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FLUCTUATION INDUCED CONDUCTIVITY OF SUPERCONDUCTORS

*
ABOVE THE TRANSITION TEMPERATURE: REGULARIZATION OF THE MAKI DIAGRAM

Joachim Kellef+ and Victor Korenman

Department of Physics and Astronomy and
the Center for Theoretical Physics
University of Maryland, College Park, Maryland 20742

The Maki contribution to the conductivity above the
superconducting transition temperature is'regularized
within the framework of the BCS theory. This is achieved
through the renormalization of the impurity scattering
vertex by inclusion of the effects of pair fluctuaiions.
The conductivity is evaluated for a thin film. It de-
pends only on the reduced temperature and the normal re-
sistance per square. Fair agreement is found with Al
films over a wide temperature range. Agreement is not
found with experiments on Bi, Pb and Ga films, which
apparently contain a strong additional pairebreaking
effect. The temperature range in which interactions among
fluctuations become important in the Maki conductivity is

generally larger than that given by the Ginzburg criterion.



I. INTRODUCTION

Many experiments on the electrical conductivity of supercon-
ducting thin films above the transition temperature1 can be
successfully described by a phenomenological theory of supercon-
ducting fluctuationéz or an equivalent microscopic calculation by
Aslamasov and LarkinB(AL). According to this theory the excess
conductivity o' due to superconducting fluctuations above the

transition temperature Tc of a thin film is given by the relation

! 2
' = =
o! Ot e /(l6dt), (1)
where t is the reduced temperature, t = n(T/T ) = (T - T )/T_ and

d is the thickness of the film.

The AL theory is based on a diagrammatic expansion of the con-
ductivity tensor in terms of independent fluctuations. Among the
first order diagrams, all of which are required for gauge invariance,
there are two which give rise to a strongly témperature dependent
conductivity. One, generally called the AL diagram, leads to the
expression in Eq. (1). The second, first discussed by Mak'i4 is
shown in Fig. 1. The conductivity associated with this diagram in
one and two dimensions is infinite for all temperatures above Tc'

This unphysical divergence is removed if a pair-breaking effect is
present in the systems. In fact, recent experiments on aluminum films6’7

in the presence of a magnetic field are well described by a formula

derived by Thompsonsz
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Oy = (e2/8d)en(t/8)/ (t - &), (2)

Here &;T is the contribution to the electrical conductivity of the
Maki diagram, and § is the sum of the two pair—breakiﬁg parameters
GH and 61, corresponding to the well known pair-breaking effect of
the external magnetic field and an intrinsic pair-breaking mechan-
ism respectively. In Eq. (2) t is defined as before but refers to
the actual transition temperature Tc, whigh ;s related to the

transitiop temperature Tco in the absence of pair-breaking effects

) . a wala
by the relation T =T (1 - §). In the case of aluminum films

c co
the intrinsic pair-breaking parameter 61 which is treated as an
adjustable parameter, is found to be proportional to the normal
resistance per square Rn; numerically: 6i = 5 x 10_4 Rn, when Ry is
measured in Q. The transition temperatures of these films, however,
are strongly dependent on sample preparation so no systematic re-
lation between resistivity and Tc has been observed.

Among the suggested origins of the intrinsic pair-~breaking
are8 a) proximity effects at the surface boundaries, b) the presence
of localized magnetic moments, C) inelastic scattering of electrons
by thermally excited phonons. In practice these effects may play
an important role in reaching agreement with experiment. However
it is unsatisfactory to be required to go outside the BCS model to

achieve finite conductivity. If this were necessary it would be

the first instance of a qualitative failure of the BCS theory.



We will show in this work, that the inclusion of the effect
of superconducting fluctuations in the electron self energy and
in the coherent scattering of an electron pair by impurities re-
moves the divergence of the Maki diagram (and also of higher-order
diagrams), and thus leads to a finite theory in the BCS model with
no additional pair-breaking mechanism required.9

In the usual discussion of impure systems10 the scattering of
normal electrons by randomly distributed fixed impurities is treated
by including a finite lifetime in the momentum states of single
electrons, and inserting vertex corrections to take account of the
coherent scattering of two electrons. In the limit of small electromn
frequencies and small pair momentum these vertex corrections diverge.
This diyergence is related to the diffusive propagation of normal
electrons in impure systems. The divergence of the Maki—diagramll
Fig. 1 is a direct consequence of the diffusion poles of the two
vertex functions associated with a superconducting fluctuation.

