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Abstract In this paper, universal kriging with linear trend is used to interpolate the strain
tensor elements over a region along San Andreas Fault in California. The main goal of this
paper is to improve the ordinary kriging interpolation results. A 7-year time series
(2006-2012) of 12 permanent stations is utilized to obtain the coordinate changes in UTM
coordinates system and calculate the strain tensor elements by means of finite difference
method. Comparing the results we can find an improvement about 40 % for universal
kriging at critical points in which ordinary kriging can’t be appropriate method of
interpolation.
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1 Introduction

By advancement of satellite geodesy, the strain tensor can be estimated by the assistance of
coordinates obtained from GPS stations (Burbank and Anderson 2008; Rontogianni 2010;
Palano et al. 2013). Although triangulation is one of the most familiar methods of
spreading the strain tensor over the desired area, but one cannot decide clearly to which
point the strain tensors should be referred. This problem arises from large extent of pro-
jections of these elements on the Earth. This fact shows the important role of other methods
like finite difference which can calculate the strain tensor point-to-point (Becker and Kaus
2010; Ismail-Zadeh and Tackley 2008). In addition, it’s shown that the standard deviation
of point-wise methods, in particular finite difference, is less than those of other methods
(Bagherifam 2014).
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Therefore having a suitable surface is an important requirement for determination of the
strain tensor of arbitrary points. Since the tensor of strain is assumed to be homogenous-
like in a desired region, therefore it’s common to use deterministic and well-known
methods of interpolation such as nearest neighborhood, linear, and sometimes spline or
polynomial surfaces (Ardalan and Raoofian 2008; Mashhadi Hossainali et al. 2010; Palano
et al. 2013; Tong et al. 2012). But geostatistical methods of interpolation such as ordinary
kriging can produce more accurate results.

Combination of various constraints with the specific mathematical equations can be
considered as a method to improve the strain estimation results. This technique has been
widely studied during past two decades. Kreemer et al. (2003) constructed a global model
for horizontal velocity and horizontal strain rate over major plate boundaries. Within their
research the velocity field was derived through a least-squares interpolation method using
bicubic Bessel spline. Freed et al. (2007) found the relation between the earthquakes and
the stress changes and accordingly, other effective factors were interfered. One of the
simplest kinds of these constraints is the trend of the strain tensor that can be considered
linear or of higher degree polynomials. For strain estimation in a dense network of stations,
the linear model is the best model which is always valid (Ardalan and Raoofian 2008).

The kriging as more reliable interpolation method could be categorized into subdivi-
sions such as simple kriging, ordinary kriging and universal kriging. Ordinary kriging is the
simplest and the most commonly used, because no trend is defined to comply with. The
universal kriging includes modeling of the local trend through the surrounding stations.
This modeling as a smooth function of the coordinates is the most important characteristics
of the universal kriging (Goovaerts 1997).Geostatistical methods, especially universal
kriging have been increasingly utilized in many disciplines such as mining, meteorology,
hydrology, geology, remote sensing, soil science, ecology and environmental science
(Chirlin and Dagan 1980; Bastin et al. 1984; Hill and Alexandar 1989; White et al. 1997;
Duc et al. 2000). For example, Gundugdu and Guney (2007) applied universal kriging with
linear trend for spatial analysis of groundwater level. As mentioned before, strain has a
linear trend, therefore in this paper we show the improvement of ordinary kriging by
assuming a linear trend which converts it to universal kriging.

2 The tensor of strain and its linear model

The strain tensor in three dimensions is a symmetric matrix including nine elements which
reduce to four elements in two-dimensional case as follow (Turcotte and Schubert 2002):

. {iu Sxy} (1)

o Eyy

where ¢, and ¢,, are the normal strain or strain in x and y directions respectively, and
&y = &y, indicate shear strain. It’s common to define other parameters based on eigen-
values of this tensor which are obviously invariant with respect to changes in coordinate
system, for example (Turcotte and Schubert 2002):

Dilation = &, + ¢, (2)

MaxShear = max{EigenValues} — min{EigenValues} (3)
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As mentioned before, it’s preferred to utilize linear model for strain estimation if the
network of node points is assumed to be dense. It means that displacements can be
modeled as follow:

Ax = ag + ajx + ayy 4)
Ay = bo + bix + bay, (5)

where Ax and Ay are displacements in x and y directions and the coefficients form a matrix
as follow:

E— {Zi b} (6)

Considering basic definition of strain as spatial variation or gradient of displacement,
one can find:

s:%(E—I—ET) (7)

This is the desired linear function of coordinates which should be considered in uni-
versal kriging.

