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Abstract

We show that under certain large cardinal requirements there is a generic extension in which the power function behaves
differently on different stationary classes. We achieve this by doing an Easton support iteration of the Radin on extenders forcing.
(© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

This work is part of the general project to understangabsible behaviors of the power set function according
to the size of large cardinals in the core model. We deed gth the power function below a strongly inaccessible
cardinal or just globally. Usually, there is a club subset with the power function having a uniform behavior along it;
see R,3,14). It is natural to ask if a uniform behavior on a blis necessary. For a singular of uncountable cofinality
there are limitations posed by the Silver Theorem. All) provides additional limitations. The present work answers
the above question negatiyehnd provides a method of constructing models with different behavior of the power
function on different stationary subsets of andnessible or on different stationary classes6]rofher methods are
used to deal with the same situation betow a singular of uncountable cofinality.

We demongrate some possibilities by proving the following theorems.

Theorem 5.1. Let & < « be regular cardinals in K (the core model) arid ¢ » — {0}. Suppose that the set
{A <k | 0(L) = AT 4 £} is stationary. Then there is a cardinal preserving generic extension of K in which the sets

A<k |2"=rTand(cfr=¢if& #£00r cfr = wif € = 0)}
and
A<k |2"=rTTand(cfr =£if & £0o0r cfr = wif &€ = 0))

are stationary.
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A similar result ispossible if« is replaced by On:

Theorem 5.2. Let& be a regular cardinal in K and ¢ o — {0}. Suppose thah | o(A) = AT+ + &} is a gationary
class. Then there is a cardinal preserving dagreric extension of K in which the classes

(A2 =xtand(cfa=¢if &£ #00r cfa = wif £ = 0)}
and

(A2 =xtTand(cfr =¢if &€ £0o0r cfr = wif £ = 0)}
are stationary.

By the results of 10], the above theorems are optimal for egcl ;.
Theorem 5.3. Let« be a regular cardinal in K. Suppose thiit < « | o(,) = A*3 + 1} is stationary. Then there is a
cardinal preserving generic extension of K in which the sets

(A <k|cfr=w, 22 =271},

(A <k|cfr=w, 22 =271},

and
A<k|cfr=w, 28 =113
are stationary.

Theorem 5.4. Suppose thar | o(x) = A13 + 1} is a ationary class. Then there is a cardinal preserving class
generic extnsion of K in which the classes

(A cfr=w, 22 =27},
(L] cfr=w, 28 =271,

and
(A cfr=w, 28 =213
are stationary.

By [10] the assumptions are alast optimal.

Theorem 5.5. Let« be a regular cardinal in K. Suppose that for eagh< « the set{x < « | o(A) = A3 + &} is
stationary. Then there is a cardinal preserving generic extension of K in which « | 24 = A or A is regular} is
nonstationary and both sefs < « | 28 = ATt} and{x < « | 2* = A3} are stationary.

Theorem 5.6. Suppose that for each e On, {¢ < A < « | o(A) = A13 + £} is a dationary class. Then there is a
cardinal preserving class generic extension of K in which 2 = A* or A is regular} is a nonstationary class and
both setgx | 2> = ATt} and{x | 2* = 113} are stationary classes.

By [10] the assumptions @& optimal.

The structure of this work is as follows: Bection 2we review the needed results from the Easton iteration of
Prikry type forcing notions theory. I8ection 3we review facts about extenders, and the Prikry on extenders forcing
notion. InSection 4we present the iteratioof the Ralin on extenders forcing notioSection Spresents the usage of
the iterated forcing to control the power set function on stationary sets.

The notation we use is standard. We assume fluency with forging @ meansp is stronger thar), iteraed
forcing, and large cardinals methods (namely, extenders, ultrapowers, and their elementary embeddings).
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2. The Easton iteration

The Easton iteration of Prikry type forcing notions was introducedjngnd appears in a simplified form iB][
In this section we review results frond][used in the currentvork, stipped down to the special cases we need. We
refer the reader tdg] for the proofs.

Definition 2.1. The forcing(P, <) is called of Prikry type if there is auxiliary partial ordgP, <*) suchthat

(1) =rc=.
(2) (Prikry Condition) For eaclp € P ando a formulain the P-forcing language, there ip* <* p suchthat
p* llp o

When we réer to the forcing notion(P, <, <*)’, we mean thatP is of Prikry type in the above sense. Namely, we
force with (P, <) and<* is the auxiliary order.

