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FOREWORD

For flight simulation of the Space Shuttle, involving aero-
dynamic heating, performance and trajectory dispersion studies,
it is important the atmospheric model used reflect properly the
type atmosphere the space vehicle will actually sense, with respect
to changing altitude.

Therefore, this study does provide a mathematical model
to compute realistic vertical profiles of pressure, temperature
and density. Each parameter is given as a product of a steady
state function and a perturbation factor. The model shows the
interrelationship of the thermodynamic perturbations. Prob-
abilities of profiles can be ascertained from the maximum and
m inimum deviation from steady state. Also, density and temp-
erature perturbations are completely specified if the structure
of the pressure perturbation is known. This reported model is

A | N Y a3 ~ - :
vaiid {rom 30 ki down £0 ~ 45 km altitude.
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1. INTRODUCTION

Simulated space shuttle trajectories through model atmospheres permit
computation of important reentry parameters such as dynamic pressure and
stagnation heating rate. Since these parameters are direct functions of the
thermodynamic properties of the atmosphere, it is highly important that the
model atmosphere reflect properly the type atmosphere the space shuttle will
see. Density, pre ssuré, and temperature as a function of altitude must be known
since the shuttle's dynamic pressure and stagnation heating rate at any altitude
are functions of the altitude history of the atmospheric variable as well as the
immediate value. Therein lies the complexity of the problem. It also turns out,
as this report will show, that the atmospheric variables are not only dependent
upon each altitude, but also their altitude history. This report will discuss

primarily this feature of the atmosphere.

The atmospheric model presented in inis ireport is descriked in a
different manner from previous models. Each thermodynamic variable, pressure,
temperature, and density, is given as the product of a steady state function and
a perturbation factor. The perturbation factor is described such that maximum
and minimum deviation from the steady state can be determined and hence prob-
ability of profiles can be ascertained once an adequate sample has been deter-

mined.

The model also gives a true picture of the interrelationship of the per-

turbations of the thermodynamic variables.



2. METHODOLOGY

2.1 Data Storage

Processed thermodynamic and wind data from 67 high altitude ROBIN
flights was keypunched onto cards and transferred to magnetic tape. The data
was processed by the May 1970 high altitude ROBIN program. (See Luers, July
1970.) Data for the 67 soundings was acquired from four different sources

which cover essentially the central portion of the Western Hemisphere.

Table I is a log of the individual flights. Ah is the altitude range for

which the data is available.

In the appendix are tab print-outs of density, pressure, temperature,
density ratio, and wind speed and direction at each altitude (km intervals)
for the 67 soundings. The data has been included in this report for those
readers interested in further development of the model. Missing data for
several of the flights was due to loss of radar tracking or to the Mach-
Reynolds number being out of the drag table. Flight 56 was eliminated from the

data bank due to an insufficient number of data points.

2.2 Method of Approach

Logs of the pressure data listed in the appendix were fitted by a
polynomial of degree k. Coefficients of the polynomial were determined by a
least squares program for k = 2, 3, ..., 6. The coefficients of the resulting

collection of data were then paired and linearly correlated for each k.

The rationale for correlating coefficients as discussed above is based
on the fact that the resulting linear relations provide a convenient tool for
computing probabilities of various profiles. It will be shown (Section 3) that

one parameter is sufficient to describe the behavior of each profile.
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3. DEVELOPMENT OF MODEL

3.1 Introduction

Development of thermodynamic profiles can be based entirely on the
functional representation of one variable, for example, pressure, and the
others following by application of the hydrostatic law and the equation of state.
Ideally, density should be the fitted variable since the ROBIN program first
computes density and later pressure and temperature. Therefore, any daily
and seasonal trends associated with the earth's atmosphere would most likely
appear as perturbations in density. Numerical integration of density introduces
''smoothed' pressure data and any trends that were observed in the former are
partially suppressed. It is for this reason that density should be the primary
variabhle investigated in the determination of daily and seasonal trends within
the earth's atmosphere. However, it turned out that the function needed to
fit density adequately could not be integrated analytically (hydrostatic law) to
determine pressure. But the function needed to fit pressure adequately could
be differentiated (hydrostatic law) to determine density. (In both cases the gas
law could be used to determine temperature.) Thus, a model based on

pressure data has been developed which is discussed in the sections that follow.

Section 3.2 is concerned with the derivation of atmospheric equations
needed for development of the model. The particular set of equations used in
the final model will be of a somewhat different nature but the methodology
employed in this section is necessary for their derivation. Since the atmospheric
equations are in terms of unknown parameters a technique must be developed
for their specification. This topic is discussed in Section 3.3. Probably the
most important section of this report and the one that led to the development
of the model is Section 3. 4. The properties of the coefficients are discussed
briefly and then used in the derivation of the model (Section 3.5). Properties of

the model are presented in Section 3. 6.



3.2 Derivation of Atmospheric Equations

Mathematical equations describing the behavior of thermodynamic
variables must be compatible with the physical laws which relate these
variables. These laws impose a major constraint in the mathematics in that
once one variable is specified by a particular equation, the others are uniquely
determined. However, this fact can be used to advantage since only one variable

need be expressed in terms of a function.

The laws which govern the interrelationships of the variables pressure,
density, and temperature are the hydrostatic and gas laws (equation of state).
The hydrostatic law is used to express density as a function of pressure while
the equation of state relates temperature to pressure and density as their ratio.
Therefore, the three basic equations needed for development of the model are

derived as follows.
3.2.1 Pressure

Pressure is assumed to be of the form
k
P = exp[ﬁo+ﬁlz+...+pkz] (1)

where P is pressure in millibars and 100-z is geometric altitude.
3.2.2 Density

The hydrostatic law is used to express density in terms of the

derivative of pressure with respect to z. Thus,

100 dP 100

By + 2Bz + 0. + kﬁkzk-l:\exp[ﬁo + Bzt ... 1B kzk]

(2)
where
@) = €s _ 9.7803
Y% = T1+ m/r)® = {1+ [(100-2)/6372.89881F




is the acceleration due to gravity; 8 is the gravitational constant at sea level
in meters per sec?; h is geometric altitude in kilometers; r is the radius of
the earth in kilometers; p is density in grams per cubic meter; and the
factor of 100 is the conversion from millibars per kilometer to gram meters

per sec? per cubic meter.
3.2.3 Temperature

The equation of state now relates temperature to pressure

and density as

v,

T = 348.385 — = 3. 48385 g(z) (3)

P By +2Bz+... + kﬁkzk'l

where T is temperature in °K.

Now that the necessary equations for building the model are at hand the

problem of determining the B's still remains. This topic will now be discussed.

