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ASYMMETRIC HYPERSONIC FLOW 

By S. H. Maslen 
Research I n s t i t u t e  f o r  Advanced Studies  

Martin Marietta Corporation 

SUMMARY 

A gene ra l  method f o r  the ana lys i s  of the  inv i sc id  asymnetric hypersonic 
flow f i e l d s  enveloping smooth bodies of genera l  shape i s  given. 
i s  based on the  assumption of a t h i n  shock l aye r  which y i e l d s  an e x p l i c i t  
expression f o r  pressure  i n  general ized Mises coordinates .  Numerical r e s u l t s  
f o r  e l l i p t i c  cones a t  angle of a t t a c k  a r e  shorn t o  compare w e l l  with exper i -  
ments and o the r  t h e o r i e s .  The computing log ic  f o r  a b lun t  body is descr ibed,  
and a l i m i t i n g  s o l u t i o n  a t  the  s tagnat ion  po in t  i s  presented.  

The method 

INTRODUCTION 

The supply of so lu t ions  f o r  t he  inv i sc id  flow i n  a shock layer ,  such as 
t h a t  about a blunted body moving a t  hypersonic speeds, i s  very  l a rge  and it 
might appear t h a t  another  such method would be, t o  say the  l e a s t ,  superf luous.  
However the  goa ls  of t h i s  work a r e  s p e c i a l .  The aim i s  t o  f ind  an e f f i c i e n t  
and economical s o l u t i o n  f o r  t he  shock l a y e r  i n  a three-dimensional geometry. 
An exact  ana lys i s  is  not  sought bu t  only a r e l i a b l e  one. Thus the  p rec i se  
time-dependent methods o r  even t h e  method of c h a r a c t e r i s t i c s  a r e  r e j ec t ed  
because of the  required computing t i m e .  
are simple bu t  do not  provide t h e  des i red  d e t a i l  i n  t he  shock layer .  

On the  o the r  hand, Newtonian methods 

Some t i m e  ago Maslen (ref. 1) proposed a method f o r  axisymmetric flow 
based on the  use of a Mises t ransformation coupled wi th  a simple approximate 
i n t e g r a l  of the  l a t e r a l  ( t o  the  shock) momentum equat ions.  
so lu t ions  were given and the  r e s u l t s  were indeed accura te  and very easy t o  
obta in .  

A number of 

The s i m p l i c i t y  of the  method led s e v e r a l  o the r s  t o  apply the  method t o  
e l abora t ions  of t he  o r i g i n a l  case.  Jackson ( r e f .  2) considered viscous 
e f f e c t s  and a l s o  used the  method t o  so lve  t h e  complete equat ions of no t ion  
i t e r a t i v e l y .  P e r i n i  and Melnik ( r e f .  3) solved nonequilibrium flow, while 
Olstad ( r e f .  4) appl ied the  procedure t o  r a d i a t i n g  flow and t o  t h e  
massive blowing problem assoc ia ted  wi th  extreme hea t ing  r a t e s .  Recently, 
Grose ( r e f .  5) has  presented d e t a i l e d  s o l u t i o n s  f o r  nonequi l ibr iuq  hyper- 
sonic  flows f o r  a v a r i e t y  of cases  of i n t e r e s t  i n  p lane tary  en t ry .  

The present  ana lys i s  r e tu rns  t o  the  o r i g i n a l  i nv i sc id  equi l ibr ium flow 
case,  bu t  we consider  genera l  three-dimensional geometry. None of the  
e labora t ions  mentioned above w i l l  be examined he re in .  Indeed, t he  present  
work w i l l  be discussed f o r  a p e r f e c t  gas only. We do, however, a t t a c k  the  



d i r e c t  problem (body given) although, as w i l l  be  seen, t h e  method is  inve r se  
and begins  with a spec i f i ed  shock. 
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square roo t  of nose rad ius  of curvature ,  eq.  (64) 

a u x i l i a r y  funct ion,  eq. (7)  o r  eq.  (67a) 

a u x i l i a r y  funct ion,  eq.  ( 7 )  o r  eq.  (64) 

a u x i l i a r y  func t ion ,  eq .  (7) 

a u x i l i a r y  func t ion ,  eq .  (7 )  

func t ions  def ined i n  eq.  (69) 

enthalpy 

long i tud ina l  shock curvature ,  eq .  (35a) 

d i f f e r e n t i a l  opera tor ,  eq.  (9) 

d i f f e r e n t i a l  opera tor ,  eq.  (37b) 

a u x i l i a r y  angle,  eq.  (59a) 

f r e e  stream Mach number 

pressure  

pressure  func t ions ,  eq.  (54), (55) 

cy l i n d r i c a  1 rad i u s  

entropy I t  
I 1  

v e l o c i t y  components , c y l i n d r i c a l  coord ina tes  

v e l o c i t y  components, def ined i n  eqs .  (4) 

i n -  
c y l i n d r i c a l  coordinates ,  f i g .  1 



x . ~ ,  rl, w1 c y l i n d r i c a l  coordinates  (wind axes) 

2 shock l a y e r  coordinate  , f i g .  1, and eq. (2) 

cy angle  of a t t a c k  

B a u x i l i a r y  funct ion,  eq. (23) 

Y r a t i o  of s p e c i f i c  h e a t s  

A a u x i l i a r y  func t ion ,  eq. (7) 

v 
5 "Mise# type coordinate ,  eq.  (8) 

5 coordinate  used i n  s t agna t ion  poin t  ana lys i s ,  eq .  (72) 

e shock l a y e r  coordinate ,  f i g .  1 and eq .  (2)  

h 

shock l a y e r  coordinate ,  f i g .  1 and eq.  (2)  

- 

Tan-' (&ar/aO) , f i g .  1 S r 

V 

5 

P 

CP 

Jf 

Subscr ip ts  : 

d e n s i t y  

11 Mises" type oaordinate ,  ' tq. (8) 

coord ina te  used i n  s t agna t ion  poin t  ana lys i s ,  eq. (72) 

