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1. Introduction

This paper is concerned with the existence, uniqueness, and asymptotic
properties of a strongly consistent local maximizer of the likelihood
function for a vector parameter in the case of nonidentically distributed
samples and without prior assumptions which insure the existence of a global
MLE. Well known results pertaining to scalar parameters and i.i.d. samples
date back to theorems of Cramér [ 51 and Huzurbazar [11], while results
concerning the consistency of the MLE. under assumptions that insure a
unique MLE, may be found in Wald (171, Wolfowitz [19], and LeCam [12].
Somewhat more recently, Silvey [15] has dealt with the asymptotic properties
of the MLE without independence. Surprisingly however, a correct proof of
the multidinensional version of the combined results of Cramér and Huzurbazar
on the existence of a unique consistent solution of the likelihood equations
when multiple roots occur did not appear until 1977 in a note by Foutz 103,
(see also Tarone & Gruenhage [ 161, Chanda [ 3], and Peters and Yalker [14,Appendix].)
Examples 1 and 2 which follow illustrate the need for a consistency theorem
along these lines which relaxes the assumption of identically distributed
observations.
Example 1 (Observations with missing components): Let Xl’ X2, ... be
independent random vectors in R" whose common density is one of a parametric
family {q(xle)}eeG , where 0 is a subset of RY, Suppose that instead of the
Xi we observe only certain subvectors lel’ Bzxz, ..., where {Bi} is a given
sequence of nyxn matrices obtained by deleting n - Ny rows from the identity.
Clearly we can assume that components are missing at random provided that the

Bi's are independent of the Xi‘s. Under what conditions is there a unique




strongly consistent (and asymptotically efficient) local MLE of @ based on the
observations lel‘ Bzxz. Lo ?

A recent paper by Dahiya and Korwar [6] illustrates that even for a bivariate
normal sample, with several simplifying restrictions on the sample and on the
parameters, the likelihood equation for Example 1 has multiple roots and requires
numerical methods for its solution.

Example 2 (Estimating mixture dens’ty parameters with sample blocks of varying
sizes): Let f(xlrl), f(x}rz), cens f(x{rm) be unknown but distinct members of

a multivariate parametric family {f(xlt))TeT , and let Ay ooy B be the unknown
positive probabilities corresponding to a discrete mixing distribution supported
on {rl, RN rm}. The number m is known. Under what conditions will there be

a unique consistent MLE of the paraneterma = (al. vees Qo 1 Tys eees Tm)
describing the mixture density q(x|o) =z “if(xlTi)’ based on a sample of the

type Xl, X2, ..., Where the Xi are indeggident and each Xi is itself a random
sample Xi = (xil’ cees xiNi) of known size from an unknown component density
f(XiIi)? In this example the parameter 0 is only locally idemtifiable. Moreover,
it can easily occur that the likelihood function is unbounded [(91; hence, the

need for a consistency theorem for local maximizers is especially clear.

The practical importance of Example 2 is indicated by the fact that
estimation of mixture density parameters is often proposed as an alternative to
the clustering of large amounts of multivariate data [181. The asymptotic
properties of the MLE are of interest because of the prevalence of large sample
considerations in judging cluster validity [8], even though it may be difficult
to argue for a statistical basis for a given clustering problem. The presentation

of the data in blocks of varying size may occur when the primary sampling units

are grouped by physical or spatial associations (see (2] and [13] for an



application of this idea in the analysis of pictorial data.)

Finally we remark that the existence and uniqueness of a consistent solution
of the 1ikelihood equations bears un the numerical problem of obtaining the
estimate. Each of Examples 1 and 2 is a missing data problem (in Example 2
the random variables which indicate the component population of origin are missing);
thus, a natural numerical procedure for obtaining a MLE is one derived from the
generalized EM procedure of Dempster, Laird, and Rubin [7]. Such a procedure
increases the value of the likelihood at each iterative step; however, this is
no guarantee of convergence, since the likelihood function may be unbounded.
Generally speaking it is possible to show that the Hessian of the log likelihood
is negative definite near the consistent solution of the likelihood equations.
Thus, the generalized EM procedure is convergent to it given a good enough starting
value (see (141 for a thorough discussion of numerical properties in the case
of a mixture of multivariate normal distributions.)

