@ https://ntrs.nasa.gov/search.jsp?R=19720013187 2020-03-11T18:57:23+00:00Z

UNIVERSITY OF CINCINNATI
INSTITUTE OF SPACE SCIENCES
IN CONJUNCTION WITH THE
DEPARTMENT OF AEROSPACE ENGINEERING

N72-2083 7
CASE FILE
COPY

DYNAMIC CHARACTERISTICS OF A
VARIABLE-MASS FLEXIBLE MISSILE

Fourth Semi-Annual Technical Progress Report
(Period: March 1, 1969 - August 31, 1969)
NASA Research Grant NGR 36-004- 030
August 1969

" Dynamics of a Two-Stage Variable-Mass
Flexible Rocket :

by
Leonard Meirovitch

and

John Bankovskis



Abstract

The dynamic characteristics of a th-sﬁaQe'slender elastic
body is investigated. The first stage, containing a solid-fuel
rocket, posses Qariable,mass while the second stage, envisioned
as a flexible case, contains packaged instruments of constant
mass. The mathematical formulation is in terms of.véctor‘eQua;
tions of motion transformed by a variationalvprincipie into sets
of scalar differential equations in terms of generalized coor-
dinates. Solutions to the complete equations are obtained numeri-
cally by means of finite difference techniques. The problem has
been programmed in the FORTRAN IV language and solved on an IBM-
360/50 computer. Results for limited cases are presented show-

ing the nature of the solutions.
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1. Introduction

During the past decade attempts have been made to describe
the motion exhibited by a flexible missile throughout its flight
phase. In the process, a large variety of mathematical models
have been investigated. The treatment of the missile as a rigid-
body of time dependent mass has been investigated by Grubinl* ‘
and Dryer2 among others, and by Leitma‘nn3 and-Meriam4, who also
consider the effects of a relative shift in the center of gravity
of -the body. The ballistic trajectories of spin-and fin-stabi-
lized rigid bodies are treated in the book by Davis, Follin, and
Blitzer>. : : Rl

Effort has also been devoted to the analysis of an elastic
body subjected to longitudinal acceleration. ’Seide6 has treated
the effect of both a compressive and a tensile force on the fre-
quencies and mode shapes of transverse vibration of a continuous
slender body. Others, such as Beal7, have been concerned with the
~ problem of buckling instabilities of a uniform beam subjected to
an end thrust as well as the . change in the natural frequencies
of such a system. These investigations regard the mass of the
body as cohstant in time. .

A series of reports by Miles, Young and Fowler® offers a
comprehensive treatment of a wide range of subjects associated
with the dynamics of missiles, including fuel sloshing. Again
the mass variation is not accounted for.

Attempts have been made to consider simultaneously the mass
variation and missile flexural elasticity by investigators such
as Birnbaum9 and Edelenlo. Both were concerned with solid-fuel
rockets and neither of them included the axial elasticity of the
missile. Pricell, on the other hand, concerned himself with the
 internal flow in a solid-fuel rocket and ignored the vehicle motion.

12,13 attempts to synthesize

A study by Meirovitch and Wesley
the problem of rocket dynamics by accounting for mass variation,
. rigid body translation and rotation, as well as axial and trans-

~verse elastic deformations. Later studies by Meirovitch14 and

* See publications listed in References.




Meirovitch and Bankovskis®> consider a variable-mass two-stage
rocket where the effects of discrete masses as well as axial
and flexural elasticity are included. The'workvpresented here
'gives a summary of the results obtained in References 14 and 15
as well as some numerical results not reported there.

This investigation is concerned with the dynamic character-
istics of a two-stage, flexible missile. Of the two stages, -
only the first one posseses Variablevmass as it consists of a
solid-fuel booster; the second stage consists of a flexible mis-
sile shell containing a certain number of instruments which are
approximated by discrete masses attached to the missile casing
by means of springs and dampers.



2. Mathématical Formulation

2.1 General Remarks on Systems of Changing Composition

Due to the mass decrease during powered flight, a rocket can
be looked upon as a system of changing composition. For such a
system the equations of motion can be derived by éxamining'the change
in the identity of matter within a given volume with time, where the
shape of the control volume is assumed fixed. Since the system
composition changes it is no longer proper to equate the time-der-
ivative of the sum of momenta associated with the particles to the
sum of the time.derivatives, because the summation at different times
is taken over different sets of particles. ' |

Consider first a control volume fixed in spacé. This control
volume may be a certain volume of the rocket. The procedure then
is to write the force equation in the form F =p*, where the rate of
change of the momentum p is derivéd'by a limit;ng process consisting
,of.determining p at two different instants a time interval at
apart, dividing the difference of the two values by At and letting
ot —- 0. 1In so doihg we ensure that the same total mass is involved,
although at one time it is entirely within the volume and at the other

time part of the mass is oytside asAshown in Figure 1.

Figure 1

USing‘the above analysis the resulting force equation for an

inertial control volume has the . form (Reference 15, page 96)

I (2.1)

= + ' = = 2 + S -d A
F=Frh= (o= Blvdm« § vpy-an)

* " A wavy line under a symbol represents a vector guantity.



where Eg and Fp are the resultant surface and body forces, re-
spectively, a is the acceleration of the mass elements dM relative

‘to the control volume, v is the velocity of that element,‘p is

the mass density, and dA is a vector normal to the control surface

at any given point whose magnitude is equal to the area element

dA of the control surface. If the control volume is fixed with
respect to a set of body axes, X,y,z translating and rotating relative
to the inertial system X,Y,Z, then the force equation becomes

£s *fé‘S [ogri*2wxy +@xr +ewx(wxr)] dM
M

=S [a,t chx!+cjgx‘: + wx(wx r)]o\M*‘fgj v dM+ S‘L(PV‘O‘A) (2.2)
M- A - - ey Jg T 7

where a, is the acceleration of the origin 0 of the body axes
"X,Y,2, « is the angular velocity vector of these axes relative
to the inertial space, and r is the position of the mass element

dM relative to the body axes. Introducing the notation

}
ol
I

—waS yaM

= Jey

-5—{8 vaM (2.3)
cy N ’

N
"
o/

SR ELAL

For Fyr R are a set of equivalent forces referred to as
the Coriolis force, the force due to the flow unsteadiness, and

where F F and F

the reactive force, respectively, we can write Egq. (2.2) in the form

FsrEg* Ft*fuffR:S lagr wxr+wx(wxnl d™ o (2.4)

M



where the expression enclosed by square brackets in the integrand

is recognized as the rigid body accleration of the mass element.

2.2 Equations of Motion for Case Element and Discrete Masses.

-To derive the equations of motion of a flexiblé,'solid—fuel
missile it will prove convenient to work with a vehicle element
of unit length comprising the missile casing, ‘the unburned fuel,
and the hot'gases flowing relative to the fir§£ two, as shown in
Figure 2. We shall assume that'every point of the casing and un-
burned fuel element has the same motion and the same is true for the
correséonding gés element. Hence, denoting quantities relating to
the casing and unburned fuel by the subscript c ‘and the quantities
pertaining to the gas flow by f, we can use the analogy with Eqg.

(2.2), and write for the element of Figure 2b

tz %

zs'

0

mt‘;,/

Figufe 2

-
"

'{s"' ‘FB = mc,[go*gfc*'z(i)x!c* ‘..:?.xfc *wx ((:‘.."xf?—)}

rmlacgr vt 2wxveroxr v wxlwxr)] (2.5)



where m_ and m. are the corresponding mass élements. But the
mass centers of the case and gas elements coincide, so that

e = I.- Moreover, denoting by v the velocity of flow relative
to the case, we have Ve = Yo + v, from which it follows that

fs rfg=mlggrv*2wxy +wxrn rwx(wxr)]

tymg + 2 xymg S (2.6)
where m =m, .+ mg is the combined mass. By analogy with the pre-
ceding results, Eq. (2.6) can be written in the form

£+ for forfu® foe miRe e

»‘ -
in which .

fem 2w xym;

fo= "ot (mpy) | - (2.8)
-2 | R
_ fR&‘ a'x(msv‘l)
are the correspohding equivalent distributed forces, where the
latter;éssumeé one-dimensional flow. Moreover S . Sl

Re= 0ot it 2o X vo * coxre + e x (owr) @9

- C -

is the absolute acceleration of the case element.
It is assumed that the gas flow takes place along the missile

longitudinal axis

vix,t) = -vix,t) i . (2.10)

with the possible exception of the nozzle, which implies that the
flow is not affected by any transverse elastic deformations.