Tan-' (Tan v Cos A), f i g .  1 

stream funct ion,  eq.  (5) 

s t ream funct ion,  eq.  (5), a l s o  "Mises" type coordinate ,  eq.  (8) 

con ica l  va r i ab le ,  eq. (37a) 

S shock va lue  

00 free s t ream value 

0 s t agna t ion  l i n e  shock value 
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p a r t i a l  d e r i v a t i v e  

GENERAL ANALYSIS 

D i f f e r e n t i a l  Equations 

We s t a r t  with the  equat ions of motion f o r  s teady,  inv isc id ,  i soenerge t ic  
flow, w r i t t e n  i n  c y l i n d r i c a l  coord ina tes  (x, r, ro) , with corresponding veloc-  
i t i e s  u1, VI and w 1 .  It is  important t o  keep t r a c k  of the  coordinates  as two 
o t h e r  systems w i l l  be used a t  var ious  po in t s  i n  the  ana lys i s .  One has, using 
sub s c r i p t s  f o r  d i f f e r e n t i a t i o n ,  

where S i s  r e l a t ed  t o  the  entropy .and where one of t he  momentum equat ions can 
be  replaced convenient ly  by t h e  i soene rge t i c  condi t ion,  

Now cons ider  a second set of coordinates  r e l a t e d  t o  the  flow geometry 
(Fig.  1). We base them on t h e  shock and de f ine  z, T, 8 where z ,  0 a r e  the  
a x i a l  and azimuthal coord ina tes  of a po in t  on the  shock while  7) is  t h e  
(normal) d i s t ance  from shock t o  f i e l d  po in t  (x, r, w).  The two coordinate  
systems a r e  r e l a t e d  by 

4 



where rs = rs(z,8) i s  the  equat ion of t h e  shock 

Tan v = (ars/az) 
Tan h = I(ars/ae) 

r 
Tan T = Tan v Cos A 

Note t h a t  from eqs .  (3) we have 

dh 
cos A a z  

+ Sin  T Cos T Tan X ae 

(3) 

Now in t roduce  th ree  mutually perpendicular  v e l o c i t y  components, U, V, W where 
U i s  normal t o  t h e  shock and V, W a r e  otherwise a r b i t r a r i l y  chosen. Then 

u = u1 S in  T - v1 COS T COS (w-e+A) + w1 Cos T Sin  (w-@+h) 

Sin  (w-Q+X) v = u1 COS T + v1 S in  T Cos (w-e+h) - w1 S in  T ( 4 )  

- v1 Sin  b - e + h )  - w1 cos (w-e+h)  W =  

Equation ( l a )  can be solved by the  in t roduct ion  of a p a i r  of s t ream funct ions ,  
$ and cp, such t h a t  

p z  = ;jJ, x &  (5) 

o r  

where A, B, D, E and A are geometric f a c t o r s  given by 

5 



A = [rs + q Cos T COS A (A~-l)]/r  COS A 

Now introduce a f i n a l  coordinate  system. 
t i o n  i n  which we interchange Jt and q a s  dependent and independent v a r i a b l e s .  
The s p e c i f i c  use w i l l  c l e a r l y  depend on the  way i n  which (I and cp (eq. (5)) 
a r e  subsequently chosen. 

This i s  a s o r t  of Mises transfonna- 

L e t  the  new independent v a r i a b l e s  be J t ,  5 ,  cr 

where c = z  

o = e  

Jr = J t ( %  z, 0) 

Further ,  de f ine  t h e  ope ra to r  L by 

where 2 2  v 2 = v  + w  

Then equat ions ( 6 )  y i e l d ,  not ing (7); 

UCp) = 0 

f i (7)  = UA 

- - -9, - - -% 
Pqq r (AV + BW) DV + EW 

The energy equat ion ( la)  becomes 

L(S) = 0 

whi le  the  i soene rge t i c  condi t ion ( I f )  is  

1 2  h + f.J + 9 + W23 = cons tan t  

6 



The momentum equat ions,  only two of which are required,  become 

These l a s t  t h r e e  equat ions can be combined t o  g ive  t h e  Bernoul l i  r e l a t i o n  

( 18) p 2 2 2  L(P) = 5 L(U + v + w ) = 0 

The equat ions  t o  be solved then  c o n s i s t  of (lo), (ll), (12), (13), (14), any 
two of (15)-(18) and a state r e l a t i o n .  The dependent v a r i a b l e s  are t h e  
t h r e e  v e l o c i t y  components (U, V, W), t h e  thermodynamic v a r i a b l e s  (P, p ,  S, 
h), one phys ica l  coord ina te  (I), and one stream func t ion  ( cp ) .  

For later use, we will need the values of P a t  the shock. A f t e r  s o m e  IJ l abo r  

dU +-- U dP 

P U dSin p pU c dSin p 2 1 -  

3 = cos T cos A [TvL(T) - %cos T ~ ( x - e ) ]  
PVJI l - u / c  

00 00 

2 2  

where c i s  the  speed of sound behind the  shock. Note t h a t  a l l  t h e  d e r i v a t i v e s  
on t h e  r i g h t  s i d e  l i e  along t h e  shock s ince ,  c l e a r l y ,  5 and 0 i n  t h e  ope ra to r  
L as used he re  can be replaced by z, 8 .  