Throughout this paper the symbol Ee will denote expectation with respect to
a distribution determined by a parameter 0 and Du' Dﬁ.v etc. will denote differen-
tiation or partial differentiation with respect to scalar or vector variables u, v.
For a scalar vilued function, vu will denote the gradient with respect to an inner
product which will usually be understood from the context. Given an inner product
<-|-> and a vector o, the symmetric k-linear form f(nl. Cey nk) =1l <o|ni> will
be denoted by <ol'\k. Thus, for example, we may write the covariai:é of a statistic
S as CovT(S) = E {sS - ET(S)I-\Z}. The largest and smallest eigeavalues of a

symietric positive definite operator A will be denoted respectively by p(A) and

a(A).



2. A General Consistency Theorem. Let O be an open subset of RV and for each

positive integer r and each 0 ¢ 0, let 4r('|e) be an N.-variate density with

respect to some fixed o-finite measure A, on RNr. Let 6° ¢ 0 and let xl. cens

Xp, ... be a sequence of independent random vectors with X, having density qr(-|e°).

For 8 ¢ O define

p
L,(6) = I log qp (X.|6)

r=1
Theorem 1: Suppose
. (o] -
(1) ,(Nr Dy q,. (x]6°) dx (x) =0,
(i1) f 2 0 -
N Dy a, (x]6”) dr.(x) =0,

and that there is a constant M, functions fr’ a neighborhood Q of 6° and Ar-null

p

sets Ar in R’r such that for all r, 6 € Q,x ¢ Ar’

3 . _
(i11) Iy .. 0 1094, (x|o)ls f (x) iy k=1, ..., v
i’ 73k
. 2
(iv) Eqolf (X)) < M
4 .
(v) EqolIDy 109 q (X.16°)27} < M i=1, ...,V
. 2 0y+2 .
(vi) E_ { ————jL-———-[ D q. (X.]6")1°) < M i, =1, ...y v
¢] qr(erBO)Z ei ,ej r \
and
p
(vii) there exists ¢ > 0 such that %-X Jr(e°) > ¢ IV for sufficiently large p,
r=1

T . . .
where Jr(0°) = EqolVy log q, (Xrlﬂo) Vo 109 q, (XrIOO)}, I, is the identity on
RY, and the ordering is the usual one on symmetric operators. Then there is a
neighborhood q° of 6° such that with probability 1 there is an integer P such

that for p > p, there is a unique solution 6P in 0° of the likelihood equation
1



e -

DeLp(e) = 0. Furthermore, 6P » 6° as p + = and 6P is a maximum 1ikelihood
estimate. The consistent estimator 6P is asyrmptotically normal and asymptotically
efficient.

Proof: In the proof we make repeated use of the following version of the strong
law (4, p. 103]: let Zl' Z,, ... be uncorrelated random variables such that

the variances of the Z, are bounded. Then %jgl(zu - E[Z;)) » 0 as.asno e,

.18 9}
Let Sp(e) 5 rEIDelog qr(xr]e). By (i) Eeo{Sp(e )} = 0 and oy

(v) S p(9°) +0 a.s. as p + =, Consider the vxv matri. Dosp(e°) whose i, jth
element is
1 P2 oy .1 P 1 2 0
= LD log q (X |6°) = = § ——"——1D q.(Xx_]6")
-1 g Dy log qr(xrleo)oe log qr(xr|e°).
Pr=1" j

By (ii) the expected value of the first term on the right is zero. Hence, by
(v) and (vi)

p
DS (0°) + &
o%pl0) *p 2

J (6°) + 0
r=1 r

a.s. as p » =, Thus, with probability 1, if 0 < n < ¢/, there is P, € N
so that for p 2 P,
o}
DeSp(e ) s -2nl .

Without loss of generality we can assume Q is convex. For 6 ¢ Q,

1 P2 2 o
5 2D log q (X [8) - D log q.(X _|6")]
p r=1 ei'ej rr ei.ej r'r
1 PV oy 1 n3 ) o
<= zle -0 sa D logq (x |67 + t(6 - 67))|dt
p r=l k=1 k k 0 OI.OJ"()k r r
] PV o
<=t zrlo, -o |f(Xx)
P re1 k=1 k k''r‘’r



With probability 1, for large p
p
1 1
1 'Elfr(xr) S14d T Elf, (X))

<1+ Mls .

It follows that for any particular norms on R and on the syrmetric vxv matrices
there is a constant M such with probability 1 there is a positive integer Py
such that for p 2 Py 6e¢Q,

[10g3,(8) - DgSp(e°) 1 s Mlle - 6°l] .