Equation (2.7) is valid for a rocket element in the first stage,
namely ih the interval 0<x < Ll’ inside which there is mass flow
present. The validity of the equation can be extended to the entire
length of the missile, including the segment Ll ¢ x €L, by writing

it in the form



Forf v (£F+fr ) M) -h(x-L)] = mR

S B . < LV | ’ -C : (2.11)

where h(x - xo) is a spatial unit step function applied at x = "3{0.
We recall that m is time-dependent in the interval 0 £ x $:Ll and

constant for L, £ x < L.
Newton's second law for the discrete masses M. contained in
the second stage, yields simply ‘ '

Fso v Fai = MRy | o (2.12)

L

where FS anf FB' are surface and body forces, -respéc‘tively, and

Ri 1s the acceleration of mass M

-

The gas flow must satisfy the contlnulty equation
te
= - : ‘ (2.13)
M,V L‘ M 'd e .

where m is the rate of mass decrease per unit length due to burning

and € is a dummy variable of integration.



3. Differential Equations in Terms of Generalized Coordinates

3.1 Coordinates Defining the Motion of the Missile

Equations (2.11) and (2.12) necessitate the calculation of the
accelerations Ec and éi' Actually, we shall work with Lagrange
type equations of motion instead of Egs. (2.11) and (2.12) and, to
- this end, we must calculate the system kinetic energy which is a
function of the velocities ﬁ and R rather than the acceleratlons.
In the follow1ng we shall derlve express1ons for R and R

The motion. R of a missile element, ‘as shown in Flgure 2a, 1is l
composed of the.rlgld body motion, as-defined by the motion of the
body axes x,y32, and the motion of,the_éléﬁeﬁt relative to the body
axes. The motion of the system Xx,y,z is ﬁefined by the velocity vec-
tor éo
respect to the inertial space XO, YO’ ZO' Assuming planar motion,.

of the origin 0 and the angular velocity w of these axes with

we can let the z-axis be parallel to Zo at.all times, choose the
origin 0 to coincide with the aft end of the missile, and denote

by X(t) and Y(t) the two components of BO along the bbdy axes x and
y, respectively. The third rigid body coordinate B(t) represents -
the inplination of the body longitudinal axis x relative to the

inertial axis X,, as shown in Figure 3. The elastic motion
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of a case element relative to axes X,y is assumed to take the form

of the axial displacement u(x,t) and the transverse displacement |
wix,t). Thé displacement compbnents of .the discrete masses Mi

along the same directions are ui(t)<and wi(t), respectively. The

case element and the discrete masses, when at rest, have the positions
X, ¥ = y(x) and Xiv Yy
axes which implies that the center of the case element or the discrete

= y(xi), respectively, with respect to the body

masses may be offset relative to the x-axis. Hence the position of
the case element relative to the inertial space can be written
Re=Rot = Kexrudi * (Yry+w)j (3.1)

whereas the positions of masses Mi:have4the form

B.L: E?o-rr:"’-'—(x*'x;"'b(;_):': ¥ (Y+ y;.i'wi-):jl '\,=(,2,‘-~',h. . (3.2)

where i and j are unit vectors rotating together with the body axes.
Because the motion is planar, there is only one component of

rotation »
w=0k | - (3.3)
which is also the angular velocity of the unit vectors i and j. It

follows that oy . J .
Lo Yi=0] = 1 = - . o
Femwxi=0) , l=wxj= R (3.4)

Since Rc and Ei are expresSed in terms of components along the body

axes, the velocity vector of the case element becomes

FSC:: BCt‘el + @ X Ec_

= [X+a-00Yryswli + DY+ w B (Xexrw)]] (3.5)

where R denotes the time derivative of Bc assuming that the

~crel A
unit vectors i and j are fixed. 1In a similar way, the velocity

(2

vectors for the masses Mi have the form

Ri= X+ 00Yyrwilli e T Yot 80 xpu)1j  i=ny2---in . (3.6
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3.2 The Varlatlonal Prlnc1ple

Equatlon (2.11) represents the force equatlon of motion of a
missile element and Egs. (2.12) are the force equations for the
discrete masses contained in the second stage. These equations
can be used to derive the moment equations of motion about any de-
sired point. Certain manipulations can lead to all the system dif-
ferential equations. Instead of following this route, hewever, we
shall derive all the system differential equations by means of-a
variational principle akin to Hamilton's principle17; -To,thie end,
let us write Eq. (2.11) in the form - '

é"‘«“ = f+ v (Frfyr £ [hin)-hix-L)] -m R o

which is merely an expression of dynamic equilibrium for the missile

element. Some of the cOmponehts of the surface force f. are present

S
only over. the segment 0 £ x £ Ll’ but this fact will be accounted
for later. The equations of motion for the discrete masses can be.

given a similar treatment by writing Egs. (2.12) as foliews

EGu = (Foov Fou - MR SCx-m0) | (3.8)

where the spatlal Dirac delta function {H(x - X ) imparts to
E(x +t) units of distributed force so as to make it compatible with
E(x t). We note that Eq (3.8) contains no forces associated with

the gas flow. .
The virtual work density associated with the missile element

has the expression | .
W B=EXY -8R 1 (3.9)

whereas the one associated with the discrete masses can be written

S\A/(x‘,t) E.('x,_,i) o R: . (3.10)

where SRC and Sgi are arbitrary virtual dlsplacements associated

- with R_ and R,, respectively, satisfying

SR.=6R; =0  at t=tgz1. (3.11)
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The variational principle then can be stated in the form
L

_t' A . A E
J j [ %\r\/c(’x,t) * SW(?(,_,"’.)] dx ot = 0. . (3.12)
Equatio;°(§.12) will be used to derive the Lagrange equations of
motion of the system. : ‘

We note that the terms SW (x, t) and’ SW(x ,t) do not. imply the
existence of functions W (x,t) and W(x t) so that these terms should
not be 1nterpreted as representlng the varlatlons of W (x, t) and
W(x ,t), respectively, but mere 1nf1n1te51mal expre551ons. In the o
case of the potential energy density function PE and the klnetlc
energy density function KE the symbols $PE and SKE do imply the

variations of these functions.

3.3 The Lagrange - Type Equations of Motion

To derive the equations of motion of the system, it will prove
convenient to consider the various terms entering into expressions.
(3.9) and (3.10) individually. This will also provide us with the
opportunity to examine the nature of the surface and body forces.

The distributed surface force ES on the rocket element}generally
consists of forces external to the vehicle, such as the aerodynamic
forces, and internal forces. The latter are due to stresses within
the casing material throughout the entire length of the vehicle as
well as gas pressure-throughout'the first stage,fincluding the
nozzle. The surface forces ESi on the mas_s'Mi consist of restofing
forces due to the spring action of the supports. Although forces
resulting from viscous damping are also surface forces exerted on
the discrete masses, we will find it convenient to treat them se-
parately, namely by means of the Rayleigh's dissipation function.

In view of this, we can write _ .
: ~ A A ' '
fs- SR+ Fo Stx-x) SR = -6 PE+ oW, + >Wp fhm-h(’x- L‘ﬂ (3.13)

.. where Sﬁhvis the variation of the potential energy density associated
with internal stresses in the casing material and the spring, support-
ing the discrete masses, whereas S%A and %%P are virtual work
densities associated with the aerodynamic forces and gas pressure,

respectively.
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'The_body forces afe simply due to the Earth's'gravitaﬁional

field. Their effect can be written in the form

fe SEDc + EBLS(*"XJ'%EFSC‘/B ©(3.14)

A
where SWB is the corresponding virtual work density.