Note that, trivially,(P, <, <) is of Prikry type.

Definition 2.2. The Easton iteration of Prikry type forcing notion&,, Q',g | @ <k, B < k), is defined a follows:
For eacha < «, p € Py is of the formp = (pg | B € s) where

1) sca.

(2) (Easton support) For eagh< « inaccessiblesn B| < B.
() VBespiB=(py |y esnp)e Pg.

(4) VB e slp,  (Qp, <, <*) is of Prikry type'.

(5)VBes piBlFp, Ppe Qp .
We call s the support of p and write supyp for it.

Definition 2.3. For p, q € P, we sayp <* q (p is a Prikry extension ofg) if

(1) suppp 2 suppg. i
(2) Yo < suppq pla lFp, Pa <@ G -

Definition 2.4. For p, q € P, we sayp < g (pis an extension ody) if

(1) suppp 2 suppg. i
(2) Vo € suppq ple lbp,  Po =g, Go -
(3) IsupPa ~ {or € SUpPq | plar Iip, " Pu <f G} < No.

Lemma 2.5. Assume Py, Qﬁ | @ <k, B < k) is an Easton iteration of Prikryype forcing notions. AssumeegoP,,
and leto be a stéement in the P-forcing language. Then there is*p<; p suchbat p* ||p, o.

Thatis,(P,, <p,, s’E,K) is of Prikry type.
The following definition is from the general theory of iterated forcing.

Definition 2.6. Assume(P,, Q,g | @ <k, B <«)isaniteration,and & o < «.

(1) If p e P, thenpy = plle, ). We mnsiderp,  to be aP,-name.
(2) P, is the P,-name stisfying

R, T € P <= YpePc3q<p palaip, Gue=r
(3) The order<p  on P..c is defired by
pP=<p q — pfd |FPU( rpot,/( Spw qa,xj-

The Prikry ordering orP, induces an atering onPa,K:
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Definition 2.7. The orderg*;, on P'o,,,( is defired by

P <k 0. Vpesuppq~apifire, Ps<p, 4 =
pla Ikp, ’_pa,/( STja’K Qa,l(—l~

Claim 2.8. Assume(Py, Q,g | @« < k,B8 < k) is an Easton iteration of Pkiry type forcings such thate < «
I-p, "(Qq, <*) isa-closed. Then all cadinalsi > « are preseved.

Claim 2.9. Let« be Mahlo cardinal, and assumé,, Q,g | « < k, B < k) is an Easton iteration of Prikry type
forcing ndions. Then P satisfies thex-cc.

3. Extenders, the Prikry on extendersforcing notion

3.1. k-Extenders

Definition 3.1. Let j : V — M be an elementary embedding. The generatoljisat defined by induction as
Ko = Crit(j),
ke =ML €ON|VE <&V eOnVf:p— Onj(f)ke) # A}

If the induction terminates, then we have a set of generatorf for
9(j) = {ke | & <&}

The measures in this work are not on ¢jjtbut on functions taking values inside drjf). Theseobjects are named
OB in this work.

Definition 3.2. Assumed € [ («)]=¢ andx € d. Thenv € OB(d) <

(1) v:domv — «.

(2) k € domv C d.

(3) vl = v(x).

(4) Vo, B edomv e < B = v(a) < v(P).

In the following definition of extender we note that the interesting case is Whe6j) > crit(j) ™.

Definition 3.3. Assumej : V. — M D M¥* is an elementary embedding, ¢ijif = «, andg(j) C j(x). The
k-extendelE derived fromj is the system

(E(d) |k €d € [j(0)]FF), (dpq, | d1, d2 € [ (0)]FF, « € d C d))
where for eaclr € d, di, dz € [j (¥)]=¥, andk € di C dy,

1) Ae Ed) <—
(1.1) AC OB().
(1.2) {{j (@), &) |« €d} € J(A).
(2) md,,q0, : OB(d2) — OB(dy) is defired bymg, ¢, (A) = {v[d1 | v € A}.

GivenE, ax-extender, we lefg : V — M =~ Ult(V, E) be the corresponding elementary embedding.

