. (45) corribine 

t o  y i e l d  another condit ion on t h e  funct ion  g  ( 8 ) ,  namely: 



Equation ( 2 1 )  may be considered a s  a  quadra t i c  r e l a t i o n  f o r  

g ( 8 )  and, t h e r e f o r e ,  has  two s o l u t i o n s ,  I t  may r e a d i l y  be 

seen t h a t ,  i n  t h e  case where a  shock e x i s t s  and s o  ~ ( 4 )  r ( o )  
we must have: 

Y 
f o r  8 ~ 8 ~ 1  

I n  t h e  p a r t i c u l a r  case which a r i s e s  f o r  @=@I , ~ ~ @ * ~ ~  

and s o  Eqs, (48) y ie ld :  

I n  order  t o  ob ta in  real-valued so lu t ions  t h a t  a r e  continuous 
8 

a t  8 )  , it i s  necessary t h a t  ( l e t  us c a l l  G(8) = / $ d e '  i\ : 
/ ax  D 

Q 
has  a  c e r t a i n  negat ive value such t h a t  t h e  term under the  

square-root s i g n  i n  Eq,(48)has a  l o c a l  minimum value (which 

equals zero)  a t  8s8* . This i s  c o n s i s t e n t  with the fact 

t h a t  g = O a t  8 = & 9 " .  

From Eq. ( 4 9 ) i t  follows: 

J, = u[.) - 

Of course,  Eq. (48) i s  merely an i m p l i c i t  r e l a t i o n  f o r  ( @ b  
s i n c e  3 ( 8 )  depends upon ~ ( 0 )  ; however, t h e  equation i s  

i n  convenient form t o  so lve  by P i c a r d ' s  method. 



The i t e r a t i o n  procedure used begins wi th  assuming 

~ ( e ) ,  v t o )  + 4 ( 0 )  where dfo) = O  . An i n i t i a l  guess of + ( B )  

i s  made ( t p i c a l l y ,  a sawtooth p r o f i l e  was assumed), but  r a t h e r  

than spec i fy ing  ~ ( 0 )  , Eq. (47) i s  used t o  c a l c u l a t e  

w4 
Knowing U(Q)  and 4(0) , P/B]  i s  immediately known 

and may be s u b s t i t u t e d  i n t o  t h e  right-hand s i d e  of Eq. (48) .  Then 

use i s  made of Condition ( 4 5 )  f o r  which Eq. (49) i s  t r u e  

and by means of Eq. (50),rm may be determined. Eq. (48) 

i s  the~;lexsed t o  c a l c u l a t e  a new r(@) . Subtrac t ing  ~ ( 0 )  from 

~ - . ( @ j  , a new qb(@/ is  known and then  Eq. (48) i s  again used t o  

calculate a new V ( O )  and s o  f o r t h ,  u n t i l  t h e  sequences f o r  

bvi..(8) and L9-],, converge. 

T h e  i t e r a t i o n  was performed on an IBM 360/91 computer with 

t h e  s o i 7 ~ t i o n s  converging i n  approximately t e n  t o  f i f t e e n  s t eps .  

I:? 214. the cases  where d i f f e r e n t  i n i t i a l  p r o f i l e s  f o r  . d , ( 6 )  
were assumed, t h e  same l i m i t i n g  s o l u t i o n  was obtained. Usually 

the quaEi ta t ive  behavior i s  demonstrated immediately ( i n  t h e  case 

o f  convergence) by t h e  f i r s t  s t e p  i n  t h e  i t e r a t i v e  procedure. 

A s  it was s t a t e d  a t  t h e  beginning of Sect ion 111, it i s  

immaterial whether f i s  r 4 o r  1 a s  f a r  a s  t h e  i t e r a t i o n  

method is concerned. Only t h e  funct ion  M ( 8 )  i s  a f f e c t e d  be- 

cause it takes  on two d i f f e r e n t  forms according t o  t h e  value of 

f3 compared to 1. For P > I  , a s t a t i o n  C& e x i s t s  i n  the  combus- 

t i o n  chamber where the  gas v e l o c i t y  g e t s  l a r g e r  than K .   his - 
i s  because a t  the  nozzle entrance Uh 7 K and thus the  way t o  e 
calculate i s  s p l i t  i n  two p a r t s  a s  shown i n  Eq. (38) , 

For information, the computer program f o r  / >  I has  been 

introduced i n  ~ p p e n d i x  A. The reason i s  t h a t  the  s i t u a t i o n  />  / 
is more l ikeLy t o  occur i n  r e a l i t y  and another reason i s  t h a t  

i t s  numerical g e n e r a l i t y  makes the case ,&< / a s p e c i a l  case.  



3 . 3  Discussion of Resul t s  f o r  Per iodic  Solu t ions  

One of the  most i n t e r e s t i n g  and important conclusions 

t h a t  can be drawn from the  numerical s o l u t i o n  of  Eqo (29) 

f o r  = v = 0 i s  t h a t  a  shock-type p ressu re  d i s t r i b u t i o n  a t  t 
does e x i s t  wi th in  t h e  annular  chamber. 

~ e p e n d i n g  on the  magnitude of  the  gas v e l o c i t y  a t  the 

nozzle ent rance  compared t o  t h e  cons tan t  d r o p l e t  veBlo~iP1~i. 

( i . e . ,  depending on whether = G,/U[ i s  5 1) we can have a 

shock-type pressure  d i s t r i b u t i o n  a s  shown i n  Fig,  2 or  i n  

Fig. 3 .  I n  both cases  t h e  wave decays sharply  a t  the  beginning 

(low values of €I ) o r ,  a s  t o  say,  decays f o r  high neg.ati\.e 

values of  dLI-/d@ , e s p e c i a l l y  f o r  the  case f l  ) 1 f o r  which 

l a r g e r  amplitudes e x i s t  a l s o  a s  a  genera l  r e s u l t .  

The c h a r a c t e r i s t i c  d r o p l e t  l i f e t i m e  7 , i n  the  way it i s  

def ined by ~ q .  (35) ( t ime elapsed from the  i n j e c t i o n  of the 

d r o p l e t  t o  t h e  moment it vanishes) inf luences  the  shock ampli- 

tude and, i n  a  more s e n s i t i v e  way, the  energy assoc ia ted  with 

it a s  it w i l l  be seen l a t e r .  

Fig. 4 shows how wave amplitudes a r e  d i s t r i b u t e d  fo r  given 

combustion chamber length  and d r o p l e t  v e l o c i t y  f o r  various 

values of 'J-' . The wave shape f o r  = 0.8 i s  s i g n i f i e a n c  of 

a  s i t u a t i o n  where f o r  smaller  values of 7- t he  convergence 

towards the  s o l u t i o n  becomes more d i f f i c u l t  t o  ob ta in  u n t i l  

t he  s i t u a t i o n  i s  reached where no s o l u t i o n s  e x i s t  i n  the  sense 

t h a t  no convergence i s  obtained i n  t h e  numerical i t e r a t i e n  pro- 

cedure. 