The forces f., f,;, and £, are all associated with the gas flow

=C'
in the first stage. The expression

£+ £,* FATh@)-hix-LI1 SR, = (§ W+ sCJU»«S\K/Rwh@-w-L.)] (3,15')

represents the virtual work densities due to the Coriolis force,
the force due to the flow unsteadiness, and the reactive force,

_respectively. _ _
Finally the terms involving the acceleration lead to ~

—_méc-sé;M;jgs(x-xa-sgf L m SRR+ M S(RRISExD
B Ihw-hieL ) SRe- SemBesRI-SIMRS@x) 6R]
- SIE+ r;,"gc[h(;)-mx-'g)}%gc— & (mBe SR)- g.t[Mtgisu-z‘)-sgA(B »
where Ala':.is’ the kir'1etic. energy dénsity. |
Introducing the Lagrangian density
f.= é\E-F/’\f . ) (3'.17)1
substituting Eqs. (3.13) through (3.17) into 'Eq.. (3;12'>,'and using |

- conditions (3.11), we obtain

t (b |
. A A A A A ‘
J 5 {SL+ 61, +(8Wp S+ SWy+ W) Tht-hex-L)]
t, 7o '

+%\//:/B+%‘Bc[h(x)—h(x-L.5]'S8c3 dxdt =0 (3.18)

which can be used to derive all the equations of motion.
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To perfo#m‘the operations specified by Eq. (3.18), we assume
that the Lagrangian density has the functional form

AN e e . : ] ' '
- f . ., ] ] [} . . . . .
L-L(X,Y,Q,u,W,X,Y’e,u,w)u)w,w ,'U;_,WL,LL"_,W,;) ©(3.19)
~where primes denote differeﬁtiatiens with resbect.to x and the
subscript i takes on values 1,2,---, n. Moreover, the Lagrangian
is simply ) '
L N . .
L= ) L dx | ) (3.20)
The variation of the Legrangian density can be written
A A Y ~ A '
A oL oL oL oL L BL v
sL= 33 SX+—5Y+——se+——<s U+ S 8w+ S BX
Lot . 2t o1 o . %
%Y“’ -—-Su bw%W"' s—‘ %U BW'SW

A _
2L oL aL BL . L OL -
i Z( S ¥ S= S Su + 3= Sw,) : ~
'BLI ; ¢ ; S
ow ey Wi (3.21)
and a similar expression can be written for_the variation-ef L.
The virtual work density due to aerodynamic forces has the

form - o o ‘ . - -
A . : R
SW,= fA’SBc.'-"(‘FML*{ij)'ggc | (3.22)

where f,,  and fAy are force components per wetted unit length of
missile in the axial and transverse directions, respectively. The
minus sigh indicates that the forces oppose the motion.

‘The gas pressure leads to the virtual work density

8§ W, thtr Ll = - { T2 (p A 1L htx) -hix-1))
- +78(pAg 1) [ S6x) + s (x-L)1} - SR o

which accounts for the fact that across the two ends of the combus-
~ tion chamber there are abrupt changes in the pressure force. In an
analogous way, the virtual work due to the reactive forces has the

form
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- S\:/é Lhax)-hx-L)) = -{[ Sx(myy) I The-he-L)]
o+ A(m;vv)[%(x)+ 6(x—L)]}'SR (3.24)

Equations (3.23) and (3. 24) can be combined to yleld the virtual

work den51ty due to the englne thrust

szcmx)-h(x-L.ﬂ = ( %wp+ SWlheo-hix-L,)]

= “S[% (pA v+m,vyilhin-hia-L)l+ AlpA i+ mv g)[S(th(x-L,ﬂ}rSEc,. (3.25)
From the first of Egs. (2.8), we obtain the virtual work den-
sity due to the Coriolis force

S '\I/\\/c L h(x)‘h(x-L.\-_\':.-(Z‘:!x v m;) [‘hé‘)'h{“’l")) "o 8“'- (3. 2A6)

and from the second of Eqs. (2.8)'follows the one due to the flow 1

unsteadlness

SW,, Thex-hx-L,J] = —[g;(m,cv)l[h(«) he-L)] o R (3.27)

Finally, the virtual work density due’ to the body forces is

simply o |
SWB-‘:\'\’\%'SBC'\‘ M"a S(’X"X,,)'Srib ' ‘ '(3.28).

where g is the acceleratlon due to gravity.

The operations indicated by Eq. (3.18) necessitate expressions
for %Bc and Sgi in terms of the system generalized coordinates.
Noting that S'i_ =$0 i‘and %i = -%0 i, we obtain from Egs. (3.1) and
(3.2)

SR [8X+ $u- 500 ryrwlli+ (6 Y+ Suvr §6(Xexru)]] (3.29)

and ' |
ché_ [oX + Su-9868(Yeytwli+ [SY*SW;"SG(X*'XU’“&Y.\.}. (3.30)
"Equatlons (3.22) and (3 29) ‘enable us to write }
[$Wadn= = | e fay)) SR o

) = Fax X +Eay 8V +F,, 66 X{Au%"‘dx +Swagwdx (3.31)



(-]

' where'-_ :
4 . : - L |
Fax= ) fandx 5 Fay= -] fay o
L ° | R ’
FA9=S [fax(ryrw)-fo (Xex+ud])dx - (3.32)
fAu’ - fA‘x_ ) faw=- fAy
are generalized .aerodynamlc forces. SlmAilarly,. the vi-rtual‘ work '
due to the englne thrust has the form
5 SW The)-hx-L)d« = g{[gg(pl\ L*m{_V\L)Y_h(«) h(x L)]
o
B (pAE vy S+ S -L) I SR dx
. : t L . .
=F, %X+F1YSY+FT se+5ﬂusud«+gﬂwsw dx .33

in which L*
) \
Frx= [(pA tm vy u)) +(pA +m;vv L\] +(pA;+m$vy-5}) )

.-. (pe-'Pa )Ae +m$(°) Ve COsT

Fry = m o) v& sin¥
L

FT = - FTXY"" FTYX ‘+j {[ a,x(PAi-m;\lv L)](Y*W)

Lt
[ (m,vy- L)}(X*'u\}d'x (pA *m;vv L)\ [y(L\+w(L.,tﬂ (3.34) -

+(pA +m vy L\} [y(o)+w(ot)] (m;VV j)l ['L )]
..(m;_vv J)l u(O t) |
{bx(PAc m;vv Lﬂ{h(”()'h(* LS_\ (pA ftmevy- L)\ S(x—L)
(pA‘_.-i-m;vv L)l S(x) '

ot

S (x)

Fro -1 & mey IR heL)] - (mgvy )

15



‘.Where‘the~subscript e denotes quantities evaluated at the nozzle
exit, ¥ is the angle the engine makes with the positive direction
of the x-axis, L+ indicates a position irmmediately inside the
second stage ‘and L;- a position immediately inside the first stage
both in the vicinity of x = Ll’ etc. The virtual work due to the

“Coriolis force is simply

. | L '
SSW dx=F %X cy oY FGSG *_S fo Su dx +§ fo ow dx - (3.35)
where ‘ . o ' ° | |
. ‘ . Ly ’
FCX: 0, FCY 298 m Vv dx | FC6= F},YX +29§°m‘_v (x+u) d?c -
(3.36)
F(:u= 0, ch‘= ZQ m‘\/[h@\—'h(?c-L.)] 33

In an anlogous way, we obtain the virtual work performed by the

forces resulting from the flow unsteadiness’

16

L A . L L .
LSWU dx = FU)( X + FUY oY+ FUBSG+XquSu dy +gfuw8w dx (3.37)

~in which
F j -M_(m v) d‘x FUY-'O , F Siat(mﬂ 1(y+w |
[g‘t(mgv)]{h(x) -h&x-LY], F 3380
The virtual work due to body forces has the form
L A . : L L
SOSWB dx = Fex oX +Fgy oY+ F3989+S f us“d’”gjawgw dx
*Z(PBLSu + Faw, dwi) " (3.39)

L=\



-where

Fs -(M+ZM\9L, Far= (M, Zl"l)g

vel L=l

Fao= "FaxY+ FayX - J (()’*W)l‘('x+u)j] gd'x

ZM [(,gwn—(x‘m)ﬂ g

(2]

(3.40)

‘ .