In the next section we will include the effects of supercon-
ducting fluctuations in the calculation of this vertex correction.
We find, that its divergence is removed. In Section III this re-
sult is used in a recalculation of the contribution of the Maki
diagram to the electrical conductivity. In this case the addi;ional
term in the denominator of the vertex function, which removes its
divergence, acts like a pair-breaking effect. However, due to the
strong dependence of this quantity on electron frequency and reduced
temperature our result for the excess conductivity cannot be ex-
pressed by a Maki-Thompson formula qu (2), and also does not lead

to a sizable shift of the transition temperature.



In a restricted temperature range above the transition tem-
perature the contribution of the Maki-diagram to the conductivity

of a thin film can be approximated by the function:

' 2 8 1)
o =——{ 1 1 2n£—+ 1 o Q,n-g—-})(l;)
1 o o 1l o 1 1

where 60 and §, are given numerically by

1

(o4
n

2.1 x 10’5Rn/t )
5

[
1l

2.3 x t .

It should be noted that this contribution to o' depends only on the
reduced temperature and the normél resistance per square of the
film, and contains no adjustable parameters.

In Section IV we compare the present theory with measurements
of the electrical conduétivity of thin aluminum films. While our
results agree relatively well with experiments at temperatures
close to the transition temperature, systematic deviations are found
at higher temperatures. An additional correction which improves the
agreement will also be discussed in this section.

Our theory does not agree at all with experiments on highly dis-
ordered bismuth, lead and gallium films where no contribution of the
Maki-diagram is observed-1 This discrepancy apparently cannot be
resolved within the frame-work of the present theory, because all

our- results in two dimensions depend only on the normal resistance
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per square and the reduced temperature. Thus all thin films with
equal resistance per square should have a similar electrical con-
ductivity as function of the reduced temperature. The origin of
this discrepancy may lie in the strong coupling nature of these
materials.

Our results differ from those of Takayama and Makil2 who sum
the contributions of a whole class of diagrams including a finite
pair-breaking effect and keeping only the most divergent diagrams in
each order. Their final result ;till diverges when the pair-breaking

parameter is set equal to zero.
13

ree with the recent work of Schmid™™ who uses an

We ag with th ) < Sct

also
alternate method for treating impure electron systems. He concludes
that there is no sizable contribution of the Maki term to the con-
ductivity even in the absence of pair-breaking effects. However,

we find that his method leads to a finite value of the Meissner

current above Tc' Furthermore, Schmid cites no reason for the fail-

ure of the usual treatment of impurity scattering in this case.
ITI. CORRECTIONS TO THE PAIR VERTEX FUNCTION

In the following calculation of the pair vertex function in the
presénée of superconducting fluctuations extensive use is made of an

expansion in terms of independent fluctuations.lz’14

By this we

mean the following: We represent the effect of the repeated inter-
action of a pair of electrons via the BCS potential by a fluctuation
propagator K (a,ms), which also includes the effect of scattering

by randomly distributed impurities in intermediate states. In diagrams

fluctuations are represented by wavy lines and can be treated for-
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mally like phonon propagators. Each interaction of a single electron
state with a superconducting fluctuation involves an integration
over the fluctuation four-momentum (E,ws). Two fluctuations are
called independent, if they contain different four-momenta as inde-
pendent integration variables. The order of a diagram in terms of
independent fluctuations is then defined by the number of indepen-
dent fluctuation integrals. In a two dimensional system this is
equal to the number of factors 1/d, which appear in the corres-
ponding analytic expression.

As only contributions from fluctuations with w, = 0, or W >0
in an analytic cohtinuation, become singular when T - Tc’ it is
possible to split up a sum over fluctuation frequencies into a

singular contribution15 and a non singular part, which depends only

weakly on temperature.