Thus there is a convex neighborhood o° of 6° such that

DeSp(e) s - nl

for all 0 ¢ °, P2py- It now follows that for p > Py Sp is one to one on

@° and that the image under Sp of the sphere 96(e°) at 6° of small radius 6
contains the sphere QnG(Sp(eo)) at Sp(eo) of radius nS§. Since 0 is eventually
in Qné(sp(eo)) there is a unique solution of DeSp(e) = 0 in 06(00). Since
DGSp(o) is negative definite, this solution is a MLE.

p

Let Xp z % ) Jr(0°). The Cramér-Rao lower bound for p observations is
r=1

1

verified without difficulty to be (p zp)“ . By (v), (vii), and Liapounovs

Theorem (4, p. 2001,p® z;‘* $(6°) is asymptotically distributed as N.(0, 1).
Moreover, in a neighborhood of 0° we may write

- 0 _ a0
sp(e) = sp(e ) + A(e)(6 - 67)

where A(0) - DOSP(OO) as 8 + 687, It follows that with probability 1.

P
for large p. Since DGSp(GO) + xp + 0 and A(6P) - DOSp(OO) with probability 1,

p? z: (P - %) = - x§ AeP) 1 5% p g

o
p SP(O )



the expression -zz A(ep)'lzz converges almost surely to the identity. Therefore,

p* z: (6P- 8°) is asymptotically N,(0,1) and o 1s asymptotically efficient.

This concludes the proof.

3. Applications.

Suppose that in Example 1 cne xi have a common n variate normal distribution
Nn(u, £) and it is desired to estimate u, I by maximum likelihood based on the

observed components lel' Bzxz, ...y B X . The Yikelihood equations for u and

PP
5 are
(3.1) P 8Te_ z8")" 1By b 8l(e 87) " 1g x
\J- PR ¥ pep T re
and

P aTia ra1-1n = & aT(n o)1 LTI T
(3.2) rflsr(arr.ar) B, ~r§lsr(srmr) B.(X. - w)(X. - u) B.(BIB)7'B, .

and have no explicit sclution, although for given L (3.1) may be solved explicitly

for u provided that the matrix an the left of (3.2) is invertible.

th

Components i and j are paired in the observation Brxr if both tne i~ and

jth columns of Br contain a 1. Let ¢(i, j, p) denote the relative frequency

.th

' and J

with which the itt components are paired in the first p observations

B --.BX.aﬂd ]et ¢l(io\])=]im Q’(iojo p) .

1710 ) b =
Theorem 2: Let XI' Xos oo be independent, identically distributed according

to Nn(u. n). If @1(1. j) >0 foralli, j=1, ..., n, then there is a unique
strongly consistent solution of the likelihood equations (3.1) and (3.2), which
has the asymptotic properties given in Theorem 1.

Proof: The only one of conditions (i) - (vii) in Theorem 1 which poses any



difficulty is number (vii). For 6 = (u, L), the information matrix Jr(e)
corresponding to the density of srxr.
9.(-[6) = Ny (Bu, BrXBI) .
is
ur(e)| 0
o | u.lo)®u,le)

(3.3) 3.00) =

= RT Ty-1
where Ur(a) Br(BrZBr) B, , and the Kronecker product Ur(e) d;lJr(e)
represents the symmetric operator on n x n real symmetric matrices S (with
trace inner product) defined by Ur(o‘SUr(e) . Thus (vii) is satisfied if for

each I there exists ¢ = ¢(I)>0 such that for all p sufficiently large

12 voTn caTy-lpg 5 o T
(3 4) 5;212 B.(B,2B,)" 8.2 <22
and

1 P 1 Ty=1ly 12 2
(3.5) B-rrE-lTrIBr(BrIIBr) BrS] > €TrS

for all Z « R" and symmetric S. However, (3.5) implies (3.4), as can be seen

by taking S = ZZT. Hence, it suffices .0 establish (3.5) under the stated

hybotheses.
How, Te(87(8,187) 718 5 17
= 7r0(8,287)71(8"58]) 12
= 1r((8,:87)7%(B_s87)(B rB]) "2
+ o1 (8,281) 7% @ (8_187) ™) Tr(8 s8]
But,