The pe r iod ic  s o l u t i o n  i s  a  condi t ion  of dynamic equilibrium 

and, a s  such, may be s t a b l e  o r  unstable .  I f  the  amplitude i s  

perturbed s l i g h t l y  from the  value f o r  a  p e r i o d i c  s o l u t i o n ,  the 

pe r tu rba t ion  may grow o r  decay. I f  both p o s i t i v e  and negative 

per tu rba t ions  grow i n  absolu te  magnitude, the  p e r i o d i c  ssl .ution 

i s  uns table  ( t r i g g e r i n g  cycle)  while i f  both p o s i t i v e  an6. nega- 

t i v e  pe r tu rba t ions  decay, the  pe r iod ic  s o l u t i o n  i s  s t a b l e  (limit- 

ing  c y c l e ) .  We a r e  no t  i n  a  p o s i t i o n  t o  a s s e r t  t h a t  the periodac 

s o l u t i o n  we obtained i s  the  t r i g g e r i n g  cycle ,  and it i s  l i k e l y  1x1 be 



such, because of smal l  wave ampli tudes  involved ,  e t c .  A system-.. 

a t i c  search has been performed i n  o r d e r  t o  f i n d  t h e  l i m i t i n g  c y c l e  

fo r  g iven  va lues  of  1 ,  u l , f  and p o s i t i o n  a t  which d r o p l e t s  van i sh  

(actually the parameters  were 1 = 0.40, = 0.10, b  = 50%. /8 = 1.1 

and the r n i t i a l  wave ampli tude guess  was of 0  ( 4 0 ) ,  which means of  

the order  of 200 t i m e s  more t h a n  t h e  t r i g g e r i n g  c y c l e  ampl i tude) .  

Froxi swc3 an i n i t i a l  h i g h  va lue  o f  t h e  wave ampli tude a l l  t h e  

fol lowing wave ampli tudes ,  dur ing  t h e  i t e r a t i o n  procedure ,  converged 

t o  lower and lower ampli tudes ,  reaching t h e  t r i g g e r i n g  c y c l e  w i thou t  

be l rg  "caught" by any o t h e r  s o l u t i o n .  A t h i r d  o r d e r ,  h i g h l y  i n -  

volved mathema-tical a n a l y s i s , c o u l d  perhaps  y i e l d  a  l i m i t i n g  c y c l e  

w h i c h  eer-zainly e x i s t s  f o r  t, oo. 

A coraparlson can b e  made w i t h  Crocco ' s  p rev ious  c a l c u l a t i o n s ,  

where ~ h e  L ~ S L I ~ ~ S  a r e  v a l i d  on ly  f o r  JCC Ueand f o r  i;i.tc Meand no 

chance i s  given f o r  iZ t o  become l a r g e r  t h a n  M e  , a s  i s  t h e  c a s e  

in c h e  prssent: work where we have /j > 1. There it i s  shown t h a t  a  
2 

shczk-type s o l u t i o n  can appear on ly  i f  r* (, < 1/33.8, i. e . ,  on ly  
l / t  

if /i 2 33.:1 ;in f a c t  =ue /p  = u ( / r i ; ) .  A c t u a l l y  t h i s  c o n d i t i o n  i s  

quite w e l L  satisfied i n  t h e  p r e s e n t  c a s e  a s  long  a s  f i s  smal l ;  

it LS poss ib le  t o  show t h a t  E q .  (29) y i e l d s  t h e  same conc lus ions  

menz*c:-.ed above a s  long a s p e o  and numerical  computations have 

shovqn :hat ~t :LS no longe r  p o s s i b l e  t o  o b t a i n  s o l u t i o n s  f o r  < 0.15 

(!= 0.15 i31E bile = 0.02 have been t a k e n ) .  
B 

F-on- Yigures 2 and 3  it i s  easy  t o  compare t h e  b r e a d t h  of  t h e  

wavz  prof:le i n  t h e  two c a s e s  where t h e  gas  v e l o c i t y  a t  t h e  nozz le  

enrl-ailce J s sma l l e r  t han  kl(p = 0.8) and l a r g e r  t h a n  Me ( f  = 1.1). 

The nore s3 i n c r e a s e s ,  t h e  more t h e  wave ampli tude i n c r e a s e s  ( f o r  
I 

= 5 ,  t-5s 9 a l u e  of p/$ = ~ ( 0 )  ( a t @  = 0) reaches  0 .46) .  The most 

~ i g ~ ~ i f l c a n z  w a y  t o  look a t  t h e  behavior  of  t h e  shock-type p r e s s u r e  

d isLr lbut .uor  is by s tudying  t h e  behavior  o f  t h e  energy a s s o c i a t e d  

wit% t h e  7,elrave, versus  t h e  d r o p l e t  c h a r a c t e r i s t i c  l i f e t i m e  T .  I n  

th i s  study w e  are cons ide r ing  t h e  c a s e  of  a  sp inn ing  wave and t h e  

eneVyy a s s c c i a t e d  wi th  it ( k i n e t i c  energy + p o t e n t i a l  energy)  t h a t  

i s  gropartlona?. t o  / : ' d B  =l tP /g ) 'd@ Figures  5  and 6  show t h e  
0 

b e h a v i ~ r  of (e ve r sus  7. f o r  p = 0.8 and f o r  p = 1.1 and i n  each 

eas; f i ~ l v e r i  1 and u e .  



The parameter T has  been made v a r i a b l e  by changing the 

combustion d i s t r i b u t i o n  l e n g t h  ( s t a t i o n  b  a t  which d r o p l e t s  

van i sh )  and keeping and U g c o n s t a n t .  cons ide r ing  t h a t  the 

energy a s s o c i a t e d  wi th  t h e  t r i g g e r i n g  c y c l e  should be minimum 

where t h e  i n s t a b i l i t y  i s  most l i k e l y  t o  happen , (beeause  more 

energy should be  p u t  i n  t h e  wave i n  o r d e r  t o  d r i v e  t h e  i n s t a b -  

i l i t y )  , such a  c o n d i t i o n  i s  no t  reached f o r  /3 = 0.8. F i g .  5 

( n o t e  t h a t  t h e  curve  i s  smoother f o r  a- = 9.5) . A commoi: 

f e a t u r e  appears  e v i d e n t  from F igu res  5 and 6; t h e  e f f e c t  of 7 
upon t h e  energy ,$ g e t s  less and l e s s  e v i d e n t  a s  long as 7 
i n c r e a s e s  c o n s i s t e n t  w i th  Crocco 's  p rev ious  c a l c u l a t z o n s  

~ o r f S  = 1.1, a s  it i s  shown i n  F ig .  6 ,  t h e  i n s t a b i l i t y  1 s  mGre 

l i k e l y  t o  occur  f o r  va lues  of  7 ranging  from 0 ,5  t o  1 . 2  (frcsxul 

e = 0.2 t o  = 0.4) . Numerical computations have showr .  that, a t  

l e a s t  f o r  U l =  0.1,  and f o r  va lues  o f  -& c l o s e  t o  0.3, i t  i s  

e a s i e r  t o  o b t a i n  so1ut:ions f o r  p > 1 than  f o r  f 1. T h i s ,  per- 

haps ,  i s  t h e  r ea son  why we could no t  r each  a  minimum f o r  in 

t h e  c a s e  o f / 3  = 0.8. A d i s c o n t i n u i t y  appears  f o r  7 = 1 .4 .  bur 

on t h e  ground of  t h e o r e t i c a l  a n a l y s i s  no s i n g u l a r i t y  appears i n  

Eq. (29) t o  g i v e  a  j u s t i f i c a t i o n  and b e s i d e s  p r e s s u r e  d i s t r i b c -  

t i o n s  f o r  va lues  o f  7- i n  t h e  neighborhood o f  t h e  discsntrnuity 

appear  t o  b e  normally behaved. Never the less ,  convergence is 

reached f a s t e r ,  f o r  4 1  when 1 , a s  w e l l  a s  M e  are  given 

lower va lues .  
r 

Figure  7 shows t h a t  t h e  energy a s s o c i a t e d  wi th  the trigger- 

i n g  c y c l e  ( eve ry th ing  be ing  equa l )  becomes sma l l e r  when the 

d r o p l e t  v e l o c i t y  i n c r e a s e s  and t h a t  it i.s in f luenced  i n  l e s s e r  

e x t e n t  by 7 .  