In this section we will consider only the singular contribu-
tions due to superconducting fluctuations.  Some of these approxi-
mations will be examined in more detail in Section IV.

In the absence of fluctuation effects the electron propagator
of momentum ﬁ and discrete frequency iwn is given by

6o @s u= G - ¢ )7
(6)

n
W= e +(l/2Td) sign (wn)‘

The vertex correction associated with a pair of electrons

with nearly opposite momenta and §., and small frequencies w., w
1 P2 1“2



is
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. |, - w,]| x (Joy - w,)| +Da)™", w w,< 0
Ao(wl’wz; q = 31 + BZI) - 1 2 1 2 172
1 > Wywy> 0
The fluctuation propagator is
2 -1
K@, 0) =- BI/NOM  x (fo | +D"+ ). (8)

In the above expressions, 0 =(2n + 1)7T, v = 2s1T, ;P is the kinetic
energy of an electron with momentum 3, measured from the Fermi energy,
TO is the lifetime of electrons due to impurity scattering, D 1s the
diffusion constant, N(0) is the density of electron states of one
spin at the Fermi energy, and ¢ = (8T/7n)°t. The expressions for Ao
and Ko are appropriate for dirty superconductors W#th=T°T“<i1- If we
neglect the momentum depandence of the impurity scattering potential
U, then the scattering rate To-l and the diffusion constant D are
given in Born approximation by
t;l = 2ﬂN(0)nU2,
(9)

2
D= Vg 10/3 o

:Here n is the density of impurities and Vg the velocity of electrons
at the Fermi energy.

In the presence of superconducting fluctuations, corrections are
required both to the singie electron propagator G and the vertex func-
tion -A. The renormalized vertex function is found from the integral
equation whose diagrammatic representation is given in Fig. 2. 1In

the kernel of the integral equation we have retained only diagrams

(7)



which are of first 6rder in superconducting fluctuations, but ﬁe have
includéd all the terms which make an important contribution to the
vertex., These are the terms which are singular for T -+ Tc and which
involve no restrictions on the momentum‘transfer in an impurity
scattering event (no crossing diagrams). The restriction ﬁo first
order terms is a valid approximation when the fluctuation corrections
are small. Of course it fails when the transition temperature is
approached tooAclosely.

To the same approximation it is sufficient to use unrénormalized
propagators and vertex functions in a calculation of the self-energy
contributions due to fluctuations in diagram a and the correction to
the impurity scattering in diagram b of Fig. 2.

One of the self energy terms, first calculated by Abrahams, Redi

and Woolg depends on the momentum of the electron state. In a similar

way the renormalized vertex depends on the momenta of the incoming and

Outgoing electron states, It can be conveniently written as
. -
Mugs wys 31’ p,) = alwy, wy; @) + b (wy, wy3 31, Py) s

where the functions a and b correspond to the diagrams a and b in
Fig. 2.

Using again the assumption made above that the corrections due
to superconducting fluctuations are small the integral equation
-for the vertex function can be simplified considerably: As diagram
b of Fig. 2 already contains first-order contributions of fluctua-

tions explicitly we can in its evaluation réplace the complete vertex

(10)



function A by its mdmentum independent part a (ml; wz;q). In diagram
a the complete vertex function has to be used. This leads to an
equation for a similar to that represented by Fig. 2, except that
diagram b is closed by an additional iﬁpurity line. A discussion of
this derivation.and details of the evaluation of the diagrams needed-
to solve this equation are presented in Appendix A.

The final result for the momentum independent part a of the vertex
function, which determines the analytic behavior of the complete vertex
function for small frequencies and small pair momentum, is tather simple.

Keeping only the singular contributions due to fluctuations we get

a(uy, wys @) = |6 - 6,| x (o, - w, |+ pg®) (@ + M(Jw, )+ M(loy]))

_ (1)
+ L(lel) + L(Imzl) } 19
where
L(lel) = - 2 T'Z >y ' 2 ' ' '
n!’ = Te ' ZKO q', ws) Ao (Iwn" by ~ |wn|; qQ)
0sag <ol
x (2|wn| - wé + Dq'z) (12)

= e/ § [(0q'% + e)(|20_| + 2dq'% + )7L,
. q‘

Using the same type of approximation the function M can be expressed

by

M(lo ) = = 3 9Lo_[)/3]u_] . (13)

In the final expression of Eq. 12 the analytic continuation with

respect to the frequency w, can be easily done by replacing Iwnl
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by -iw sign (wn). -Its derivation is not entirely trivial, but can
be done by methods similar to those used in Ref. 14 and 16.