7 



Boundary Conditions 

Consider t h a t  t he  free stream i s  a uniform f low ( p W ,  U,, etc.) a t  
an  angle  of a t t a c k  U(Fig. 1) wi th  r e spec t  t o  the  x ( o r  z )  a x i s .  
r1, w l )  a r e  c y l i n d r i c a l  coordinates  i n  the  wind system, 

I f  (XI, 

= x COS CY + r Sin  w Sin CY x1 

rl Cos ul = r Cos w 

Sin  w1 = r Sin w Cos CY - x Sin CY rl 

Then, i n  t h e  f r e e  stream, we can set  

I -1 r SinwCos Q - x Sin  CY I r Cos w 
cp = w = Tan 

1 
L J 

2 U r Cos w - Po0 00 
= - [ c o s c p ]  2 

Equations (21) and (22) are c o n s i s t e n t  wi th  eq.  (5) i n  t h e  uniform f r e e  
s t ream and, f o r  a x i a l  symmetry, I) is  simply the  u s u a l  Stokes stream funct ion .  
The shock is taken t o  be Rankine-Hugoniot. 
and pT+, are continuous ac ross  i t .  Thus, immediately behind t h e  shock 

The q u a n t i t i e s  pU,  V, W, cp, Jr  

8 



-1 cp = Tan 
r Sin 8 Cosa - z Sin cy 
S 1 

r Cos 0 
S J 

(26) 

where Sin B i s  def ined by eq. (23). Clearly,  (T/2-p) is the  angle between 
the  wind d i r e c t i o n  and the normal t o  the  shock so t h a t  the Mach number 
normal t o  t h e  shock is  M, Sin B .  The Rankine Hugoniot r e l a t i o n s  y i e l d  

B (1 - POJP) (shock) (28) 
P/P, = 1 + yM,Sin 2 

where, f o r  a p e r f e c t  gas 

- y+l (M, Sin p12 / [I + y-l (M, Sin p)2] (shock) (29) 
2 2 ,  PIP,  - 

A t  the  body surface,  we would l i k e  t o  have Q = 0. This r equ i r e s  (see 
eqs.  (22) and (20)) t h a t  the  o r i g i n  of coordinates  be chosen so t h a t  r1 = 0 
occur on t h e  s t agna t ion  s t reamline.  I f  t h i s  s e l e c t i o n  can be made, t h e r e  i s  
no f u r t h e r  worry about body su r face  condi t ions.  

S p e c i a l  Cases 

For convenience, the s p e c i a l  l i m i t i n g  cases  of axial symmetry and 
gene ra l  c o n i c a l  flow w i l l  be recorded. 

Axial  Symmetry 

For t h i s  case W = w1 = X = a h 8  = b h w  = a h a  = 0 and cp = CT, T = v .  
Then, successively,  from eqs.  (13), (12),  (ll), (14) and (15), t h e r e  follows 

9 



2 2  

2 
h + + = cons t .  

p = uc - v", 
$ r E  

where, from eqs .  (7) and (2) 

E = (1 fl cos T T ,)/cos T 

r = rs(z) - 7 Cos T 

Note that the shock curvature ,  K(z) is given by 

(33) 

(34) 

(35) 

The boundary condi t ions  a t  t h e  shock (see eqs.  (22)-(29)) become 

= Sin  T PU'P oouoo 

v/uoo = cos T 

and, i n  eqs ,  (28) and (29), we rep lace  p wi th  T ( o r  v ) .  

Conical f low 

For  t h i s  case,  rs = z Tan v ( e )  so t h a t  A, = T 2 = 0. Further ,  a l l  t h e  

phys ica l  q u a n t i t i e s  (p lus  fl/z) depend only on 0. Define 

( 3 7 4  
2 i = $ / 5  

and t h e  ope ra to r  by 

10 



o r  

a nd 

VL (T)/z) = -UA - 3 (AV + BW) 
Z 

(39) 

(42) 2 - 2  h + 1 (U 
2 

+ V ) = cons tan t  



The boundary condi t ions a t  the  shock (eqs.  ( 2 2 ) - ( 2 9 ) )  a r e  unchanged except 
t h a t  t he  l e f t  s i d e  of eqs .  ( 2 7 )  becomes 

z/(V / Z ) $  

while,  a t  the  shock eq. ( 2 2 )  is replaced by 

APPROXIMATIONS 

The system descr ibed thus f a r  is complete and can be solved i f  one works 
hard enough. 
of so lu t ion  which i s  a t  the same time s imple .  
l aye r  geometry t o  provide t h a t  s impl i f i ca t ion .  
near  the  s tagnat ion  poin t ,  the  y e l o c i t y  normal t o  the  shock (U) w i l l  be much 
less than t h a t  p a r a l l e l  t o  it (V o r  V, W ) .  Also, as discussed i n  reference 1, 
the pressure  grad ien t  normal t o  the  shock (o r  P ) is w e l l  approximated by 
using, throughout the  shock layer ,  i t s  value a t  the  shock, again neglec t ing  U .  
This l a s t  approximation i s  most v a l i d  f o r  b lun t  body geometry (as  opposed t o  
conica l ;  more on t h a t  l a t e r )  where the  majori ty  of t he  mass flow tends t o  be 
thrown toward the  shock with low dens i ty  near  the body. 

However, the ob jec t  i s  t o  provide a reasonably accura te  method 
We w i l l  depend .on the  shock 
It is c l e a r  t h a t ,  except very 

Jr 

The system which r e s u l t s  i s  i l l u s t r a t e d  most conveniently f o r  t he  
a x i a l  syrmnetry case.  
(31), using (35) ( the  subsc r ip t  s r e f e r s  t o  condi t ions  a t  t he  shock) 

One has, successively,  from eqs .  (34) ,  (30), (33),  

o r  

and 

h = h(P,S), p = p (P ,S)  ( s t a t e )  

( 4 6 )  

( 4 7 )  

( 4 8 )  

12 



(49) 
-2 
V = a(cons t  - h) 

For  a given shock, t h e  equat ions can be ' so lved  success ive ly  i n  a 
Because t h e  procedure is  so simple, t he  d i r e c t  (body s t ra ight forward  manner. 

given) problem i s  r e a d i l y  solved by i t e r a t i o n .  Exce l l en t  r e s u l t s  are i l l u s -  
t r a t e d  i n  r e f .  (1) f o r  t h i s  a x i s y m t r i c  case .  It should be noted (see 
Jackson (ref.  2)) t h a t  t h i s  s o l u t i o n  fonns a b a s i s  f o r  an i terat ive s o l u t i o n  
of t he  complete system although such is  no t  intended he re .  