3.3 Determination of B's

Pressure data from each flight was fitted by an exponential of the form
given in Equation (1). Coefficients of Equation (1) were calculated for each

flight using a least squares fitting program on the log pressure,

logP = ﬁo"“ﬁlz'}'oo. +ﬁkzk . (4)
The coefficients of the associated polynomials (Equation (4)) for k = 2,3,...,6
are listed in Tables II through VI. The large coefficients observed for Flights
5, 34, 40, 43, and 57 are due to missing data at either the high altitudes, low

altitudes, or both. Data in these regions control the tailing off of the polynomials

and, hence, affect considerably the resulting f's. Standard errors of estimate

are included to illustrate the goodness of fit for each of the polynomials. 8B



TABLE II

POLYNOMIAL COEFFICIENTS FOR THE SECOND DEGREE

STANDARD

FLIGHT ERROR OF

NO. Bo By Bz ESTIMATE
1 -8, 12471 0. 18282 -0.00051334 0.04324
2 -8.05348 0.17695 -0.00042348 0. 06502
3 -8,40256 0.21065 -0. 00085854 0. 04661
4 -8. 33824 0.19536 -0. 00061598 0.06616
5 -7.47391 0.16481 -0.00038991 0.04330
6 -8.21276 0. 19600 -0. 00072226 0.06784
7 -8.36383 0.19877 -0. 00068798 0.04767
8 -8. 24857 0.19371 -0. 00063229 0.05127
9 -8.32785 0.19587 -0. 00070052 0.03977
10 -8. 27462 0.19597 -0.00072163 0.03926
11 -8.15785 0.19528 -0. 00070827 0. 01890
12 -8.22003 0.19335 -0. 00066042 0. 04387
13 -8.25296 0.19100 -0. 00059909 0. 05980
14 -8.21710 0.18725 -0. 00054446 0. 05496
15 -8, 34522 0.19328 -0. 00060478 0. 04457
16 -8.32353 0.21071 -0. 00095915 0.06160
17 -8. 25261 0.19267 -0.00061472 0.02089
18, -8.27526 0.19160 -0. 00059764 0.04785
19 -8.19623 0.19733 -0.00071707 0.02090
20 -8.20854 0. 20047 -0. 00073731 0.03012
21 -7.64680 0.16441 -0.00030203 0.02054
22 -8.19361 0.19264 -0.00065993 0.03994
23 -8.44420 0.20912 -0.00090403 0.02228
24 -7.93187 0. 17094 -0. 00030589 0. 06039
25 -8.06619 0. 18080 -0.00048883 0.03394
26 -8.59139 0.22538 -0.00118690 0.07933
27 -8,25783 0.19542 -0. 00067208 0. 03520
28 " .8.21245 0.19815 -0, 00072891 0.01832
29 -8.01403 0.17428 -0. 00038922 0.04103
30 -8.13331 0.18053 -0. 00045106 0.01396
31 -7.98065 0.16874 -0.00029860 0, 03684
32 -8.02432 0.17139 -0. 00034352 0.03828
33 -7.92963 0..16499 -0.00025491 0. 04037
34 -8.84573 0.19838 -0. 00056994 0.06188
35 -8. 54030 0.21061 -0, 00086091 0. 02530
36 -8. 38349 0.20628 -0.00082931 0.03215
37 -8. 27600 0. 19989 -0.00076264 0.03796
38 -8.39017 0. 20550 -0. 00080354 0. 03069
39 -8.38614 0. 20550 -0, 00080104 0.03137
40 -7.70396 0.16501 -0. 00030903 0.01413
41 -8.35169 0.19045 -0, 00056509 0. 08209
42 -8,11182 0.19323 -0.00070559 0. 06500
43 -8.50959 0.19585 -0, 00062355 0.00612
44 -8. 30665 0.20266 -0. 00083664 0.05120
45 -8.57042 0.22430 -0. 00116930 0. 06295
46 -8.49977 0.21158 -0. 00089328 0.01693
47 -8.25388 0.19494 -0, 00064960 0.04150
48 -8.21772 0.19296 -0. 00060946 0.05410
49 -7.94802 0.17887 -0. 00045035 0.04384
50 -8.22031 0.19170 -0. 00060193 0. 06592
51 -8.07256 0.18578 -0.00053655 0. 05463
52 -8.51436 0.20988 -0.00085903 0. 05240
53 -8.07836 0.18008 -0. 00045090 0.03560
54 -8.45551 0.20439 -0.00077983 0. 06486
55 -7.91244 0.17333 -0.00037606 0.08324
56 -8.09522 0.17755 -0, 00023551 0. 05607
57 -7.93997 0.17008 -0. 00031990 0. 02849
58 -8.41788 0. 19005 -0.00052232 0.03272
59 -8.24288 0.18850 -0.00055150 0. 06078
60 -8.28778 0.19920 -0. 00076395 0.01891
61 -8.08772 0.18572 -0. 00056983 0.02794
62 -8.24843 0.19767 -0.00074026 0.02383
63 -8.32545 0.20184 -0. 00078373 0.03482
64 -8.07918 0.18802 -0. 00061957 0. 03480
65 -8.37411 0.20590 -0. 00084575 0.03358
66 -8.17056 0.18837 -0, 00058039 0.08728
67 -8. 33351 0.19863 -0. 00070285 0. 03250




TABLE III

POLYNOMIAL COEFFICIENTS FOR THE THIRD DEGREE

STANDARD
FLIGHT ERROR OF
NO. Po P P P ESTIMATE
1 -8.042229 0.1643246 0.00031985 T0. 00000991891 0.02587240
2 -8.112371 0.1877381 -0.00082299 0.00000391672 0.06031915
3 -8.426510 0.2154843 -0. 00105489 0. 00000211134 0.04553572
4 -8.429127 0.2117578 -0.00121444 0. 00000578225 0.05456262
5 -1.144247 -0.2251876 0.00755328 -6. 00005348949 0. 04256370
6 -8.256495 0.2058112 -0.00116398 0. 00000525861 0.06531323
7 -8.351914 0.1962848 -0. 00058348 -0. 00000116111 0.04740940
8 -8.983369 0.2660244 -0.00272337 0.00001834276 0.02292984
9 -8.339646 0.1984170 -0.00081134 0. 00000127381 0. 03946556
10 -8.271891 0.1953128 -0. 00068950 -0.00000041186 0.03924819
11 -8.131840 0.1892177 -0.00042518 -0. 00000349485 0.01539622
1z -8.226835 0.1947474 -0. 00071807 0. 00000063006 0.04377834
13 -8.203751 0.1812392 -0.00020878 -0. 00000413026 0.05620558
14 -8.199216 0.1836403 -0. 00039787 -0. 00000157621 0.05445362
15 -8.412737 0.2022927 -0. 00090838 ~0.00000289143 0.04281689
16 -8.268406 0. 1961699 -0.00019425 -0.00001062354 0.05691862
17 -8.266519 0. 1956232 -0.00074095 0.00000142633 0.02006531
18 -8.378507 0.2105151 -0.00129810 0. 00000686726 0.02185582
19 -8.210257 0.2008673 -0.00089595 0. 00000238505 0.02002853
20 -8.250962 0.2098073 -0.00115048 0.00000483245 0.02431444
21 -8.871900 0.2545835 -0.00241355 0. 00001581660 0.00768885
22 -8.160122 0.1853056 -0.00033737 -0.00000376163 0.03718745
23 -B. 465879 0.2122194 -0. 00102992 0. 00000152586 0.02220533
24 -7.821230 0. 1435682 0.00104893 -0.00001771008 0. 03800036
25 -8.008142 0.1682531 0. 00005669 -0.00000627038 0.02370014
26 -8.729509 0. 2354501 -5.50270400 0.00002111103 0.07057039
27 -8.225112 0. 1873277 -0.00027142 -0.00000523741 0.03234969
28 -8.192782 0.1933294 -0.00051237 -0. 00000255593 0.01614304
29 -8.050149 0. 1810018 -0. 50064180 0. 00000251327 0. 03822576
30 -8.133439 0. 1805473 -0.00045174 0. 00000000689 0.01396127
31 -7.969798 0. 1667530 -0. 00022495 -0. 00000072202 0.03657059
32 -7.99462¢ 0. 1648009 -0.00007371 -0.00000289395 0.03584775
33 -7.939727 0. 1668100 -0.00032138 -0. 00000064220 0.04015656
34 -8.342692 0.1533551 0. 00064689 -0.00001014024 0. 05764908
35 -8.515565 0. 2060408 -0.00066818 -0.00000221713 0.02432815
36 -8.333367 0. 1982395 0. 00050658 -0, 00050364669 0.03066660
37 -8.280911 0.2011014 -0.00082284 0. 00000078686 0.03790310
38 -8.422417 0.2127331 -0.00112924 0.00000387743 0.02753891
39 -8. 347606 0. 1986191 ~0.00052116 -0. 00000310974 0.02943360
40 -9.412742 0. 2816499 -0.00288612 0.00001847380 0.00371011
41 -8.599390 0.2284481 -0.00187566 0.000601230579 0.03751611
42 -8.244085 0.2234569 -0. 00209199 0.00001680482 0.03358382
43 -8.612957 0. 2035429 -0. 00081287 0.00000153917 0.00612183
14 -8. 339464 0.2100147 ~0.00116812 0. 00000394615 0.04930782
45 -8.705358 0.2536844 -0.60265425 0. 00002062440 0.05205976
46 -8. 459366 0.2061446 -0.000568158 -0.00000247595 0.01666817
47 -8.138918 0.1670785 0.00081674 -0.00002079915 0.01636263
48 -8.089436 0. 1639701 0.00091770 -0.00002213272 0.04276608
49 -7.935640 0. 1764902 -0.00035822 -0.00000094494 0.04353522
50 ~8.373675 0.2189627 -0.00158256 0.00000933928 0.01913767
51 -B.172163 0.2034845 -0.00117338 0. 00000606505 0.03614183
52 -8. 807382 0. 2456055 -0. 00205504 0.00001172554 0.04077614
53 -8. 370456 0.2103686 -0.00132751 0.00000748181 0.02003007
54 -8.897025 0.2570627 -0. 00249645 0.00001634878 0.03971226
55 -7.774537 0.1418134 0. 00106948 -0.00001752165 0.05968714
56 - - - - -
57 -8.812108 0.2360510 -0. 00156296 0.00001130449 0.01013397
58 -8.599733 0.2106347 -0.00115186 0.00000559592 0.02346729
59 -8.520740 0.2239589 -0.00168469 0. 00001020890 0.02993843
60 -8.376140 0.2118022 -0.00124108 0. 00000521453 0.01437523
61 -8.052038 0.1814186 -0.0004277¢ -0.00000137323 0.02764148
2 -8.355115 0.2116005 -0.00123191 0. 00000504255 0.01973364
63 -8.764022 0.2493538 -0. 00220941 0.00001395010 0.01150004
64 -8.043036 0.1829320 -0. 00042974 -0.00000204118 0.03442616
65 -8.585709 0.2346363 -0.00187124 0.00001051777 0.01235391
66 -8.724858 0.2572674 -0. 00284977 0. 00002089420 0.01739950
67 -8.766315 0.2426032 -0.00199998 0.00001152999 0.01107606