3 Models

Since weighting procedure in geostatistical methods, especially kriging, depends on both
distance and statistical distribution, therefore the method of variography is used to estimate
the weight. Variography is a term which refers to fitting a spatial model to data and its
implementation leads to semivariance as follow (Borrough 1986):

100) = 5y > [2(a + ) = 2], )

where y is the variogram, 4 is the distance between two desired points x; and x;(= x; + k),
N is the number of all points, Z is the value at each point. If the mean is assumed to be
constant, for example in ordinary kriging which will be discussed later, it can be concluded
that:

Var[Z(S) — Z(S;)] = 27, 9)

The semivariance is half of the variance of the differences between all possible points
with a constant distance apart. For semivariance we can define different models i.e.
spherical, exponential and Gaussian. For example exponential model which is used in this
paper is formulated as follow (Borrough 1986):

o (h) :c(l —exp<—g)>, (10)

where ¢ and a are sill and range of the semivariogram, respectively.
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3.1 Ordinary kriging

The ordinary kriging model assumption is (Goovaerts 1997):
Z(Si) = n+96(S), (11)

where u is the constant mean of the model and J is a zero mean stochastic term with
variogram 2y. Also the predictor assumption is (Goovaerts 1997):

= iw,Z(S,-), (12)
i=1

where Sy is a point which its value Z (Sp) is going to be predicted, S; is the node point
which its value Z(S;) is used to predict the value of Sy and w; is the weight of the related
N
point, subject to the constraint ), w; = 1 to ensure unbiasedness.
i=1
Ordinary kriging minimizes the mean squared error of prediction. It means that:

N 2

Z(So) = Y wiZ(S))

i=1

mino? = E[2(50) ~ Z(57) _E (13)

By expanding oﬁ and differentiating it with respect to ;, it would be possible to obtain
w; for all points of the model:

2
— iw,Z(S,):| = Z2 S() ZZ S() Zwlz + ﬁ:iw,ij(S,)Z(Sj)
:i Z2(So) —ZZ(UZ(SO +iiw Z(S)Z(S))

N
- % . Z wwE[Z(S) — Z(S))] g Z WiE[Z(So) — Z(S)]
N N l:lN (15)
- %Z Z wiw;Var[Z(S;) — Z(S;)] + Z w;Var(Z(So) — Z(S;)]

i=1 j=1 i=1

But Var|Z(S;) — Z(S;)] = 2y; is the definition of the variogram. Therefore ordinary
kriging minimizes
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N N
;057 +2 Z DiYio
— i=1
16
X (16)
Subject to Z w; =1
i=1

N 2
ﬁ—4@m—§)ﬂ@ﬂ——z;

=1 j

The minimization is carried out over m; subject to non-biased constraint. Therefore this
minimization calls for the definition of a Lagrangian L(«) which is a function of the data
weights w; and Lagrange parameter 24. Therefore the minimization problem can be written
as (Edwards and Penney 1982):

N N N N
minZZwiyio — ZZwiwjy,j —22 (Z w; — 1) (17)
i=1 i=1

i=1 j=1

After differentiating with respect to @; and 4 and setting the derivatives equal to zero, it
yields:

N
21 O — A=Y

N (18)
Z w; = 1
i=1
and in matrix form:
W =, (19)
where
W = [ow;. . .wni]r
C = [710720- - -Vnol]T
(v Y2 Vs P 1]
Yar V2 V23t Va1
I = (20)
Ynt Y2 Vn3 7 Vmn
L1 1 1 1 I 0]

Therefore the weights ; and Lagrange multiplier can be obtained by W = I'"!C.
3.2 Universal kriging

The ordinary kriging algorithm implicitly considers a non-stationary random function, but
in some situations it is not reasonable to consider the local mean p as a constant value. In
other words, the mean can be a function of the coordinates X, Y, in linear, quadratic, or
higher form. Considering a linear trend for strain as follow:

Z(8) = o + BiXi + BoYi + () (21)
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The value of Z(S;) can be expressed as:
N N N N N
Z(S) =Y wZ(S) =Y o+ Y _oifiXi+ Y oifyYi+ Y wid(S)
i=1 i=1 P =1 i=1 (22)
N N N
= Bot+ B Y oXi+ B> oY+ Y wid(S)
=1 i=1 Py

which means three constraints of unbiasedness versus one constraint of ordinary kriging:

N N N
Zwixi = Xo; Zini = Yo; Zwi =1 (23)
e p i1

By knowing the trend, now the weighting procedure in universal kriging would be similar
to ordinary kriging which is done by minimization of the mean squared error of prediction,
ai. Using matrix notation, the system of equations will be:

W= [CU]CUZ .. a)nilﬂuz/hg]T

C = [710720 - - - Ym0X0Yo 1}T

(0 v vz o o e Xt N 1
Yo V2 Y23 -e- --- Y X2 Yoo 1
I'= Tt V2 V3o e Ynn Xn Yn 1 (24)
Xir X X3 ... ... X, 0 0 O
Yi Y» Y3 Yy, 0 0 O
| 1 1 1 1 0 0 0}

4 Numerical results

A numerical comparison between ordinary kriging and universal kriging interpolations was
carried out by downloading the time series of 12 permanent GPS stations from http://sideshow.
jpl.nasa.gov/post/series.html which are located along southern part of San Andreas Fault. This
time series is collected in a 7-year interval from 2005 to 2012 (2183 observational day) and its
stations are named P210, P217, P212, P233, P234, P236, P238, P240, P242, P244, P251 and
P239. The coordinates and the strain tensor of network points are tabulated in Table 1 and the
map of these stations is shown in Fig. 1. Strain tensor is calculated for each point through finite
difference method. Then, the strain tensor is interpolated through four methods of linear, spline,
ordinary kriging and universal kriging. The results are tabulated in Table 2. It can be noticed
that linear and spline interpolations are able to interpolate only points located inside the desired
region and for marginal points it is not possible to calculate the values.