We use he objects OB and not just in order to solve a technicality appearing in the Radin on extenders
forcing. That is, if we have a long enough coherent seqaef extenders, and a large set in the sense of all of
them, then we cannot know from which extender a specific point from this large set was taken. Hence we will
not be able to use the projection of the right extender. $iution is to use OB, where each ‘point’ is in fact a
function. This function contains all the information weed from the extender, that is the projection and where to
project.
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Assumed < [j (k)]=¥. As usua) a setT < OB(d)<® ordered by end-extension and closed downwards is called a
tree. We use the followig notation for a tred :

vYn < w Leva(T) = {{vo,...,vn) | (vo,...,vn) € T},
T(ﬂo,.“,ﬂrﬁ = {(U(), MR Vk) | k < w, <H’Oa st ,U«n’ Vo, .- \)k) € T}v
SUCI'(VOs ) Vn) = {V | (VO, <ee5 Vn, U) € T}

Forour purposes we need special trees caliéd)-trees:

Definition 3.4. Assumed € [ («)]=. A treeT of heightw is anE(d)-tree if
Y{(vo,..., k1) € T Suer(vo, ..., k1) € E(d)

and for eachv) € Ty, u 1)

(1) domuk_1 € domv.
(2) Ya € domug_1 vk—1() < v(a).
(3) V() € Tg,...mq) VK) < n(k) = domv € domp.

Note that we use the convention Sg = Levg(T).

Definition 3.5. AssumeT, T/, areE(d), E(d’)-trees, respectively, artl C d. Then
g, a(T) = T1d" = {(Vold', ..., Dk-11d") | (Po, ..., Vk-1) € T},
75 g (T = {(Bo. ... k1) € OB(@)* | (Wo|d,.... ik 1]d") € T').

3.2. The Prikry on extender forcing notion

We review the definition and basic facts abdlwe Prikry on extender forcing notioB][ The form of the forcing
we give is a simplification of the presentation it5].

Assumej : V — M D M¥ crit(j) =, g(j) C j (x), and letE be thex-extender derived fronj.

We bagin by defining the forcing notiofiPt, <*):

Definition 3.6. f € PLiff f :d — [«]=“is such that

(1) d e [j)]= .
@)k ed.

PE is equipped with the partial orddr <* g <= f 2 g. (Notethat(P¢, <*) is the Coha forcing adding j (x)]
subsets toct.)

Definition 3.7. A condtion p in Pg is of the form(f, T), where

(1) f ePE.
(2) T isanE(domf)-tree.

We write suppp, fP, andTP, fordomf, f, andT, resgectively.
Definition 3.8. Let p, q € Pg. We saythat p is a Prikry extension ofg (p <* q or p <° q) if

(1) suppp 2 suppq.
(2) TP suppg = 9.
(8) 7suppp,suppg TP € T

Definition 3.9. Letq € Pg and(v) € T9. We defineg,,y € P to bep where
(1) suppp = suppg.

(2) Ve € suppp fP(@) = { f%a) ™ (v(@)) «a e domv, v(a) > flcl“q(a)|71(a)~

f9@) Otherwise
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@) TP=T4,.
When wewrite gy, .. u) We mean(- - - (Qug)) (wy) ** * ) (u) -

Definition 3.10. Let p, q € Pg. We saythat p is a 1point extension ofy (p <! q) if there is(v) € T9 suchthat
P =" du)-

Definition 3.11. Let p, q € Pg andn < w. We saythatp is ann-point extension off (p <" q) ifthere arep", ..., p
suchthat

0

p=p"<t---<tpP=a.
Definition 3.12. Let p, g € Pe. We saythat p is an extension off (p < q) if there isn < w suchthatp <" g.

The properties oP g we need are summarized in the followitigeorems. The read is referred to9] or [15] for the
proofs.

Theorem 3.13. (1) (Pg, <, <*) is of Prikry type.
(2) (Pg, <*) is k-closed.

(3) Fpe  (kT)y is a cadinal .

(4) Pg satisfies thex ™" -cc.

Theorem 3.14. Let G bePg-generic. Then in YG]
(1) No cardnals are collapsed.

(2) cfk = w.
(3) Nobounded subsets are addedto
(4 2 =1j@)l.