A common c h a r a c t e r i s t i c  appears  from F igu re  6 and that is 

f o r  va lues  o f  p lower t h a n  Tv-cw (va lue  of 7 f o r  which 8 i s  

minimum) t h e  tendency towards i n s t a b i l i t y  becomes i n c r e a s i n g l y  

h i g h  and a t  a  very  f a s t  r a t e ,  up t o  a  p o i n t  where no valrd so lu-  

t i o n s  a r e  ob ta ined  ( d o t t e d  p o r t i o n s  o f  curves  f o r  1 = cal?stanc). 

Crocco and M i t c h e l l  
15 

i n  t h e i r  t h e o r e t i c a l  i n v e s t i g a t i o n  

on t h e  t r a n s v e r s e  combustion i n s t a b i l i t y  f o r  an annula r  motor, 

used t h e  n- T model and i n  doing s o  t h e y  expressed t h e  second 



order cornbustion r a t e  Q '  as  follows: 
2 

k~l^iere n i s  t h e  i n t e r a c t i o n  index, 5 t h e  s t r e t c h e d  time 

l a g  and t.3-?' a  r e t a rded  v a r i a b l e .  

Ir the p resen t  work t h e  instantaneous combustion r a t e  

: s  related t o  o the r  phys ica l  f a c t o r s  such as  t h e  d r o p l e t  

relative volume, t h e  gas  dens i ty  and t h e  gas  r e l a t i v e  v e l o c i t y ,  

2s  can Se seen from Eq,  ( 2 5 ) .  From Crocco's time l a g  theory  

-we can assume t h a t  t h e  phys ica l  f a c t o r s  a r e  c o r r e l a t e d  and we 

can disregard  t h e  e x p l i c i t  e f f e c t s  of a l l  t h e  f a c t o r s  except 

chat of the pressure  and say t h a t  t h e  r a t e  of combustion and 

pressure are r e l a t e d  toge the r  by means of t h e  i n t e r a c t i o n  

~ n d e x  n, Under t h i s  assumption we can say t h a t  a  given 

local snd instantaneous combustion r a t e ,  a t  any value of t h e  

~ n t e z a c c i o n  index n, corresponds t o  a  p ressu re  d is turbance  p. 

:krougl~ the i n t e g r a t i o n  ~ ? ~ / ~ ) ' d @  we can say,  from t h e  

presenr work, t h a t  we s t i l l  have two values of 3- f o r  any 

In rhe region of minimum. 



SECTION I V  

CONCLUSIONS 

The t h e o r e t i c a l  work desc r ibed  i n  t h i s  r e p o r t  p rov ides  

conformation t o  t h e  exper imenta l  obse rva t ions  o f  H a r r j  e , 
Varma and o t h e r s  t h a t  shock-type waves a r e  c h a r a c t e r i s t i c  of 

t r a n s v e r s e  mode i n s t a b i l i t y  i n  an annula r  chamber. 

The fo l lowing  i s  a  l i s t i n g  of t h e  p r a c t i c a l  cons ide ra" '  ~ l o n s  

t h a t  one can d e r i v e  from t h i s  t h e o r e t i c a l  i n v e s t i g a t i o n  o E an 

annula r  r o c k e t  motor exper ienc ing  f i r s t  t a n g e n t i a l  mode conibus- 

t i o n  i n s t a b i l i t y .  

1) For t h e  rnore r e a l i s t i c  ca se  of  ,,& = u /u r 1 ( s i n c e  che 
n  R 

gas  v e l o c i t y  a t  t h e  nozz le  en t r ance  i s  most l i k e l y  t o  be Larger 

than  t h e  l i q u i d  p r o p e l l a n t  v e l o c i t y )  ~ i g .  6 shows t h a t  in the 

p a r t i c u l a r  ca se  o f /  = 1.1 and uP = 0.10 a  combus1;ion d i s t r i - -  

b u t i o n  ex tending  t o  approximately 30% of  t h e  chamber l e n ~ s h  rnllst 

b e  avoided,  With such a  combustion concen t r a t i on ,  t h e  enerqy 

feedback r equ i r ed  t o  t r i g g e r  combustion i n s t a b i l i t y  i s  r n r n f m ~ z e d ,  

c he behavior  of  t h e  energy f o r  d i f f e r e n t  va lues  of  p has  not 

been i n v e s t i g a t e d .  

2 )  Figure  6 a l s o  shows t h a t  f o r  a  combustion d i s t r ibs t_r .on  

below 20-25% of  t h e  combustion chamber l eng th  no shock-tyse i n -  

s t a b i l i t y  can be  t r i g g e r e d .   his would appear  t o  i n d i c a t e  that 

t h e s e  combustion l e n g t h s  r e p r e s e n t  t h e  b e s t  p o i n t  t o  complete 

combustion. I f  t h e  combustion d i s t r i b u t i o n  i s  r equ i r ed  t o  be 

spread f u r t h e r  a long  t h e  chamber a x i s ,  then Fig .  6 shows t h a t  

i t  i s  f a r  b e t t e r  t o  a t t empt  t o  p rov ide  very l a r g e  va lues  of T 

( c h a r a c t e r i s  t i c  time r equ i r ed  f o r  a  complete combus t i o n )  , t his 

t a k e s  advantage o f  t h e  h ighe r  e n e r g i e s  r equ i r ed  f o r  triggering 

t h e  i n s t a b i l i t y  w i th  l a r g e  T and thereby  moves t h e  operations; 

p o i n t  f u r t h e r  from t h e  l i m i t s  o f  u n s t a b l e  combustion. 