TABLE IV

POLYNOMIAL COEFFICIENTS FOR THE FOURTH DEGREE

STANDARD

FLIGHT ERROR OF

NO. Bo Y Bz x 10% By % 10% By * 10¢ ESTIMATE
1 -7.98906 0.14369 0.20123 -0.57205 0.42220 0.01494
2 -7.96458 0.14121 0.23087 -0. 68068 0.52930 0.01987
3 -8.33937 0.18519 0.11850 -0.54382 0. 45559 0.03024
4 -8.30026 0.17182 0.14344 -0, 54216 0.43477 0.02283
5 -240.18430 19. 43453 -59.51882 1.11329 -41.23646 0.02995
6 -8.13842 0.15999 0.25946 -0.99753 0.93760 0.04544
7 -8.26595 0.16532 0.17835 -0. 62861 0.51417 0.03328
8 -9.16251 0.29011 -0.38255 0.39006 -0.13594 0.02251
9 -8.24927 0.16465 0.18609 -0.70797 0. 62130 0.01683
10 -8.24019 0.18198 0.04904 -0.35928 0. 34150 0.03712
11 -8.10563 0.17864 0.04756 -0.29599 0.24171 0.01128
12 -8.13673 0.16287 0.16783 -0. 60807 0.50358 0.02590
13 -8.08142 0.13944 0.28322 -0. 79604 0.59900 0.02976
14 -8.07936 0.14197 0.26830 -0.79281 0. 62665 0.02779
15 -8.09304 0.14051 0.25895 -0.71832 0.53374 0. 02459
16 -8.16517 0.14875 0.43589 -1.59176 1. 54742 0.03818
17 -8. 24511 0.18777 -0.01304 -0, 14760 0.13717 0.01821
18 -8.33432 0.19660 -0,03617 -0. 14657 0.15826 0.01370
19 -8.21605 0.20341 -0.11300 0.09715 -0, 07330 0,01989
20 -8.22929 0.20156 -0.04859 -0.13407 0. 15999 0.02275
21 -8.18985 0.18716 0.00023 -0.21448 0.20935 0.00726
22 -8.08651 0.15728 0.19202 -0.65724 0.54353 0.02308
23 -7.97648 0.11585 0.52501 -1. 63124 1. 49682 0.01290
24 -7.79707 0.13319 0.19859 -0.46470 0. 28196 0.03672
25 -8.01073 0.16922 -0.00199 -0.04204 -0,01781 0.02368
26 -8.92970 0.32174 -0.85132 2. 05498 -1.92070 0. 05995
27 -8.18177 0.16870 0.14094 -0.56831 0.50582 0.02720
28 -8.15536 0.17858 0.06707 -0, 35067 0. 28699 0.00686
29 -7.96110 0.15252 0.13046 -0.42896 0. 33888 0.01669
30 -8.16812 0.18801 -0.09087 0.10427 -0, 07894 0.01320
31 -7.90762 0.14718 0.10926 -0.31007 0.22268 0.02763
32 -7.99895 0.16638 -0.01879 -0. 00071 -0.02244 0.03581
33 -7.90601 0.15636 0.03716 -0.15055 0.11375 ° 0,03801
34 -5.22960 -0.22484 1.66369 -2.91702 1.75976 0.03192
35 -8.43498 0.18315 0.10141 -0, 46711 0. 38449 0,01770
36 -8.09129 0.14156 0.33322 -1. 01207 0.82678 0.01100
37 -8.24350 0.18502 0.06280 -0,.43747 0. 43661 0.03476
38 -8.41796 0.21100 -0.09872 -0. 00090 0.03542 0.02748
30 -8.21833 0.16301 0. 20065 -0. 67582 0.53727 0.01199
40 -11. 22771 0.44755 -0.81536 0.99842 -0.43747 0.00249
41 -8. 55927 0.21887 -0.12962 -0. 00216 0.08818 0.03643
42 -8, 32082 0.253853 -0.46292 0. 88989 -0. 65622 0.01387
43 -21.95636 1.52964 -4.99262 8. 04989 -4.89909 0.00584
44 -8, 24077 0.17171 0.19737 -0.83833 0.78374 0.02989
45 -8. 88603 0.31351 -0.78944 1.87034 -1,73343 0.03977
46 -8.52742 0.21872 -0.14610 0.17132 -0, 17200 0.01654
47 -8.09823 0.15129 0.22908 -0, 69232 0.51524 0.01220
48 -7.98812 0.12925 0. 40829 -1. 26927 1. 13907 0.03861
49 -7.82981 0.14152 0.21060 -0.60214 0. 45591 0.01449
50 -8. 32985 0.20559 -0.07083 -0,10180 0. 13942 0.00913
51 -8.09251 0.17917 0.04156 -0.29410 0. 25339 0.01928
52 -8. 50246 0.19372 0.07703 -0.48928 0. 44598 0,03721
53 -8.01289 0.15878 0.10927 -0.37670 0, 28985 0.01133
54 -8.71522 0.22674 -0.05858 -0.17293 0.24030 0.03832
55 -7. 65170 0.09320 0.51310 -1.33072 1. 05046 0.03414