4. The Easton iteration of the Radin on extendersforcing

This section is modeled after Section 3 @f.[The major change is that instead of the measures used there we use
extenders. The main theorem iterates the Radin on extenders forcing na@8pal$ng a Mitchell style (i.e., using
double indexing) coherentgeence of extenders.

The next definition adopts the general notion of coheretéyi[f] to our context. Note the last requirement is a
restriction of the sequence tmn-overlappingxtenders.

Definition 4.1. A functionE is called a coherent sequence nb(-overlapping) extenders if

(1) domE = {(x, &) | « < I(E), & < 0F(x)}, where [E) is an odinal and & : I(E) — On.

(2) Vi, &) € domE E(¢ is ak-extender, and,¢ : V — M, =~ Ult(V, E.¢) is the mrresponding natural
embedding.

(3) e (0F) (k) = & and for eacts’ < &, jee(E)egr = Ece.

(4) Vk1 < k2 < I(E)

05 (k1) < K2,

SUP  jip£ (k1) < k2.
£<0F (k1)

Since domE consists of pairs of ordinals and we need to accesditst coordinate from time to time, we use the
notation dom E for the projection of don to the first oordinate.

Theorem 4.2. Let E be a oherent sequence of extenders such that
Yk, &) e domE 3fg 1k — «
supg(jc.e) < je.e(f) () < min(dom jeg(E)) \ (k + 1)).
Then there is a cardinal preserving generic extension in which
Vic e domtE 2 = sup |jez(0)l.

§<0F ()
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Proof. The forcing notion we use is the Easton iteration of the Radin on extenders forcing notion. The proof is by
induction on the length of the iteratian< | dom' E.

e « = 0: As usualPy = 1 and there is nothing to prove.
e « is alimit ordinal: If {& < « |IFp, "Q, # 1'}isbounded inc, then here is anx < « suchthat P, ~ P, and
there isnothing to prove. So we assume this is not the case.

Let G, be aP.-generic filter, and seéte < « G, = G, N P, (hence for eack < «, G, is a P,-genericfilter).
By the induction hypothesis we have for eack: «,

V[Gy]F ViedomENa 28 = sup |je0)|
£<0B(2)

and
V andV[G,] have the same cardinals

Let A € domt E N«. Picke < « suchthati < a. ThenP, = P, % P, .. Since
Ip, " (Pyc, <, <*) is of Prikry type,

and

p, " (Pyu. <*) is ||-closed,

o

the forcing P'a,,( does not collapse cardinals belaw nor does it Changezx)\/[ga]. Herce V[G,] E Toh —
SURy ey 28]

Since for eacle < «, V[G,] andV[G,] have the same cardinals belawwe get ttat no cardinal below is
collapsed invV[G,].

Cardinals above are not collapsed by the general Easton iteration theory. Hénaed V[G, ] have the same
cardinals.

e k +1: If k ¢ dom® E then we seQ, = 1 andP41 = P, % Qq; thus there is nothing to prove.

So, we are left withc € domt E: We would have liled to IetQK be theP,-name of the Radin on extenders forcing
with the extendersE, ¢ | £ < oF(x)). However, afér forcing with P, the exendersE, ¢ no longer measure all
subsets of OB. We begin by findireggood enough replacement for thast extenders. So, L&, be aP,-generic
filter.

Lemmad4.21. Leti : V — N =~ Ult(V, E,o({«})) be the natural embedding. Then there is<&-decreasing
sequence pé\"o | ¢ <«kT)c NsuchhatifD € Nisa F,’CN—name of a dense open subse(iQPK)/PKN, <*), where

(P 1§ <) =1((Ps | § <)),
then there i < « suchthati-pn P € D

Proof. Observe tha¥é < « P; = PN, and thatQ} = 1 sincex ¢ domti(E). Let(A; | ¢ < «*) be an enumeration
of all PKN—names of maximal anti-chains ¢f(P,)/PN, <*). Since for eaclt* < «* we have that

(Acl¢<¢heN,
Fpn (i (Po)/PN. <, <*)is of Prikry type',

and
IFpN (P PN <*)is «T-closed,

the sguence pgN'o | ¢ < k™) can be constructed by inductiond
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Definition 4.2.2. Using4.2.1we fix a sguence pg[\"o | ¢ < «*) and call it a master sequence for Mt E, o({x})).