The function L which femoves the divergence of the vertex function
at zero frequencies Wy Wy and zero pair momentum q is related but
not equal to the self-energy contribution due to fluctuationsl6.
The extra factor (2|wn| - ws' + Dq'2) in the integrand of Eq. (12) comes
from an expansion of electron Green's functions with respect to the
frequency and momentum of fluctuations. It is only the inelastic part
of the interaction with superconducting flﬁctuations, changing the
momentum and frequency of the singlé electron states, which contributes
to the "pair-breaking" function L. The contribution to the vertex
equation from the self energ& terms of diagram a is cancelled by the
term from diagram b, when electron momentum and frequency changes are
ignored. |

The function M can be regarded as a corréction to the coefficient
of the dynamical quantity ('wl - w2| + Dq2). It i1s important only at
finite freqqencies or finite pair momentum. We want to notice that
the derivation of this coefficient is not complete, because in the
simplified version of the integral équation, we have left out sys-
tematicélly'factors of the order (1 + M). As in the calculation of the
Maki diagram fhe value of the vertex function in the limit of small
frequencies and smallzpair_momentﬁm is most important we will neglect
such corrections in the follqwing. The'pair-breaking function L is
given in 1,2 and 3 dimensions by

2
__utk 1 2¢ _ .1/2
Ldw = so@s T ((e o e 1]' (14)
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LZ(Iwn,) ~ N(0)dDn? ¢ - 2|6ﬁ[7£n [e + ZTmnI], (15)
2 e+ 2|uw_|
o1 1 ol (1/2
L3(lwnl) " N(0)ED®m® ¢ - 2|wn| [1 - ¢ 2¢ ) (16)

where £ is the GL coherence length, £(t) = (D/e)llz.

In a calculation of the renormalized fluctuation propagator and the

AL diagram the vertex function A enters only at finite discrete fre-
quencies Iwnl 2 ™. Here the value of L is very small, and leads only.
to a slighf shift in the transition témperature, which will be neglected

in the present context.

ITI. CALCULATION OF TﬁE MAKI DIAGRAM

The contribution of the Maki diagram shown in Fig. 1 to the
conductivity tenso; Q&B(O’ wo) which relates the induced electrical
current density to a transverse vector potential with discrete fre-
quency ®_ > 0, is given by

Q0> ;) = 2e’r?/n’) | Ip, @-p,g

mnsws 3,'&

e - > -
X G(f,wn)G(ﬁ, w, - wo)G(q - Py W, - wn)G(q - p,wo+~ws - mn)

. . -
xA (), 0 -0 QA (w -ow,e +o -w; KRG w). (17)

The singular15 contribution of the right-hand side of Eq. (17) comes
from terms with frequencies wg = 0, 0 < Wy < W and small pair momen-
tumfa{ The singular terms give the most important contribution near

the transition temperature. In the following we will consider only



these terms and will neglect the dependence of the electron propa-
gators on the pair momentum 3. As long as we are not too close to
Tc, however, the correctibns due to fluctuations are still small
and can be neglected everywhere but in the denominator of the ver-
tex functions A.

With these approximations the intégration over the momentum f

of the electron states can be carried out easily and gives'

| Q’I:B(O', w) = §_, 16 e’Dr? %P(q, w) x (e +0dH)75 (8

B

where

P(q,w ) =T ) [(w, + Dq2/2 + L(wn»(wo -0 +&DqZ/2 + Lw, - wn»]_l. (19)

O<w <uw
n )

As the static conductivity o' is obtained by taking the limit

o' = lim Q(O,wo)/mo
w°++0 (20)

the function P(q, wo) has to be calculated as an analytic function of
the variable 0, in the limit of small frequencies.

