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ABSTRACT

Among the graphs with a prescribed number of edges, those with maximal index
are determined. The result confirms a conjecture of Brualdi and Hoffman.

1. INTRCDUCTION

We consider only finite undirected graphs without loops or multiple
edges. The largest eigenvalue of a (0,1) adiacency matsix of & 5.@.1.1. G is
called the index of G. For e > 0, let S(e) denote the set of ail graphs with
precisely e edges. The problem of finding the graphs in %(e) with maximal
index was posed by Brualdi and Hoffman in 1976 (cf. [1, p. 438]) and their
results appeared some ten years later [2). They showed that if f(e) denctes
the maximal index of a graph with e edges, and if d > 1, then

Al =a-1
\&j/

with equality precisely when the only nontrivial component of the graph is
X, (the complete graph on d vertices). They conjectured that when

(g)<e<(%s’)

the mayimal index is sttzinad precisely whon the only nontrivial component
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is the graph G, obtained from K, by adding cne new vertex of degree
__{d
=o-(4).

By applying perturbation-theoretic methods to adjacency matrices, Friedland
[3] proved that there exists K(¢)>0 such that the conjecture is true for
d > K(t). He also proved that the conjecture is true for ¢ =d — 1. Subse-
quently, Stanley [6] proved that fle) <3(—1+V1+8e), with equality pre-

cisely when e =( g) Friedland [4] refined Stanley’s inequality and thereby

proved the conjecture for ¢t =1, ¢ =d — 3, and ¢t = d — 2. Here we prove that
the conjecture is true in general.

2. SOME PRELIMINARY RESULTS

As in [2], &(n, e) denotes the set of adjacency matrices of graphs with n
vertices and e edges, and ¥ *(n, e) denotes the subset of &(n, e) consisting
of those matrices A s(a“) satislying

() if i<jand a,;=1, then a), =1 whenever h<k<jand A <i.

In view of the distribution of nonzero eniries in a matrix belonging to
F*(n,e), we call such a matrix a stepwise matrix. Note that a nonzero
stepwise matrix A is the adjacency matrix of a graph with a unique nontrivial
component. It follows from the theory of nounnegative matrices [5, Chapter
XIII) that if p(A) is the largest eigenvalue of the stepwise matrix A, then
there exists a unique nonnegative unit vestor x =(x,,...,%,)" such that
Ax = p(A)x: moreover, x, =0 if and only if vertex i is isolated.

Lemma 1. Let A€ 5*(n,e), e>0. If (x,...,%x,) is a nonnegative
cigenvocior comrosnomding to o(A), then x,> -+ > x,.

Proof. We give a detailed proof of this straightforward result in ordes to
establish notation and equations for subsequent use. Note that therc cxists
m < n such that x,> 0 for 1 <i<m and x, =0 for m <i < n. We suppose

that e«:(g), for otherwise x; = --- =x_, Let A=(a,), and let ¢ L2 least
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such that a_ .., = 0. Writing p = p(A), we have

)

(p+1)x, if I<i<e,
X+, = (p+1)z, boAsiso
i | px, if c+l<gigm,

where M2 202 - 20,=C>1,, 21,2 >1,>0. Hence x,>
xg,- >z, and x,,, > Xopg= ' =%, Moreover, p(x,—x,,,)=
(x,+ +xc_l) (xy+ - +x, ), whxchlsnonnegat;ve because 1, , <

c—1 Smcep>0 wehave xczxcﬂ |

Let &#**(n,e) be the subset of 5%(n,e) consisting of those mairices
A =(a,,) satisfying

(=2) if

G h<p<g<k,and
(ii) ap =1, a,,!—Owhenever]>k a;; = 0 whenever i > k, and
(iii) @,, =0, a,;=1 whenever p < j <gq, a;, =1 whenever i <p,
then p+q§h+k+1

Figure 1 shows a matrix in %*%(32,224): for this matrix, the values of
(h, k) (h <k} which satisfy condition (i) are (3,28), (10,25), (11,21),and
(13,18); the values of (». ¢} (p < q) which satisfy condition (iii) are {4,26),
(11,22), (12,17), and (14, 15).