‘ -F'Bu.:mg":) f8w= mg':i) Bu Lg "’ '=NL.9..;,: i.=l,2,-—,n

in which M0 is the total mass of the missile shell and-

17

M= Mg+ ZML | (3.4;1)'

2

is the total mass of the missile including the discrete masses.

Finally, the last term in Eq. (3. 18) leads to

Jm R.[h&)- h('x LY)- SRC dx
= FMXSX+ FMYSY+ %9-&-5{” Sudx +S§ Swdx

(3.42)

where the expre551ons ,

[ "X"'u 6 (Y-\-y-rw)] ax

o

' FMY S m'[Yi'v;/-*- B (X+x+w)] dx
L . . ,
Fro™ = Fra +FMYX-SM[Xm-emy*w)](y;,w) »

| ¢ | (3.43)

- [f'(+\;v.;;.e(X+xf u)](fx*-u)} dx
frau= X+ 4-0 O yrw))[heo-hix- L)

frws mn [Yaw+ 8 (Xexv )1 [hG) - h(x-L)
' are equivalent forces due to the mass rate of change in the first

stage.
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At this point, we assume that the damping forces can be -
derived from the Rayleigh dissipation density function

A _ . _ : '
H . . L] - - L4 L) -
F = (Gyw, &y, 0y - = = 0, Wy Wa -5 W) (3.44)
by writing
A & A o~
& o T %
u -~ R-J I w T T W
' : ' . 3.45
G- -2 g 2 o
Il o1 Uy Wi B L
where _ , .
A S SN - o ’
ot 7 - _
o = So"c" dx | | .  (3.46)

is the Rayleigh dissipation>function, . .
Introducihg Eq. (3.21), as well as Egs. (3.31) through (3.46),
into Eq. (3.18), we obtain the Lagrange-type-equations 9f motion

d
X)+ *FAX+FX+FCX x*FBx* Mx_0

( )+—-—-+ +FTY+ eyt Fu +BY+FMY=O

a“‘ )*""é"‘FF\e* Fro*FeotFug™ Be“'FMe’O
'%(%)*'%E -%a(%n)"' faut fra* feur fou* ":éuf ‘:Mu*f gu: 0 ‘(3.47).
—531(%\%)"'%%«.—% %)"ax( ot It et w*{éuw* {:Bw‘; Foanet §:W=O

- _é_:';_&)+ %—E—;-‘- =~ ut &

L':‘,Z,""‘_) m

%\L sl

S dL
- (?MNL)+ DWW -P‘:va*' dhv;'()

where the equations for .u 'and w are subjeét to the boundary conditions
L L
o -0 atx=0.L (3.48)

and

A A :
oL _ 2L _ 2 ,af y\_ _ .
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3.4 The Equations of Motion in Explicit Form

The equations of motion, Egs. (3.47), can be written in an
explicit form in- terms of the system generalized coordinates.
This necessitates exp11c1t expressions for the Lagranglan density
i and Rayleigh's dissipation density functlon ﬁ, as well as the
functions themselves, L and &,

The Lagrangian density can be shown to have the expression

Fal

Pat VAl - . . .
L=KE-PE= g mR: R M) R -z LEL(w™)*
+F A, (L) +P(w)’ 1- 12;{ ko [ust0- u(vc,_t)]z M AOE w (x, ol 3 S(xx;)

! 2 :
- 'é‘ [ku:.+l/t(ui'-u¢"\ -+ W ’V(W WLH) ] S(’X - 4“/1), (3.50)

Where Bc and gi are given by Eqs. (3.5) eﬁd (3.6), respectively,

P=EA, 2 X o (3.s1)

is the axial force at any point x on the vehicle longitudinal axes,
k ahdekw are the springs connecting mass Mi to the vehicle shell,
i i .
and ku and kw are the springs between masses M. and Msyq-
i+l/2 . i+l/2
We note that terms corresponding to subscripts larger than n must

be ignored. Integrating Eq. (3.50), we obtain the Lagrangian

L= “{j{mR ‘R.-[EL(w"Y+ EA, (u') - p(w') 1 9=
%:Z[M R R, - {k Tult)-ul, o7 ek w0 §)
- ztk -;-l/ Uin kafV(WL V(’l-ﬂ l‘l - (3.-52)

(S]]

Next introduce the operator'”ldefined by

m{":} = S m{'ol'x + EM 'Y | (3:.'53)

=)

..where f = £(x,t) and £, = f(xi,t) denote any of the variables
associated with the position of the case element and mass Mi’

respectively. Introducing Egs. (3.50) and (3.53) into Egs. (3.47),

and recalling the expressions for the generalized forces derived in

. the preceding section we obtain the equations corresponding to the



" rigid body motion in the explicit form -

-ME-8Y-26Y-61)-m{t}+Emlyrwfr26miw} + 8 Mixeud

L . te . '
‘Sof,\.x'd'x +(pmpo)Ae * m(0)V cos‘o’.-g[%:(m‘v)].dx -Mgsin@ =0
-M( Y+8x+28%-6'Y) -m{w}- d mix:u}-26 miid & Miy»wi

J fodx+m‘(0)Ve SInY +29$m;\ldx -Mg cos O =0

—(BY+8'X-X +20V)M{yrw] - (BX- erzeX)m{m}
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(3.54)

+m{u(y+w) w('x+u)} em{("‘*“) (Y*W)E Zem{u(x'«u)*w(y*w)z

5 [fo(y*-W) (xfu)-ld'x +gi[bX(PA Fmevy: L)'\'at(m v)-](_y-rw)

L*

[y(L )m(L.,t)X

[bx(m&?vv J) Zem;"]("'f“)}d’x (p/—\;*‘m vy- L)
t(pAgrmyvy- L)‘ [y(o)i-w(oe)} (m#vv J)l [L"U(L.,t)]

~(mgvy:j i )‘ u(o,t) +9m{(y+w)sm9 (x+u)coseg 0

The remaining equatlons of motion neces31tate the definition
of the Rayleigh dissipation density function, which is assumed to

have the form
Vo)

: 2
Z-.——'z— [cu.;.’ﬁ- Co v_'vz + {Cu;[_l:li(t)‘ﬁ(“;t)]* cw; L (1)

-w (x,t)]z} S(x-xd"{cu;,, (G- dc;.f *CQ;; (W) : ]g(x"‘iwa.\] (3.55)

- with the function itself hav1ng the expression

j(c Glec W )dx*‘zz{cuiu (t) ulx; t\] ¥ Cwy Lw (1)

XA

'W('x;,t)] ‘g +% Z[Cu ,.,(u uu\) Cwu'l,.(w Wbt'l) 1 (3.56)
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"I.I‘lhis enables us to derive the equations for the discrete masses
| -M. Y_X+ -6 (Y*y.*wL)—Zé (Y+v’v-)~ 6'( X*x-+u~)} -M:igsinB

-k, [utouba il - kg, (umu,) - ku;_., (ui-ug,)

= Cu [0(0)-Ulx, )] - Cupy (G u._-“)"cu t._,h(u cu)=0 L=2yemmgn
oM [t B0 xpug )+ 20 (X i1, ) éz(Y*-y.jw;)-}-("!Lgcose (3.57)
-km[w-,('t)-w(x;,{;)] - Ko (Wi W) = Wy, (Wimwis)

'.Cw;[.\';’;_(t)’v;’(“&,t)‘l - Cw;_.,.(,‘<\’.V['V2/(,+a) - Cw i c/_L(V.V\':v.Vl’.—i ): 0 L=1, ,---,n

where terms with subscripts smaller than one and larger than n
must be omitted.
Finally, the equations for the elastic motion can be shown to

have the form

2(EAL)- %[Xw 9(Y+y+W) 2.9(Y+w) e<xf«¢u))
“fan - [:g;((p/\ +m vv-L)*r——(mgv)] L heo -h z-1)]
+(pArm wn\ s(x L) - (pA_F+m:vg'-L_)_\ofS(x)-mg sin®
tky.(u; ) S (a- 1) +cu(Gh) SBex)=0 O Guse)

C(ETw")+ 5&<Pw') -m[Y+\°&+6 (Xexeu)+28(X+i)

bx’-

-9 (ny';w)] - fA] - [%-(msvg-i)—'z.em;v][h(«)’h('x—L,)}
. o+ ‘ .