56 - - - - - -

57 -7.86109 0.13890 0.16564 -0.42580 0. 29607 0.00510
58 -8. 29927 0.16286 0.12397 -0.41193 0.31193 0,01354
59 -8. 33514 0.18953 0.01702 -0, 27348 0.25376 0.02084
60 -8.30914 0.19330 -0.03983 -0.15159 0. 16700 0.01350
61 -7. 62236 0.10903 0. 34648 -0.83790 0.59723 0.01361
2 -8, 15769 0.17539 0. 08594 -0.42166 0. 36315 0.01521
63 -8. 61543 0,22725 -0,11676 -0,08317 0, 15081 0.01052
64 ~7. 65916 0. 10644 0.42769 -1.14070 0.90346 0.01865
65 -8.55410 0.22853 -0.15108 0.02317 ©. 06308 0,01209
66 -8, 78404 0.26716 -0. 33581 0. 30947 -0.06713 0.01664
67 -8, 78894 . 24575 -0, 21478 0. 14351 -0. 01881 0.01106

e e )
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TABLE V

POLYNOMIAL COEFFICIENTS FOR THE FIFTH DEGREE

STANDARD

FLIGHT ERROR OF

NO. By 8, B8, x 10 By, X 10 By X 10% Bgx 109 ESTIMATE
1 -7.99234 0.14569 0.17531 -0.44700 0. 16991 0.18021 0.01488
2z -7.97383 0.14575 0. 18276 -0, 48998 0.21268 0.18624 0.01957
3 -8.29961 0.16353 0. 37088 -1.64203 2.45600 -1.29058 0.02613
4 -8.26276 0.15369 0. 33261 -1.28096 1. 64353 -0.70073 0.01802
5 -1496. 55600 148. 66640  -588.79720 1160.01900 -1135,91800 442.29540 0.02545
6 -8.06538 0.11535 0.83722 -3,78426 6. 55969 -4.01578 0.03526
7 -8.25110 0.15693 0.27954 -1.08375 1. 37094 -0.57118 0.03278
8 -8.57488 0. 19009 0.24773 -1, 46327 2.43072 -1. 35088 0.02183
9 -8.22720 0.15169 0. 34788 -1.46111 2.08814 -1.01161 0.01448
10 -8.17862 0.14102 0.62146 -3.33542 6. 80956 -4,97543 0.02775
11 -8. 10836 0. 18037 0. 02425 -0.17932 -0, 00242 0.18084 0.01123
12 -8. 08590 0.13468 0.50192 -2.08591 3.23977 -1.79422 0.01701
13 -8.03676 0.11555 0, 55703 -1.96838 2.70041 -1.33423 0.02441
14 -8.05503 0.12872 0.42273 -1.46478 1. 85065 -0.78968 0.02618
15 -7.96704 0.10861 0.51991 -1.63196 1. 95896 -0. 81441 0.02320
16 -8.16740 0.15037 0.41127 -1.45292 1.22042 0.27250 0.03817
17 -8.25462 0.19325 -0.08021 0.15971 -0.45116 0.39887 0.01783
18 -8.34091 0.19984 -0.07047 -0.01063 -0.06742 0.13276 0.01348
19 -8.19871 0.19135 0. 06257 -0. 85271 2.07398 -1.71783 0.01861
20 -8.19068 0.17843 0.24531 -1.52646 2.91961 -1.93657 0.01703
21 -5.49759 -0.14677 1.61365 -4.01383 4.57585 -1.96247 0. 00687
22 -8.07585 0.15090 0.27313 -1.04151 1. 30512 -0. 53445 0.02270
23 -7.89993 0. 09669 0. 69857 -2.35195 2.88863 -1.01223 0.01284
24 -7. 8463V U. 16667 -0. 27895 2.06734 -5, 22921 1, 40090 0.02002
25 -8.02145 0.17551 -0. 08051 0. 32347 -0.72970 0. 49095 0.02331
26 -9.09794 "0.39751 -1.83920 7.30270 -14,03210 10. 09284 0.05578
27 -8.13008 0.13354 0. 64235 -3, 22701 6.39778 -4.62115 0.01752
28 -8.16122 0.18225 0.01810 -0.11095 -0, 20024 0. 34939 0.00637
29 -7.95638 0.15016 0.15577 -0.53081 0. 51050 -0. 10246 0.01659
30 -8.31682 0.23036 -0,46881 1.52602 -2.44255 1.43250 0.00515
31 -7.94824 0.16713 -0.10216 0. 52788 -1.16853 0. 81836 0.02305
32 -8.05086 0.19475 -0, 34889 1.43360 -2.63212 1. 68222 0.02931
33 -7.96082 0.18285 -0.23933 0.92930 -1.65301 1.02421 0.03202
34 -6.71738 0.00316 0. 34596 0.69013 -2.94470 2.35223 6.03094
33 -8.49455 0. 20637 -0.15356 0. 66187 -1.77681 1. 48998 0.01526
36 -8.02308 0.12057 0.53936 -1.87308 2.42359 -1.08258 0.00986
37 -8.18059 0.14223 0.67305 -3.67331 7. 60756 -5.62428 0.02381
38 -8. 38259 0.18939 0.18101 -1.35014 2.75745 -1.94431 0.02372
39 -8.25063 0.17527 0.07013 -0.11631 -0.49893 0. 69080 0.01093
10 -16.83738 1. 08995 -3.73997 7.41567 -7.44111 3.01232 0.00191
41 -8.51917 0. 20554 -0.00818 -0.44444 0.78169 -0. 39071 0.03580
ry) -8.35120 0.27278 -0.71285 2.11755 -3.17818 1. 83415 0. 00700
43 -74.10129 8.01082 -37.06011 87.00254  -101.63360 47. 18756 0.00579
a1 -8. 18420 0.13715 0. 64477 -2.99631 5.13736 -3.10973 0.02002
45 -9.05186 0. 38820 -1.76320 7.04300 -13. 67162 9.94849 0.03335
46 -8.69710 0.25849 -0, 48716 1.52389 -2.68165 1.76116 0.01640
47 -8.13966 0. 17427 -0.09858 1.13590 -3.83620 3.70336 0.00822
48 -7.87200 0.07525 1.13958 -5.31532 10. 87668 -8.46749 0.03571
49 -7.79806 0.12512 0. 39261 -1. 35721 1.76758 -0. 80718 0,00810
50 -8. 32501 0.20328 -0,04717 -0.19287 0.28628 -0.08392 0. 00895
51 -8.06775 0.16739 0.16268 -0.76030 1.00522 -0.42962 0.01693
52 -7. 37051 -0.05291 1.96409 -6.97602 10. 67394 -6.01645 0.02228
53 -7.85407 0. 12950 0. 30165 -0.95015 1.07875 -0. 40642 0.01081
54 -7.79585 0.03020 1. 38071 -5,09391 7.78671 -4.31223 0.02840
55 -7.59033 0.0549] 1.01798 -3.81074 6.14512 -3,70521 0.02408

56 - - - - - - -

57 -8.97916 0.28261 -0.54153 1.24399 -1.60237 0.83448 0.00406
58 -8,15076 0.13252 0.33854 -1.08731 1.28123 -0.51696 0.01267
59 -8.28522 0.17736 0.11200 -0.58929 0.72047 -0.25228 0.02055
60 -8, 38159 0.21713 -0.20675 0. 50059 -0.98815 0. 75747 0.01321
61 -7.36711 0.05395 0.76305 -2.25124 2.79473 -1.27392 0.01171
62 <7.95165 0.12684 0. 48204 -1.86003 2. 74494 -1.46572 0.01370
63 -8. 04739 0.12000 0.62322 -2.44191 3.67216 -1.98048 0.00756
64 -7.30613 0.01564 1.22174 -4.19775 6.23386 -3.43897 0.01227
65 -8. 62282 0.24566 -0.29521 0.55471 -0.82241 0.51492 0.01172
66 -8.97999 0.31048 -0.66063 1.37208 -1. 62121 0.83238 0.01469
67 -9. 30320 0.33657 -0.80341 1.91226 -2.50985 1.32856 0.00930
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TABLE VI