A s  i s  shown i n  ref. (l), f o r  t h e  s t agna t ion  po in t  and f o r  t he  sur face  
of a c i r c u l a r  cone, eq. (46) i n d i c a t e s  t h a t  t h e  pressure  i s  the  same a s  t h a t  
a t  t h e  shock. 
s o l u t i o n  t o  eva lua te  the  omitted terms i n  the  exac t  equat ions  c o r r e c t s  t h i s  
r e s u l t  ve ry  n i ce ly .  
s o l u t i o n  a form allowing such co r rec t ions  f o r  t hese  cases .  
i s  found by s t a r t i n g  wi th  t h e  form given i n  eq.  (19). 
terms i n  c u r l y  bracke ts  equal  t o  un i ty .  

I t e r a t i o n  of t he  equat ions by us ing  t h e  r e s u l t s  of t h i s  simple 

It would be d e s i r a b l e  t o  incorpora te  i n  the  o r i g i n a l  
Such a r e s u l t  

However,we set the  
Then, us ing  eq. (27), 

If we assume t h a t  t h e  second term should a c t u a l l y  be propor t iona l  t o  Jr  
( i . e . ,  mul t ip l ied  by $ / J t  ) we g e t  

S 

13 



A t  the  s tagnat ion  poin t ,  t ak ing  l imi t ing  values ,  we f ind  

For a cane (K = 0) we ge t  

These a r e  accura te  so lu t ions  f o r  t he  pressure,  p a r t i c u l a r l y  the  sur face  pres -  
sure ,  f o r  the  two cases. 

This r a t h e r  to r tuous  pa th  t o  an  expression f o r  t he  pressure  has been 

It is  c l e a r  t h a t  the  j u s t i f i c a t i o n  f o r  more complexity than  
followed t o  provide some r a t i o n a l e  f o r  t he  f i n a l  form t o  be used i n  the  
genera l  case .  
t he  s imple  expression i n  eq.  (46) lies l a rge ly  i n  experience with i t s  app l i -  
ca t ion .  However one can observe t h e  following. The second term i n  eq. (19) 
i s  very l a rge ly  pvV /Pv 
t he  shock l a y e r  due t o  curva ture  of t he  s t reaml ines  from t h e i r  d i r e c t i o n  a t  
the  shock t o  l i e  along the  body. 
f a l l s  toward t h e  body; t h e  s imples t  assumption i s  t h a t  i t  is propor t iona l  t o  
J r .  Such a v a r i a t i o n  i s  c o n s i s t e n t  wi th  eqs .  (52). 

and represents  t he  recompression tendency across  

This e f f e c t  i s  l a r g e s t  a t  t h e  shock and 

J f Q  

With these  pre l iminar ies ,  we can now descr ibe  the  procedure t o  be 
We t r e a t  eqs .  (19) and (27) a s  before  and w r i t e  followed i n  general .  

where 

- r(Cos T COS A + Sin e Sin cy Sin p)] pu, [z(Sin T - cos cy Sin 8) 

(54) 

t cos T cos A [WL(T) - Vwcos T L(A - e > ]  
'1 

2 
and 

p~ [COS T T =  - COS T COS h (I-?q)/r - Sin  f Sin A T o / r ]  

u [ = ( S i n  T - Cos cy Sin  p) - r(Cos T Cos A + Sin e Sin cy Sin p)] Po0 03 1, 
(55) 
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Before leaving the  s u b j e c t  of the pressure  d i s t r i b u t i o n ,  it i s  worth 
remarking t h a t  the exac t  form of eq.  (53) has no e f f e c t  on the  log ic  of the  
program provided only t h a t  t he  r e l a t i o n  is an e x p l i c i t  one when the  shock 
is  known. The p a r t i c u l a r  form used i n  r e f .  (1) (eq. (46)) is equiva len t  t o  
s e t t i n g  P equal  t o  zero i n  eq .  (53). That o r  the  complete form given i n  
eq. (53) Tor , f o r  t h a t  matter, o the r  a l t e r n a t i v e s )  are r e a l l y  t o  be  evalu- 
a t ed  i n  t h e  l i g h t  of experience 
problem; which programs a r e  not  

h +  

with the computer- programs f b r  the genera l  
y e t  ope r a t i o n a l  . 

- -  v2 - constant  
2 

while  equat ions (9), (10) and (13) are appl ied,  bu t  s e t t i n g  7\ = 0 i n  A, 
B, D, E.  Thus we have 

A = 1/Cos A 

B = O  

D = Tan T Tan h 

E = 1/cOs T 

( 5 6 )  

(57) 

F i n a l l y  we de f ine  an angle  5 by 

Then neglec t ing  u and 1, t he  two momentum equat ions (16) and (17) can be  
combined t o  y i e l d  

P 
pP2 [L( s )  + Sin  T L(h - e ) ]  = A Sin 5 P + (E Cos 5-D S in  5 )  (58) 5 

Equations (531, (561, (91, ( lo) ,  (13) and (58) p lus  a s t a t e  equat ion a r e  a 
system of s i x  equat ions f o r  P, p, h, S, cp, V and 5 .  The only d i f f e r e n t i a l  
opera tor  appearing is L (eq. (9)) which i s  the  ord inary  d e r i v a t i v e  along a 
s t reaml ine .  