—(m_pv!-j )log(x) -mgq cos©® -+ kwL(WL”W) S (x-%¢)

+ Cuy (W= W) §(x-x0) = |

" which are subject to the boundary conditions

EAC u =0 atx=0,1L (3.59)



and - _
Elw"= 2 (ETw")=Q at x = o1

where in the second of boundary conditions (3.60) we took into
account that P = 0 at x = 0,L..

(3.60)
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4, Calculation of the Engine Thrust and Internal Gas Flow

The purpose of a nozzle is twofold. First it restricts the
rate of escape of the.gasAfrom the combustion chamber to a rate
suitable for the reaction of the propellaht,'and second it changes
the energy of the propéllant.gas‘from internal energy to kinetic
energy. A convergent-divergent nozzle is used to convert all of
the available enthalpy into kinetic energy. In the portion before
" the throat the flow is subsonic whereas after the throat the flow
is supersonic, with sonic conditions occurring at the throat. Al¥
though-lossés may'exist in the nozzle we assume that they are neg-
ligible and regard the flow as one-dimensional isentropic steady
flow. ‘ | v : |

Consider the flow of Figure 4 and assume that the stagnation

Ae

N Figure 4

conditions denoted by the subscript 0, are known. We may then
write the_govefning physical equations as follows.

First the flow must satisfy the first law of thermodynamics.

Considering the control volume of Figure 4 and denoting the enthalpy
_per unit mass by h, this law may be stated as

[ - ' T _ 1 YR .
hof h.+7,v.‘ = h,+ sz. (4.1)
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Assuming no friction or heat transfer, the second law of

thefmodynamics reduces to

S°= S, = 52: consfant ' | ' (4.2)
where S is the entropy.
Furthermore, since no mass is added within the nozzle the flow

nust satisfy the continuity equation which may be written as

P A v, = prAv, = constant . (4.3)

where;pl(jb) i's the density at station.1(2).
If we denote the force exerted by the nozzle wall on the gas

F the momentum equation can be written as

Tl ] ..

FT'*;O.F;"P;Az"’szszz“f:_A""z | (4.4)

Equations (4.1) through (4.4) must be éupplemented by the
equation of state which for a perfect gas has the form

= p RT - | _ : : | -(4.5)
. in which R is the universal gas constant and T‘the'temperature.

On introducing the definition of the speed of sound for a

perfect gas . o
' V2 v

c= LkRT]™ e

where

.k =cpl/cy . 4 (4.7)

in which c¢_ and c§ are the specific heats, we may, after some
manipulations of the above equations, arrive at the following

expressions

o .
po/p = [+ %m 1 © (4.9)

T/T=1+ TR
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k_ ’ 4;10
Polp = [\*—’M] | (4.10)
Where'm = y/c is the Mach number. Finally, the cross-sectional -

area A at any point is related to the cross-sectional area A, at
the throat by '

ket -
TAAL=G, /G= 5TE (s k) 2 (4.11)
where ‘ |
J G =pv (4.12)
and
. Va xe -
_ 2 Q1) (4.13)
G = RTo ‘<*‘ | ~

- are the mass flow rates per unit area at an arbitréry point and -
the throat, respectively. ‘

| The above expressions suffice to describe the flow in terms

of the parameters of the nozzle. Since the interest.lies in the
condltlons at the nozzle exit ar® because in the analysis presented
here the nozzle exit area is usually given, we may find the Mach
number at the exit from Eq. (4.11), where k is assumed known.

Using Egs. (4.8) through (4.13), the other parameters at the exit
section may then be found. This enables us to determine the rocket

thrust as

Fr=RAct pehevd = phe (14kM) (4.14)

Eq. (4.14) only considers thrust due to the internal gas flow
and if conditions other than in vacuum are considered, then the
thrust due to atmospheric pressure acting on Ae must be subtracted

from the above equation. ‘
So far it has been assumed that the stagnation conditions are

available for evaluating the flow parameters at the exit section.
This assumption must next be considered. The stagnation conditions
are determined by events occurring upstream of the nozzle. 1In our
case there is a.propellant charge ablating, thus producing heat and
gés. _This gas enters the nozzle only after proceeding along the

propellant grain and thé nozzle plenum chamber.

25
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fThe processés occurring upstream, therefore,'are:not'isentropic
and thé‘stagnation conditions are not constant, but decrease as
the nozzle is approached. The stagnation conditions, however, may
be obtained in terms of conditions at the forward end of the pro-
pellant charge by an analysis similar to that done above for the
nozzle. In Referenc_el,l we can find a plot of the stagnation
pressure ratio as a function of a reduced mass flux ratio m/m,
" which indicates that for a Mach number of less than 0.4 the drop
in stagnation pressure may not be significant. Therefore, we
assume that the stagnation pressure as well as the other stagnation
condifions, occurring at the forward end of the propulsion stage,
.are constant and apply also to the nozzle. These assumptions may

have to be reconsidered if a more precise model is desired.
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5. Numerical Solutions

5.1 General Remarks

In seeking numerical solutions of differential equations, it is
frequently more advantageous to work with first-order rather than
second-order equations. With this in mind, we introduce a set of

5 + 2n new variables deflned by

X=R,¥=5, =T u=p, w=gq

2

_ (5.1)
Ue=pi, Wi=qgp, vhz-on

which can be regarded as a set of 5 + 2n first-order differential

equations. Another 5 + 2n first-order differential equations in

time can be obtained by 1ntroduc1ng the Variablés defined by Egs.
(5.1) into Egs. (3. 54), (3.57), and (3.58) with the result

-M(R-TY- 2TS -1 *X)- Tn{phTmiy*w} +2T{g}+T? m{mu}
-j’FAx dx + (p_- pa)A +m¢(0)vec°s‘& X[s{(msv)]dx -MgsinB= o5 2
“M($+TX+2TR-TY) -mig} - Tm{xw’; sz{PhTm{,*w}( )
*S:ﬁ\,dx +m Ve sin¥ + 2T g}cvdx ~M9 cos® =0 (5.3)
—(TY + T X-R+2TS)M{yrw} = (TX-T Y+ $+2TRM e u}
oM {pCyrw-3 e} - T et (rnd 32T phrudrgtyoml)
S [ oy Cyowe)- FA,(mndx-»j [ (pA+mvy-i) %g)l(,fw)
[ax(m‘;vv j)- ZTm;V](Kw)’} dx - (pA frmg vy L)( [](L,)+W(L,,t)]

vy )} [L;+ u(L, 8]

+(pA tmgvy
o+ _
“Mevy-j \o_u(o,t) +<3Tﬂ{(y+w)sm6~(7<+u)Co%Q.§ =0 (5.4)

<



%»(EA@}— m{R . pz‘—f (Yey +w) 42T(S+$)—T2<xrx_+u)]‘
f x - r%x(\o A4+}\axv¥.g ) + %(m;v)][h(x)-h(x;\..)] |

“(phe+mevy -0, S6-L) = (pA+ mevy-1)] 56 -mysin®
+‘<u.‘(.u¢-u) S(x-x;) + Cu;( P.;’PS sx-%x)= 0 (5‘.55

= 'a—:'('z(E Iw')+ 2(Pw)=m{$+ éb*:Y(X+x+u)+2T(R+ p)
_T‘(\pym)l ~fay T —g;‘(_m_cvyfi)i-ZTmFVI[H(x)-h(x-L,ﬂ

| Mg cos @ + Ky (i) Sbeeki) + g q)5x-%)=0

(5.6)
~M. ['F? +p, -T(Y+y +w)~2T(S+ )-T (X*x rug)] - M,_3Slh9

-m,

"ku,;(“c‘u) - .‘,.H_,,‘(u;-u“,]~ku£_,/‘_(ui,-u'¢,, - Cu;(Pg-p)
- Cuuu.,( Pc‘:P.;»,.)'f C“c-l/,( P P,;.,) = O =12, ---,n (5'_7) ‘
-M; [.S + &];7&* T (X+x + u,;')—t ZT(R’r ‘oi_)—Tz(Y*nywL)]‘N;g cos©
Ko (i)KW 030 = Ko Wi = g (=)
~Cw ¢+y;(<1z,‘ci;#+.)“ ch-v,(‘.}f'cl;i-')?o . *,";"»Z>i"»" (5.8)
The boundary conditions, Egs. (3.59) and (3.60), retain their form.