POLYNOMIAL COEFFICIENTS FOR THE SIXTH DEGREE

STANDARD

FLIGHT ERKROR OF

NO. Be [N $: x 10 s, ¥ 10’ B, x 10% py * 107 By x 10° ESTIMATE
1 -8.00661 0.15866 -0. 06861 0, 13320 -0.58409 0.96569 -0.56409 0.01374
2 -8.01817 0.17777 -0, 30868 0.24517 -0.79602 1.07920 -0.51989 0,01023
3 -8.25233 0. 12549 1.01396 -0. 58705 1,53499 -1.96463 0,98687 0.01864
4 -8.28174 0.16717 0, 12890 -0, 00796 -0. 16456 0, 35054 -0, 20320 0.01656
5 1561867000 -1964.47400  10241.56000 -2833. 45600 4387.94100  -3606, 56800 1229. 22500 0.01439
6 -8.11679 0. 16207 -0.04136 0,26238 -1.50914 3.01192 -2.03184 0.02860
7 -8.26650 0.16982 0.05413 0, 04187 -0. 34589 0.65344 -0, 39476 0.03223
8 -6.32897 -0.27206 3,96555 -1.64395 3, 48649 -3.69434 1.56108 0.02027
9 -8.24348 0. 16588 0.09073 0,03486 -0, 38138 0.79716 -0.51628 0.01296
10 -8. 18255 0.14493 0. 54204 -0.27107 0.45349 -0.11126 -0.24762 0.02770
11 -8.10018 0.17261 0. 17590 -0.13272 0. 40210 -0.63981 0,40611 0,01072
12 -8.06928 0.12104 0.73645 -0,36538 0.80996 -0.88264 0, 38427 0.01573
13 -8.01322 0.09696 0. 86609 -0.39677 0.86795 -0.97386 0. 44468 0,02266
14 -8.07133 0.14184 0. 20097 -0.00066 -0.25958 0. 55402 -0.34032 0.02541
15 -7.67871 0.01850 1.49623 -0.65155 1.42395 -1.58870 0.71774 0.02044
16 -8.22857 0.21753 -1,07433 1.12289 -4.88376 9.23921 -6.39719 0,02787
17 -8.24862 0.18813 0.01097 -0.04709 0,15702 -0,26255 0. 17087 0.01767
18 -8.32936 0. 19150 0,05754 -0.07768 0.20613 -0.26297 0. 13541 0.01276
19 -8.18678 '0.17889 0. 32640 -0,30129 1,02565 -1, 61714 0.96357 0.01793
20 -8.17947 0. 16846 0.42945 -0. 28456 0.72976 -0.87175 0. 39654 0.01643
21 7.79714 -2,13003 13. 67678 -4,23271 7.16414 -6,33664 2.29977 0.00629
22 -8.08797 0.16168 0.07415 0.03839 -0, 34257 0.67929 -0.42850 0.02218
23 -8.72855 0. 34806 -2.22534 1. 44755 -4.81231 7.69092 -4.72251 0.01153
24 -7.862217 0.18294 -0. 61650 0.47759 -1.53862 2.18161 -1.13824 0.03020
25 -7.97756 0.13728 0.61250 -0.45536 1.51758 -2.37182 1.39133 0.01552
26 -9.13891 0. 42091 -2.25400 1.05156 -2.61686 3.20671 -1.52599 0,05565
27 -8.10893 0.11199 1.08943 -0.68143 1.97175 -2.76863 1.50753 0.01515
28 -8.15633 0.17751 0.11079 -0,07914 0. 20905 -0, 32386 0.21209 0.00603
29 -7.95409 0.14848 0.18204 -0.06904 0. 09606 -0.06953 0.02949 0.01657
30 -8.29118 0.22129 -0, 36073 0.09413 -0.08678 -0,06253 0,10393 0,00499
3l -7.94230 0.16284 -0, 03631 0.01338 -0,00735 -0.06026 0. 06966 0,02295
32 -8.02554 0.17318 €. 03437 -0.11342 0. 52506 -0.95603 0. 60429 0.02717
33 -7.94867 0. 17422 -0.10888 0.01599 0.04534 -0.16695 0.13013 0.03169
34 -22.01576 2.83192 -20.41888 7.83499 -15,95680 16.44811 -6,75537 0.01410
35 -8.51332 0.21575 -0. 29489 0.15803 -0.46678 0.58347 -0.24979 0.01513
36 -8.07634 0. 14084 0,27483 -0.02905 -0.23175 0. 58325 -0, 39069 0.00959
37 -8.13253 0.09328 1. 68862 -1.18221 3.78637 -5.80177 3. 42441 0.01294
38 -8.34008 0. 15075 0.90763 -0.66498 2.06637 -3,01751 1. 68040 0.01648
39 -8.33936 0.21846 -0.56035 0.38451 -1.25489 1.81885 -0.97209 0.00469
10 -11.87002 0.40643 0.12668 -0.40966 1.15911 -1,35590 0.59395 0.00189
41 -8.31124 0.11623 1.11423 -0, 64567 1.63003 -1.94634 0. 89543 0.02428
42 -8. 34227 0.26448 -0.55376 0.09357 0,08882 -0.46937 0. 39563 0.00599
43 -1516. 69800 223.21890  -1369.56700  447.02380 -818.08550 795.91640 -321.62510 0,00514
44 -8.19942 0.15097 0. 38477 -0.10999 -0.12699 0. 69920 -0, 60129 0.01907
45 -9.15587 0, 44759 -2,81625 1.51996 -4, 44825 6.57346 -3.87403 0.03198
46 -7.18513 -0,17036 4,22189 -2, 12618 7.21414 -10, 81422 6.42710 0.01449
47 -8.16049 0.18957 -0.40344 0.36578 -1.37698 2.22158 -1.31294 0.00737
48 -7.59005 -0.09058 4,18980 -2.98955 10. 76254 -19,. 11576 13.23842 0.02598
19 -7.79538 0.12308 0, 42541 -0, 15627 0.23651 -0,16185 0.04161 0.00803
50 -8.31060 0,19323 0.10262 -0.10635 0, 26355 -0. 30451 0.14101 0,00715
sl -8.03193 0.14239 0. 53508 -0.29247 0.68457 -0.77915 0. 35057 0.01040
52 -6.04227 -0.40506 5.45391 -2.37561 5. 25673 -5.61726 2.55667 0.01470
53 -7.69763 0.09453 0,59732 -0.21747 0. 37299 -0,32824 0.12326 0,01070
54 -6.15905 -0.39586 5.51090 -2, 44672 5.46810 -6.13230 2.71480 0.01769
55 -7.59053 0.05510 1.01441 -0, 37842 0.60539 -0. 35587 -0.00888 0.02408