3) Again from ~ i g .  6 it i s  shown t h a t  improved s t a b i l i t y  i s  

achieved i f  t h e  combustion chamber l eng th  i s  taken a s  s m a l l  a s  

p o s s i b l e  compared t o  t h e  mean c i rcumference of  t h e  annulus ( f o r  * * 
example, 1 = 2 /7T d = 0.33 r e p r e s e n t s  t h e  l e n g t h  of a square  



longitudinal c ross  s e c t i o n  combustion chamber, i . e . .  where 
* 2 = d . here d* i s  the  dimensional mean diameter of the  

annulus; , For l a r g e  values of 'B it i s  f a r  more convenient 

to operate with a  s h o r t  combustion chamber, s ince  a  l a r g e r  

quantity of feedback energy i s  then requi red  ( i - e , ,  more s t a b l e  

o2eration) , 

4) It i s  a l s o  suggested t o  opera te  a t  a s  low an i n j e c t i o n  

velocity a s  poss ib le  i n  order  t o  increase  the  feedback energy 

required f o r  t r i g g e r i n g  the  i n s t a b i l i t y .   his t rend is  shown 

by P i g .  7 where f o r  ,L? = 1.1 and .f = 0.3 l a r g e r  energy re-  

quirements f o r  i n s t a b i l i t y  a r e  a s soc ia ted  wi th  ud = 0.10 than 

-dl t l i  i l e  = 0.12. Actual ly .  the  parameters ue . b and [ 

a re  n o t  completely independent, because of  the  e f f e c t  of  

on the  eon.bus t i o n  d i s t r i b u t i o n .  

5 )  FCK a given i n j e c t i o n  ve loc i ty  and chamber l eng th ,  another  

w a y  to s t a b i l i z e  an engine ( i . e . ,  r equ i re  more energy t o  d r i v e  

t h e  i n s t a b i l i t y )  i s  by i n c r e a s i n g p  which means making the  gas 

velocity a t  the nozzle ent rance  a s  l a r g e  a s  p o s s i b l e  compared t o  

tq2e l i q u i d  i n j e c t i o n  ve loc i ty .  This i s  shown by Figs.  5 and 6 

for a r a n s i t i o n  from ,b' = 0.8 t o  ,8 = 1.1 , where shock amplitudes 

ard associated energies  become l a r g e r  and l a r g e r  ( f o r p  = 5 , 
d" , = 0-46) enlarg ing  the  s a f e t y  margin from the  i n s t a b i l i t y  
1 8 

I z r n i t ,  ~ i k e w i s e .  a s  has  been pointed o u t  above. the  inc reas ing  

of  by increas ing  the  gas v e l o c i t y  a t  the  nozzle entrance would 

a l s o  affect o the r  parameters which i n  t h i s  s p e c i f i c  case have 

been taken a s  cons tant .  I t  should be pointed o u t  t h a t  i n  t h i s  

theoretical i n v e s t i g a t i o n  the  energy assoc ia ted  with the  shock 

wave has been considered pe r  u n i t  volume of  the  combustion chamber. 

~ f ,  on the o the r  hand, energy computations f o r  t h e  o v e r a l l  combus- 

t r o n  chaLnber volume a r e  made, t h a t  s i t u a t i o n  would lead  towards 

reversing t h e  r e l a t i v e  p o s i t i o n  of the  curves,  i . e . ,  the  longer 

ekamk3er w i t h  more volume would e x h i b i t  the  l a r g e r  o v e r a l l  energy 

levels (rig* 6 )  

To su-mmarize the  design requirements needed t o  opera te  a s  

f a r  a s  poss ib le  from the  t r i g g e r i n g  l i m i t  one should ( a p a r t  from 

requiring so lu t ions  such a s  b a f f l e s  and acous t i c  l i n e r s ) :  

a)  ith her d i s t r i b u t e  the  combustion over a  range n o t  exceeding 

-38- 



20% of the  combustion chamber length ,  o r  spread the corn-, 

bus t ion  over the  e n t i r e  length  of the  combustion chaL.n13er 

( t h i s  i s  t o  avoid the  minimum energy zone of 30% of t he  

combustion length)  . 
b) Keep the  combustion chamber length  a s  small  a s  possible 

:k 
compared t o  the  mean annulus circumference ( T d  ) ,  

c )  Maximize by i n j e c t i n g  the  l i q u i d  p r o p e l l a n t  a t  the 

lowest v e l o c i t y  and maintaining the  gas ve loc i ty  a t  the 

nozzle entrance a s  high a s  poss ib le .  
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APPENDIX A 
Computer Program f o r  Per iodic  Solut ion w i t h a 7 1  

:-!YTQPN IV G LEVEL  1 3  M &  I N  D L T E  = 7Ll'2? ? I / 5 ? / ; f  

DI'C1ENSIIIb F ( 2 1 i G ~ r G ( 2 ~ D ) r R ( 2 1 1 ' ~ ) v F T ( 2 r ~ C 7 ) r ~ T ( ?  ' ) c F I W j t d ?  . I ,  1 2 F ( r r  '11 r 
l F I h r F ( 2 J i ) l  , T I C ( 2 V 7 )  r P S I ( 2 ~ 1 0 ) t \ J ( 2 0 " ) , C A P L ( Z l ~ i ' ) r S ~ l A L L ( ; ( ?  I v V ;  [ 7 ' ( - 1 *  

lQ1(200)9Q2(LCO)7131)(2i)f)rCRI(L!i)O~rV?(2~ ? 2 3 
R E  A U ( 5 r 1 3 )  JCEl  T I T L T A ,  J V N R r S  T V K r R i ~ ! J L r l . ' C N T q V  I F . I T ~ ' ~ : L  

10 FORMAT( 3 1 4 r 6 F l C l .  5 9 F 8 e 3 )  
R E A D ( 5 r 1 4 )  CCEFvCVSN 

14 F O R M A T ( Z F 1 0 . 5 )  
R E A D ( 5 r 5 0 0 )  ( P S I ( K ~ ) ~ K ~ = L T ~ ~ )  

5t3? FOKMAT{ 7 (  2XvF8 .0 )  7 10X 1 
WR I T E ( 6 ~ 2 4 7 )  Eh rCOFFvUVSV 

247 F O F t Y A T ( / 3 0 X 7 6 H  t N  = r F I C o / t r B Y  CI!F-F = ,F l r ' .4 , r iH D V i h  = r F E 0 . 4 / )  
W R T T E ( 6 , 2 0 ) J f l E L T r I T E T A r J V N ~ , ~ q V K , B ~ 9 U C q P ~ 3 N T  

2 0  F O R M A T I l O H  SELTAS = p I 4 q 9 H  T E T 4 S  = r I 4 r 9 t '  V K ( C )  = r 1 4 r 5 1 "  = 
l F 7 . 4 r 1 5 H  F I l S T  V K ( C 1  rF9 .4 ,8H B E T A  = rF7.49 

1 b H  UC = r F 7 . 4 r 5 P  S = r F 7 . 4 )  
hQ I T E ( 6 r 2 2  I V T N T  

22 F D R M A T t 1 5 H  DELTA V K ( O 1  = 1 F 9 . 4 )  
VKAPPA=VK 
CA=0.5*ALOG~ABS((EE**0.5+1.3~/(8k**~e5-1~0)i~ 
TAU=DCNT+S/UC 
R=S/UL 
P h I = 3 . 1 4 1 5 9 2  
P A T = ( ( Y E * * 0 . 5 ) * T A U ) / ( 2 . C ' * ( C 4 + P A I * 2 o 5 ) )  
4t=(PF*UL ) / ( ? - 2 * S )  
HC=( E E * U L ) * l . Q 6 4 / S  
UC=(2.9*(HF**P.5)*(CA+PAI*i - 5  ) *UL ) / ( T 4 1 1 * 2 e I * S )  
DL TSTE=TAlJ*CA/(  CA+O.4*: ,AI  
W Q I T E ( h r 2 3 )  4C9f?CICC,CLTSTQ 