- If we neglect the dependance of the pair-breaking function L
on frequency, taking its value at w, = 0 as a pair-breaking parameter,

we obtain in the limit of small values of Dq2 and W,

P(q, w) = (u /4T) (Dg® + 2L(0)) 7T . (21)

In the case of a thin film this expression leads to a Mﬁki—Thompson
type formula, Eq. (2);'for the excess conductivity with a temperature

dependent pair-breaking parameter 60 given by



6, = (T/4TIL(0) = (in(2)/16t) (N(0)dD)"}. (22)

Corresponding expressions in 1 and 3 dimensions are easily obtained
using Eqs. (14) and (16). 1In order to take account of the decrease of
the pailr-breaking funétioh L with'increasing frequency, we have ap-

proximated L as given in Eq. (15) by the two-parameter expression

'L(Iwnl) = a/(B+ |u|) (23)

Then, using the same approximations as in the derivation of

Eq. (21), we find

_ %% 1 N 20/8 -
P(q, ) = %771 DqZ + 20/8 T a2 * 2078) D2 + 28)¢ . (24).

-

As the frequency dependénce of L is most important for frequencies
in the range d < |mn|”<'e,-we ha§e determined the coeffipienfs a
and B by equating ‘the values and first derivatives of both sides
of Eq. (23) at w o= 0. Then the contribution of the Maki diagram

to the electrical conductivity is given by Eq. (4) with

§. = I L(0) Ln2

. ™ _ R
1= B= - 4T 3L(0)/3lw_| ~ T - n2 - (25)

The numerical expression for do given in the introduction 1is obtained

by using the numerical relation

(0)ap) ™1 = 4.86x 1072 Ry (26)

where RD is measured in Q.

As can be seen from Eq. (4) the cérrectionadue to the additional
parameter 61 is significant only at tempera;ures sufficigntly close
to the transition temperature. It is just in this temperature range,

however, that correction factors of the order (1 + M) become impor-
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o

tant in the vertex function. In this view, the precise form of
the temperature dependence of the conductivity as given by Eq. (4)
should not be considered accurate at temperatures too close to the
transition temperature. In the following we use Eq. (4) as an
extrapolation formula to small reduced temperatures,

The range of validity of Eq. (4) will be discussed more care-

fully iﬁ the next section.

IV. COMPARISON WITH EXPERIMENT

In Fig. 4 we have compared our theoretical result for the excess
conductivity due to superconducting fluctuations with measurements

6,7 with different values for the normal re-

on two aluminum films
sisfance per square. We have plotted the ratio-on/o' of the conduc-
tivity o in the normal_state, Un =:2e2N(0)D, and the excess con-
ductivity o' given by Eq. (4). as a function of the reduced tempera-
ture (T - Tc)/Tc. For tomparison the results of the AL theory are
also shown. In view of the fact that we don't use any adjustable
parametef the agreement with the experimental data is quite satis-
factory near the transition temperature. However, systematic deviations
are found at higher températures, which are due to the decrease of
the pair-breaking parameter 60 with increasing temperature.

This raises the question of the validity of the different approx-
imations used. Basically we have applied two different kinds of
approximations, which restrict the accuracy of our results both

at temperatures close to the transition temperature and at high

temperatures. In fact, these approximations have been widely used



in previous calculati;ns of superconductiﬁg properties above the
t;ansition temperature, but their implications are more drastic
in the présent case.

Our assumption ;pat the ;ontribution of fluctuations is small
in the vertex functions used in the calculation of the Maki diagram
is equivalent to the condition M(wn —> Q) < 1. Using Egs. (13),
(15) and (26) this gives the requirement t2 > 10—4RD, Corrections
to other expressions, such as the fluctuation propagatbr and the
AL conductivity, are not important as long as the pair-
brgaking effect at finite frequencies is small compared to éhe re-
duced temperature, L(mn = 1T)/T < t. For a thin film this is ful-
filled for t > 10—4Ru.

This latter condition agrees with the Gi-nzburgl7 criterion for
the critical region, which has been discussed by severalauthors.18
However, the first condition, which in most cases is far more
stringent, is clearly violated when t < 0.1 for the aluminum film
with Ry = 129. Here the good agreement between theory and experi-
ment for‘this film may be acéidental.

