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Abstract. We consider the inverse boundary value problem for the system of equations describ-
ing elastic waves in isotropic media on a bounded domain in R3 via a finite-time Laplace transform.
The data are the dynamical Dirichlet-to-Neumann map. More precisely, using the full symbol of the
transformed Dirichlet-to-Neumann map viewed as a semiclassical pseudodifferential operator, we give
an explicit reconstruction of both Lamé parameters and the density, as well as their derivatives, at
the boundary. We also show how this boundary reconstruction leads to a decomposition of incoming
and outgoing waves.
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1. Introduction. We let Q C R? be a bounded domain with a smooth boundary
09). We consider the following initial boundary value problem for the system of
equations describing elastic waves:

p02u = div(Ce(u)) =: Lu in Qp = Q x (0,T),
(1.1) u=f on¥X=00x(0,T),
u(z,0) = dpu(x,0) =0 in Q2

with f(z,0) = 0 and %f(x,O) = 0 for z € 0. Here, u denotes the displacement
vector and e(u) = (g;(u)) = (Vu + (Vu)T)/2 the linear strain tensor which is the

symmetric part of Vu. Furthermore, C = C(z) = (Cyjm(x)) is the elasticity tensor
and p is the density of mass. We assume that C is isotropic, that is,

(1.2) Cijri(x) = )60 + () (0ir 61 + 0ird k)

with Kronecker’s delta 6;; and Lamé moduli A, p € C*(€2) such that y > 0 and
A+2p1>0o0n Q. Also, p € C*®(Q) and p > 0 on .

The hyperbolic or dynamical Dirichlet-to-Neumann map (DN map) Ar is defined
according to

(1.3) Ap: H3(Z) 3 f = Opu = (Ce(u))v|aq € C([0,T], HY?(09Q)),

where u is the solution of (1.1), Ce(u) is a 3 x 3 matrix with its (i,k) component

(Ce(u))ik given by (Ce(u))i = Z?,l:l Cijrieri(u), v is the outward unit normal to
092. Physically, dr,u denotes the traction at 0f2.
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In this paper, we consider the inverse problem of recovering A, u, p, as well as
all their derivatives, at the boundary 92 from Ap. Our major result for this inverse
problem is as follows.

THEOREM 1.1. The DN map Ar identifies A\, i, p and all their derivatives on 02
uniquely. There is an explicit reconstruction procedure for these identifications.

Remark 1.2. Since the procedure we present to recover A, u, p and their deriva-
tives at 0L is local, we also have a localized version of Theorem 1.1 with partial bound-
ary data. That is, in the definition of Az we can replace (Ce(u))v|aa by (Ce(uw))v|r,
and confine the boundary sources, f, to those with supp f(.,t) C Ty (t € (0,7)),
where I'g is a relatively open subset of 9Q2. We can recover A, u, p and all their deriva-
tives at I'g. As an additional explanation for this which should be given later, see the
last paragraph of section 2.

The uniqueness of the inverse problem considered here was established by Rachele
[16], but giving a procedure to recover the parameters, (), p, p), has been left open
for over 15 years. One of the complications is the occurrence of two metrics in the
dynamical system of equations that cannot be straightforwardly separated at the
boundary. Indeed, the usual special solutions including high-frequency asymptotic
ones or progressive wave solutions based on polarization decoupling are coupled at
the boundary.

Moreover, the determination of (A, p, p) on the boundary implies the following.

COROLLARY 1.3. In addition to the conditions appearing in Theorem 1.1, let

A, i, p be real analytic in the neighborhood of Q. Then Ar determines uniquely X, ju, p
on €.

A brief remark for this corollary should be given. Although there is a more general
result by Rachele [16, 17], the context and argument of deriving this corollary differs
from those of Rachele’s.

For the static elastic inverse boundary value problem, an explicit reconstruction
of A and p at the boundary from the full symbol of the static DN map was obtained
[13, 14]. For the reconstruction of a transversely isotropic elasticity tensor, see [15].
The approach was originally developed by Sylvester and Uhlmann [21] for the elec-
trical impedance tomography problem. The approach is also applied to Maxwell’s
equations [20, 12]. We generalize this type of reconstruction to dynamical elastic
inverse boundary value problems. We note that our procedure is quite general and
can be extended from isotropy to anisotropy with certain symmetries, which is the
subject of a forthcoming paper.

