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RELATIONSHIPS BETWEEN THE CURVATURES OF TOOTH SURFACES
IN THREE-DIMENSIONAL GEAR SYSTEMS

F. L. Litvin
Institute for Precision Mechanics and Optics {Leningrad)

1. Initial Equationsl : /685%
The surfaces of teeth are, in relative motion, mutually en-

veloping surfaces, and the following equations [1] apply at
their points of contact:

. (]1) : LT 0 o) = el o0 i) 0 L e L2,

Here, r(1) 1s the radius vector of surface Zj, and e(1) is the

‘unit vector normal to this surface in the spatially fixed coordi-

nate system; v(lg) the veloclty vector of polnt M, fixed with
respect to surface I1s relative to the corresponding point fixed
with respect to the surface Is.

Given that we have a three-dimensional gear system that
transmits motion between crossing shafts. The following equations
(1] apply in the vicinity of the polnt of contact of the tooth

surfaces:

T ) e, D by

‘ .5%(@(1) '.'-:u(.l'i)) f_*:..O; ot = const; @t =0 .

For w(l) = const and &(2) = 0, d(iy5)/dt = 0, where i12'= m(l)/wCE)
is instantaneous transmission ratio..
Moreover,

B el .

-~

1 The reader is referred to [7] for supblementary material.

" Numbers in the margin indicate pagination in’ the foreign text.
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Here vél) is the velocity of a point transmitting motion, in /686
conjunction with the surface; v§i) is the velocity of the peoint
relative to the surface of the tooth.

Analogously,

Fp AN e T A e ) e D) = ) X AL pth
(A 0 L 0 = X 0 D

Lo

The vector of relative velocity is calculated from

nEt

g L e e B I X W0 it 08 = oDl
[ tow S L e . X S LN

Here r(l) is the radius vector of the point of contact on the
tooth surfaces (the origin 0 of radius vector r(l) lies on the

line of application of the vector w(l)); R is the radius vector
of an arbitrary point on the line of application of vector w(a)

originating from point 0.

If we transform equations (1.2) and (1.5), we obtain
(1.6)
: I'ng,ﬂ)'# |- ta_(”)‘;-'é?)' = (‘(rl) 4 w2 % e, ‘('_'.‘,” o0 - (ot efl), iy [CENTIA ) =0
The curvature of the enveloped surface in the normal section is
determined using the following equation [2]:

¢l pll)

. . : S : Y} P et s
.(.1\7).. o - 7 fofii) s

The equations of tThe enveloping surfaces are usually signif-
- icantly more complex than the equations of the enveloped sur-
face. For ¢his reason, it 1s desirable to express'thé curvature
of the enveloping surface in the normal section by means cf the
curvature of the enveloped surface and the parameters of relative
motion [31: '

e "i{',,(r'n el % ,,] fol) o p012)] X

: : : : '(25"._."-@*"“’"""“"—"”'“‘ - mpnmm s <
R e (G




In equations (1.7) and (1.8), the sign of the cufvature
is positive if the surface's radius of curvature and the normal

(1)

unlt vector are in the same direction. The vectors e(l) and Vo
are collinear in the principal direction of the surface.

2. The Relationship Between the Curvatures c¢f the Mutually En-
veloped Surfaces in the Common Normal Section Passing Through
the Vector v I/

L. V. Korostelev [4] and A. M, Pavliov [5] suggested deter-
mining the curvatures of the mutually enveloping surfaces of the

teeth in the normal section that passes through the vector of

(12). In this seetion, the vectors v(l), v(a)

relative velocity v T »

(12)

and v are collinear.