In light of the complexity of the differential equations of

motion; no closed-form solution can be expected. Hence, we shall

attempt a numerical solution based on the finite-difference approach.

It will prove advantageous to consider unequal time increments but
equal spaﬁial increments. With this in mind, we introduce the idea
- of unequal segments for the pufpose of evaluating derivatives of

any arbitrary function f = f(x,t). From Figure 5 and the definition

of the central differences, we obtain the derivative of f at the -
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jth time increment for the ith station in the form _

- ‘v._?‘c‘ L -Fc,,,'u,; ‘Yc,ju/,, (5.9)
R P LT Y 2T | -
t=t]
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However, since the interest lies in integer values of the subscript,'

we average the function with honinteger subscripts as follows

= "'i ({L»Sfl+ fb,.‘)

Coyelly )
: | ' " (5.10)
{Ld—vz= 2 (ﬁgcd*'fgiﬂ) : ‘
so that expression (5.9) becomes
Bf —_ ¥i'13"|- $‘.”j—' . A (5 ll)
vt |R=x1 T Ty + T .
t=t; i !

Aséuming equal increments for the spatial variables, in
analogy with expression (5.11) we conclude that

.- _?f_ p— 'Fh—l,j - 'FL—l,j .
DX | X=AL . 2 h (5.12)
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where h is the spatial increment.

Since Egs. (5.2) through (5.4) contain integrals, we approx-
- imate them by the simple trapazoidal rule, which for an arbitrary
function £ = f(x,t) has the form

4

g f(x,t) dx —Zh (fot %), (5.13)

=t
where r is the number of segments of the missile (one less than
the number of stations, rh = L). Using expression (5.13) we con-
clude that the 0peratorTn of Eq. (3.53) has the form

m{fh;} Z_(m;. o5 mw'lf““vl)*zmtﬁ'l | (5.14)

=t

where F. . represents any of the variables describing the ith mass
at time t ?"Ck '
1)

. Next we consider the real and equivalent forces appearing in Egs.
(5.2) through (5.6). Assuming that the flight of the missile takes

place in vacuum, the generalized aerodynamic forces vanish

H

The generalized forces due to the engine thrust are calculated
under the assumption of complete expansieh of the nozzle to vacuum,

'so that Pe = P, = 0. Under these conditions Eqs._(3,34) becone

Frg = m (o\vzcos\’ FTY= m (Mve sin¥

Fre= m (o\ve R[y(o%w(o )lcos¥ - uCo,t) sin¥}

| -pA.; (L\[y(L)*-w(L.,tﬂ ' | (5.16)
Fro = PA; S&-L)+ [m ) v&cos¥ -pA. (L)) % (x) ‘

u

Fro, = ms(o)v sinY &)

The Coriolis forces are given by Egs. (3.36). Moreover, since
-the internal flow can safely be assumed to be steady, Egs. (3.38)

become

Fox= Fuy= Foe = Fu.= Fun=0. (5.17)
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It is still necessary to'find-expressions for mev and A
The first is found by considering the continuity equation, which,
for uniform burning over the entire length of the combustion_chamber,
takes the form ,
P \ L,
mey =~ g mdx = mgolve (1-x/L,) . (5.18)
: . x - _ .
The expression for the éxhadst velocity, v, may be obtained
by making use of Eg. (4.1) as well as certain definitions introduced

in Section 4, with the result

' Va2 | : .
_{ 29k -(ByR ] |
COERTEGRET e
However, since we assumed that P =.0‘ﬁq.'(5.19) reduces to
| 29k V2 |
w- {3 RTYY (5.20

5.2 Finite-Difference Equatlons

To avoid any possible confusion, we 1ntroduce the follow1ng
notation: Subscripts i generally refer to position and subscrlpts

j to time. For example,'Ui j4refers to the ith mass at tlme t _jick,
4 . w=y

while Xj refers to the rigid body translation at time t = Eick .

L.3-11

H 1

Similarily ui 3 refers to the element in the position x = x; at
7 -
time t = ??fcg_ . With this in mind and recalling Eq. (5 11) we

write Egs. (5.1) in the ‘form
'.X_IH‘ (’Cf(.,,.)R'
oY “Yg-l*(’cj*fj«) S;
© 057 0L (G T,

J#

‘;~Fl= u‘:»j -1 (T’ +"JH) P , (5.21)

¢,=|‘2’--—)f'+l

u
Wi We it (84T g,
U Uwrﬁ<ﬂ*?k594

Lin©
W, ) Qg

b;i \o,‘ 1

C=52,-f':”
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N,ext we consider the equation for axial motion of the case
element, Eq. (5.5), and use the thrust terms defined in Section -
5.1 to write the equation in the form

2 . . ' ' ' 2,
BACEA L) = m(R+p -T(Yryrw)-2T(5+q) =T (Xexeed)]
FPALISG-LY- (pALL) - m )2 cos¥IER) - ma sin®

*hu (ui-u) Slx-x) + C;-L (pi- p) oGx-%) = Q . (s.22)

Using expressions (5.11) and (5.12), Eq. (5.22) takes the finite

difference form

EAc | |
c (ULHJ 2u, ub_, ) 4112(EA EAC., )(uw.-- Ui, j:;; “[ et Ki.,
+ p‘n]ﬂ Pv 13-4 —C JH Tl~l)(\{ yL ‘-;J)] m »j [ZT (S ?hj (X +x +U‘vj )]
+ P‘A’\-F(L')Su’" -\:1_ (pA;(L.)'m$<°)Vez COSX)%‘O” h’\(_”j 9 Sin GJ .
ku, o ‘
+ l":\l-lt_. ,(UL,‘“J_ u""i)siki, Cu‘« (PL"J pb,j)sbu = o (5.23)

where the subscript m refers to the station corresponding to x = Ll

and %LJ is the Kronecker delta. The subscript i, refers to the

k
kth discrete mass. Upon rearranging, Eq. (5.23) becomes

P"-)jh = th - (F\)JH R ) (T ,—_,)(Y,-*yé*w‘».g)*’(Tj*??jh\[ZTj(Sj

J#+

\ A
+9,.;) t+ T'Z(Xj*'xi,"’“a.,') + 4';,';;,2( EA..T EAc.,--)(ui.H,‘“ Ub—uj)

EACV ( )+ PA"(L')S

i mg; h

"’Zu,u i me, h(PA (L)- m(o)veCos‘J)S.,o

UQ“ 5}

C [ -
uu,,)sw,‘ :k PL” p..,,)s._,‘l_ (5.24)

"<3$m9 v Ko (U, 3

M h b
In a similar manner, using Egq. (5.6), the finite-difference

expression for the transverse motion becomes
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Pivied %"‘5 ‘54-0 T, T,-ALX x-:u.;.;)+<r-,+~c,-+.>[Tf<\r-,w-L