The key component of the reconstruction is a connection between Ar and the
asymptotic expansion of the DN map, a semiclassical pseudodifferential operator A*
say, for some elliptic system of equations containing a small parameter h via a finite-
time Laplace transform. Ikehata has been using the finite Laplace transform effectively
to develop his enclosure method both for parabolic equations and hyperbolic equa-
tions; see [8] and reference therein. For the convenience of our description, the partial
differential operator of this system is referred to as M. We will identify (X, u, p) and
all of their derivatives from A" by factorizing M into the product of two first order
semiclassical pseudodifferential operators with small parameter h = %, where 7 is
nothing but the Laplace variable of this transform. Also this factorization is noth-
ing but the one used to provide the up/down going decomposition of waves which is
equivalent to the incoming/downgoing decomposition of waves in the Laplace domain
(see Figure 1). Further this decomposition can be linked to the corresponding de-
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incoming waves

Fi1G. 1. Incoming/outgoing waves.

composition in the space time domain. We will briefly discuss this connection more
precisely at the end of this paper. The up/down going decomposition for scalar waves
is discussed in [19], and for elastic waves in [6]. In this paper, we connect the up/down
going decomposition with the DN map.

Concerning our inverse problem, there are two byproducts of the factorization.
One is the explicit form of the principal symbol of A”(s) and the relation of its s-
derivatives to the nonprincipal symbols of A”(s). Here A"(s) is the DN map defined
likewise A" on the boundary I'(s) of the subdomain Q(s) = {z € Q : dist(x, 9Q) > s}
of Q with 0 < s < 1. The other is that a modification A(s) (cf. (3.20)) of A™(s)
satisfies a Riccati-type equation. By solving the Riccati-type equation, which is an
initial value problem, one can propagate the data into at least a thin layer near the
boundary. This technique is known as invariant embedding in extensive geophysics
literature [2, 4, 5, 6, 11].

Knowing all the derivatives of the coefficients at 92 and using the Riccati equation
for A(s), we can generate an approximation of Ar(s) on I'(s). Then, we can get an
approximation of A, i, p and their derivatives at I'(s). Repeating this process, leads to
an approximation for A, u, p layer by layer in the interior of €2, using the DN map Ar as
the data. The associated algorithm is called layer stripping. The layer stripping was
first developed for the electrical impedance tomography problem in [3, 18]. Nakamura,
Tanuma and Uhlmann [15] developed such an algorithm for the static elastic inverse
boundary value problem in the case of transverse isotropy.

The key application of the problem we are considering is (reflection) seismology.
In actual seismic acquisition, raw vibroseis data are modeled by the local ND map:
The boundary values are given by the normal traction underneath the base plate of
a vibroseis and are zero (free surface) elsewhere, while the particle displacement (in
fact, velocity) is measured by geophones located in a subset of the boundary (Earth’s
surface) (see [1]). Although, the local DN map and Neumann-to-Dirichlet (ND) map
do not have the same information, the transformed ND map and transformed DN
map are microlocally inverse to each other. Since we are only dealing with the symbol
of the transformed DN map, the results of this paper apply to the practical setting.

The remainder of this paper is organized as follows. In section 2, we give an
asymptotic identity which connects Ap with A" via the finite-time Laplace transform
introducing variable 7 = % Based on this identity, we only have to find a recon-
struction procedure using A”. In a similar way, DN maps A"(s) are defined on each
I'(s). In section 3, the full symbol of semiclassical pseudodifferential operator A" (s) is
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analyzed using the factorization of M. Also, as a byproduct of the factorization, we
develop a layer stripping algorithm. Section 4 is devoted to giving a procedure and
formulas for the reconstruction of (A, i, p) and all their derivatives, from the explicit
form of the principal symbol of A”(s) at each I'(s) for 0 < s < 1 in terms of the
boundary normal coordinates associated with I'(s). In the final section, section 5, we
will discuss another implication of the factorization. That is we give the aforemen-
tioned link between the outgoing/incoming decomposition of waves in the Laplace
domain and that in the space time domain.

2. Reduction to an elliptic boundary value problem with a small pa-
rameter. First we introduce a family of symbol classes for semiclassical pseudodif-
ferential operators. Let A(-, ;) : R2" x (0, hg) — C9%7 be a function that is smooth in
(z,€) € R?" depending on h € (0, ho] with a small hg > 0. We say that for m € R, A
belongs to a symbol class S(m) if for any «, 3 € Z'}, there exists a constant Co 5 > 0
such that

DS D] Az, & h)| < Cap()™, (2,£) € R®™, h € (0, hol,

where Z4 = NU {0}, (§) = /1 + |£|%.
We say that A € S(m) is called a classical symbol if for any o € Z7} and N =
1,2,..., there exists a constant C,, v > 0 such that

N-1
0 | A= > hA; || < Canh™(E™, (x,8) €R™"
3=0
with each A; € S(m) independent of h, and write

A~ hIA; mod O(h™S(m)).