We now seek a relationship between the normal curvatures in
the section that passes through vector v(lz). The vectors é(i)
vﬁl), v(lg) (le)xe(l) lle in the plane that is htangent to

the surfaces of the teeth at their point of contact. We resolve

and w

these vectors in the two directions containlng the unit vectors
1 (12) .nd the

direction perpendicular to it.

t-and in corresponding to the direction of v

Curvature in the normal section passing through it is de-
_ termined by the eguation '

@y - =l =y
On the basis of equations_(l.S)—(2.l) we obtain

@g D LGN — ) B — D i (w0, e, ) = 0
(2 J) - [((‘“) (u“n) ‘t — ;\(5” nfl ’)J nﬂ) - psl") (m(l) (-(” *t) ..I., (c“) (u(l") u(l)) o U

T L
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By factoring vé%)-out of equations (2.2) and (2.3), we obtain

-@mf @W—A%MW@QMQQ_GN%AW#N;3 . N
v AP G e ) oo, @D, ) — (U, el =0

Relatidn (2.4) connects the curvatures of the tooth surfaces in
(12) ' pnis relation
can be viewed as a géneralization of the Euler-Savary equation

the normal section passing through vector v

for three-dimensional gear systems. We know that this equation
relates the tooth profiles in planar gear systems when the gears
of the mechanism have parallel axes of rotation. The normal

curvature Kég) of_the enveloping surface can be determined from

(1)
£
Tface, the coordinates of the point of contact and the parameters

relation (2.4) if the normal curvatures

of relative motion and transmltted motion are considered known.

‘In the case in which a motion is transmitted between parallel
- or intersecting gear axes with the aid of a mechanism, the rela-

tive motion can be reduced to a rotation about the instantaneous
axis. For the point of contact of the tooth surfaces that lies
on the instantaneous axis of rotation, we have

iR} = ; '135’1'] = i,

where unit vector it coincidés, in direction, with vector vé%).
Relation (2.4) assumes the following form for- -the case under
consideration:

(012, b}, 4,33

,.-;r-" '.‘I".':" ’ '.', - S ‘“);_; (RN N it S 7 /58
@8 “oa A ) = R T i)

" In planar gear systems (with paréllel'axes of rotation for the

gears), unit vector i, coincldes in direction with the unit vec-
tor of the tangent to the profiles:. In the case of intersecting

axes, unit vector i_ can have any direction.

L

of the enveloped sur-

/687
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3. The Relationskips Between Principal Curvatures in the Case of
Point and Linear Contact Between Surfaces

.. ~ Let us first consider the case in which the tooth surfaces
make contact with one another at one point at every instant. We
wish to adopt the convention of calling the totality of points of
contact on the tooth surface the "line of operation.™

We now determine, for the moving point of contact, a relaticn
between the directlon of the tangent tu the line of operation, the
principal curvatures and the prlncipal
directions of the surfaces in contact
with one another. Let us designate the
unit vectors in the principal directions
on surface El as iI and iII; the unit
vectors in the princlpal dlrectlons on

surface 22 as lIII and iIV; the angle
between directions I and IIT (Fig. 1)
as o3 the principal curvatures of sur-

_ _ face Z as K1 and KII, and the principal
curvatures of surface 22 ‘as KIII and Ky e Let us turn to equation
(1.6) and resolve the vectors in this equation in the directions

of unit vectors iI.and iIi' We observe (Fig. 1) that

g = nﬂl’” COS @ — yiy sin oy D, = vy sing 4- w8y cos oy

g (2 ws o — d¥y sin a; c" ’, = ¢Fy sin g & i3, cos o
Let us also take into consideration that the followlng applies
to the princ1pal directions:

e g atds me=1 (=1, 11) |
o ' m=2 . {(i=1l1V),

T

Ao

i g st
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After several transformations, we obtain a system orf linear
equations of the following %ype:.