Fwe) = 2T (Ryrp, - R

-z;‘;,.lgcﬁi-w.—EL,..xwm..,-zw. 2w w-——ﬁm 2ELEL Mwy.s

l)s

»’2 & WL-IJ) + g;\;':.w (EAc-ﬂ Ci- )(uuﬂ uu—l )(wwt,,_wu-t,_,)

E'Ac, )
+ 2"""! \‘\’ {(uu—l ‘ i- ‘ + uw,s)(wtﬂ ] 'Wiq,i)*-( i) , u-l,,xwu-l Z Wc,j L-l ,)}
2T (mgv)e _ my - ' "
J L - -— o Kw . - . .t
f —-—-—‘-—-mm -———mm. sin¥ 9, ~g cosB; m~‘;h by W, )00
“'ﬁ;"‘— (Q.,k‘ qi,J)SLgL S : (5.25)

Using (5.14), the rigid body equations can be written in

finite-difference form

Rim 1%+ & Myl 1= R [ 7 M yerwe, 31T
"™, mil"éasﬂ'l"i»sﬂ} + ('C ', “,)[ZT 5 "'T Xy "‘im{qﬂw

+I{s Tn'{x +u”} 1—m.§_(_°ll’§ COs‘K -9 sin 6; ] - (5.26)

[X +-— m§x ug,,’x]TJ.,. = - '[Xj‘*- — Tlﬂx tu, QTJ
i%m." ',:'—:i (z; +Z\Jfl )[T ' Y.-ZTJ R B 2—:& m {P"'J}
m{y *WMJ} + m;(o) Ve s\ X"‘T h Zm[(mg) +(m ")w:] 9(,059]

(5.27)
- Rsﬂm{%*‘“c.sl* S mi"t““ﬂ»&*-ﬁ [T-m{m‘“wes -*X'mi"'*ufu’?&

rM{x rus (y;*-w,;,i)'}] =-R, m{y +w,,,.§ Sl ,mfx ug,
T [Ylm +W° ;} * X mix +u.,.‘.g+m{(7( *u.,,’) *(y* Wt’--i)zg]

+m {. ( Péajﬂi PC,j-.)(y;*wcaj)— Cci,ia}.fl_ (?,Lcj-l)(’xl* u‘.":l)g |
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+-(?j*éjr\)[(—‘-jz\{j -2 T, RaMixirued - (":IX ,+ZT, SHIMAy+wed
2T ip:.jb(xnua;)*q,c.;('y; ?wu'.ﬁ?s - P AL Cymt w3}

+(PALLY m©)V2 cos¥)( y‘+v§.,j)— U, medvas inY +g iy,

*w;,§ sin €, - T {7(;1- um;f' cosej]’k : (5.28)

Finally the equations for the discrete masses lead to the

finite- dlfference relatlons

Ru—ﬂ PL,J;-(RJHR,\ u) ( J—c)(\, +Y \'\I )*(T +'C;,,)[2T(S +Q"'J)

""TJ(X]*X-L*‘U,;;J\"QSMG.‘ {k CU.,,, i uien Ve~ Vi)

ey Vo Vi) € B ) * Cunan P R ey SRR (520

Qi 3 Qi (S, n S,.J i X e X U..,>+<r +c@h CYyrY e We;)
-2 T (R R))- 9cose——~{k (Ve vaede K (wb-.‘-wa.,j) |
e ey W, ) Qs e o Qe Quo J o Qe Qi )H

30)
The boundary condltlons, Egs. (3.59) and (3.60); become
f“' 03 = .uzlj :
(5.31)
urt-z.:‘: u"?j
-and
- \ wo,j::zwhj ~w1:3
Wra,; T AWy, "V
' o (5.32)
Wonj = Wa,3 7 2w, it 2o,

' Wr+5“"= Zwrn,_"—zwr,j* Wiy,
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Egs. (5.24) through (5;30) may be written in compact matrix
notation as follows :

,[A]i{X} = [A]ﬁX}j_,*{dj '_ . (5.33)

where fA]. is a square matrix of order 10 + 4r + 4n whose elements

A

are real, {X}j+l and {X}j—l are (l10+4r+4n)-dimensional state vectors,

“and {C}j
functions. of various kinds. The subscripts indicate the time at

is a (10+4r+4n)-dimensional vector corresponding to forcing

which the components are evaluated. A recursive formula could be
devised by simply premultiplying both sides of Eq. (5.33) by-[A]Tl.
It turns out,'however, that the matrix [A]j is singular so that its
inverse does not exist. The reason lies in the fact that the equations
of motion are not independent. 1In fact Egs. (5.26) through (5.28)
represent certain integrals of the remaihing equations. Hence a
Aproéedure is advised whereby the problem of calculating the inverse of
[A]j is circumvented. '_ . o . ‘

Let us write Eg. (5.33) in terms of partitioned matrices as

follows
. | '
Avt Al X A, A X C,
1 - u' 12
puin e B ot Bl ol Tl B v AR it (5.34)
Az‘ : AL‘L . Xl . Al\ l All . Xz Cz .
= TR S 0 T J

where the 6-dimensional vectors-{xi§j+l and {Xigj—i correspbnd
to the rigid-body motion and the (4+4r+4n)-dimensional vectors.
{xé}j+l and {Xégj—l to the elastic motion. Equation (5.34) can
. be separated into one for the rigid-body and one for the elastic

motion in the form . .
[A"]j{x'}i+l+ [A'Z]jixlijﬂ: [Alaj{x‘}j_;” [Alzl'j{)(l}_"_f {C'zj (5.35)

and ’ _ |

[AZI]) {x'}i{-l+[A2?-]{Xl}"+': (A;l)j{xlgj_l+ [Au-}‘,{XL}j_“' {CL’S:‘ (5.36)

The assumption that the elastic motion does not affect the rigid-

body motion is equivalent to



[A.z}'ﬁxzhf [.Au]{xz};_ﬁ {0} | . (5.37)

which can be interpreted as the statement that the weighted average:

of the elastic motion is zero, where the weighting.matrix is‘Ali}j.
This enables us to solve Eg. (5.35) for the rigid-body motion

s DG AT, e

" On the other hand, the rigid body does affect the elastic motion.

Indeed, introducing Eg. (5.38) into (5}36)) we obtain

{lef'jﬂz {Xz}j_‘- [Az;;]-; (Aitlj [Au]-j"'{Cs}j"'[Au]}‘{Cz}j (5-395 :

It turns out that [hzz]; is the unit matrix, denoted by‘[l],

that Eq. (5.39) reduces to

X, }“ I(XQ& ju T [Azn] [Au]_l{ci {Cz - (5:40)

Equations (5.38) and (5.40) can be solved recur51vely for the
rigid-body and elastic motions. ‘

A question of particular importance is the stability of the
finite-difference solution. Inherent in the finite-difference
approximation to differential equations is the introduction of
extraneous solutions which may be unstable. The problem of finding
the conditions under which thevfinite—difference approximation
gives the true solution and not a divergent one is in itself a dif-
ficult problem and will not be pursued here. However, in order
to insure some semblance of stability, we invoke the analpgy-with
a uniform, constant mass beam. It is indicated in Reference 13 that
to ensure the stability of the resulting incremental expressions

for the longitudinal vibration of a uniform beam, the following

" conditions must be met -
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(5.41)

m
>
n

while for transverse vibration

2 ¢« hm
~ 4EI

o (5.42)

where ¢ is the time increment and h is the spatial increﬁent,

m is the mass'pef unit length and EAC and EI are the longitudinal
and transverse . stiffnesses of the beam respectively. But in the
system under consideration we do not have a uniform beam. We

do, however have uniform segments so that we may write Egs. (5.41)

and (5.42) for each - segment as

h mgy
2 < AR

Siiev = T Ehe, o (5.43)
'and
_ 4 : : 4
5;’3 ¢ K mije (5.44)
RAL 4EIL .