Jj=0

Ap and Z;‘)io hiA;j are called the principal symbol o(A4) and full symbol 5(A) of A,
respectively. In this paper we only consider classical symbols. We also denote for
A, A e S(m),

A~ A" mod Oh*S(m)),

if A— A’ = h*B with B € S(m).

For this family of symbol classes S(m) with m € R, we use the standard the-
ory of semiclassical pseudodifferential operators (see [10, 23]). Also we use the above
notations and terminologies for symbol classes associated with semiclassical pseudod-
ifferential operators on compact manifolds. In the sequel ¢ will be either § = 3 or
G = 6 which can be easily noticed in context. Furthermore, we abuse the notation
O(R*S(m)) to use it also for the associated semiclassical pseudodifferential operators.

Now we consider the following boundary value problem:

(2.1)

pv — h?div(Ce(v)) =0 in Q,
v = on Jf)

with a small (real-valued) parameter h € (0, ho]. We define the corresponding DN
map for (2.1) according to

A" H2(09) 5 ¢ — hdpv = h(Ce(v))v|on € H(99Q),
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where v solves (2.1). In a similar fashion, we define A"(s) by replacing Q by Q(s)
and 9Q by I'(s) while replacing ¢ by v € H?*(T'(s)) (cf. (3.1)) emphasizing the s
dependence. Of course, A" = A"(0). We note that A" and A”"(s) are semiclassical
pseudodifferential operators belonging to the class S(1) with n = 2.

We show that we can obtain the full symbol of A" from Ar via a finite-time
Laplace transform. First we introduce the finite-time Laplace transform w € H?(Q)
of uw € C([0,T]; H*(Q2)) by

T
w(x, ) = (Lru)(z,7) = / u(x,t)e”Ttdt with 7 > 0.
0

In order to establish the connection between A7 and A, we let x(t) = t? (t € [0,7)
and define 3
Ar: H*(0Q) — HY(%)
by ~
Ar¢ = Ar(x9).

For any ¢ € H?(0RQ), let u solve (1.1) with boundary value f = x¢. By the
estimates for solutions of hyperbolic system (1.1), we have

10 u( T 23 () = O m25)) = Ol 2 00)
for 7 = 0,1 (see [22]). Because

Lr(02u) = 72 Ly (u) + 0uu(T)e ™ + 7u(T)e™ ™" — 8,u(0) — Tu(0),

L

we have that by applying L7 to both sides of (1.1), and dividing by 72 = T

(2.2)

pw — h2div(Ce(w)) = r in Q,
w = ET(X¢) on 897

where w = Lr(u) and r has an estimate ||r[|g1q) < Ce™ "™ 7||@|| g2(90) With some
constant C for any given & satisfying 0 < x < 1.
Subtracting (2.1) from (2.2) with ¢ = L7 (x¢), we find that z = w — v satisfies

(2.3) {PZ — h%2div(Ce(z)) =7 in Q,

v=0 on JN.
Hence, we have
LT (3Lu) =0rw =0rv + 90z
with
1ALz 2 o < Clirllin @y < Ce™ 16l 2 00
by standard elliptic regularity theory. We observe that
hdrv = hA" (L1 (x4))
and
hﬁT (3Lu) = hETAT (ng))

Thus, defining L7 : H2(0Q) — H2(9Q) by Lr(¢) = Lr(x¢), we can rewrite the
formula above as ~ ~
hLpAr = A" Lr + O(e™*T).
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Here, O(e~"T) denotes an operator from H2(9S2) to H'(9S2) with the estimate
10(e™" ) | t2 00y 11 (90) < Ce 7T

We note that Lr is just a multiplication by fOT t2e~7tdt, hence, it is invertible and
L7 can be estimated by O(772) for 7 > 1. Therefore,

hLpAr Lt ~ A"

modulo an operator in H?(9€) — H'(0Q) with the estimate O(h>). Therefore, we
can obtain the full symbol of A" from ETATET , due to what we will mention in the
last paragraph of this section.

We note that in the above one can choose any smooth function for x that is
consistent with the initial conditions such that fOT x(t)e~Ttdt behaves polynomially
in 7.

The full symbol of a semiclassical pseudodifferential operator can be evaluated
by applying to locally supported rapidly oscillating functions [23]. We note here that
the analysis can be local, and thus we have Remark 1.2.