T, Ty T Tys
of(Br}ZBr) @ (BrEBr) ] I/Q((B;_ZB',) O(Br)‘.Br) ]

and



p{(sr,}:lsl‘)Li ® (Brzsl)"J . 3up 1Tr(ﬂ,,}:a:)'5 A (erml) A (arxal)"
ra“s

*_sup Trf(B}:B'T,)A]2
<1

Tra

T T
= Su TriB AB 1B AB
TrAgs1 e

= sup Tr[£581A8r£%]2

Tra‘s1
ey Pl s‘igﬂrrraf_asgz
« plri@rh .
The last equation follows from BrBI = I, . Hence,
Tr(ol (8 187) 18 517 > otz @ 57 Tr(s s8] 1
= olz™* @ ) Tr(e]8 sBlB 12
Therefore,
L8 reaT(e z8T) 8 502 ~ oz @ 7 - L7 Tees'B 5878 12
Pr.l r-r-r r p'_=l rerr
ORE:) z"*m%—rgl(aler) @ (818, ) iTrs?
Since eventually
o1} T (6]8,) @ (25,1 > ARG
(vii) follows upon taking ¢ - % min ¢, (1,j) - p{)#’dﬂ Xgl * QED.

i,J
The second application of Theorem 1 is *: the prchblem outlined in Example
2. We assume that the unknown component densities f(xlri) are from a regular

exponential family (see [1] for definitions) with minimal canonical representation
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(3.6) f(x|t) = C(1) exp <1|F(x)> (te7T)
with respect to a o-finite measure A, where T {s an open subset of a finite

dimensional space V with inner product <-|->. We also assume that for distinct

Tys -+o» T o the functions eTIF(x)> - o<tnlFlx)>

m
components of F(x)e<TtIF(x)>,

» together with any
ey F(x)emlF(x)> 4 linearly independent

(Al. The joint density of X, = (x,l. cens xr"r). aiven that X. is a sample
from f(x|t,) is
(2.7) Pex.l1g) = v (rg)expety |6 (x )>

)

where X, = (xrl' cees X

v(1,) = C(rz)Nr
and

H

Xr F(x_.)

G (x) =
LA rj

The log-likelihood for the parameter 0 = (aj, ..., ap _1s qs - 0 T) Of

Example 2, based on the sample xl. ceey X s

p
P
(3.8) Lp(e) =T log qr(xrﬁe) R
r=1
where
"
{3.9) qr(xrie) =1§1u2 pr(xrlzl)

and pr(xrlri) is given by {(3.7). The followina lemma collects some facts
about exponential families which we require. For proofs, see Barndorff-

Nielsen (1] .
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Lemma 1: Let (1) be a canonical representation of an exponential family.

For T ¢ T let k(1) = - In.C(t) = In fnexp<1|F(x)>dA(x)
R

Then
(i) For each t ¢ T, F(x) has moments of all orders with respect to
f(x|t);

(ii) «(t) has derivatives of all orders which may be obtained by
differentiating under the integral sign. D:x(r) may conveniently
be represented as a symmetric k-linear form on V whose coefficients
are polyromials in the first k moments of F. In particular,

(iii) D x(t) =<E_(F)]-> = s <F(x)|->F(x]|t)dr(x)
T T Rﬂ
and
(iv) D2(1) = cov (F) = £<F - E_(F)|->2F(x]1)dA(x) ; D%k(t) is
T T RN T 't
positive definite.

(v) x(t) is strictly convex on T.

We are now ready to establish consistency of the MLE in Example 2.
Theorem 3: If the numbers {Nr} are bounded and Lp(e) is given by (3.8)

then with probability 1 there is a unique consistent solution of DeLp(e) =0

which, moreover, is a MLE of the parameter 0° = (a?, ceen a;_l, r?, ey r;)

and is asymptotically normal and efficient.

I )

derivatives of q (x.[8) up to order 2 are:

Proof: Write ”r(Tz) = E (G) ; U(Tl) = E (F). Using Lemma 1, the nonzero

(3.10) Dazqr(xrle) = pr(xr‘Tz) - pr(erTm) , 1<2 <ml

(3.11) Dqur(xrle) = alpr(xrsz)iGr(xr) - “r(Tz)l'> , l<o<m



2 - .
(3.12) Drz,alqr(xrle) = pr(xrlrl)<Gr - “r(rz)l >, 12 sml

2 - .
(3.13) Drn’ag qr(xrle) = -pr(xrlrm)<6r - ur(rm)l >, 1 <2 <ml
(3.14) Dflqr(xrle) = “zpr(xrlTi){<Gr - ur(Tl),'>2 - covTQ(Gr)} , <2 <m