2 3  FOKMPT(IOX,SS. A = q F 7 . 4 9 5 H  = v C 7 e 4 q 5 H  r3 = , f7,4,1'"c i  it T S T  ;i = 9 F 7  
1 . 4 )  

W R I T E ( 6 r 2 5 )  L A v T P U ~ Q ~ R A T  
2 5  FrOPYAT(11H K ( O E T A 1  = , l P t  l 2 . 4 , 7V  TLIJ = r l P t l ' . 4 *  

1RH L/Ul. = r l P E 1 2 . 4 , 7 H  O A T  = 9 l P F 1 2 . 4 )  
TF T A = I T E T A  
DT E T A = l  . O / T t  TA 
I T E  TP= I TETA+ I 
UELT=JDELT  
DOkLT=P /3ELT  
J D E L P = J D E L T + l  
L A * P A = 2  
LA S T = l  

1 5  M A R Y = l  
VK INT=C. 1 3 0 V K  
M I  h 4 = 1  
L I R 4 = 1  
L A V A = l  
MAMA=l  
M E L Q = l  
LUNA= I T E T P  

76 (30 80G I = 1 ,  JVhP 
WRITEIb,lZ) V K  

12  E O P M P T [ / l C H  V K ( 0 )  I = , F I Z e T )  
2 4  GO TR ( 2 7 ~ 1 1 ) r M k v A  
27 TI=0.9 

K L V = 1  
11 0 0  700 K3=KLVe I T t T P  



' i l 2 T 2 A Q  I V  G  L k V E L  19 M A I N  P A T E  3 71r353 ? 1 / 5 2 P  Jr 

' 1051  
3C52 
3051 
3 c 5 4  
005 5 
005  h 
7 0 5 7  
~ 0 5  8 
3059  
it06 0 
306  1  
3 0 6 2  
3 0 6 3  
0064 
1065 
q O h 6  
J057 
5 0 6  8 
7 U 6  9 
' 9 P 7 0  
PO7 1 
1072  
j 0 7 3  
f 974 
1075 
?G7h 
14'77 
'1378 
1!07 9 
1'38 '3 
i t281  
3*38 2 
' C '  
J ) 4 3  
' ' 384  
,1385 
<'QSfj 

* J ~ R  7 
-3Sd 
2 " S ' i  
-*39; 
99 1 

'a32  
'1 ', 3 3 
"C 3L 
' 3 4 5  
>?Of ,  

1 7 9 7  
s098 
' 9 9 9  

C 1 3 Q  
'131 
J102 
! I 3 2  
; 1 3 4  
1 1 0 5  

3 1 3 6  

1 3  CJ-9.0  
00 620  K2-1 r J C E t  P 
GO TO ( 2 8 4 r 2 R 6 ) r L & F P A  

2 3 4  FRK=l,?+l.l*(VK-3.5*COEF) 
GO TO 1416 

7 8 6  FRK=1.7+1.1*(VK+3.5fDSI{ITETP)) 
1 4 1 6  M A G G I O = 1  

P A G G I O = 1  
L A  F I N 2 1  
L I  MEC= l 
I F ( D J . G T . D L T S T R )  GO TO 41 

40 A=T I -FRK*CJ 
K O V = 1  
GO TO 42 

'1 O J  fJCST=UJ-CLTSTA 
I F  ( D J f l D S T .  L T  .DcL L T )  G o  T n  04 

7133 4 = T  I -FRK*OJMCST 
M l  S A = l  
K O V = 2  
L A F I N = 2  
GO TO 66 

64 L I R S T K = K Z  
SECT=DJMDST 
L h S T K = L I R S T K - 1  
I F ( L A S T K . L T . 3 )  G L  T t '  242 
GU TrCl 2 4 3  

2 % 2  kR T T F (  6 . 7 4 4 )  
Z ' t 4  F G R " d T ( Z X , 1 4 I -  L 4 S T K  I S  L T  3 )  

S T I I P  
2 4 3  Y F Q E = C J  

A=T I - F R K e C L T S T R  
D J = r ) L T S T R  

66 GQ TO (45,4617 L A F I h  
4 5  MdGGIO=?  

SO T f l  47 
4 5  ~ A G G I D = 3  

L I  MBC=2 
GO TL? 4 2  

47 J=n 
2 5 1  B = J  

E I = A  
R I  = B  
O= 9 - A  
I AC-1 
I F ( D 1  5 0 * 0 & r 1 0 C  

5 3  IF((AeCT.0.C).AND.~A.LTTi~3)) 20 T f l  111 
BL FA=H 
GO TO 39  

60 I F ( A )  7 9 ~ 8 6 r 9 0  
70 ALFA=R 

5=R+1.8 
GC! TC 30 

R O  ACFA=O,O 
R = T  I 
GO TO 39 

90 f F ( A - Y E . 1 . 0 )  GD T Q  98  



9 3  ALFA=O.0 
B = T 1  
GI) TO 3 0  

9 8  ALFA-R-1.0 
S = H - l I O  
GO T n  30 

132 4LFA=E-1.0 
GI3 TO 30 

1 1 0  ACFA=CIC 
E = T I - A  
I F ' l E )  1 Z C v 1 3 C , 1 4 G  

120  B=Tb 
G O  TO 33 

13'1 &N111=1.0 
NOR'A=l 
GO TO 6uO 

14(! R = T I  
3 0  D X = ( F - A ) / Z G . ?  

D D X = A H S f  DX 1 
X =  4 
DO 1 3 0  L = l r 2 1  
CS I = X - A L F A  
GO TO (392r393)rCAPPA 

3 9 2  F U N = C O t F * ( Z , ' : * ( C S I * * E h ) - f  l \ i*tCSI**2) I / (  FN-2.1- ! 
GO T C  29r1 

3 9 3  T I T T I = O , O  
00 334 E L - l r L U N Z  
I F f I L . t Q - 1 )  C C  T C  1 3 2  
lCrJI=HL-1 
T I  TT T Y = T I T T T - D T C T A  

316 I F ( C S I . G E e T I T T I )  GC T O  3 3 2  
F l J N = P S I (  ILM)+ICSI-TITTIiu)*(P5TIIL)-PSI( I L W )  )/UTET 
Gc7 TO 290 

3 3 2  T I  T T i = T I T T I + C T E T 4  
3 3 4  C O Q T  I N U E  
2 9 3  Gn T 0 ( 3 3 5 , 4 C ) ,  L I M B C  
3 3 5  F t L  ) = (  1 .0+0.5* (VK+FUY I I * (  ( ( 3~ -1 . ' 1 ) * *2  ) * ( S I N H ( C A - I ; C 4 + ~  . 5 % 7 ~ ~  I 

1*f T J * F R K - { T I - X )  ) / ( f - t . K * T A I j )  1 ) J ; * 4 + (  ( L K + F I 1 & b / U l  ) * * 2 ) - ? : 1 : * 9 ?  
COVA=1 
Sfl TO 5 7  