3. Analysis of the symbol of A"(s). Given a boundary point py € I'(s), for
any x € (s) near pg, we use the boundary normal coordinates x = (z!(p), 2%(p), 3) =
(y',y% 23) = (y/,23), where p € T'(s) is the nearest point to z, z3 = dist(z,p), and
(x1(p), 22 (p)) are the local coordinates of I'(s) near po. Then I'(s) is locally given as

3 _ : . ;
25 = s. Let (&1,&,&3), (7]1,772,773) be conormal vectors with respect to the coordi-
nates (z1,z2,23), (x!,22%,23) such that Zj’ L&dy = Z? ,njda?. We will use the
notation n = (n1,12,13) = (7', n3). In boundary normal coordinates, (2.1) attains the
form

(3.1)
3

(Muv)? = pg'tuy, — h? Z V;(CU* ey (v)) = 0 in {2 > s} for 1 <4 < 3,
ok i=1
Vps—s = ', 1<0 <3,

where V; is the covariant derivative with respect to % and e (v) = 271 (V05 + Vi)
is the linear strain tensor,

3

Z oz’ dxd dxk Izt

z]kl - 7 7 7
¢ 0z, Oxp O 024 Caea(w)

a,b,c,d=1

with Cypeq(z) given by (1.2). The induced metric G(z) = (g%(z)) is given by

5 = 3 S ) (@)

r=1

In terms of Jacobi matrix J = (92%/dz,; 1 < a, r < 3), G takes the form G = JJT.
The expression for A"(s) in boundary normal coordinates is

(3.2) (A" (s)y)" = —h Z C™B* e (v), 1<i <3,
k,l=1
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at 22 = s. The full symbol of A"(s) can be expanded as
G () ~ DTN ()(' ) mod O(h*S(1)),
Jj<0

where each A;(s)(y',n') € S(1).
Now, we define

2

Q)= Y C¥(@nmm; 1<i, k <3|,
Gil=1

(3.3) 2
R(z,n) = [ > C*™(@)n; 1<i, k <3|,
j=1
D(z) = (C™"(z); 1<, k < 3).
The principal symbol, M (x,n), of M is then given by

(3.4) M(z,n) = D(x)n3 + (R(z,n') + R (z,7))ns + Q1) + p(2)G(z).

By the assumption, M (z,7) is a positive definite matrix for z € Q, n € R3\0.
Hence, for fixed (x,7), det D™'/2M (x,7)D~/? = 0 in 3 admits 3 roots n3 = ¢; (j =
1,2, 3) with positive imaginary parts and 3 roots {; (j = 1,2, 3) with negative imagi-
nary parts. Thus, we have the following lemma.

LEMMA 3.1 (see [7]). There is a unique factorization
M(z,n) = D(2)""2M(,n)D(x)"* = (13 — S5, 1) (15 — So(,))

with Spec(So(z,1')) C Cy, where Spec(So(x,1')) is the spectrum of So(x,n'). In the

above, .
So(a ) = M,’,—1d>(M,’,—1d>,
o(@ 1) (ﬁc (.¢) 1 7{ (€)1

where v C C; := {¢ € C : SC := imaginary part of ( > 0} is a continuous curve
enclosing all the ¢; (j =1,2,3).

Then we have the following factorization of M (z,n):
(3-5) M(,n) = (ns — S5 (z, 1)) D(x)(ns — So(,n')),

where ~
So(z,n') = D~ ?(2)So(z,n') D" (x).

We arrive at the following.

LEMMA 3.2. The operator M admits a factorization

M = (hDs — S8*(x,hDy; h)

(3.6) + hK (2, hDy))D(x) (hDy — S(, hDy; b)) ,

where S(x,n';h) € S(1), K(x,n'; h) € S(0). Moreover, hDy = (hD,1,hD,2), hD,; =
—ihd/0y’ (j =1,2), and the principal symbol, So(z,n'), of S satisfies

(3.7) Spec(So(z,n')) C Cy.
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Proof. Following (3.4), we write the full symbol (M) of M in the form

s 7(M) = D+ (Rl + R o) |
+Q(z, 1) + p(x)G(2) + hFo(z)ns + hFy(z,1),
where Fi(z,n') € S(1), and Fy(z) is a matrix multiplication. We expand

(hDs — S*(z,hDy; h) + hK (2, hDy; h))D(z)(hDs — S(x, hDy; b)),
yielding
(3.9) h(DsD)(hDs) — S*D(hDs) + hKD(hDs) — h(DsD)S + S*DS
— hKDS — hD(D,S) — DS(hD,) + D(hDy)?.