Let f(n,e), f*(n,e), f**(n,e) denote the maximum value of p(A)
attained by a matrix in #(n,e), $*(n,e), L **(n,e) respectively. Brualdi
and Hoffman [2] proved that f{n,e)= f*(n,e); moreover if A € F(n,e)
and p(A)= f*(n,e), then there exists a permutation matrix P such that
P" AP e .S"*(n, €). The next result shows that these statements remain true
wnen F*{(n,e) is replaced by ¥ **(n,e) and f*(n,e) is rcplaced by
f=%(n,e).

LEmMa 2. If A€ P*(n,e) ond A & P**(n,e), then ihere exisis A’'€
F*(n, e) such thai p{ A) < p{ A").

Proof. In respec of the matrix A =(a..). there exist indices %, p, q, k
satisfying conditions (i), (i), and (iii) of property (¢ #) such that p+¢q >
h+k+2. Since e< 2), there exists a least ¢ such that a, ., =0. Note
that h<p<c<qg<kand e> 0. Let p=p(A), and let x =(a;,..., %, )7 be
the noxnegative unit eigenvecior of A w..w,,\.rdzrg to p. In the notation of
Lemma 1, we have =k, 5,=q—1, 7,=p—1, and 5, = h.
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11!!00Q7
1111000
1111000
0000000
Qo000O00O0
0000000
0000000
0000000
0000000

2000000
0000000
co00000
CoeTCSC

000G 00

Fic. 1. A matrix in $7*%(32,224).
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Let A’ be the matrix obtained from A by interchanging the (h, k) and
(p, g) entries and interchanging the {k #) and (g, p) entries. Ther A’€
S*(n,e). Since p(A)=sup{zA'z:272=1)} and xAx=p, it suffices to
prove that x7A’z > x"Ax. Now xr(A' - A) =z x, — x,%;), and from the
equations (1) we have

i‘g(%?fq - X3%;)

=[(zx1+ -+ )+ (m+ o +2,) -1,

x[(xl-i- vy )b (x e+ x)]

=[x+ - )+ (my + o F 2 ) [+ - 1) + 23]
=(x+ - +3&-1)[(3&+ etz ) -1,

+(zpt+ - +x,y) (2 + - +1)]

+[(x,,+ +zq_l)-—x,](x,,+ ceetx, ) = xp(Xpgy o+ Ey)
=(x;4 --- +x,,_1)[(x,,+ vtz y)—x,— (2, + o +x,‘)]

+ 24 {(zhar o Fxp) — (5 + oo +3)]

i(z N A L (C T RPR T I T XA W

We use Lemma 1 to show that each of these four smnmands is nonnegative,
the iast nonzero. First, (x,, sz, )z, —(x A T) 2
(®pert oot ) (x,+ - +x,‘),whlch1snonnegauvebecause Xpe1
2z, and (q—?) k>k —(p—=D. Secondly, (), + - +2,_:}—
{xq-‘- J-a.:,k)>()beeamie:c,,ﬂz:r aad(p—1)—-L>k- (g-1). Thirdly,
(Epar ¥+ - T3 —%,20 beeanse h+l<p<qg-—1; and fourthly,
(%) —x,)= x,,(x + - +x,,)/(o+l),whxchxsposmvebmsevemm
1,2,....k lie in the nontrmal component of the graph with aa,aeency
matrix A.
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3. THE MAIN RESULT

Tueorem. Let

e=(‘2l)+t, where G<t<d,

and let G, be the graph obtained from the complete graph K; by adding one
new vertex of degree t. If G is a graph with maximal ivdex among the graphs
with e edges, t:en G has a unique nontrivial component H and H = G,