4 9  F ( I  ) = (  1 . 5 + 0 . 5 * ( V K + f C I h )  1st ( ( Y L - I r i l ) * f 2 ) * ( S I h : (  (CA+L?r ,z*PA1:  ) * ( * '  * ' f -  i d - - (  

L T I - X I  ) / ( F K K * T A l J ) - C A I * * 4 1 + (  ( V k + f L ~ h J ) / U L ) * 1 2 ) + * ? , 2 5  
hf lVf i=2 

5 7  X = X + C X  
18'1 CONTINUE 

VS CGAP=2 1 
190 C A L L  C < F ( D C X I F v T r N S F G h P )  

I F  ( ( E I * G L . O - ~ ' )  .?Yr)e(EI.L;.1. ) 1 GO TP 4'1" 
GO TC 1 1 9 5 ~ 3 1 C ~ 2 2 ~ ~ e 2 3 C l r I A C  

1 9 5  A l  h T = G ( N S E G A P )  
2'0 AL FA=0.3 

r\=n.c 
R=1,CI 
I P C = 2  
GO TC! 3'3 

2 1 1  p F R = G ( N S E G A P )  



I F ( E I o L T . O + ? )  613 TC: 3 2 5  
R I N T = ( H I - 1  .n ) * P C K  
I A C = 3  
Az1.0 
GO TO 92 

220 A N U l - 1 . 0 - (  t C A + C e 5 * P A I  ) / [ F R K t T f i U * ( R i - * O O e 5 )  ) ~ * ( A I ~ T ~ - ~ ~ ~ ~ I T + G ~ V ~ ~ G ~ ~ ~  
Y O K A = 2  
GO T C  6 O O  

2 2 5  P I N T = A B S (  R T  )*PER 
1 A  C = 4  
4 = 0  0 0 
G3 TO 80 

233 GO T O  2 2 3  
4G0 GO T P  2 3 1  
231 ANI11=1.3-(  ( C A + T . S * P A I  1 / t i K K * r A U * ( B ~ * * 3 3 ~ )  1 I*G(b!St t ;bP 1 

MONA=? 
G 3  T O  ( ? 5 0 . 1 5 1 1 r L A P P 4  

350 RUN=COEF* (2 .C* (  T I * * E N ) - F N * ( T I  **7I  1 / ( E N - 2 * 9 )  
GO TO 53Q 

3 5 1  R U N = P S I ( Y 3 J  
6 0 0  GO TO (43rlCr47)r P ' A G G I O  

4 3  I F ( D J . G T . D L T S T P )  6l-J T C  6 ? 9  
16 Q l ( K 2 ) = (  ( 4  {HF-l.'1)**2)*(SINH(CA-(CA+Ce5*PAI ) * D J / r r \ l J l  I * " + +  

l((VK+RUN)/UL)**Z)**n,25)*ANCil 
Q 1 S T R = Q l ( K 2 )  

2 5 2  I F (  (CJ-DLTSTk) .FQ.Q.C 1 GU T O  2 4 5  
GO TG 3 3 9  

2 4 5  CI N T S T = 1 . 0 - A h U 1  
P N U S T R = A N U l  
S T A R 2  =(  ( (  ( H F - l . C ) * * 2  ) * ( S I N ( (  (Cb+i;e5*PCIl*DJ/TAU)-rAl 1**4+ 

1 ( ( VK+RUN)/UL)**2)**?.25)*ANOSTR 
M I  S A = 7  
C J = B E P E  

239 I F ( C l ( K 2 ) e L T . C . 3 )  GO T O  249 
GO TC! 609 

2 4 9  J L = K Z - 1  
I F (  J L e E O e  1 )  Gt T t  2 2 8  
GO T O  227 

2 2 8  G (  J L ) = O . C  
GO TO 2 2 6  

227  T F ( J L . E Q . 2 )  G C  CU 2 2 4  
GO TO 2 2 3  

224 J L M = J L - 1  
G(JL)=(Ql(JLF)+Gl(JL))*CnELTf0.5 
GO TO 2 2 6  

2 2 3  C A L L  O S F (  C C t L T T M 1 , G v  JL 1 
2 2 6  D 1 = C J - P D E L T  

Z1=~(D1)*Q1(K2~-fJ*Q1(JL)l/~QIo<7)-Q1[JL)) 
A T Q 1 1 = 3 0 5 * ( Z l - D 1  I * Q l ( J L I  
F T ( K 3 ) = G ( J L ) + h T K I l  

2 5 4  60 T O  ( 3 6 1 ? 3 6 3 ) r L % P P A  
47 A N U 3 z A N U 1 - C  I h T S T  

82 6 K 2 ) = (  ( ( H E - 1 - 0 ) * * 2 ) * ( S I h I  ( ~ C b + ~ 3 . 5 = P h I l * C J / T A U l - ~  A 1  1**4+ 
1 ((VK+RUM)/UL)**2)**6.25)*ANtI3 

256  I F t Q 2 6 K 2 1 . L T . O - 8 )  GO T C  h l C  
6 Q 9  I F I D J e L T . C C T S T R 1  GO TC 2 5 0  



'i7RTKjN I V  G LEVEL 13 MAIN ['ATE = 7 1 0 5 3  

IF( ( D J . G T c O C T S T i z ) . A l \ i r ! . ( C J V D 5 1  .IT.i)DFLT)) GI1 TO 2 ' 6  

G i l  TC 2 5 3  
ZOh I F f M I S A I E Q . 2 )  GO TC 2 9 3  
257 !>J=CJ+ODELT 
02C' CflNBINtlE 
6 2  3 WRITE( 6 p b 2 4 )  
6 2 4  F O L Y A T (  1@X129H NU1  ODES UOT DECCMF NEGGTIVEI 

STPP 
61': KK=K?-1 

MILLP=1 
IF(DJPDSTehTcDDE!. T) GC TO 22L 
IFI~CJ~~OST.LT,(2*DCELT)).AYDDIDJMnST.GT,DELT GT TC 2 3 7  
GO TO 238 

7 3 7  KK=KZ-1 
G f  PILtA ) = O . L  
CALL C S F f  G D ~ L T I Q I ~ G I L A S T K  
(21 I M T = G (  LAST% 1 
GO T C  239 

738 IF( tUJ~9STeLT.43*DUELT1 1 .AN3e (CIJND5T.GT. L T  1 Gi2 l f 1  741 
GO TO 55 

2 4 1 02lNT=(C2( LIRSTKl+C2(KK)l*DCEL T*0*5 
CALL QSC( DCELTtO1~G~LASTK 
Q 1  TNT-G( LASTK 1 
GO TO 239 

?21 QZ(KK)=STAK? 
2 3 6  CALL QSF( CCFLTvQl rG9LASTK) 

OE INT=G(LASTK) 
234 AREAl=(QlBLASTKI+ QlSTR)*(DDELT-5FCTI/?." 