56 - - - - - - - -

57 -11.97017 0.74576 -3, 42445 1.04904 -1.77512 1, 54302 -0. 53464 0.00322
58 -8,05038 0.10751 0. 56855 -0, 21042 0. 36007 -0. 31435 0.11673 0.01256
59 -8, 14865 0.13618 0.53865 -0. 26202 0. 55664 -0.58852 . 25374 0.01975
60 -8.56831 0.27646 -0,89311 0.42825 -1.16719 1.56764 -0.81524 0.01266
61 «7.25729 0.02510 1.04577 -0.35938 0.61018 -0.53334 0.19611 0.01163
62 -8.04751 0.15438 0. 18990 -0.03701 -0, 11757 0. 36565 -0. 26268 0.01362
63 ~7.47614 -0.01058 1.77746 ~0.75249 1.55252 -1, 59639 0, 05650 0.00693
64 ~6.95765 -0.09395 2.47379 -1.10001 2.51620 -2,04565 1. 39879 0.00989
65 -8,85187 0.31740 -1, 08534 0.46748 <1, 07937 1.49480 -0, 73865 0.01040
3 -9.1957% 0. 36887 -1,22987 0, 40247 -0,79357 0.82204 .0,33619 . 0.01369
(Y -10.28907 0,84723 -2.4%078 0.9]1853 -1, 84467 1.91016 -0, 78991 0,00808
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.-

coefficients within each column are determined by dividing the coefficients by

the factor heading that column. Plots of standard error of estimate versus

the degree of each polynomial for seven flights are illustrated in Figure 1. In
general, the standard errors for the 6th degree polynomials are at least half
those of the 2nd degree polynomials. Pressure calculated by Equation (1) for
polynomials of degrees 3 and 5 is compared to data from Flights 1, 2, 12, 32,

50, and 63. These flights were chosen for several reasons. First, temperature
profiles determined from the data of Flights 1, 50, and 63 appear to be quadratic.
This data can, therefore, be used for comparison with calculated data using

a 3rd degree polynomial (any polynomial of degree less than 3 would not explain
the quadratic behavior of temperature). The profiles for Flights 2, 12, and 32
appear quartic. The data from these flights can be compared to that calculated
using a 5th degree polynomial. The second reason for choosing these flights

was to illustrate the improvement in goodness of fit with increasing degree
polynomial. Results are tabulated in Tables VII through XVIII including percent
differences and standard errors of estimate. Percent differences show deviations
of observed data from Equation (1) at various altitudes while the standard error
indicates the goodness of fit over the entire altitude range. The goodness of fit

improved considerably with increasing degree polynomial.

3.4 Properties of B's

This section is concerned with the distribution of the B 's as well as their
interrelationship. The distributions are needed to compute probabilities of
profiles while the latter provides information to build a realistic model. The

results of this section form the final basis for the model.

The coefficients tabulated in Table III for the 3rd degree were plotted
for each pair of B's. These plots can be found in Figures 2 through 7. It is
obvious that the B's are highly correlated and this fact will be used to advantage

12
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in construction of the model. Linear equations best representing the points of
each figure were derived through a linear least squares program. The set of

linear functions used in the fitting procedure were:
Bo = myg 1By *+ by,
Bo = my,,B; + by,

Bo = my,3B3 + by, 3
(5)

1 = my ;B2 + by,
Br = my, 3B +by ;5

Bz = my,3B3 + by ; .

A tabulation of slopes (mi, j), intercepts (bi,j) and linear correlation coefficients
{le Co Co) for cach cof the fite are included in Table XIX. Similar data are in-
cluded for degrees 2, 4, 5, and 6. Standard deviations for the slopes and in-
tercepts are provided. The ﬁi versus ﬁj entry in the leftmost column denotes
the relation

s + -
By = my iP5t hy,

These relationships provide the means of computing probabilities of
profiles. Without them the joint distribution of the B's must be known. However,
even if this distribution were determined it is doubtful that it would have much
meaning due to the insufficient number of data points. Therefore, the profiles

will be characterized by the one parameter, B;.

Before anything can be said about the probabilities of various profiles
the distribution of B; parameters must be known. The histogram of Figure 8
indicates the relative frequencies of the B; parameters observed in this study.

If it is assumed that this sample of parameters comes from a normal population,
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TABLE XIX

CORRELATION AND LINEAR DATA FOR THE COEFFICIENTS
OBTAINED FROM THE DIFFERENT DEGREE POLYNOMIALS

b, . ' m, . 4 L.C.C. DEGREE
i,j b i,) m
AFTAD V= PrT2Yy = EB7RLRT 4T D1RTERE4 I ~J177220 402 JFATLZ400 «.AS53 ?
BETAG VT ©7Tr? = 77439740 SEH0BLM=T1 JTERQRTACY WJRT161T 432 $ 750 2
AFTAYL Yo NITE? L1503°0 400 L114795=-92 - 565987 4C2 J17033E 6018 -.3%1 2
PETAQ VS RTTAY - E6fFeRTany L033u9F=11 -~ ATLILF 40 4GP 29T 400 ~4975 3
PETAC VS £TTA? LR LIE AL W 26560F =11 2 24A40F+C3 L20761F 2 o A2 3
RETEN V7 rETaR -, 820507451 RALARLE S =.2153u7 405 2263050404 =753 3
nETAY wT PETAD RIS LELL 1177°7-32 -.3)2an7462 W121738 401 =07 3
arTAy v rTTA? L10EERTESH 160147-02 277975404 S17L72E403 .893 3
PETA2 VS rITAZ “TRRL1ET=D «?57405= 24 -.a5336E+(2 L 26507€ 431 =977 3
AETAC Ye PFTAY PN T LS R SHLTITEA0Y =~ BALTREACL +2LCFIE+0D -.964 4
RETAL VS ~TTAR “ 828780409 P X120 f 129117467 4956007401 W853 4
AFTAQ Yy NETAT - R3ITITE 4O CWRTTTE-0q -.BILAIE+Ch «HCO3TE403 =728 4
RETAQ YT F=Tru -.,R179054" WSETSTE=01 J5Q2154 €5 877125405 «599 4
nETAL VS 0ITAO 127367 0C W2472PE~]2 = 2023RE402 e 7TLA2DF 40D =951 3
AETAL VS YA J20837F 400 $63153€-62 s AUL2ET 4TS $5I227F402 53 4
acTAY VT °TTAL 200470 WHERCAE-02 - . AL IRCHES «10NA3E+0S ~a73% 4
AFTA? Yo RETAR -, RON275232 +1187835-97 -~ LRI{AL4(? 16965401 958 4
AETA? y© ATTes ~.212207=212 $295%1E-07 CELT7AT 40U +31755E 403 2901 b
AETAY V© PETAL W TTLF=0T 20191°=~0¢ -41232063 402 «210HTE+0L =981 4
AFTAC VS "ITeq - 72707401 JEAZ51E- 01 ~.353985+01 231007400 -312 S
RETAQ YT ATTA? 927 1T ey sLOARAT- 0] . 565367402 W 7LE2LE #1 715 ]
AFYAQ WS rTTA3 -~ A21RET 01 W6I124E-71 -.12796T 40y J22RR3E4QT =553 ]
ACYAS e "TTAL PR RS JE27A7Ta g W BRLSTT4TS 1L T)PE 45 NPE) 5
RETAS vT GoTAr - 3163974 LE773C-01 -.84387407 L. 215225457 -.322 5
AFTAY y© nTTAN T L1RES7TeC0 LT27C-02 -.127526402 +6L2305 400 -.930 ]
AFTAY VS PTTAZ J18u36Ce7C sB72007272 $ 33207603 $270075 492 «820 S
RETBY VT "TTLL L175327 400 2 79258-02 - 160405 100595404 -.728 s
RETEY VS NTTAR LR L WBE 7-3? .1052054 (7 . 2FQ8Z 406 5335 5
BETA? ye& "cTRT -.pr0TeTag2 2113007 = 2RVATT Q2 2 3LA1E4G0 -.970 s
PETA? y< ~ITth WERETTIA0R $TTQ4AC- 01 c17TLTERCH W77237€432 .315 5
AETA® Yy< B8TTAR RS LS WL 2R52F-03 =.19722C4 €A $167TLT 405 =357 5
RETAT Yy ©ITAY -, 242577=24 .55101%=05 -.5L9394T+ (2 +12556F ¢01 ~+994 S
RETA3 VS CITAR - 7637504 «Q518AT= 06 S T7TLI0E 404 L 32uE3T 403 <930 5
RETAL Yye PITrs BY1C2RT=CE +798RGE-07 -.16TA1E+(3 26QFAE 401 ~+3R9 s
AFETAQ VS nTTAY ~.721787401 LT1652Z-01 ~.S72¢58404 167045 +00 ~+931 6
AETAT YS ATTA? -.8377Fe5] 121515400 S 7T3ATESC? o XTRALTSOL 927 6
RETAC VS PETAT -.AT21°7401 +193524 30 =.1h53RT + 0k «17876E403 -~.877 6
nETAG Ve PETAL -,q76%0ce]1 $P5784C609 .595007405 S77070T404 +794 6
RETAQ VS QITAE =.a2238040 «29300€4+00 - TWAL0F 40T «5E586T +06 562 6
PETAN VS RETAR = 21ETLTE 12574083 S4TLITEH0R .1799%C409 $ 391 6
QFTA] VE RETAS «1A1U2Te0 N «12717F-01 -y 1ITLPE 402 +ILTAAT 40D -+ 901 6
RETAL VS RETAR P13R71745 $2635%°-31 « 312105403 «1T2R3T4D2 +918 6
acTAL VS nTTAY (122330407 $ 26565 7= 31 “11Auuf 03 111326480 -.831 6
RETA4 VS nETAS VITRTATEON CWHALATTY $75307 405 J1CT23E 406 1645 6
aFTAY VS PETAE 1169765400 RAGAT= 3 =~ OPRI2C40A «211565409 =) 6
pETA? YT NTTAT =,5772a7.02 WORUETE=NT “e2u4uaten2 6OR74E+CY “e973 6
RETA2 VS NETAL 41BN Ta0 23800 4083387402 $616L75402 +893 6
AFTA® yS AFTAS WALETCan T L2850 - B1107F (S HTRICERJG =759 6
RETA2 y© NCTAR 12T1RTeN? PELLS R b JRETAGCHN? +1L096RE 437 o613 6
RETET Y© ATTAL PR UL L] A kELE N - u13R7E4 02 RIS EXH B =963 6
RETAT y< ACTAC - URPRATaN W ARRIICLTY J2RREC 400 +198335433 877 6
RETAY y< PCTAR ~ KR T)T A RERATLNE ! - 621815403 SWRLINE$]S =754 6
PETAL y© PETRAR WL37580-37 v13328F.05 -,7%a72v402 ¢ 2LITLE 4L e 959 6
RETRL VO OFTAG JtesTeToog BELEREY C11R°aF 4 (T IRLCERET N .89 )
REYAS ¥© "TTAE - AP PLLTa e s 11064Fe0" JHEATICA01 2,977 6
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then the maximum likelihood estimators of u and ¢ are given by @ = B and
¢ = S where E is the sample mean and S is the sample standard deviation. The
dashed curve of Figure 8 represents the normal distribution that the parameters
would have ifu = B and ¢ = S. The chi-square test was used to determine the
goodness of fit of the normal curve to the sample distribution. Essentially, the
test compares the differences of the observed (ni) and theoretical (ei) frequencies
to some limiting value Xo? . Specification of the critical region and degrees of
freedom k then determines X¢g¢ . If