Proof. Let A=(a;;) € ¥**(n,e), and suppose that the graph G with
adjacency matrix A does not satisfy the conclusions of the Theorem. Note
that n >d +1. By Lemma 2 it suffices to prove that o( A) < o A"), where A’
is an adiacency matrix of the graph G’ obtained from G, by adding
n —(d +1) isolated vertices. We suppose that the vertices of G’ are labeled
so that A’ & & **(n,e), and we let p=p(A), p’'=5(A"). Let x,x’ be the
unique nonnegative unit eigenvectors of A, A’ corresponding to p, p’ respec-
tively, say x =(x,,...,x,)" and x'=(x},...,x,)". Note that x{="--- =x]
and x/. .= -.. =x/. In respect of the matrix A’ the eguations (1) reduce to:

(o' +1)xj=tx{+(d—t)x)+=)1s (1a)
(' +Dxg=tx; +(d - t)xs. (ib)
P31 = Ux]. (1c)

On subtracting (1b) and (1c) from (la), we obtain
xy+xha =2 +aje(p'+1) (2)

Let ¢ be minimal such that a,,,,=0, and let v bc maximal such that
a, 4.1 % 0. In investigating the sign of p’ — p, we distinguish iwo cases: (I)
v<t, (II) o>¢ In cese (8, we have x"x{(p'—p)=xT{A'—~ A =a -8,
where « is the sum of (say) r terms xjx;+ x,x} for which o+1<i<d,
c+l<jg<d+], and i<j; and B is the sum of r terms xix;+x.x; for
which i1<i€o, d+2<j<n, and i<j. By Lemma 1, we have a>
2+ %3,1)%44; then by Equation (2), a> m{x,, ;. On the other hand,
since &j=G for j>d+2, we have B < rxi{x;,,. Hence o’>p because
2 >0and a- 3> 0.
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In case (II), again let 2 be the number of entries equal to 1 in the matrix
A'—= A. We distinguish two subceses: (Tla) r > ¢, (Ih) r <¢. We show next
that in subcase (Ifa) we have p <d —1: since p’>d —1, we again have
p’>p. Let A” be the matrix obtained from A’ by making the (d +1)th
column 2 zero column and the (d + 1)th row a zero row. Then p(A”)=d -1,
and the corresponding nonnegative unit eigenvector x” = (x’,..., )T has
' =..xY 2=+ =x27=0. Now x'x"(d -1-p)=xN(A"- A" =
a—p, where a is a sum of r terms x/x;+x;x] for which o +1<i<
d—1, c+l<j<d,and i<j; end B is a sum of r+¢ terms x/’x, +x,x}
for which 1<i<o, i +1<j<n, and i<j. Thus a>m{(x,_,+x,)>
2rx{'x 4,1> (r + t)x{"x 4, 1 > B, establishing the required inequality.

Turning now to subcase (IIb), suppose first that n >d +2and @, 4,5, =1,
and let h be maximal such that a, ;,o=1. Note that h<¢—2 because
@1 a+1=1and r<t. Let a=¢—h and b= v —¢. Let k be maximal such
that @,; =1, and let ¢ be minimal such that a,,, ,=0and v+1<gq. The
numbers a, b,d, h, k, g, ¢, v are illustrated in Figure 2 for a typical matrix
A’— A: in the illustration, g <d, but the arguments which follow emh:ace
also the case ¢ =d + 1. Invoking property (¢ *) with p=9+1, we have
0 + q < h + k; equivalently [k — (d +1)]+[d — (g — 1)] > a + b. Suppose by
way of contradiction that d —(¢g—1)<b: then k—-{d+1)>a+1. But
t=1>r>b+[k—(d+1)]h, and it follows that ¢t — 1> b +(a + 1)¢ — a),
whence t<z+1—(b+1)a™! and h<O0, a contradiction. Hence d—
(g — 1) > b: therefore, v<d—b—1, and we can define the matrix A” =