Talking about the details of kriging interpolation, it can be paid attention that the
semivariogram is assumed to be exponential; because these methods are very similar to
each other and there is no significant difference between various models of semivariogram
in strain interpolation, e.g. spherical, exponential, Gaussian. Also, as mentioned before,
there is a constant value in kriging, which is named as sill of the semivariogram. Esti-
mating this constant value might be done by difference methods e.g. ordinary least squares,
maximum likelihood, by-eye methods, etc. In this paper, the value of c is tested by-eye, so
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Fig. 1 Up location of 12 stations of study on the Earth map. Down geodetic coordinates of 12 station

that the average of the error percentages of interpolated points are tested for a huge number
of sill values and the result of this comparison is graphed in Fig. 2. As shown in this graph
the value of the variogram sill, ¢ is preferred to be one for ordinary kriging and 8.9 for
universal kriging to reduce the error percentage average for all interpolated points.

Then validation procedure is implemented by excluding each point respectively and
recalculating its strain tensor through the other strain points by means of ordinary kriging
and universal kriging interpolation and comparing the discrepancies between calculated
and predicted strain tensors. It should be noticed that by excluding each point, variogram is
estimated again for remaining points. Results are shown in Table 2 and Fig. 3. All of the
calculations are done and programmed in MATLAB.

As it can be seen, kriging interpolation methods, either ordinary or universal, provide
acceptable results for €1, and &, and on average, we can find improvements more than
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Table 2 Error percentage of kriging, linear and spline for network points

Station no.  Ordinary kriging Universal kriging Linear Spline
€11 €12 €2 €11 €12 €2 €11 €12 €22 €11 €12 €2

1 _ _ _ _ _ _ _ _ _ _ _ _

2 _ _ _ _ _ _ _ _ _ _ _ _

3 0.14 7.64 324 163 3.05 860 214 4191 183.68 2236 44.15 172.73
4 _ _ _ _ _ _ _ _ _ _ _ _

5 _ _ _ _ _ _ _ _ _ _ _ _

6 0.83 6.55 294 398 041 625 2144 504 6735 194 0.85  73.58
7 032 656 142 167 11.08 476 19.72 11.44 9091 2043 1581 94.59
8 1.19 939 271 228 090 003 1424 1.72 12052 14.7 05 12292
9 072 550 1.88 091 2090 246 1891 19.72 100.54 17.86 19.6 107.36
10 0.67 5.83 243 440 1787 0.07 951 1.04 77 1091 121 76.37
11 - - - - - - - - - - - -

12 - - - - - - - - - - - -

Ordinary Kriging Sill Test

4 ~nN w
o (%] o

Average of InterpolationError
Percentage
oy
wm

10
5
0
aNunOHaNunNHaNnNHdaNnNadNuNad NN o0 n N
g¥yguagddgeneeIoToodNTnoNegd G 59589
Sill value
Universal Kriging Sill Test
_ 45
2 4
w
c 35
L2
® o 30
— oo
282
g8
"_6&15 e
% 10
©
§ 5
< 0
anunOHarnnHaNnNHaNNaHOnNaH QNN g an N
g5 gyaggganeeTUTeo i T Neg g 59599
Sill value

F

-

g. 2 Testing the value of the sill of the variogram for ordinary and universal kriging
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Fig. 3 The error percentage of kriging, linear and spline for each point. Vertical axis is the error percentage
and horizontal axis is the number of each point
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70 % with respect to results of linear and spline interpolations. But the critical case is
estimation of shear strain €,; the performance of ordinary kriging is better than linear and
spline, only in 3 point, but its performance on points 6, 8 and 10 is not acceptable. Since
linear interpolation is one of the most usual method for strain calculations (Ardalan and
Raoofian 2008) therefore a linear trend is combined with ordinary kriging, as explained in
3.2, and estimate €, again. Results show that universal kriging error percentage for €, is
usually equal or less than of linear interpolation which are acceptable. In other words,
universal kriging can improve estimation of shear strain.

5 Conclusions and recommendations

The results of ordinary kriging interpolation for strain estimation show an improvement of
about 70 % with respect to results of linear and spline method. But it has some deficiencies
and disadvantages. For example it is not sensitive to introducing trend in the data over the
study area, whereas it is known that strain has almost a linear trend. Therefore by adding
linear trend to ordinary kriging and employing universal kriging for strain estimation, we
can find about 40 % improvement especially for shear strain element.

It should be noticed that we can choose non-linear trend according to the condition of
the case study area and also the number of unbiased constraint can differ and should be
considered in the weight matrices.
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