We have, in addition, restricted our attention to the singular
terms in o; and L, those arising from fluctuations with wy = 0.
Contributions from terms with nonzero vglues of Wy become comparable
in size at higher temperatures, when t ~ 7/8. In principle these
terms should be included in any discussion of the properties of a

superconductor somewhat above Tc. In the calculation of the Maki

‘conductivity it is particularly important to include these terms



because they would diverge in the absence of pair-breaking. In the
present theory the paii—breaking strength becomés small at high
temperatures giving a large temperature dependent effect.

It is difficult to accurately evaluate the pair-breaking func-
tion L(mn) in this temperature range, becausé the additional terms,
mentioned above, here depend on high momentum and high frequency
cutoffs.

As a rough estimate of the effects of these terms we have com—
puted the conductivity by summing the non singular contribution while
neglecting the frequency dependence of L(mn) in the vertex function.
In particular we have evaluated numerically the sums in Eq. (17) in
the frequency range w, > w, > o, oW, > W W, It is only in
this frequency range that the poies of the vertex functions "pinch"
and lead to a divergent  contribution to the conductivitf in one and
two dimensions. Furthermore, we have taken for L(wn) its value at
zero frequency L(0) = ATIGO(t)/w (See Eq. (22). An expression for
the conductivity suitable for numgrical evaluation is given in

Appendix B. Results are shown in Fig. 4. Much of the deviation of

theory from experiment has been removed at high temperatures.

A
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V. DISCUSSION

We have regularized the Maki conductivity within the context of the
BCS model by removing the‘divergence of the impurity scattering pair-vertex
function. It is worthwhile to examine if the renormalization of this ver-
tex is merely an artifact of our approximation scheme. Indeed, in the
absence of interactions other than with impurities, time reversal connects
the pair vertex with the particle-hole (p-h) vertex while particle conserva-
tion requires a divergence of the latter at small momentum and frequency.
This connection between the vertices no longer holds in the presence of
pair fluctuations. Corrections to the two vertices are quite different.
The p-h vertex has first order corrections given by AL and Maki diagrams,
as well as those shown in Fig. 2. It is not in contradiction with the re-
quirements of gauge invariance and time reversibility that the divergence
of the pair vertex is removed. We can construct explicitly gauge invariant
approximations, for example by dropping diagram b of Fig.‘2 and using fully
renormalized propagators and vertex functions everywhere. Then the
divergence of the pair vertex is removed again, giving a mﬁch stronger pair
breaking than in the present case. The results of this otherwise consis-
tent theory are wrong, however, because of an incomplete treatment of the
impurity interactions.

In the present theory we have kept higher order fluctuation cor;ections
only where they are needed to remove a divergence in the conductivity. 1In
the extension to a gauge invariant formulation additionai terms are surely
required. We believe they have a small effect in the transverse gauge at
temperatures not too closé to Tc. In this calculation we have attempted to
ensure a consistent treatment of impurity interactions by keeping all im-

portant first order terms in the kernel of the vertex equation. The order



of a term is a valid concept because of the existence of the formal expan-
sion parameter associated with fluctuations, 1/d for two dimensional systems.
The pair-breaking effect we have found in first order cannot be cancelled
by higher order terms.

Now in the presence of a magnetic field, the superconducting transi-
tion temperature is reduced and the divergence of the pair vertex is removed,
even in the absence of fluctuations. It is well known that a spatial varia-
tion of the static order parameter in a dirty superconductor acts like a
pair-breaking mechanism in similarly modifying the electron.system to suppress

19 In this context we recall that our vertex remains

supercondﬁctivity.
divergent when the change of momentum and frequency of an electron inter-
acting with a fluctuation is ignored. In our calculation the pair-breaking
is caused by the known interaction TovFﬁ-Z associated wifh a spatially vary-
ing fluctuation19 and the additional pair-breaking interaction T W related
to its time variationm. (ﬁ is an electron momentum unit vector.)