(a}}) € #*(n,e) as follows. For i <j we have aj;=1 precisely when
ji<d-1,or j=d and 1<igd-b-1,0or j=d+1 and 1<i<ov. The
matriz A” is llustrated in Figure 3. -

Let p”=p(A") with corresponding nonnegative unit eigenvector x”’ =
(x{,...,x”)", and let w=d — b —1— v. The equations (1) yieid the foliow-
ing in respect of A”:

(p"+ 1)z =vx{! +wai_p_y+ =7+ i +21
(p"+ 1)z = oxf' + wrl_y_y+brjy,
p xg =vxy’ + wxg_y_;-
We deduce that x_, + 7 > x{’. Now xTx"(0" — p) = a — B, where « is the
sum of (say) ' terms x’s; + x,x{ for which i<j<d,and Bisasum ol ¢
terms x{’x;+x;x] for wﬁich j=>d+2 and i< §. Hence a>r'(xg_,x4+

xixg_1) > r'%y(xY_ 1+ %) > %]’ 4 > 7'2{'% 4, 5. On the other hand, x}' =0
for j>d +2 and so 8 < r'x{'’x 4., 5, Wwhence p <p".
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0 i 00000 i i 1 a 000 o 08 o
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Fic. 3. Part of the matrix A”, subcase IIb.

If A” & & **(n, e) (equivalently, if d — ¢t — 2b > 3), then £” < p’ Decause
thnspecuﬂmdmsofA”maybemcmsedbymmvelytﬁ:isfemmﬂne
last b entries agust to 1 in column d+1 to positions (i,d) (i=4 — b,...,
d — 1) 3s in the gmof of Lemma 2. Thus p <p’ when A” & ¥**(n,¢). If
A”e .S”"(n,e), A” is an instance of a matrix A in ¥*%*(n,e) for
which 81,4+2=9. Accordingly, to prove that o <o’ in every case it suffices
to prove that p(A) < p’ for those matrices A =(a,;) € F**(n,e)— {4} for
which @, 4,5 =0 and b=r <¢. Since isolated vertices of the corresponding
graphsmaybengnor-" wq...ayass-_...nt..atn =d+1.

b %4 -
We oW have &)= - - =%, - E<d and pz,,, = (¢ + b}z, More-

over xTx'(p’ — p) = a— B, where a is the sum of b terms xxjul-xﬁxj with
i<j<d, and B= xd+1(xt+1 + o 2l ) 20 (Ben 0 F Bes)
Hence a3 b(xj_ x4+ x4 1x3) =bei(xg+2; ) snd B=Db(r4,:%5+
%541%1) Thus a— B> b{zi(zs+ 2 41— %441) — 5+ 1%1 }» and it suffices to
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prove that

xg X

> .
g1 ZXat ¥ %g4)

Since {p’—(d —1—t)}x} =tx{ = p'x},,, We have

4

xg P
4 P—(d-1-¢)

On the cther hand, p(x; +x,4_,—%4,,) = 0%, 2> px 4,1 = (¢ + b)x,, and so

%, 0 d

< < .
Xg+%4_1—%44 t+b t+b

Hence it suffices to prove that

p’ d
P —(d-1-1)t+b

—equivalently, that
d-t—1
p'< d( =i s ) .
This is clear because p’ < d, and the Thearem is now nroved ]
We now kncw that when

N Ry

\. = o . 3
}‘l't,, Uv<i<da,

(
“\

the avanh ¢ hac the laﬂ!ﬂt index of any granh in & (e) aocordmgly f(e) 1

R

Ll e =g ===

the largest eigenvalue of the matrix
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Hence fle)=d —1+e¢, where 0 <2<l and e*+(2d - 1)*+{d*~d ~¢)e
—£2=0,

The author is indebted to D. Coetkovic for helpful discussion of the
problem considered in this paper.
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