Wy €y -h tyg by = by
. l tyy &1+ Uge &y = by
(3_1) g1 &1 ‘|'_ thye & = lfa I |
E""'_n(‘f o= ull; . o R
EE H -“" 1 . . N . -
_‘“u a=t & “1 + 5 [("m “+ ’fn) + ("m - ff1v) cos 3- 0'] ;
: g o
(Im = _u'-’l = ‘;;" (Xu[ —_ qu)r.‘i'lll Z o,
gy ’fn "f o1 l Geyag + -"1\' (ffm — ?fw) cos 2 UJ ;
"y = (cm m(‘ N, ) = g r;ﬁ'—)
i"aa = (9“) w(“) i) = En D}'l" Lo S L R

, ] . gz -
L ((_,(1)’ w““) ' ) =y U( 7 [(“1:1 “l- ”n) + ("m - Hyy) Loy 2 2 g —'“25’— a1y — Hiv) 51"-.2 U3

i . i ' :
- ‘(e(lﬂ, m(lﬂ) " 1) - '2—01 J ("ur - "w) sin 2 o — "i—'[(“m ‘J“ ?fn) - ("m - "-‘1\') ‘50‘*201;

e
oy

3, E ”m [((,,m * v 1’) = (w“’ x v“’)] .

In the case of point contact of the surfaces, VI(_%) and v(%% /688
must possess certain values, For this reason, the system of
linear equations must be consistent. " As is known from linear al-

gebra, this requires that

e

@2 oy ay byl =0,
TR e L T oy byl

NP
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tions of v

By solving expression (3.2), we obtain a relaticenship of the fol-
lowing type (the parameters of motion are assumed to be given):

(33) : R {2, ?fwro'j SUE

-,

Relation {3.3) applies for arbitrary directions of the tan-

. . . . 4 »
gent to the line of operation (for arbitrary ratio v\l): (l) The

_ rl rII
following problem frequently arises: It 1s necessary to determine

.KIII’ Ky and o, 1t being assumed that k. and k are known at the

I II
point of conftact between the surfaces. We can make use of sysftem
of equations (3.1) for this if we initially specify the ratio
(3., (1) (1) _ o (1)

rI VLTI Once we have elirtinated vrI and VrIIj we obtain a

system of two independent equations that relate KyTr and K-v and

g. The missing third equation is obtained if the dimensions of
the deformed contact surfaces are given, which we know to be.
functions of the "magnitude' of osculation of the surfaces, their
principle curvatures and angle o [6].

In the case of linear confact between the tooth surfaces,
the system of linear equations must be valid for wvarious dilrec-
(1) Tne system must be consistent, but the values
(1) and v (1) become indeterminate. This is possible if the

rI rll
rank of the matrix

ap Oy b-‘ll
g g Dy

Mgy g by

is equal to one.

From this it follows that

iy U by r:,.l n.,z by
ay  Uw by ' oty by

()
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If we note that a

57 = 85> We can write the derived equations in
the form '
G4 T O
. A B X A | o . uﬂl_l ”22 U:;z g i ba y
. (3.5° : N R T S ) 2—’]'-1'::-—‘!—
: ( - ) B . . - aal. ba

Only two independent equatidns can be obtained from equations
(3.4), since it must be taken into consideration that

by = dyy — 1 ayy = 0 g by = gy = 01 gy — o ttye

By making use of (3.5) and the equations

' . o Uy Gty
(3.6) : o R s e L
oM S S oyt tlyy

we obtain three relations of the following type for determining

Kypps Kpy and o0 , N
37N . : . , B D g s e e
@D e T .
(3§) S I i1y - sty = ”I'{" #iy -[- S, . ’
GO T ey =BT,

-

I TP .

where - . | . o - /689

= gy thyy , g
by~ 04 diys 4 0 gy -
' 3 !I-"' — ;I
’ G '::l - T 5y e
! )
N o™ ey - 0f1) ay
s Hgt -f-_gﬁ, . .

by oy “k..‘"_‘tlrm tlyy |

b Reduéed Normal Curvature

- Reduced normal curvature refers to the difference between

‘the normal curvatures of the two surfaces I, and %, in their



common section. We shall designate it as

iy | T (TR

We now seek an expression for reduced normal curvature. For

2)

unit wvector iI in the principal direction on surface Zl as q. As

in the preceding section, we resolve the vectors in equation (1.6)

this purpose we designate the angle formed by the vector vé and

in the principal directions containing unit vectors iI'and iII'
We take into consideration here the fact that