N (n.-e.)z

Xt = BELTEE S

i=1 %
the hypothesis that the parameters were sampled from a normal population is
rejected. The degrees of freedom are found from k = N-1-1 where N is the
number of cells used in constructing the histogram and £ is the number of
unknowns (i.e., uand o). Hence, %% = 15.5 for 8 degrees of freedom (11 cells)
and critical region 0.05. The particular values used in computing X? are listed
in Table XX . Calculations show X? = 15.1 indicating that the sample data might
well come from a normal population. It is therefore assumed that the B's are

normally distributed with maximum likelihood estimators @ =B and & = S.

3.5 Derivation of Model

The results of the previous section can now be utilized to derive the equation
necessary to complete the atmospheric model. The final model was based on the hi
linear correlation existing between all pairs of f's. Each B of Equation (1) was
replaced by the corresponding linear relation in B;. The particular choice of
using a third degree polynomial in fitting the data was based on the quadratic

appearance of the log profiles for pressure. It turns out, as will be shown, that
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Equation (1) can be factored into two components, one of the components con-
taining a quadratic. Any polynomial of degree different from 3 cannot provide

a quadratic component.

The two fundamental components of the model will now be derived and
each discussed in the following two sections. To do this Equation (1) must first
be rewritten in a form consisting of two factors. The linear relations given by
Equation (5) for By, By, and B, as functions of B; are first substituted into
Equation (1). All terms in B; are grouped together and expressed as one factor.

Thus,

P

exp[bo,:,, + my, 383 +(by,; +my, 3B3)z +(by,; +m2,3p3)z2 +p3z3]

exp[bo’3 + b1'3z +bz’3zz +ﬁ3(m°’3 +m1’3z +mz'3zz + z3) ]

H

explby, 3 + by, ;32 +bz’3z2] - exp[B;(mg,; + my,, +mz,3z"‘ +2z3) ] (6)

The two components on the right hand side of Equation (6) form the basis of the

model. The unit for p; is km™2.
3.5.1 Steady State Model

The first factor on the right hand side of Equation (6) consists
only of the constants by 3, by, 3, and b, ;3 . Hence, it is time invariant and
will hereafter be referred to as steady state pressure, denoted P(z). The
particular values of the b's can be found in Table XIX under degree 3. It is
interesting to note that the functional values of P(z) are very close to those of

the 1962 standard pressure. This fact will be discussed later in Section 3.6.

The above definition of steady state pressure provides the means
for deriving density and temperature steady states. This is accomplished by
assuming that the hydrostatic and gas laws are applicable under steady state

conditions (i.e., quiet atmosphere). Therefore, the following three equations
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define a steady state atmosphere. The steady state pressure is given by
P(z) = explby 3 + by, 32 + by, ;2%] ; (7)

steady state density by

100
g(z)

p(Z) = [b‘,3 +2b2,3Z] exp[bo’3 +b1’3z+b2,3z2] H (8)

and steady state temperature by

3.48385g(z) (9)
by,3 +2by, ;2 :

T(z)

The units are the same as those defined in Sections 3.2.1, 3.2.2, and 3.2.3.
3.5.2 Perturbation Model

The second factor on the right hand side of Equation (6) is de-
fined to be the pressure perturbation function, denoted P(B;,z). The function
describes deviations from steady state in terms of the one parameter f;. The
corresponding values of the slopes my,; , my 3 , and m, 3 are listed in
Table XIX under degree 3. The behavior of this function is discussed in

Section 3.6.

The definitions of steady state functions combined with the
hydrostatic and gas laws provide the means of deriving perturbation functions for
density and temperature. The hydrostatic law is first applied to Equation (6)
after which the steady state density is factored out. The factor that remains is
defined to be the density perturbation function. These definitions then imply
that the temperature perturbation must be the ratio of the pressure and density
perturbations. This is easily proved by noting that both pressure and density
are factorable into the product of steady state and perturbation functions. The

equation of state then produces the desired result. Therefore, the density
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factorization is accomplished as follows

Pt -;—?f)[P(ﬁsm%—z—’ + P(2) 9%‘}—“’7
g oo [E] [2ee]]
= 5 (2) :P(ﬁ3,z) s Ralmn e and 22 P(53sz)]
- o) :1 e R ] P(ps 12
= o(2) p(Bs,2) .

The temperature factorization is immediate.