The manner in which superconducting fluctuations enter the vertex func-
tion demonstrates that an expansion of the conductivity tensor in terms of
fluctuations is only possible when it is followed by a resummation of an
infinite number of fluctuation contributions. It is not surprising that the
Ginzburg criterion for the critical region which arises from a theory based
on an‘expansion in the order parameter is inapplicable in just those ex-
pressions where a simple expansion is not allowed.

The present theory appiies primarily to materials whose superconducting
properties can be described by the BCS model, and is in relatively good
agreement with experiments.on aluminum films. For films of Pb, Bi, and Ga,
however, a much larger pair-breaking effect is required to account for the

observed suppression of the Maki conductivity. In these presumably strong

coupling materials the inelastic interactions between electrons and phonons



could produce a large pair-breaking effect, either through the retardation

of the effective electron-electron interaction or the scattering of elec-
trons from thermal phonons. Other pair-breaking mechanisms like the proximity
effect may also play an important role. Furtherﬁore, the pair-breaking

effect due to fluctuations may be greatly enhanced by the strong-coupling

nature of these materials.
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Appendix A
The equation for A can be written

A=1+EKA+KA=a+b, Al

where K; and K, are integral operators associated with diagrams a and b
in Fig. 2, respectively. K; produces the momentum independent part of A

and K, the momentum dependent part. Then

(Y]
]

'1+K1A=1+K13+K1b)
A2

o
1]

KoA = Kza + Kpb ,;

which have the formal solution

o'
L]

[1-K -K@Q-K)™!gy™!

[
L]

Now K, is of first order in fluctuations while K; has a zero order part

as well. Then, to first order

b = Kza A3

[1 - K - KiKp]7! A4

[V
0l

where the zero order part of K; has to be used in the expression K;K,. The
next éerms omitted in this approximation give a correction factor of order
1+ M.

Since a is momentum independent, the momentum sums implied by the

operators K; and K, can be performed, giving an algebraic equation for a.

a=[1-V - (V+Vy+7V3) - (V + V5 + V)17l . AS

21. -



Here Vo - V3 correspond to the different diagrams of Fig. 2, while Vf - V§
correspond to diagrams where the fluctuation propagator is associated with

the other electron line. They are related to the operators K; and K, by
Ky >V + V) 4V +-v’1‘+v’2‘ )
RyKp > Vg + Vi .

Explicitly:

\
o]

nu? 23 Go(s + ‘3/2, wy) Go(—B + a/zj,wz)‘
2 22 4 3 s L £, |
Vy = nU 23 6, 2(F + .3/2, w1) 6 (b + /2, wr) zl(p + 272, w1,

. 4
V, = nu? 23 GOZ(B + 4/2, wy) Go(;ﬁ + §4/2, wy) 21 (w1)

Vi = (aU2)° Zb. ZB' G, (B + ¥/2, w1) G (-B + T2, uwy) GO(B' + 272, w1)
® O (F W2, wT ], D3 K@ W) A G, - ers @)
S X Go(;' —,; - ?1/2, ws' - wy) GO(E' -3 - q/2, ws' - w]). A6
where

£f 2 = - ] ] 2 r ! 2 2 "
21 (ps wn) =T zwls qu Ko(q: wS) AO (an wS mns Q) Go(q P> wS wn)

1 ' £
L (a)) = ny 2 13 62G, ) .zl @, v)

and V¥ - V§ are obtained from Vi - V3 by the replacement wy, wp > -wy, —wi.
To simplify notation we set w; > 0, wy; < 0. The singular part of the

frequency sum in V, comes from the range 0 g mé < wj. The momentum sums

i



are easily perfofmed using the standard approximation for the momentum

dependence of the kinetic energy near the Fermi surface and expanding all
' A

electron propagators to second order in powers of (ws - ws), (p+q) Vo

and 6-(aﬁ - E) Vge Here 3 is a vector of unit length, and wg = Wy + m22 Then

v = fg\i-l [To"‘l - DqZ] A7
= (X3 -1 ' _ _ 12 _ 2
' (5 To) ESDI{Z + To[3(m; ws) - 4Dq 4Dq ]}

