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Abstract 

A correction to the reported liquid-liquid equilibrium parameters using the non-

random two liquid (NRTL) thermodynamic model for the ethanol/toluene/n-decane 

system at 298 K is reported. The parameters were calculated by minimising the 

residual between the calculated coexistence and the experimental compositions. 

However, to obtain a physically plausible coexistence curve, a parameter in the NRTL 

model had to be fixed. This highlights the importance of assessing the entire 

coexistence curve, as opposed to only comparing the calculated compositions to the 

experimental data points. This is because undertaking the regression for all the 

available parameters will result in a smaller residual and better fit of the calculated 

points to the experimental points.  This leads to an apparent improved fit but the 

complete coexistence curve will show that the parameters are not physically plausible. 
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1. Introduction 

The NRTL parameters presented by Mohsen-Nia [1] for  

ethanol/toluene/n-decane at 298 K produce a liquid-liquid equilibrium (LLE) 

coexistence curve that is entirely different from that which is experimentally reported 

in the same work. This paper identifies the causes of such inconsistency and provides 

a correction to these reported parameters. Before outlining the regression method used 

and the correct parameters, an overview of the thermodynamic requirements for two-

phase liquid-liquid coexistence is presented. 

 

2. Thermodynamic requirements 

A system is only thermodynamically stable if the Gibbs energy, 𝐺 , is a global 

minimum. This condition is both necessary and sufficient. Accordingly, the chemical 

potential energy of species 𝑖, 𝜇𝑖 , is constant across all phases [2]. This criterion is 

expressed in terms of the component activities, 𝑎𝑖, which are related to 𝛾𝑖 for liquids, 

between phase 𝐼 and 𝐼𝐼:  

𝑎𝑖
𝐼 =  𝑥𝑖

𝐼𝛾𝑖
𝐼 = 𝑥𝑖

𝐼𝐼𝛾𝑖
𝐼𝐼  = 𝑎𝑖

𝐼𝐼                                                                                                     (1) 

Equation (1) is known as the iso-activity criterion. It is only a necessary 

equilibrium condition, as it could occur at a local minimum. The iso-activity criterion, 

in conjunction with a molar balance over the two phases, is preferred over minimising 

𝐺 to determine the LLE tie-lines, as it is less computationally expensive [3].  

For VLE systems the iso-activity criterion is:  

𝑥𝑖𝛾𝑖𝑃𝑖
𝑣𝑎𝑝

 = 𝑦𝑖𝑃𝑡𝑜𝑡                                                                                                                    (2) 

where 𝑃𝑖
𝑣𝑎𝑝

is the vapour pressure of 𝑖 and 𝑃𝑡𝑜𝑡 is the total vapour pressure. Equation 

(2) shows that for VLE systems it is possible to obtain an explicit value for 𝛾𝑖, which 

is not the case for LLE systems as seen in Equation (1). This, coupled with the highly 

non-linear nature of the activity coefficient models due to multiple exponential terms, 

makes obtaining physically meaningful LLE parameters difficult.  

An alternative to minimising the iso-activity criterion residual is to minimise the 

residual of the predicted tie-line compositions: 
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𝐹𝑥 = ∑ ∑ ∑(𝑥𝑖𝑘
𝑗

− 𝑥̂𝑖𝑘
𝑗

)
2

𝑀

𝑘=1

  

2

𝑗=1

                                                                                               (3)

3

𝑖=1

 

where 𝑖 is the component, 𝑗 is the phase, 𝑘 is the number of tie-lines (with 𝑀 the total 

number of tie-lines) and 𝑥𝑖𝑘
𝑗

,  𝑥̂𝑖𝑘
𝑗

 are the experimental and calculated mole fractions, 

respectively. However, solving for 𝑥̂𝑖𝑘
𝑗

 requires solving the iso-activity criterion at 

each tie-line, where Equation (1) is adjusted to make 𝑥̂𝑖𝑘
𝑗

 the subject of the equation. 

Equation (3) reflects the overarching objective of the LLE regression, that is, 

obtaining a good fit of the calculated and experimental compositions whilst ensuring 

thermodynamic consistency. The highly non-linear nature of this objective function 

results in multiple local minima. These local minima parameters are 

thermodynamically inconsistent. The difficult nature of the thermodynamic models 

often results in the degree to which the right-hand side and left-hand side of the iso-

activity criterion differ being relaxed, or increased, in LLE regression. Since there are 

numerous compositions that are able to satisfy the iso-activity criterion with a small 

residual, inconsistent solutions are often obtained [4]. Thus, the iso-activity criterion 

must be enforced with an absolute residual of at most 10−4 to obtain a consistent 

solution. 

The difficulty in LLE regression is compounded by the fact the NRTL model is 

able to correlate randomly generated LLE data, with similar objective function values 

as actual experimental data. Furthermore, the regressed ternary system parameters are 

typically unable to model the binary subsystems VLE using the NRTL model [3]. 

This highlights that even though there is a physical basis for the NRTL model, it 

remains empirical for LLE systems. 

A recent comprehensive review published by Marcilla et al. [5]  has indeed 

highlighted that many published parameters and LLE data contain serious 

inconsistencies, which were not detected due to the erroneous common conclusion on 

a good agreement between experimental and calculated tie-lines using these 

inconsistent parameters. The review identifies a series of possible causes for such 

inconsistencies and proposes a strategy to validate such parameters and ensure their 

consistency and quality. 
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3. Method and results 

The NRTL parameters reported by Mohsen-Nia [1] produce a coexistence curve 

that is both inconsistent with the experimental data and vastly different from what is 

presented in the author’s paper. The reported parameters erroneously predict that 

ethanol/toluene is partially miscible, as shown in Figure 1. Krishna [6] obtained the 

same erroneous coexistence curve when using these reported parameters. It is 

uncertain as to how these parameters were obtained, as no information or detail 

regarding the regression is provided.  