DD=DLTSTR 
Z = ( (  fCI*QZ(K2)-DJ*Q2(KK) )/(QZ(K2)-92(KKl 1 
ATRI=:3.5*fZ-CD)*LlSTR 
A R f A Z = r ) . f )  
G (  NHLLA)=OoC 
GO TL: 631 

55 vILLA=KK-LASTK 
00 h l  hNL=lrPILL4 

0 2  9 7  (NNL) = Q ? I  LOSlK+NhL) 
CALL CSF(CCkLT~Q1 rF,LCSTK) 
CE I R T = G I  LASTK I 
CALL USF[DCkLT~a3rG,PILLA) 
QZINT=G( VILLA 1 

2 3 9  ARE41=(O1 (LASBK)+ C1STR )*(CDfLT-SFCT)/2a' 
A R F A 2 = (  (02fLIFSTK)+ STCR2)*SECT)/2.? 
GD=CJ-DOE LT 
Z=((CC)*Q2(KZ)-DJ*C2(KK) ) / { Q 2  (K2l-O2IKK! 1 
OTKI=~,S*%Z-CC)*Q2IYK 1 

6 3 1  FT fK3)=C1 I h T + 6 2 I  hT+AKf &l+AREA2+ATRI 
2 5 7  GO TD (76lp3&3),LAP?A 
3 6 1  PSI (1<31=CGEF*;4(_3.(?*(TI*-i tEN ) -Eh:*(TI** :2)  ) / ( ? N - 2 . 0 1  
363 GO TO f699~e59)rlIPA 
~399 V( K3 l=VK+PSI B K 3 )  

SM4LLG(K3)=AC+BC*V(K3 ) - D C * [ I * Q + f  . 5 * V ( K 3 )  I * F T ( U 3 1  
YF(K3,EQe1) GC Tc 97'3 
uAL=K3-1 
C A P G I K 3 ) = ( S P A L L G ( K 3 ) + S l u r A L L G ( M A L ) ~ * D T E T A / Z e ~ t C A P G ~ ~ A L ~  
C A P G t  ITFTP 



' 3 R T R A N  I V  1; L E V E L  1 9  M A I N  

G n  '$0 9[74 
063 C4PGBK3 )=Q.t- '  

G? TO 6 3 2  
904 P R O O = S " A h L G f  K 3  ) * S M A L L G ( M A L  
998 I F  B ( K ? , E d O I T E T P )  - 4 R L ) .  (P INP.EQ.1 )  ) G1 T f l  Q0c' 

I F ( P R O D e L T a O . 0 )  66 T O  831 
GO P O  5 3 2  

831 Z F G O = T B - A H S f  f C T E T A * S Y A t L G ( K 3 )  / ( k H 5 ( S M A L L G ( K 3 )  ) + " i " I i S ' A q ~ L G B  " \ ?  

1 1 %  B )  
SICKM?.=T I - C T  E T A  
E A T R B = I  Z F G T - S T b Q M Z  ) * S M A L L G i r Y f i L  ) / 2 a f  
PAT4I=[TT-ZFCO)*SMALCG(K3)/2.0 
Q U B D = P A T P T + Z A T R l  
C A P G ( K ? ) = C D P G ( W Q C ) + C U O C  
W R f P E ( h r 4 4 4 )  C A P G ( K 3 )  

444 F O R Y A T d l X r 8 H  CAPG = r l P t 1 6 . 6 )  
GO Ti' k 8 4 2 r 8 4 3 r 5 t 3 r 5 6 1 r K 6 2 t 5 ' >  3 )  vLA'4.A 

842  C G S T B = C A P G B P b L P + Z A T R I  
Z F  G G ? = Z F G f l  

5 6 4  C 4 p G S T = C G S T 1  
T I  S T A R = Z F G C l  
k R I T E ( h p 5 4 C )  ZFGOL 

54P F r ) Q M A V ( b X a 9 b  Z F f l l l  = I P t l b e . 7  1 
k A " / i B = L  
GO TCI 6 3 2  

843  C G S T ? = C A P G (  W P h  9 + Z A T R I  
.ZFGi32=2FGO 
h K I T E ( h a 5 5 C )  Z F G C Z  

550 F n F M A T 6 B X q 9 F  ZFGVZ = , l P F l h . & )  
L A V A = = ?  
I F ( C G S T l , L T , C S S T Z )  G O  T C  6 3 2  
C A P G S T = C G 5 T 2  
TY S T A K = Z F G C Z  
6'1 T O  6 3 2  

5br>  C G S T 3 = C A P G ( Q A L ) + Z 9 T 9 I  
Z F G O 3 = Z F G O  
k AMA=4  
I F B C A P G S B e G T , C G S T 3 )  G C  T r l  565 
Gn TO 5 3 2  

565 C A P G S T = C G S T ?  
T I  S T A 9 = Z F G C 3  
GO T O  5 3 2  

5 1 8  C G S T + = C A P G ( M A L  ) + L A T R I  
L F G 0 4 = Z F G P  
LAP"i&=5 
I F l C A Q G S T e G T o C G S T 4 )  2C TO 566 
60 TO 6 7 7  

5 6 6  C A P G S T = C G S T 4  
88 S B A Q = Z F G C 4  
GO T O  6 3 2  

5 h 2  C G S T 5 = C 4 P G l w b C )  + / A T R  I 
Z F G b 5 = h F G C  
L A r ( A = 6  
I F  ( C d P C S T ,  GT , C F S T S  ) SO T q  567 
G(7 B11 6 3 2  

' 5 7  C A P G S T = C G S T S  



: q R T R 4 N  I V  '; L E V E L  19 

T I  S T A R - Z  FGC5 
GO T O  632  

5 6 3  C G S T 6 = C A P G ( P A L ) + Z A T R I  
Z F G 0 6 = Z F G C  
I F  ( C A P G S T e G T e C G S T 6 )  GO T O  Tb? 
GO T O  632 

5 6 8  C A P G S T - C G S T 6  
T I  S T A R = Z F G C 6  

699 V (  K 3 l = V K + P S  I! K 3  
S M A L L G ( K 3  ) = P C + B C * V ( K 3  1 - D C t ( 1  .Ct+p~. 5 * V (  K 3 )  ) * F T f  K 3  

632 T I = T I + D T E T A  
700 C O N T I N U E  

C A L L  Q S F ~ D T E T A I S ~ A L L ; ~ G ~  I T F T i ' )  
T I C (  I ) = G I  I T F T P )  
W R I T E ( 6 . 2 8 3 )  T I C ( 1 )  

283  F O f ? M A T ( 2 3 X v 7 k  T I C  = r l P F l 6 . 6 )  
4976 GO T O  ( 8 0 2 q S P 3 ) r M 4 P Y  

832 IF(I.EQ.1) G C  T O  d C 1  
I Y =  1-1 
T E S T = T I C (  I ) * T I C (  I P )  
I F  (TEST .LT .G ,C )  G r l  TO 8 " 5  

8 0 1  V K = V K + V I N T  
IF((I.EQ.l).AhC.(TIC(I).GT.L~.i~)S GC T O  248 
T F ( I , E O . J V N B )  GC T @  2 4 8  
GO TO 800 

248 S T O P  
P C 0  C U h T I V U F  
905 G I C l = T I C ( I P )  

G I C Z = T I C I  I 1  
5 1 0  X l = V K - V I N T  

X Z = V K  
8 1 2  X=(XI+GICZ-X2*GILl)/(GICZ-C;ICl) 