Comparing (3.8) and (3.9), we find that S and K should satisfy

(3.10)
— S*(x,hDy; h)D(x) + hK(x, hDy; h)D(z) — D(2)S(x, hDy; h) + hDsD(z)

= R(z,hDy) + RT (x,hD,) + hFy(x)

and
(3.11) —h(DsD(x))S(x, hDy;h) + S*(x,hDy; h)D(z)S(x, hDyr; h)

—hK (z,hDy; h)D(x)S(x, hDy; h) — hD(x)(DsS(x, hDy; b))

= hFy(z,hDy ) + Q(z, hDy ) + pG(z).
Eliminating K in (3.11) by using (3.10), we get
(3.12)  (hDs)S+S?* + D Y (R+ RT + hFy)S + hD™'Fy + D™'Q + D™ 'pG = 0.
By the composition formula for symbols of pseudodifferential operators, we have
Z ﬁh‘o‘ng‘,S(x,n’; h)Dy. S (x,n'; h)

[0}
a>0

iled
(3.13) +>° Eh“"'Df;‘/ (D~ (x)(R(z,n") + R (z,n))) DS (w,n'; h)

+ hinl(x)Fo(x)S(x, n';h) +hD ™ (2)Fy(x,n) + D™ (2)Q(x, ')
+ D7 (x)pG + hDS(z,1'; h) = 0.

We introduce the expansions
S@,n'sh) ~ Y h7I8 (@),
Jj<0

K(z,n'sh) ~ Y W7 Kj(a,)
j<0

with S; € S(1), K; € S(0) for every j. We construct S via arranging terms of the
same degree of h in (3.13). The terms of order O(h°) give

(3.14) D7'(a)(R(z, 1) + R (z,1'))So (2, 1) + D™ (2)Q(x,7/")
+ D H2)p(z)G + S5 (z,1') = 0.
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Indeed, Sp (cf. (3.5)) satisfies this equation. The terms of order O(h) give
(3.15) SoS_1+S-180 + D R+ RT)S_1 + > iD§SoD5So

le|=1

+ > iDg(DY(R+ R")D.So + D™ FySo + D' Fy + DySo = 0.

lo]=1
The terms which are of homogeneity of order O(h~7) for j < —2 yield

ol
(3.16) SoS; +S;S0+ D 'R+ RN)S;+ > IO[—'Dg,SlD;,Ser 3 5i5m

I+m=j+|c| ' I+m=j
el =1 m,l<0

+ Y iDG(D"Y(R+ RY))D S 11 + DT FySjq1 + DuSj1 = 0.

lal=1
To confirm that (3.15) and (3.16) have solutions, we note that
S;So+S0S; + DY(R+ RT)S; = —D7HQ + pG)Sy ' S; + S;So,
using (3.14). Since
Spec(So) € Cy,  Spec(—DHQ + pG)S; ') € Cy,

we can indeed solve for S; (j < —1) in (3.15) and (3.16).
After constructing the full symbol of S, we determine the full symbol of K from

(3.10). O
PROPOSITION 3.3. Let A\o(s)(y,n’) be the principal symbol of A"(s). Then
(3.17) M($)(y'sn') = =D (@)So(w, 1) + RT (1) s

Proof. For a given s (0 < s < 1), let T be given such that 0 <7 — s < 1. The
parametrix U = U(y’, 2%; h) to the boundary value problem (2.1) satisfies locally

MU ~0 mod O(h*S(2)) in R? x [s, T,
Ulps—r =1.
Equation (3.7) implies that the solution operator of the factor
(hDs) — S*(z,hDy; h) + hK (xz, hDy; h)

in the factorization (3.6), for decreasing s, is decaying of order O(h*). Hence, U
satisfies

((hDy) — S(z, hDy; h))U ~ 0 mod O(h®S(1)).

Thus,
(hDs)U|ys—s ~ S(x,hDy; h)U|zs—s mod O(h*S(1)).

Therefore,
(3.18)
AM$)(y's hDys h) ~ —i(D(@)S(w, hD,5h) + BT (2, hDy))|ys—y mod O(h¥S(1)).

Then formula (3.17) follows immediately. O

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/17/17 to 128.42.187.236. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

DETERMINATION AT THE BOUNDARY 529

Next we establish the relation between the principal symbol Ag(s) and the lower
order ones \;(s), j < —1. Below, we use the notation mod (7%, hS(1)) to indicate
ignoring terms in hS(1) and in T* = {symbol ps(y’,n’) which depends only on the
s-derivatives of A(v/, s), u(y', s), p(y', s) up to order k}.