Considering that Equation (1) is the dominant regression technique, it is expected 

and indeed found that many reported ternary parameters are thermodynamically 

inconsistent [4]. This is because, as discussed earlier, Equation (1) is only a necessary 

condition, which does not ensure that the solution is a global minimum. Furthermore, 

Equation (1) merely ensures thermodynamic consistency but it does not ensure that 

the calculated compositions compare well with the experimental data, as it is the case 

with Equation (3). In this work, the parameters for the ethanol/toluene/n-decane 

system are regressed using Equation (3). The tangent plane method [2] is used to 

confirm that the solution obtained is thermodynamically consistent.  

 

Figure 1. Comparison of experimental LLE data for ethanol/toluene/n-decane at 298 K against the LLE obtained 

from the literature NRTL parameters provided by Mohsen-Nia [1] and complete regression of all the 

NRTL variables. Both sets of parameters yield inconsistent coexistence curves. 

 

The ternary NRTL model has nine parameters, two interaction parameters for each 

binary system (𝜏𝑖𝑗and𝜏𝑗𝑖) and one non-randomness parameter for each binary system 

(𝜀𝑖𝑗). Considering that there are only five experimental tie-lines available, there are 

only 15 constraints (three iso-activity relationships for each of the five tie-lines). 

Therefore the system is only weakly overdetermined, as there are only 15 equations 

for the 9 variables Thus, obtaining a physically consistent model is unlikely.  

Indeed, regressing for all the parameters resulted in unphysical predictions, as seen 

in Figure 1, as the model incorrectly predicts that ethanol/toluene are only partially 

miscible, which is clearly not the case. An improved fit could be obtained by having 

more experimental data at intermediate 𝑥n−decane . This stresses the importance of 



6 

 

obtaining tie-lines close to the consulate point, as these data points have a large 

influence on the regression.  

To overcome these unphysical conditions, certain model parameters must be fixed 

to physically meaningful values. As few variables as possible must be fixed, as this 

reduces the quality of the fit by reducing the degree of freedom of the regression.  

The best NRTL solution that correctly predicts the complete miscibility of 

ethanol/toluene required 𝜀12 to be fixed at 0.47, which the recommended value for a 

self-associating/non-polar binary systems [7].  

The root-mean-square deviation, RMSD, for the regression is defined as: 

𝑅𝑀𝑆𝐷 = (∑ ∑ ∑
(𝑥𝑖𝑘

𝑗
− 𝑥̂𝑖𝑘

𝑗
)

2

6𝑀

𝑀

𝑘=1

  

2

𝑗=1

  

3

𝑖=1

)

0.5

                                                                      (4) 

The RMSD values for the regression analyses are provided in Table 1. 

 

Table 1.  RMSD for ethanol (1)/toluene (2)/n-decane (3) LLE regression at 298 K. 

 

Figure 2.  Experimental and regressed NRTL LLE coexistence region for ethanol/toluene/n-decane at 298 K. The 

experimental and calculated points overlap showing excellent consistency.  

 

The physically consistent NRTL parameter values are provided in Table 2. The 

resultant coexistence curve is provided in Figure 2. The standard errors were 

determined by a local linear approximation of the variation in the sum of squares with 

the regression parameters. From Figure 2 it can be clearly seen as the predicted curve 

matches very well the experimental data reported for the system.   

 

Table 2.  Regressed NRTL parameters at 95% confidence level for ethanol (1)/toluene (2)/n-decane (3) at 298 

K, with 𝜺𝟏𝟐 = 𝟎. 𝟒𝟕 using Equation (3). 

 

 

4. Conclusions 

The current parameters available in the literature for predicting LLE of 

ethanol/toluene/n-decane at 298 K give an incorrect coexistence curve, which leads to 

unphysical results. Furthermore, the resultant coexistence curve does not match the 
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reported experimental data. In this work, the correct NRTL parameters for the system 

are determined by minimising the difference between the calculated coexistence and 

the experimental compositions. These parameters are an improvement over those 

provided by Mohsen-Nia [1] and provide a physically plausible two-phase 

coexistence curve that agrees with the experimental data reported for the system. The 

determined parameters can therefore be used when performing thermodynamic 

modelling of this system. 
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Nomenclature 

𝑎𝑖 Activity of 𝑖 - 

𝐺 Gibbs energy J.mol-1.K-1 

𝑀 Total tie-lines - 

𝑃𝑡𝑜𝑡 Total vapour pressure bar 

𝑃𝑖
𝑣𝑎𝑝

 Vapour pressure of 𝑖 bar 

𝑥𝑖 Mole fraction of 𝑖 in the liquid - 

𝑦𝑖 Mole fraction of 𝑖 in the vapour - 

𝑥̂𝑖 Activity coefficient model calculated mole fraction of 𝑖 - 

Greek Letters 

𝜀𝑖𝑗 NRTL non-randomness parameter between 𝑖 − 𝑗 - 

𝜇𝑖 Chemical potential energy of 𝑖 J.mol-1.K-1 

𝛾𝑖 Activity coefficient of 𝑖 - 

𝜏 NRTL 𝑖 − 𝑗 interaction parameter - 
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