V K = X  
M A K Y = 2  
GO T O  26  

8 0 3  k R T T E ( 6 1 7 2 9 )  
7 2 9  F P R M A T ( 5 C X e B k  P ( T E T A ) )  

& K I T E  (59730 1 ( C T ( K 3 ) v K 3 = l r I T E T P )  
7 3 P  F D R M A T 1 4 7 X , l P F l e . 6 )  

L I R 5 = 2  
V A M A = l  
GO TO 3 6  

3 0 0  I F ( L A P A . F O . 1 )  GO T C  2 6 2  
I F 1 L A P S e C Q . 7 )  CC.7 T O  763  
GO T O  2 6 4  

2 6 7  W R I T E ( 5 r 2 6 H )  
2 6 8  FURMAT(  /20Xv26l '  S Y A L L G 1  K 3  1 0 3 ' 5  N O T  CROSS 

STClP 
2 5 7  I F  ( C G S T 1  .GT . [ j *O )  GC TC 266  

GP TO 2 6 7  
2 6 5  WR I T E ( b . 2 6 5 )  
2 6 9  FOYMAT I / Z O X q 4 2 P  S M A I  LG( K3) L 43SSES O N C t  3UT C G S T 1  il I F  m f  l 
267 C A P G S T = C G S T l  

T I  S T A P = 7  F G G 1  
264 W R I T E ( b r 5 7 1 )  C A P G S T p T I S T A P  
5 7 1  F ( l H W k T ( 2 X ~ l T P  r A o G S T  = , 1 P t 1 6 . 6 , 1 0 H  T I S T A R  = r l P t l & , 5  3 



'CIRTRAN I V  G L E V E L  19 M A I N  D A T E  = 71053 

921  I F ( C A P G S T . L T * O . Q I  GG T O  923 
W R I T E ( 6 9 9 2 2 )  

9 2 2  F O R M A T ( / / 5 0 X y 2 5 Y  G ( T E T A  S T b K )  ' I S  P O S I T I V F )  
S T O P  

923  V A V R G z V K - ( - (  2 , 0 *CAPGST )**O.5 
WR I T E ( 6 9 9 2 4 )  V B V R G  

924 F O R M A T ( l X v 8 H  V ( M I  = r l P E 1 t . h )  
W R I T E ( 6 r 9 7 C )  T I  

970 F O R M A T I l X v 6 P  T I  = r F 7 - 4 )  
THI=O.I)  
DO 9 3 1  L L = l  r I T F T P  
UNO= I V K - V A V R G ) * * 2 + 2  . O * C A P G I L L  1 
1 F l U h O e G E e O . O )  GC T O  9 2 8  
k R  T T E (  h r 3 2 7 )  

9 2 7  f @ R M A T ( / 2 3 X v 2 2 H  V l ( T E T A 1  I S  I M 4 G I N 6 R Y l  
S T O P  

928 I F ( T H 1 - L T . T I S T A R 1  V l ( L L ) = V A V R G + U N @ * * C . 5  
I F f T H I - G T . T I S T A R )  V l ( L L ) = V A V p G - U N O * * O . 5  
I F ( L A S T e t C 2 . I )  GI2 T O  2 9 2  
D I F ( L L  ) = A B S ( V 2 ( L L ) - V l l L L )  1 

2 9 2  C R I ( L l ) = V l ( L L ) - V K  
PSI(LL)=(CQI(LLI+PSIILLI)/2.ir 
V 2 ( L L I = V l ( L L )  
V l S Q ( L L 1  = V 1 (  L L l * V l ( L L )  
W R I T E ( h r 9 2 9 )  V l ( L L 1  v L L v C K I ( L L 1  

929 F D R M A T ( l X v 1 2 H  V l i T E T A )  = r l P E 1 6 . 6 v 2 X 9 6 H  K 3  = 9 1 4 9  

1 3 X 9 1 2 H  P S I I ( K 3 )  = r l P F 1 4 - 6 )  
T H I = T H I + D T F T A  

931  C O h T I N U F  
I F  ( L A S T . E Q . 1 )  G C  T C  385 
DO 380 N N = l  r I T E T P . 5  
W R I T E ( h , 2 9 3 )  D I F f N k )  

293  F C I R M A T ( / / l O X v 7 H  D I F  = , l P E l h . h l  
I F ( O I F ( Y N ) . L T . C . - C I l O )  G C  T O  380 
GO TO 3 5 5  

3 8 0  C O N T I N U E  
C A L L  Q S F (  D T t T A v V l  S C q G 9  I T E T P )  
ENFRGY=G(  I T F T P )  
W R I T E ( 6 r  3 9 0 1  E N E 2 G Y  

3 9 0 1  F O K M A T ( ~ O X I ~ ~ H  E h E R G Y  = T l P E 1 6 . 4 )  
M R I T E ( 6 v 3 9 0  1 

399 F O R M A T I / / / / / S O X ~ 1 7 H  B R A V C  G I Q V A N N I N O )  
GO T O  3 9 9  

3 8 5  L A P P A = 2  
L A S T = 2  
V K = V K A P P A  
GO TO 15  

1 S 9  STOP 
EN C 



APPENDIX B 

Program Outline For Transient Solutions 

The nonlinear integro-differential Eq.(29), after 

the formal simplifications seen in Section 3,1, will read as 

follows: 

Let us call again: 

thus, (I) becomes: 

The easiest way to think of a solution for this nonlinear p a r t i i l  

integro-differential equation (any other method such as tq?e method 

of characteristics. is made very hard by the unknown behavior 05 

the rather complicated form of q (8, t )  ) is to write Eq, 11 as 

follows : 

For a given solution of the wave equation at t = to and fur s o ~ e  

given A t, we are able to find at t=to+A t a new wave sol7~tion 

as long as we regard the equation dependent on GJ only. 

To give now an expression for A t  let us consider: 

The shock velocity is given by: d y / d t =  f o r  considering 

finite increments. by & y / & k  = f . For a period b y =  4 
dB 

then: at = 'I$ where 4 = =f+ 
Z. , With these elements 

it is easy to work with the iteration procedure as it has been 



done i n  t he  case of p e r i o d i c  s o l u t i o n s .  

~t m u s t  be understood t h a t  g r e a t  c a r e  has  t o  be taken 

in defining i n  t h a t  por t ion  of t h e  t r ansverse  v e l o c i t y  

distribution which experiences t h e  s t e e p e s t  s lope  ( i , e . ,  f o r  

early ~ r a l u e s  of ( 3 ) .  I t  should be wise t o  t a k e  values of 08 

as  srnaiL as p o s s i b l e  t o  approach a  smooth d i s t r i b u t i o n  

along t3e period from 0 t o  1. 





Figure 2 



-- 

Typica l  shock-type transverse 
pressure distr ibution 

- 
u, = Steady-state gas velocity 

a t  nozzle entrance 

u, = A x i a l  droplets velocity (LO* / )  

T = Character ist ic droplet  l i f e  t ime 

((@)=~ransverse pressure 

d i s t r i bu t ion  

i 

-54- Figure  3 



-55- Figure 4 





Figure 6 
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