PROPOSITION 3.4. There is a bijective linear map W(y',s,n') on the set of 3 x 3
matrices which depends only on A\, u, p, but not on their normal derivatives, such that

(3.19) Ni($) 1) ~ W s,)(Dshj(s)(y'sn') mod (T, ), hS(1))

for any 5 < —1.
Proof. Throughout the proof, we read 23 = s. First, we note that for j < —1

A () ') = =iD(2)S; (@, ).
From (3.15), we obtain

SoS_1+S5 180+ D Y (R+R")S_1 = —D,So— D 'FySy — D~'F; mod (T?, hS(1)).

Moreover,
Fy = DyD mod (T?,hS(1))
and
Fi = D,RT mod (T?,hS(1)) .
Hence,

SoS_ 148 1S+ D YR+ RS | = -D,So — D"Y(DsD)Sy — D~} (DR")
= -D'D,(DS; + RY)
=iD"'D\i(s) mod (TY,hS(1)).

Following the proof of Lemma 3.2, we find that A_1(s) satisfies
(Q+ pG)Sy D™ A_1(s) — A_1(5)So = Dsho(s) mod (T2, hS(1)).
We note that
Spec(Sp) € C4, Spec(—(Q + pG)S;'D™1) C C4.
Hence, defining W (z,n')(Y) as the solution X of
(Q+pG)S;'D'X — XSy =Y,
we obtain
A1 ()W 1') = W (8, )Dsdo(s)(y',n') mod (T, hS(1)).

For j < —2, S; contains s-derivatives of A, 11, p up to order —j. Then, inductively,
we get

(Q+pG)Sy " D™'A(5) = Aj(5)S0 = Didyia(s) mod (77049 hS(1)).

Thus, we have proved the claim. ad

We conclude this section by presenting the Riccati equation that A(s) satisfies.
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COROLLARY 3.5. Define
(3.20) A(s) =iD7 A" (s);
A(s) satisfies, mod O(h™8(1)), the Riccati equation
(3.21)  hD.A(s) + Ji(s)A(s) + A(s)K1(s) + A(s)? + Fa(s) =0 (0 < s < 1),

where
Ji(s) = D"YR+ hFy), Ki(s)=—-D'RT,

and
Fy(s) = —=hDy(D'RT)—D Y (R+RT+hF)) D' RT+ D~ (hF1+Q+pG)+(D *RT)?,

with 3 = s.
Proof. This follows straightforwardly from (3.12) and (3.18). O

Invoking a forward Euler scheme to solve the Riccati equation, we obtain an
approximate propagation of the boundary data into the interior of €2, layer by layer.
With the explicit reconstruction that will be presented in the next section, we obtain
formally a layer-stripping algorithm for our inverse boundary value problem. The
Riccati-type equation is expected to be highly unstable, especially for high-frequency
modes [18]. So the propagation of the DN map will deteriorate. This reveals the
ill-posedness of the problem of recovering the parameter in the interior.

4. Reconstruction of the Lamé parameters and density. We present the
reconstruction of (A, u, p), as well as all their derivatives at 23 = s from the full symbol
of A(s). We first consider the principal symbol of operator —h? Z?,k,l:l Vi (Ck e (v)).
By the transformation rule of tensors, we have

3
Ni= > C™pm;1<i k<3| =JNJ"
J)l=1

3
with N = Z C'ijklfjfl; 1<i, k<3
gl=1

For any = near I'(s), we choose a unit vector n(z) = (n1,ns2,n3) € R3 depending
smoothly on x. Then any & = (£1,&2,&3) € R? can be written as &€ = gqn(z) + m(z, )
for some ¢ € R and (mi,ma,ms) = m L n. We define D = D(z), R = R(x,¢),
Q = Q(x,€) as follows:

3
D= Z Cijunjn;; 1 <i, k <3,
J,l=1

3
(4.2) R= Z C’ijklmjnl;l <i k <3],
ji=1

3
Q= Z Cijramymy; 1 <i, k <3
ji=1
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We have (compare with (3.4))
(4.3) M= D¢? + (R + (R)T) q+0+p,
and a smooth factorization according to (3.5). More precisely, there exists a unique

Sy = So(x,€) depending smoothly on z € Q, and homogeneous of degree one with
respect to &, such that

(4.4) N = (= (S0)") Dla— o) Spec(So) < Cs.