where the first subscript refers to the spatial increment and
the second to the time increment. Equations (5.43) and (5.44)

give two values of 6; for each spatial increment. If these

)+l
are compared to those corresponding to all the spatial increments
* and the smallest among them retained, then the inequalities (5.43)
and (5.44) are satisfied. This wvalue, denoted by’Z;+l, is then

used as the timeiincrement. Mathematically we seek

T, = min

J¥i v L.j\'l (5.45)
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and note that this value may change from one increment of time to
the next because the mass is time-dependent, m = m(t). Expression
(5.45) does not ensure stability but it doés give a reasonable
estimate for the time increment, corresponding to known values of
mass and stiffness distribution and assumed values for the spatial
increments. ) ' _

It is of some interest to determine the error introduced by
approximating the differential equations of motion by the finite-
difference expressions. Since the change in mass is small for the
time increments used, we assume for simplicity that the time incre-
ments are constant’tj =’Zi+l = ?fl' With this in mind, we consider

each term of Egq. (5.24) as a continuous function of x and t. For -

example,consider ui,j+l

term of Eq. (5.24) in a Taylor series about the point (x,t) we

as denotihg u{x,t+C). Expanding each

obtain

. A RTH . 2
R Go v pv 3% v Wy T S0min

“2T(5vq)-T (Xravu)- 1 P - TR TR O LT

EAcQu _ EA.d'u bt _
m ?2x*  m ot (2

m(pA (L.) N o) ve coszr)S(x) tgsing - l‘"» (u “u)Ss (x-x)

- C-un'{c'cl"c"'P) Sx-x) =0 -  (5.46)

Comparing Eq. (5.46) and (5.5) we find that the truncation error,

€y, 1s .
-} AT . :
er= [T+ T - T Crym 1%
3 - 4 +“
_rn_n[zEAca 'a ca "Bu EA. Dy *-__]lq

bzb 2x3 OX . z 2x9
or _ . o _ (5.47)

e; = OCe*) + OCh*)" | (5.48)
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under the assumption that the terms in the brackets are <¢1. The
notation O(T? indicates that a term is of the order of Z2. Using
“expression (5.41) we finally conclude that

e, =0(Th) 4 o (5.49)

Similar conclusions may be reached by considering the other finite-

difference expressions.

5.3 Results _
A'computer program to solve Egs. (5.24) through (5.30) in

the form of Egs. (5.38) and (5.40) was written in the FORTRAN IV
language and evaluated numerically on an IBM 360/50 computer.

" Due to the exceedingly small time increments necessary for
a stable solution (T of the order of 10—6), a large number of
steps must be taken to obtain even a small burn time. As a result
of the large number of steps, the-problem of accumulation of round-
off error is prevalent. For relatively small burn times, however,
the round-off errors should be small and an indication of the
system behavior should be obtainable.

The numerical values used in the computation were

E, = E, = 30 x 10° psi, L, = 100 in., L = 150 in., h = 2 in.,

Af(O) = 36.4 ile,z, p = 2000 psi, m_g = 1.57 1bs/in./sec., )
oy = 753 in.%, A, = 5.0 in.?, 1, = 93 in.%, I, = 50 in.%,
lg = 4,25 lbs/in., m,g = 3.0 1lbs/in.

where the subscrlpts 1l and 2 refer to the first and second stage
characteristics respectively. The numerical values used to describe

. the three discrete masses were

39

X, = 125 in., X, =130 in., X3 = 135 in., Mg = M,g = Mjg = 6 lbs.,

1 22
6
k =k =k = k = k = k = 10" lbs/ft.,
Y V) Y3 Yy hp) Y3 5 /
k, = k =k, = k, = 10~ lbs/ft.,
1/2 3/2 1/2 3/2
c = C = C = C = C = C = C = C = 0,
o | 42 3 0N Wy W3 Uy1/2 Uz /2
c = C =0, Y., ., Y,, variable.
wl/2 w3/2 1 2 3



The initial conditions were

w(x,0) = 1072 (sin 1Tx/L-2/1T)+0.5x10"° (3/77 ~6x/ T L-sin2TT x/L) ft.,

X(0) = 0, R(0) = 0, Y(0) =0, S(0) = 0, T(0) = 0, u(x,0) = 0

Ui(O) = Wi(O) = Pi(O) = Qi(O) =0 1i=1,2,3

while the launch angle,(ao, was varied by inputs to the'program.
The axial and transverse translation of the missile as a

function of time With.eo as a parameter is shown in Figuré 6 and

7. The axial and transverse elastic displacements for several

time increments are shown in Figure 8 for the following conditions:

(I) the system parameters have the numerical values listed above,

and (iI) all the parameters are as in the first case with the

exception of ku2 and kw2 which are zero, ku2 = sz = 0. Figure 9
shows the axial and transverse displacements of the discrete masses
as a function of time for Case I while Figure 10 shows the motion
for Case II. _ ,

~ The more rapid change occurrihg in the axial elastic dis-
placements shown in Figure 8 is caused by the sudden increase in
pressure following ignition. The subsequent motion in the axial
direction is more rapid because disturbances in this direction are
propagated more rapidly than in the transverse direction.

When the discrete masses are.éttached to the case as well as
to one another, the axial displacements consist of synchronous
motions lagging behind the motion of the rocket shell, as shown
by the dashed line ‘in Figure 9. . On the other hand, the transverse
displacements do not exhibit such lag and the discrete masses
move so that their mean motion coincides with the motion of the
qase. The effect of setting ku2 = sz = 0 becomes apparent by
éomparing Figures 9 and 10. Since in this case the second discrete
mass is not attached to the rocket case, the forces producing its
motion are transmitted only through the springs connecting it to

the adjacent masses. Whereas the cyclic time is seen to increase
.substantially from Figure 8 we conclude that the motion differs
-only by a small amount from the one in which all masses are

attached to the case.
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Figuré 6 - Axial translation vs. time with eb as parameter ’
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Figure 7 - Transverse translation vs time with'e0 as parameter
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Figure 8 - Axial and transverse elastic displécements (cont.)
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Figure 8 - Axial and transverse elastic displacements (cont.)
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time (case I)
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Within the limited cases considered and the relatively short
burning time allowed, the launch angle 6% and the offsets of the
discrete masses produced no noticeable effects. However, this is
- not to be interpreted‘as an implication that ﬁoAsignificant ef-
fects of these parameters on the elastic motion of the case and

the discrete masses should be expected when less limited cases are
“explored. '
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6. Summary and Conclusions

This investigation is concerned with the dynamic characteris-
tics of a slender elastic body of variable mass. The analysis is
" applicable to a two-stage solid-fuel missile envisioned as a slender
cylindrical body capable of both rigid-body motion as well as axial
and transverse elastic deformations. The first stage contains
the solidifuel motor and posseses variable maSs, whereas the second
stage contains packaged instruments simulated by discrete masses.

. The equations of motion were first written in vector form and
then transformed by‘means of a variational principle into simul-
taneous equations of motion in terms of generalized coordinates.

Because no closed form solution of the equations is possible,
a numerical solution based on finite difference relations had been
pursued. A computer solution of a limited number of cases has beeh
“obtained. For the relatively small burning times used, the effect
of the elastic motion on the-rigid body motion was not noticeable.
The motion of the discrete masses was different.for'differeht cases,
depending on the manner in which they were attached to the case. If
all masses were attached to the case as well as to each other by
springs, the motion was synchronous. If a mass is disconnected
from the case but remains attached to other masses through sprirgs,
the cyclic time increases.

Due to the nature of the finite difference method of solv1ng
the equations of'motlon, a very small time increment is necessary
to obtain a stable solution and the resulfingnlarge ¢omputing'time
necessary to obtain any desired results makes this form of solu-
tion undesirable.

Several alternative methods to solve the equations of motion
deserve investigation. One such method is to express the elastic
displacements of the rocket case in terms of sets of eigenfunctions
corresponding to the associated constant-mass system thereby con-
verting the partial differential equations into ordinary differen-
tial equations. Methods of solving sets of ordinary differential
equations are more adequate and the question of stability of the
solution may prove less bothersome. ‘This method should be attemp-
ted with the expectation that longer burn times will be possible.
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