For  con ica l  flow, a convenient a l t e r n a t e  t o  eq. (58) i s  found by observ- 
ing t h a t  (exac t ly)  5P - +  7\PT = 0, so t h a t  eqs .  (16) -and (17) y ie ld ,  neglec t ing  5 rl and u, 
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V -2  Cos v Sin  

COS T COS A 
L [V COS ( 5  + m)] = (59) 

(conical)  

where Tan m = Sin  T Tan h ( 5 9 4  

After the  system i s  solved, t h e  s o l u t i o n  is  completed by re turn ing  t o  
t h e  phys ica l  (2, 0 ,  T) space v i a  eq. (12). Experience i n  the  axisymmetric 
case has  shown t h a t  i t  is  p re fe rab le  t o  eva lua te  eq. (12) exac t ly  without 
making the  small 7 approximation of eqs .  (57). 

F ina l ly ,  from eq. (9), t h e  equat ion f o r  t h e  s t reaml ines  i s  

= -(DV + EX) 
dc r (AV + BW) 

whi le  a long the  s t reaml ines ,  eq.  (58) becomes 

(61) 
I cos e cos h 

r r COS T 

T a n T  Sin A + 
- .  

COS Tan T (he-1) Cos 5 Cos h Tan 
+ S i n  5 1 -  r Cos T 0 .- 

We proceed by assuming a shock. The pressure  is  then e x p l i c i t l y  given 
by eq. (53). We then f i n d  t h e  p o s i t i o n  of each s t reaml ine .  On each, cp and 
the  entropy, S, are cons tan t .  
t h e  pressure  is-known and if t h e  po in t  l ies  on a s p e c i f i e d  s t reamline,  then 
S, I#, h, p and V a r e  known. 
and t h e  s t reaml ine  shape. 

(59) and (57)) 

Thus f o r  a given po in t  i n  the  I#, 5 ,  0 space 

Equations (60) and (61) can be solved f o r  5 

For con ica l  flow, equat ions  (60), (61) a r e  w r i t t e n  ‘fusing eqs .  (37a) 

COS Sin  ( 5  + m) 
S in  v Cos s 

Conical 

- - do (DV + EW) 
”? = Tan v (AV + BW) 
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STAGNATION LINE 

It is  clear t h a t  t he  approximations employed t o  permit a convenient 
so lu t ion  a r e  not  r e a l l y  v a l i d  i n  the  s t agna t ion  region.  However, a s  shown 
i n  ref. (1) f o r  t he  a x i a l l y  symmetric case, t he  model y i e l d s  a good shock 
s tandoff  va lue .  I n  t h e  present  case where an unsymmetric s t agna t ion  region 
is contemplated, t he  requirement i s  more severe .  
reasonable  s tandoff  value,  b u t  i t  should t u r n  out  no t  t o  depend on the  
d i r e c t i o n  from which the  s t agna t ion  l i n e  i s  approached. W e  examine t h i s  
po in t  next .  

Not only do we need a 

Consider t he  case corresponding t o  t h e  f i rs t  approximation (eq. (46) )  
f o r  the  pressure  d i s t r i b u t i o n .  Without l o s s ,  set cy = 0. Near the  s tagna-  
t i o n  l i n e ,  t h e  equat ion of t h e  shock must be of the  form 

where t h e  rad ius  of curva ture  i s  given by (normalizing every th ing  with 
r e spec t  t o  t h e  rad ius  o f  curva ture  a t  8 = n/2) 

A f t e r  some labor  it follows t h a t  i n  the  l i m i t  as z 4 0, eq.  (54 )  gives  

where 

a l s o  

1 Tan h (a2Cos uoo PI = 
(a2Cos A > 2  

a2Cos = (1 + 2B Cos20 + B2Cos 2 8) -1 

S in  T - 
us - uoo 

- vS - Moo COS T 
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and f o r  a p e r f e c t  gas 

2 2 Cos T p S b ,  e )  2 

P o 0  U2 00 

so  t h a t  

Meanwhile, f o r  a p e r f e c t  gas 

-- - - a2G(8) 
PZ 

P o 0  u 2  00 

18 



where 

and 
p o / p m  i s  t h e  normal shock d e n s i t y  r a t i o  

The s t reaml ine  equat ions  (60) and (61) reduce t o  

- -  
Now change independent v a r i a b l e s  from o? 5 t o  o? 5 where 

Then equat ions  (70) and ( 7 1 )  become 
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sub jec t  t o  the i n i t i a l  values  

O = o , ,  5 = 1  a t  T (= l  (74) 

Remember t h a t  cp, and hence H(v) i s  constant  along eac-. s t reamline.  

values of 5 .  The transformation back t o  phys i ca l  space uses  eq. (12) .  I n  
the 5, 5 '  system t h i s  becomes 

Equations 
I ( 7 3 ) ,  sub jec t  t o  (74) ,  can be solved f o r  the  s t reamline shapes and l o c a l  

I 

But 

A l s o  

s o  t h a t  - 

where 

and where 7 = 0 a t  i = 1. 
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Although t h i s  has not  been proved a n a l y t i c a l l y ,  t he  fol lowing 
appears true. 
which, on i n s e r t i o n  i n t o  (75), g ives  q(0,  A t  l e a s t  a t  5 = 0, t h i s  
should be a cons tan t .  Unfortunately t h i s  does not  appear  t o  be s t r i c t l y  
true. Because of t he  a n a l y t i c  uncer ta in ty ,  a computer program has been 
w r i t t e n  t o  analyze the  quest ion numerically.  Some r e s u l t s  a r e  shown i n  
Table I, Because of t h e  symmetries (eq. (64)) w e  need cons ider  only 
one quadrant .  The numerical  r e s u l t s  show a v a r i a t i o n  of about 22% f o r  
t h e  cases  solved.  A quas i - ana ly t i c  so lu t ion  i s  a l s o  given.  This was 
found a s  fol lows.  Two l i m i t i n g  so lu t ions  can be found. 

The so lu t ions  of eqs .  ( 7 2 )  sub jec t  t o  (74), y i e l d  a r e s u l t  
t ) .  