Vo = —(3310)*1 E;wi{l - To(wl - wy) + fo[Z(mé - ws) - 3pq' 2 - 3Dq?]}

Vs = "<?53To>‘1 Swl{l = tour = wp) + 7 [2(u] - w)) - 2Dq'2 - 2Dq?1}.

v N - .
Here ¢ = w) - wy = w) - wy + T ! and we have defined the summation operator

>4 ry - g N a2 " ' >y 1
Sml £@, 0D =T ] Iy K@ w)) A 2o, w) - o1, aDE@, u)).
0 < w' < wi
s
The terms proportional to To(wl - wy) in V4 and V, came from expansion of
N -

a factor of (TOQ) 1

We note that in the sum V; + V, + V3 the leading contributions due to
fluctuations cancel one another. Then the solution of Eq. (A5) is given by

Eq. (11) of Section (II).



Appendix B

If we include contributions from fluctuations with finite frequencies
Wy in the calculation of the Maki diagram, the expression for the conduc-

tivity tensor Eq. (18) is replaced by

M )
QaB(O’ wo) = SaB 64e2DT3 . z . z [(lws| + qu + €)
s’ n q | B1

x (|2wn - ws|'+ qu + 2L)(|2wo + wé - anl + Dq2 + 2L)]—1
As indicated in Section IV the freduency sums are restricted to the range
w, > w2 0 and w o> e > Qn - We recall that w is a Fermi frequency
(odd) while W and w are boson frequencies (even). In Eq. (Bl) we have
already neglected the frequency dependence of the pair-breaking function
and have replaced L by its value at zero frequency, L = (4T/ﬂ)60(t).

Before the frequency sums can be carried out numerically we have to
convert the sums into expressions which aliow an analytic continuation with
respect to W, This can be done in many diffgrent ways leading to a variety
of final expressions. We found it convenient to replace each restricted
sum by the difference of two infinite sums over positive frequencies, chang-
ing variables where necessary to avoid poles in the unphysical sheet.
Finally we take the limit w, > 0. By this procedure we find for the Maki

conductivity

oﬁ = 128 e2pT? |} Z d'l{e'l(Zmn +d)72

w, > 0 q

-1 -2 -1 -2
+ zws > 0 [Zws + e) (2wn + Qs + d)7° + (an + wg + d) (ws + e) "

- -1 - -2 _ : -1 -3
(0 +d+e)™ (2o +u _wad) (0 +d+e) (ws+e)j}°
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Here @ = 7T while e and d depend on the pair momentum q according to

—Dq2+€)

o
)

d

Dq? + 2L.

The first term in the curly brackets leads to a Maki-Thompson type
formula for the conductivity and gives the major coﬁtributioh near Tc' We
note that the additional terms would also diverge in 1 and 2 dimensions in
the absence of pair breaking because of the common prefactor d~l. At~
higher temperatures they.reduce considerébly the contribution from the
first term. We have calculated the right hand side of Eq. (B2) by first
performing the momentum integration apalytically and then calculating the

sums numerically.
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Figure Captions

Fig. 1 -

JFig. 2 -

Fig. 3 -

Figo 4 -

Maki diagram. The two vertex corrections (broken lines) associated

with the fluctuation propagator (wavy line) are responsible for

‘the divergence of the electrical conductivity from this diagram.

Diagrammatic representation of the integral equation for the renor-
malized vertex function A(w;, wp; p;, P2). Broken lines denote
impu;ity scattering, wavy lines are pair fluctuations, and solid
linés are electron propagators whose self energy contains the im-
purity scattering, but not fluctuations.

The inverse of the excess conductivity o', normalized to the con-
ductivity o of the normal state, for two aluminum films. Solid
curves are calculated from Eq. (4), experimental points are taken
from Ref. 6 and 7 for the films with Ry= 3.31 @ and Ry = 129.12 Q,
respectively. The lines 1abe11éd AL have the slopes predicted by
the AL theory, Eq. (1).

The inversevof the excess conductivity for the high resistance film
presented in Fig. 3 over an extended temperature range. Curve a

is calculated from Eq. (4), curve b contains corrections from fluc-

tuation with finite frequencies and is calculated from Eq. (B2).
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