Conditions (i) and (ii) of Theorem 1 follow immediately from (3.10) - (3.14).
Similarly, using Lemma 1 and the boundedness of {N.}, conditions (iii) - (vi)
of Theorem 1 are readily verified. It remain to verify (vii). We may write

Jr(w) in matrix form as
Il 0 A B I1 0
Jr(e) = E

L 3
0 ere B“ Cr 0 erz

where I1 and 12 are respectively the identity operators on Rm'1 and V" and

12

(0, (X 7g) = P0G T, ) 10Xl T) = B (X e )1
Ar= - 2 R.,k=1, 2oy m-l
q.(X_[e)
B - /akpr(xrlTk)[pr‘xrlTE) " pr(xrle)] N-%<<G = ult )] 2 =1, ..., m-1
- ]
r qr(xrle)z r r r'k k=1, .m

aganp (X |7 )p (X fr,)
¢ = (ALt kvl -t K6 - u (1)) ke e=1, .l
2 r'r r'k r r'f
q.(X_.[8)
The assumptions concerning the linear dependence of the functions exp<t|F(x)>
and F(x)exp<t|F{x)> insure that Jr(o) is positive definite for each r.
Condition (vii) will be established once it is shown that the smallest

eigenvalue of Jr(o) is bounded away frop zero as N. -+ .
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Clearly,

A B
o(J.(8)) 2 o <Ee : r )
_ B, C

= exp {-Nr[x(fz) - K(Tk) - <1y - Tkiﬁl~ G.>1} .
r

Observe that

pr(xr.Tk)
If Xr is a sample from f(xlrk), then the expression in square brackets
converges to

K(Tl) - K(Tk) <1y - Tk}ETk(F)> = K(Tg)‘— K(Tk) - K'(Tk) . (12 - Tk)

which is positive by the strict convexity of «. Hence,

Pa(X,lty)

- +0 as M -»=,
pr(Xr[TkS r

Therefore,
r 1
PrlXplgdpe(Xeiny ) : PrlXplty)
1 ax e | a.x.le)
converges to 0 if ¢ # k and éf' if £ =k as Nr + o, Thus,
k

é
1, ek e
E(A] - (——7 + = ) as N_

a a
m k

. . -4 _ . . . .
Given that Xr is from f(x!rk), Nr (Gr ur(rk)) converges in distribution
to a normal random variable Z with mean zero and covariance covT (F).

k

Hence,
pe(X1Tp)

-1
g 1o e (G - uplTy))



converges in distribution to O if & # k and %— Z if ¢ = k.
k

Let A be any element of V and consider

N
=y _ 4 _ -2 r 4
(NZF <G = () 17 = L <FIX) - Erk(F)M>]

After expanding and taking expectation with respect to O it will be seen

that the only nonvanishing terms are those of the form

\2 2.
ETRB:F(er) - ETk(F)IAf <F(X.p) - ETk(F)IA> 1

Np

of which there are Nr + (2

) = o(x?). Thus

-1, 4
Erk[nr <Gr - ur(rk)|A>l
is bounded as Nr + o, It follows from a standard theorem on convergence of
moments [4, p. 951 that
poX 1)

S (e, - ulr ) | 20 as N
k| q.(X.j0)
Thus EG(Br) + 0. Similar reasoning shows that

Eg(C,) (Gkicovtk(r))

as Nr » =, Therefore o(dr(n)) is bounded away from 0 and this concludes

the proof.

4. Concluding Rermarks.

Theorem 3 remains true under weake assumptions then the boundedness
of the sample sizes Nr’ but nothing like the approach cmbodied in Theorem

1 will work without some restrictions on Nr. Nevertheless, it is far from

14
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intuitively clear that restrictions are needed for the existence of a
consistent MLE. Similarly, it seems plausible that the assumption in
Theorem 2 that components be paired with nonzero asymptotic frequency
might also be weakened. In certain cases, e.g9., when a normal mean is

to be estimated from data with missing comporents and the covariance is
the identity, the existence of a consistent MLE with desirable asymptotic
properties can be shown under weaker hypotheses than those derived from
Theorem 1. The condition in Theorem 1 that ¢1(i, Jj) > 0 for all i and j
is nevertheless reasonable since it is equivalent to the condition that

the Cramer-Rao lower bound be of the order of % as p +» =,
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