Arb i t  r a r i  l y  comb in ing  these  

l n ( 1  + B) 

B 
P o 0  q(0,0) = - 

Po 

which agrees  q u i t e  w e l l  wi th  the  numerical  r e s u l t s  (see Table I).  

METHOD OF SOLUTION 

The problem t o  be solved now c o n s i s t s  of i n t e g r a t i n g  eqs. (60), (61) 
and (12) sub jec t  t o  eq.  (53) f o r  t he  p re s su re  and the  assoc ia ted  s t a t e ,  
entropy and isoenergy condi t ions .  For  con ica l  flow, eqs. (62),  (63) and 
(38) rep lace  (60), (61),  and (12).  

Consider con ica l  flow f i r s t .  We begin by genera t ing  an  i n i t i a l  
e s t i m a t e . o f  t h e  shock shape by a crude e s t ima te  based on t h e  given body 
shape, angle  of a t t a c k  and f r e e  s t ream condi t ions .  To da te ,  t he  programs 
have thus f a r  assumed t h a t  l a t e r a l  symmetry e x i s t s  although t h i s  i s  not  
necessary.  This d i s t r i b u t i o n  is  then smoothed (by repeated use of a 5-poin t  
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least  squares f i t )  s o  i t  can be twice d i f f e r e n t i a t e d .  Then a number of 
a u x i l i a r y  funct ions can be computed and saved f o r  l a te r  use ( f o r  example, T, 
A (eq. ( 3 1 1 ,  P i  (eq. ( 5 4 ) ) ,  P2 (eq. (551, cp,, etc . ) .  

Then, f o r  a spec i f i ed  s t reamline,  the entropy is known and the pressure 
can be found from eq .  ( 5 3 ) ,  using ( 5 4 )  and ( 5 5 ) .  Then t h e  dens i ty  and 
enthalpy fol low from t h e  s ta te  equation, while  the  l o c a l  speed (V) is 
obtained from t h e  i soene rge t i c  cond i t ion  (eq. ( 5 3 ) ,  neg lec t ing  U as d i s -  
cussed).  
can be in t eg ra t ed  t o  f i n d  the  s t reamline shape and the  flow d i r e c t i o n  ( 5 ) .  
Repeated u s e  of t h i s  procedure leads  t o  a f i e l d  of s t reamlines  and values  of 
t h e  associated phys ica l  v a r i a b l e s  along them. 

Using these  r e l a t i o n s ,  t h e  two d i f f e r e n t i a l  equat ions ( 6 2 )  and ( 6 3 )  

Next an i n t e r p o l a t i o n  rou t ine  i s  used t o  f i n d  appropr i a t e  q u a n t i t i e s  
These are required t o  perform the  i n d i -  along l ine-s  o f  constant  sigma (a). 

cated i n t e g r a t i o n  i n  eq .  ( 3 8 a )  t o  r e t u r n  t o  phys i ca l  space.  

A t  t h i s  po in t ,  w e  have found, f o r  t he  s p e c i f i e d  shock, t he  a s soc ia t ed  
flow f i e l d  and ( i n t e g r a t i n g  t o  co = 0 i n  eq .  (38a)) t he  shape of the  asso- 
c i a t e d  body (using eqs.  ( 2 )  and (8)). Ca l l  t he  7 ' s  thus found T B c ( ~ ) .  For 
t he  same 0 using the  des i r ed  body r ad ius  and t h e  assumed shock rad ius ,  we 
can f i n d  from eq. ( 2 ) ,  the a s soc ia t ed  geometric 7 ' s ;  c a l l  them q B ~ ( 0 ) .  Corn- 
pare  them. I f  t h e  e r r o r  is  s m a l l  enough, we a r e  home f r e e .  I f  not, t he  
e r r o r  is  used as a b a s i s  t o  f i n d  a new estimate of t h e  shock r ad ius .  For 
s impl i c i ty ,  t he  e s t ima te  has been taken as 

where SCAL is a (constant)  s c a l e  f a c t o r  whose value has been t y p i c a l l y  30. 
Larger values  tend t o  overshoot the  required co r rec t ions ,  lesser ones lead 
t o  slow convergence, More soph i s t i ca t ed  i t e r a t i o n  procedures could be used 
b u t  do no t  appear t o  be necessary.  The new shock r a d i u s  i s  smoothed as 
be fo re  and t h e  process  repeated u n t i l  convergence i s  s a t i s f a c t o r y .  

F i n a l l y  a f t e r  convergence i s  obtained, t he  flow v a r i a b l e s  along the  
su r face  s t r eaml ine  are found. The procedure is  as descr ibed above except 
t h a t ,  s i n c e  $ = 0 here,  we i n t e g r a t e  the  s i n g l e  d i f f e r e n t i a l  equat ion 

I formed by d iv id ing  eq. ( 6 3 )  by ( 6 2 ) .  

For  nonconical flow, the  procedure is e s s e n t i a l l y  the  same. We so lve  
the  problem a t  success ive ly  inc reas ing  values  of z (Figure 1). 
z = cons t .  surface the  process i s  e x a c t l y  as f o r  t h e  c o n i c a l  case. A shock 
is  assumed (by ex t r apo la t ion  from smaller z ) ,  t he  s t r eaml ines  are found by 
i n t e g r a t i n g  eqs .  ( 6 0 )  and ( 6 1 )  one s t e p  i n  z ( o r  5 ) .  Then the  r e s u l t s  are 
i n t e r p o l a t e d  t o  cons t an t  0 and the  t ransformation back t o  physical  space 
found. The s o l u t i o n  i s  i t e r a t e d  and when convergence is  obtained the  shock 
is  i n t e r p o l a t e d  t o  a new z and t h e  process  repeated.  

On each 
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For nonconical flow, one must of course have a s t a r t i n g  procedure.  
For a pointed body the  con ica l  so lu t ion  can be used f o r  t h a t  purpose. 
a blunted body a s p e c i a l  s t a r t i n g  procedure i s  needed. 