P(z) + P(B3,2z)
P(z) * p(ﬁ_nz)

T

348.385% - 348. 385

1}

. PBi,z)
T Sig,n C T T2

The perturbation functions are therefore defined by the following

equations. The pressure perturbation is given by
P(B3;,z) = exp[ﬂ3(mo,3 +my,;z +rnz’_,,z2 +2z3 ) ; (10

the density perturbation by

(my,; +2m,, .2z + 322
p(Bs,z) = [ 1 +F33 };1 33 - Zb: zz ) exp[ﬁ3(mo,3+m1,3z+m2,3zz +z23 ] ;
? H

(11)
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and the temperature perturbation by

1

T(Bs,2) = 1+ Balm;y 3 +2m, .z + 3z2) ) (12)
b1,3 +2bz’3z

The perturbations have no units. The model is now complete and consists
entirely of the steady state and perturbation functions along with the distribution

of B; parameters.

3.6 Properties of Model

The perturbation profiles defined by the largest positive and negative B3
parameters (Flights 26 and 48) observed in this study are shown in Figure 9.
The general perturbation function is denoted by the symboi A. The parameters
define envelopes which contain all perturbations determined from the B;'s.
This fact is easily verified since the cubic argument of P(f;,z) has three real
roots independent of B. These roots correspond to the altitudes at which
P(B,z) = 1. The maxima and minima points of the perturbation are identical
to those of its argument but are not independent of # in the sense that negative
B's reverse the roles of these points. Therefore, the maximum point for positive
B's becomes the minimum point for negative B's and vice versa. As  approaches

zero the profiles tend to flatten out and approach a limiting value of 1.

The density envelope is similar in some respects to that of the pressure
envelope but differs both in the maximum and minimum amplitudes and the
length of the overlapping profiles (i.e., the distance between the two extreme
points at which A(B;,z) =1). Also, the envelope lags the pressure envelope by
8 kilometers. The structure of the temperature envelope is entirely different
from that of the other envelopes but this is to be expected since it is determined

by the ratio of pressure and density perturbation.
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Figure 9. Perturbation Envelopes for Largest Positive
and Negative p Parameters.
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It is interesting to note that the perturbation model controls the
behavior of the atmosphere. The model shows that the upper atmosphere is
highly dependent on the perturbations occurring in the lower regions. The
central portion is affected to a much lesser extent. The deviations in this range

are within 10% of the steady state.

The effects of the perturbations on the steady state atmosphere are best
illustrated by the plots shown in Figures 10 through 24. The ratio of steady
state pressure to that of the 1962 standard pressure is plotted in Figure 10 for
Flight 1. This profile is represented by the dotted curve. The dashed curve
shows the effects of the pressure perturbation on steady state. This profile is
determined by the productof steady state ratio and pressure perturbation. The
observed ratio (pressure values are listed in the appendix) is represented by the
solid curve. Similar plots for density are shown in Figure 11. Temperature
profiles are plotted in Figure 12. The remaining figures are similar plots for
Flights 26, 48, 50, and 63. The rationale for choosing Flights 1, 50, and 63 in
illustrating the effects of perturbations on steady state has been explained in
Section 3.3. Flights 26 and 48 were included since the largest and smallest
P3's were observed for these flights. In general, the agreement between observed

and calculated profiles is quite encouraging.

Probabilities of profiles are computed by specifying B;. The most likely
profiles corresponding to the parameter B; = 0.0000023 are within 1% of steady
state. Sixty-eight percent of the parameters are expected to lie within one
standard deviation (S = 0.0000092) of the mean. The perturbation envelopes
defined over this range are plotted in Figure 25. The question of whether or not
the observed profiles actually fall within these envelopes is partially answered
by inspection of Table XXI. The model predicts that when B; is within l¢ of the

mean _5-3 then the other parameters By, By, and B, are also within lo of their means.
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The sample means and standard deviations are computed as

B=x Z B
i=1

and

Sz='—‘-]"—

N
N-1 .Z:

(B ;-B)? :

i=1

respectively, where N is the sample size and S? is the standard deviation
squared. The functional means and standard deviations are computed through .
Equations (5) as Ei = bi

+m, B; and o , respectively.
3 i,3

= m, g
51 i,3 B

The standard deviations predicted by the model are in general lower than those

’

of the samples. Certain of the flights are therefore expected to have profiles
lying partially or totally outside the lo¢ envelope of Figure 25. However, the
percent deviations in these cases are expected to be very low (i.e., the

relative deviations from the envelope).

TABLE XXI

COMPARISON OF SAMPLE AND FUNCTIONAL
MEANS AND STANDARD DEVIATIONS

Sample Functional
Sample Functional Standard Standard
Parameter Mean Mean Deviation Deviation
Bo -8.33451 -8.33480 0.26793 0.19958
B1 0.20294 0.20296 0.02857 0.02520
B, -0.000924 -0.000926 0.000908 0.000879
B3 0.0000023 0.0000023 0.0000092 0.0000092
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4. MODEL CONSTRUCTION *

The construction of an atmospheric model based on the findings of this
report is easily and quickly accomplished. The first step is to generate a data
base containing all the necessary information needed to build the model. To do
this one would have to keypunch the data (e.g., the data listed in the appendix)
onto cards and code a program that transfers this information to magnetic tape.
Now that the data is stored on tape it is a relatively simple task to code a
program for generating B coefficients. The program would first compute the
logs of all pressure data for each flight and then use a least squares routine to

fit a polynomial to the data.

Once the B's are determined a linear least squares program computes the
slopes and intercepts of all pairs of coefficients. The model is then developed as

described in Section 3. 5.

* The computer program that performs all the necessary operations is located
at Huntsville, Alabama.
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5. CONCLUSIONS AND RECOMMENDATIONS

Atmospheric models are described in this report as the product of
steady state and perturbation functions. This concept is very useful both for
analysis and computer purposes. It allows one to compute the probability of a
given profile where each profile of pressure, density, and temperature is
completely specified by one parameter. The parameters are normally dis-

tributed with mean 0.0000020 and .standard deviation 0.0000094.

The perturbation profiles indicate that large fluctuations from steady
state at high altitudes greatly affect what happens at the lower altitudes. For
example, positive deviations from steady state pressure at altitudes greater
than 87 kilometers correspond to negative deviations in the region less than 53
kilometers. The cenfral region is effected to a much lesser extent. The
magnitudes of such deviations are controlled entirely by the distribution of
parameters used in the development of the model. The fact that 68% of the
parameters are within one standard deviation of the mean indicates that the
atmosphere over the altitude range 90 to 50 kilometers is close to a steady

state condition most of the time.

A useful feature of the model lies in the fact that if the structure of the
pressure perturbation is known then the density and temperature perturbations
are completely specified. Therefore, expected deviations from the steady state

model can be computed at each altitude.

The limitations of the model depend heavily on the results of Section 3. 4.
The distributions and interrelationships of the parameters were determined
regardless of location or time of year. This fact might well have been the
controlling factor in the resulting correlation of B's. For example, if the

sample data had been obtained from one location only the correlation coefficients
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would be expected to increase. Furthermore an additional increase in
correlation is expected for those B's taken from the same months or seasons.

If these changes do occur it is quite possible that the b's and m's of Equation (5)
will change accordingly. Therefore, it is highly important that extreme care

be taken in correlating parameters.

One further comment on the model is in order. The particular choice
of the third degree polynomial in constructing the model is not necessarily the
optimum. In fact, some of the profiles are better explained by polynomials of
higher degree. However, as Table XIX shows, the correlation coefficients are

generally.lower in these cases.

1t is recommended that future work be concerned with modifications of

the existing model. Specifically, updating of the model should include:

(1) Updating the data base to include more data from specific locations

such as Cape Kennedy and Vandenbe rg.

(2) Extending the model to describe the atmosphere in the altitude range

from 40 kilometers to the ground.

(3) Validating the mathematics of the model. In particular, inves-
tigating the effects of fitting data in terms of the variable z = 80-Z instead of
100-Z. If appreciable changes are noted, it might be feasible to generalize the

fitting variable to arrive at the optimum solution.

(4) Investigating the possibilities of using polynomials of degree higher
than three.
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