We let the direction of n(x) be aligned with the x3 axis. Using (4.1) we find that
(4.5) M = (q - J(SO)*J*) (JDJT) (q - (JT)’lS‘OJT) .
Since the linear mapping defined by the matrix (J7)~! preserves the orthogonality

m(z,€) L n(z) and the length of n(z), we have ¢ = n3. We also have D = JDJT.
Hence, by the uniqueness of factorization (3.5),

(4.6) So = (J7) " Sp "

Combining this with (3.17) and the tensorial transformation R = JRJT of R, we
obtain

(4.7) No(s) = —iJ (Ds'o + RT) J7

Due to the isotropy of the elasticity tensor, a rotation of coordinates (x1,22,x3)
does not affect the form D, Si, R and Q. Hence, for any x, we just assume § = (£, §3)
and n(z) = (0,0,1). Then m(z,§) = &', so Sp(z,£) depends only on (x, &),

So(z, &) = Az, &) +iB(x, £)

and
D = diag(u, p, A+ 2p), A=D"Y2ADY2 B=D"Y2BD/?
in which
~ 0 0 —on ~ a 0 O
(4.8) A=pP[ 0o 0o o |P, B=P| O b 0 |P
—ay 0 0 0 0 ¢
with
g™t LEt oo
P=PE)=| &I &gl o |,
0 0 1

_ (tplg] 1 _ s [plEl e
a1 = ;g =ray, b=y ——,
VA +2p) T+ H

1 weP+p A+ p)?EP
= — ]_ 2 — R = R
¢ 1+’y\/( +7) A2 (A +2p) a=7e
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and

pw(pl€'1? + p)

We substitute & = [|¢/|,0]7 and identify & with |¢'|; then, after some calculations, we
find that

7:\/((A+2u)lf’l2+p)(A+2u).

Ao(8)(y:m)
= i) (D(@)So(w, &) + BT (2,€)) T = ThoJ "
with

A=A 1< k<3)

ap 0 dony/p(A+2p) —ipl¢|
= 0 bu 0
p(A+2p) —iAE] O (A +2p)

Since J is known and independent of \, i, p, we only need to consider A, for recovering
A, 14, p and their derivatives at z3 = s.

First step. We will recover A, u, p. Note that )\(22) (x,&") = /|€']2u? + pp. Then
we can first get p and p as follows. Observe that

22) ( \/—C )2 _ )\(22) (,fIZ CO )2 _ CO_2u2

for any scaling constant ¢y > 0. Hence we set ¢y = 1 in the rest of this section. Then
we find
(22 - (22 1\ 2
M:\/ )( \/—Cl)_l)(%ol)

1 /. _
p=1 (36 (") - ).

For A, first notice that we have

and

AV @) (A2t pu
/.\833) (z,cgt)? (bt p)(A+ 2p)

Since we have already computed p and p, we get

A+2u+p P
A+2u A+ 20

and then obtain A.
Second step. We recover 0N, Ou, dp of A, u, p; we first note that

(4.9) 20y = a( (22)( Vaes ) _ A (x,c51)2>

from which we can recover du. Then from

(4.10) pOp + pdp = 0 ()'\522) (z, 651)2 = u2)
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we recover Jp. Finally we recover O\ from

\ (11) —1\2 -1
. ptpA (@)
(4.11) ON+20u =0 ~(33) Ty 1 p
BT ()

Final step. We recover higher order derivatives of A, i1, p. Differentiating equations
(4.9)—(4.11) k — 1 times, we obtain linear equations for 9%y, 9%\, and 9%p. The
coefficients for them are the same as those for A, du, dp in (4.9)—(4.11). Thus we
can recover 0%, 0%\, 0 p, using ajAo(s)(y,n) for j = 1,2,...,k, and 0/, 37\, 07p
for 7 =1,2,...,k — 1. So we can recover all the derivatives of A, i, p recursively.

5. Further implications. In this section, we show how to get a decomposition
into incoming/outgoing waves via the factorization (3.5). In this section, we take
T = oo and allow 7 to take complex values. We assume 7 is in the set

Iy = {7 € C; R7 := real part of 7 > 0}.

For a bounded u € C(0,00); H*(2)), we introduce the Laplace transform £ for
T € Ilp:

(Lu)(z,T) = / e Tz, t)dt,
0
where (Lu)(-,7) € H%(Q). The inverse Laplace transform is given by

. 1 y+ioco .
(L7 ) (z,t) = — e v(x, T)dr
v

271 . _iso

with v € Ilj.
Applying the above Laplace transform to (1.1), we get

3
Mo = pi2gFu, — h? Z Vi (C* ey (v)) =0
g k=1

with h = |71|’ T= ﬁ M can be viewed as a semiclassical pseudodifferetial operator
with a small parameter h = \71\

In a neighborhood of the boundary, we rewrite the above equation up to the
leading order terms in the following form,

w0 (45 )
- ( —Dfl(Q0+ pG7?) —D*1(11%+RT) ) ( WD ) mod O(hS(2)).