For 

I n  such a case,we s t i l l  use the  same equat ion  system a s  before .  How- 
eve r  the  procedure i n  the  neighborhood of (though not  exac t ly  a t )  t h e  s t ag -  
na t ion  p o i n t  must be somewhat modified. The shock must i n i t i a l l y  have the  
form given i n  eq. ( 6 4 ) ;  which we w r i t e  here  a s  

Using t h i s  form, we proceed a s  before .  Find the  a u x i l i a r y  func t ions  a t  the  
shock, i n t e g r a t e  t h e  d i f f e r e n t i a l  equat ion (60) and (61) (being c a r e f u l  
about z = 0 l i m i t s ) ,  i n t e r p o l a t e  t o  0 = cons tan t  and r e t u r n  t o  phys ica l  
space.  Now the  r e s u l t s  a r e  t o  be compared wi th  the  des i r ed  body. There a r e  
only t h r e e  parameters a t  our  d i sposa l .  Two a r e  the  assumed values  of A and 
B which descr ibe  the  shock (eq.  (80)). 
s tandoff  d i s t ance  . The t h i r d  i s  the  s t agna t ion  po in t  

A t  t h i s  po in t  t he re  i s  a d i f f i c u l t y .  I f  t he  l imi t ing  s t agna t ion  l i n e  
procedure discussed previous ly  had yielded a r e s u l t  (on i n t e g r a t i n g  eq. 
(75))  which d id  no t  depend on 0 a t  a l l ,  then a l l  would be c o n s i s t e n t .  
i t e r a t i o n  based on improving the  va lues  of A and B would produce the  des i r ed  
body shape and would y i e l d  the  s t agna t ion  po in t  s tandoff  d i s t ance .  Indeed 
the  l a t t e r  could be found sepa ra t e ly  by the method descr ibed  be fo re .  Com- 
par i son  of t h e  ca l cu la t ed  and geometric va lues  of ~ ( ‘ I ) B ~ , ~  B ~ )  a t  two 0-  

s t a t i o n s  would s u f f i c e  t o  test  t h e  va lues  of A and B. Unfortunately,  a s  
p re sen t ly  formulated,  t h e  s t agna t ion  l i n e  r e s u l t  i s  no t  q u i t e  cons tan t  
(Figure 2) and t h e  v a r i a t i o n  appears t o  be too  la rge  f o r  comfort i n  the  
subsequent ca l cu la t ions .  Hence an alternate procedure has been w r i t t e n  
i n t o  t h e  computer program. Using t h e  assumed shock (eq. (80)), t h e  
s o l u t i o n  a t  two z - s t a t i o n s  i s  found. The r e s u l t i n g  body i s  t e s t e d  i n  
an  average way t o  f i n d  both t h e  values  of A and B and the  s t agna t ion  
s tandoff  d i s t ance .  A t  t h e  t i m e  of w r i t i n g  t h i s  repor t ,  i t  is  too e a r l y  
t o  t e l l  whether t he  procedure i s  acceptab le ,  

An 

NUMERICAL RESULTS 

Limit ing so lu t ions  along the  s t agna t ion  l i n e  have been found by 
i n t e g r a t i n g  eqs.  (72) and then  (75) .  
d i s t ance  a r e  shown i n  Table I. The r . m . s .  va lue  of t he  s tandoff  d i s -  
tance i s  given f o r  each case  gogether  wi th  r . m . s .  d ev ia t ion  from t h a t  
va lue .  

Typical  r e s u l t s  f o r  the  s tandoff  

The r e s u l t s  a r e  g r a t i f y i n g  i n  t h a t  they a r e  r e l a t i v e l y  uniform and 
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TABLE I 

STAGNATION POINT CASES 

PO’POO B (eq. (64)) Tl(0,o) (eq.  ( 7 8 ) )  17 ( 0 , 0 )  ARMS7 ( 0 , 0 )  

(Approx. 1 (Calculated)  

6 1 .06931 .06669 .001169 

20 1 .02539 ,02462 .0003280 

50 1 .01126 .01098 . 000 119 5 

200 1 .003107 .003046 .00002968 

.01000 

.06931 

.05493 

.04021 

.009985 . 0000 

.06669 .001169 

.05008 .001610 

.03349 . 00 19 63 

Note: For a l l  c a l c u l a t i o n s  y = 1.4, bu t  t he  normal shock d e n s i t y  r a t i o  is  
assumed t o  be s e p a r a k l y  var ied  a s  shown. 

c l o s e  t o  the  approximate r e s u l t  from eq.  ( 7 8 ) .  
mainly i n  t h a t  they a r e  not  exac t ly  uniform a s  they must of course be 
phys ica l ly  . 

They a r e  d isappoin t ing  

For  con ica l  flow, a number of cases  have been run (Table 11). The 
cases  chosen were ones f o r  which o the r  d e t a i l e d  ca l cu la t ions  were ava i l ab le  
i n  the  l i t e r a t u r e .  The program provides the  d e t a i l s  of t he  f l o w  va r i ab le s  
and phys ica l  coordinates  i n  the  f i e l d  on o = const  l i n e s  a t  equal  i n t e r v a l s  
i n  $, a s  w e l l  a s  a t  t he  body su r face .  
shapes and records the  f i n a l  shock shape. For  the  f i r s t  two cases  i n  the  
t a b l e ,  t he  computed values  of su r face  pressure  and shock angle  agreed with 
the  va lues  given i n  r e f .  ( 6 )  t o  about 1%. Figures  2 through 6 show the  
su r face  pressures  and, f o r  some cases, t h e  shock shape and s t reamlines  f o r  
t h e  remaining cases  l i s t e d  i n  Table 11. It should be noted t h a t  i n  some 
of  t he  f igu res ,  t he  o rd ina te  s c a l e  does no t  begin a t  zero.  A l s o  f o r  those 
cases  where the  broken l i n e s  disappear ,  they f a l l  on the  corresponding 
s o l i d  l i n e s .  