SR P QL | 8 el
( u-c) "'_ZV B B " ¥ 1"‘ (A) (l) ,.l- vg'“-')

After several transfermations, we obtain a uystem of two
11near equations of the following type:
(‘j,g).‘ _ i\. . . : { u‘n 51. ‘}' ";;;z 52 =y ,.
IS by &y At Sy =b4s
where . S , _
Eo=0l), & =i, uy =sing, ag= —cosq

by = 04§ cos q— - v§!¥ sin q:

_The coefflclents of the unknowns, 31 and a32, and the free ferm

b3 have already been discussed in Section 3.

If we make use.of equations (k.3), we obtain
' by -k iy, (i — B tuan q)

W T =
((1?-4)2- R - b= (tyy + (132 tan q
Consequently,
e x : ' — By - gy 019 - g V)
o 3 1 I () J T i il BRI Tt} S
. ("!"5) IR . L P H:?‘ 1 !’- _”]. - ._“'le _*__.:““2_ tan q.

We thus obtain the following for normal curvature:

TR L Y, e
(4'0) .‘ . . B . ff( ) .-—’ - (u(‘)).{ I (U(Z)[).\ .




To transform expression (4.6), we make use of the following
relagtions:

: u(‘f = o} 4 o{1®; ”(21 = (uf” -l- iy tan 1;
R #% = &Y + (', e, ) = — »; u“l) + (w“z) e(” 11)
| A — gy o (@UD, 8, 1)

We also ncte that

I ;..“ 5 w }

(cu“ﬂi e, i =— — (e + "y bi‘ﬁ))
(wﬂz) ‘_,“) l“) [ (uﬂi + Hll Uilﬂ})

If we substitute relations (4.7) and (4 8) into expression (4.6)
and transform the latter, we obtain

(am - gy Lan g} cos? 4
O N S IR

The reduced curvature reaches extreme values in two mutually
perpendicular directions [7]:
‘a). in the direction coinciding with the tangent t to the
line of contact of surfaces Zl and 22,
b) in the direction perpendicular to T.

Tn the first direction, kP) = ISI?.I?J. = 0 since k(1) = (@),
Because of this, we obtain
o Ly LT (o™, o1, ll) A Rl
@.1()) S s lange == “ﬁ-qﬁirz'w ((u“) p{l) .“) *| oy n“'-’

For the direction m perpendicular to tangent T,

' o ' (oo
am o= = oL =2

T

'1_0

/690



Lfter substituting (4.11) into (4.9), we obtain

N
(g 5 dys

Y 2 . - - . . x(l')___—-_‘......_.. — i ERETRCI
(12 e by - ety D ety 41

In the case in which a rotary motion is transmitted between
parallel or intersecting axes and the point of contact lies on
the instantaneous axis of rotation,

(! x ¢'M2

— e i=1:2).
(eut!®, el nhity ( !

‘ (4'13) “l‘r’i‘n)x =

Let us now consider the case of point contact between sur-
faces El and 22. It is desirable here to wrife the expression for
reduced curvature in the form of Euler's equation, which relates

the normal curvature with the principal curvatures of the surface:

(4.14)  od?) = 20} 2D me gy cOst (f + %y SINE g — [3pyg CO8? (g — 0) Ay sin® ( — ¢)] .

Here g, as before,-is in the plane of contact of the angle be-

tween the principal direction containing unilt vector i. and the

I
direction in which E(p) is considered.

The reduced curvature also reaches extreme values in two mu-
tually perpendicular directions in the case of point contact
between the surfaces {7]. It is apparent that K(p) = K(p) if

(p) max
dx /dq = 0. From this it follows that
4.15) o an 2 = e —Aay)sinie day
( ) B et ("11 — ) o (g - W) COS 20 gy — g

11
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