Denote M (x, 7,n) to be the principal symbol of M; as in (3.5). In a neighborhood
of the boundary, we have the factorization

(5'2) M(SE, 7A_777) = (773 - SO_ (SE, 7A',77/))D(:E)(773 - SS_(!E, 72777/))

for 7 € IIy. Here, similarly to (4.8),

(5.1)

(5.3) Sf (@, 7,0) = (JT) D72 (21 + iB) DY2yT
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and
(5.4) Sy (x,7,1/) = JDY? (AT - iBT) D=2yt
where
0 0 —og ~ a 0 O
(5.5) A(z,7,n)=P 0 0 0 P*, B(z,7,n)=P| 0 b 0 | P*
—ag 0 0 0 0 ¢
with
_ A+l 1 _ b [HEP A P72
o] = ) Qg = 7yag, - -
Vi +2p) 1+ H
1 N2 4 pr2 (A 20112
c=——/(1+ )2“|£| +p72 A+ p)?E =,
147 A42u (A +2p)
and

. \/<<A+2m|sf|2+pf2><x+2u>
pu(pl&'1? + p72)

In all formulas for a,b, ¢, a1, a2,7, /2 is defined on C\ (—o0, 0] with Ry/z > 0.
Indeed ay, 7, and b are well-defined, and R~ > 0. Furthermore, we note that if ST > 0,
then %{%} > 0 and §v < 0, while (1 +v)? < 0. Thus ¢ is well-defined for
7 > 0. Similarly, we can verify c is well-defined for 37 < 0.

We now show that

(5.6) Spec(Sg) € Cy, Spec(Sy) Cc C_

for any 7 € Ilp. The spectrum of Sy unified with the spectrum of S; are the roots of
det(M (z,7,n)) as a polynomial in 53 for 7 € IIy. To obtain statement (5.6), we only
need to show that there are no real roots of det(M(z,7,n)) for any 7 € IIy. Then
because (5.6) holds true for positive 7, the eigenvalues of S;” or S; cannot intersect
the real line. Roots of det(M(z,7,7)), which are same as the roots of det(M) in g,
satisty

g’ + ple' P+ pi* =0

or

(A +20)6® + pl€' > + p72) (ua® + A+ 20)€'1* + p72) — (A + p)*¢?l¢'* = 0.

For 7 € (0,00), we have already concluded that ¢ could not be real. For nonreal 7, if
there is a real ¢ satisfying the above equations, then

7% =0,

which is not possible.
Let

po( (5o —=S)7"S;  —(Sg —S5)7
—(Sy = 85) 'Sy (Sy —S5)
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and denote its inverse by P~! which is given by

(11
F _(So* SJ)'

Then we find that

0 L _pr (50 0 ) pios
-DYQ+ pG?%) —D YR+ RT) ) 0 Sy

It follows that
V4 o v
()= (o)

satisfies
(hDs — Sar)er =0 mod O(hS(1))
and
(hDs — S5 )v— =0 mod O(hS(1)).
We can view uy = L 'vy (u = L7 'v_) as representing incoming (outgo-

ing) waves. This identification is justified by noticing that, for example, vy (-,7) =
(Luy) (-, 7) is exponentially decaying with increasing s for ®7 > 0.

We emphasize that the transformed DN map A, here, is different from the one
introduced before, that is,

AT =hLALTE.
With the relation between the normal directive Dg and the DN map A,
hD, =iD7Y(A™ — RT) mod O(hS(1)),
we have
“t)=p v mod O(hS(1))
v_ iD71(A™ — RT)w.

on the boundary. We note that

p:(SO‘—So*)‘l((l) _()1)13_*((1) _01)

(1 57
(1)
where P~* = P~* for real 7.

After we have identified the elastic parameters on the boundary, we will then
know R in (3.3). Then we can have a decomposition into incoming and outgoing wave
constituents (u™ and u~, respectively) on the boundary using Ar and R. Seismic
imaging (inverse scattering), array receiver functions, and tomography (also using
free-surface multiple scattering) all rely on this decomposition. Discussion of seismic
migration and inversion schemes based on this decomposition can be found in [6, 9].

with
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