It a l s o  computes the  s t reamline 
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Moo , 

4.25 

10.00 

4.25 

3.53 

6 

5.8 

5.8 

5.8 

5.8 

5.8 

TABLE I1 

CONICAL FLOW CASES 

angle  of 
a t t a c k  (deg.) 

0 

0 

8.24 

10 

0 

0 

4* 

4Ji-k 

6* 

cone shape 

12%" h a l f  angle,  c i r c u l a r  

12%" h a l f  angle,  c i r c u l a r  

12%" h a l f  angle,  c i r c u l a r  

20" h a l f  angle, c i r c u l a r  

21.3" x 12.9" h a l f  angle,  e l l i p t i c  

11.8" x 6" h a l f  angle,  e l l i p t i c  

11.8" x 6" h a l f  angle,  e l l i p t i c  

11.8" x 6" h a l f  angle,  e l l i p t i c  

6" x 11.8" ha l f  angle,  e l l i p t i c  

6" x 11.8" h a l f  angle,  e l l i p t i c  

* along major a x i s  
along minor a x i s  

Note ( f o r  a l l  cases) :  

y ( r a t i o  of s p e c i f i c  heats) = 1.4  

s t e p  s i z e  ( i n  $1 
SCAL (eq. (79))  = .30 

s t e p  s i z e  ( i n  E )  = 10" 
= .05 of i t s  va lue  a t  shock 

For the  c i r c u l a r  cone cases shown i n  Figure 2, comparison i s  made 
wi th  the  r e s u l t s  of Jones ( r e f .  7) .  The pressures  a r e  a l s o  i n  good agree- 
ment (not  shown) with Rainbi rd ' s  experiments ( r e f .  8) .  For the  cone of 
Figure 3 , .  the  experimental  p ressures  of Holt and Blackie ( r e f .  9) agree 
we l l  with the  a n a l y t i c  curves presented.  
and Ndefo ( r e f .  10) a l s o  agree well. In the  case of the  e l l i p s e  i n  Figure 4 ,  

The t h e o r e t i c a l  r e s u l t s  of Holt 
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F e r r i ' s  r e s u l t s  ( r e f .  11) gene ra l ly  agree,  although no t  as  w e l l  a s  i n  t h e  
previous f i g u r e s .  
Chapkis ( r e f .  12) a r e  i n  e x c e l l e n t  agreement wi th  the  t h e o r e t i c a l  curves, 
f a l l i n g  gene ra l ly  c l o s e r  t o  t h e  r e s u l t s  by t h e  method of l i n e s  ( r e f .  13). 
I n  genera l  t he  agreement of t h e  su r face  pressures  i s  q u i t e  s a t i s f a c t o r y .  

F i n a l l y  f o r  t he  cone i n  Figures  5 and 6, the  r e s u l t s  of 

For the  cases  shown, the  shock shapes (F igs .  2, 3, 4, 6) and stream- 
l i n e s  (F igs .  2-4)  a r e  i n  very  good agreement wi th  o the r  c a l c u l a t i o n s .  

F ina l ly ,  t he  t o t a l  running t i m e  on a UNIVAC 1108 f o r  t he  t en  cases  
l i s t e d  i n  Table I1 was about 80 seconds.  The number of i t e r a t i o n s  re- 
quired f o r  convergence of a s o l u t i o n  was t y p i c a l l y  four  o r  f i v e .  

CONCLUDING REMARKS 

The ana lys i s  presented depends f o r  i t s  u t i l i t y  on t h e  q u a l i t y  of t he  
approximate pressure  r e l a t i o n  obtained from the  l a t e r a l  momentum equat ion,  
and on t h e  convergence r a t e  from the  i n i t i a l  es t imated shock shape t o  the  
f i n a l  one. E a r l i e r  r e s u l t s  ( r e f s .  1, 2) f o r  axisynnnetric flow showed good 
pressure  p red ic t ions  a s  do t h e  present  con ica l  f low cases .  
f o r  pursuing t h e  con ica l  program was t o  reso lve  the  second quest ion,  
namely the  a b i l i t y  t o  g e t  rapid convergence. This has  i n  f a c t  worked out  
w e l l .  For example, f o r  the  2: l  e l l i p s e  shown i n  Figures  5 and 6, t h e  
number of i t e r a t i o n s  required va r i ed  between 3 and 5 f o r  t he  var ious  angles  
of a t t a c k .  

The main reason 

The t h e o r e t i c a l  r e s u l t s  presented f o r  con ica l  flow are e s p e c i a l l y  
g r a t i f y i n g  i n  t h a t  they represent  an app l i ca t ion  where t h e  t h i n  shock l a y e r  
assumption is somewhat s t r a i n e d .  The s t ream Mach number is low enough 
and the  cone s l ende r  enough t h a t  t he  shock l a y e r  thickness  i s  g r e a t e r  than  
t h e  cone th ickness  i n  some cases .  

Experience with t h e  con ica l  program toge ther  wi th  some pre l iminary  
r e s u l t s  (not  shown) with a program f o r  t h e  genera l  b l u n t  body g ive  conf i -  
dence t h a t  an  e f f i c i e n t ,  accurate ,  gene ra l  method can be developed. 
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Fig .  2 - Surface pressure,  shock shape and s t r eaml ines  f o r  c i r c u l a r  cone 
of ha l f - ang le  12.5', a t  M = 4.25 and cy = 8.24" 
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Fig.  3 - Surface pressure,  shock shape and s t r eaml ines  f o r  c i r c u l a r  cone 
of h a l f  angle 20" a t  M = 3.53 ,  cy = 10" 
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Fig .  6 - Pressure  d i s t r i b u t i o n  and shock shapes f o r  e l l i p t i c  cone a t  M = 5.8 
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