Lemma4.23. Let joo : V — Mo =~ Ult(V, E( o) be the natural embedding. Then there is<&-decreasing
sequence(p? | ¢ < k%) C M, such hat if D ¢ Mio is a R(M“’O-name of a dense open subset of

(jx,o(PK)/P,(M“'O, <*), where
(P & < j0(0)) = jo((Ps | & <)),

then there is < «* suchthatit Ju, o pPeD.

Proof. Observe thaté <« P; = PEMK*O, andQL\A“'O = 1 sincek ¢ domt ix.0(E). We factor j,. o through the normal
measure as follows: '

Ve M=~UV, Eo)

i
l (L D=lc,0(F) )

N =~ Ult(V, Ec.0({k}))

Let D € M, o be such that

~

IkPMK_0 "D is a derseopen subset ofj..o(Pc)/ PKM“O, <*.

Picka € g(Ec.0) and f € V suchthat j,.o( f)(«) = D. Let
k" = min((dom" j o(E)) \ k).

ThenIFPMK_0 "(je.0(Po)/PM, <*)isk’-closed. Pickg € V suchthat j,.o(g) (k) = «’ (namely, for each inaccessible

{ <k sétg(;) = min(dom® E \ ¢)). Since sup(Ex.0) < j0(fo)(k) < kK, we hae in paticulara < je o fo) (k) <
jx.0(9) (k). Thus reflection to/ yields

{a} x {¢ <k [ ¢ < folma,k(£)),
FPry o) " f(¢) is a derseopen subset ofP; / Pr, . (c), <*),
(Pe/Pry (), <) 18 9(ta k (£))-Closed ) € Eyo({er)).
Noting the existence ok € E, o({x}) suchthat
VK, ¢1), (k, &2) € X [41, fo(cD)] N [¢2, fo(52)] =¥,
U @ fo©)) € Ecol@),

(k,0)eX
we can defie a functionf* : X — V suchthat
ik, 0%y € X Irp. £5@) = (@) | man(§) = ¢, ¢ € (%, fot*)} .
Hence
KK} x {&" < K |IFp. " £*(¢*) is a derseopen subset ofP, / P+, <*),
(¢ € (¢*, fotM). ¢* =Tax () = f*(¢*) S f(2)') € Ecolin)).
Thatis

-

”—PMKO ; jx.0(f*) (k) is a deseopen subset ofj,.o(P,)/ PKM“O, <*),

and

koMo Jeo(F)00) € jeo(H(@) .
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Retreating toN ~ Ult(V, E, o({x})) we get
IFpn i (F*)(x) is a deiseopen subset ofi (P,)/PN, <) .
Thus there is <« suchthatlkaN : pz\"o ei(f* ). Sending the last equation alorigyieldsl%PKMK,0 rk([‘)?"o) €
jc0(F) ) € jeo(H@) . O
Definition 4.2.4. Using4.2.3we fix a sguence p? | ¢ < «), andcall it a master sequence fdf, o >~ Ult(V, E, 0).

The first extender;, o, is different from all other extenders, ¢ (¢ > 0) as we can lift it to an extender M[G,]
as we show now.
The following definition makes sense since the master seqt{eﬂ?cbg <«kt)is 5*-decreasingj:’OP,< = P,

and j,.o(Pe) = Pe # je.0(Pe)/Pe™0. Note hat:

(1) On the one hand?, has added subsets {9 o(k); herce there are ultrafilters which have no ‘original’ in the
ground model.

(2) On the other hand, each new sef jao(x)]=* is contained in an old set dfj, o(«x)]=*. So we eally do not need
these orphan ultrafilters.

Definition 4.2.5. Assumep IFp, ' d € [j..0(k)]=¢ . We defineE, o(d) as follows:
(plkp, A< OB() and
3 <kt p 7 PRI, oro {(ico(@), @) @ ed} € jeo(A)) =
plkp, A€ Eco(d) .
Claim 4.2.6. Assume ptp, ' d € [j.o(k)]< andA € OB(d) . Then here are {§ <} pand¢ < «* suchthat
D" B2 ljeoPo {{ic0(@), @) | €d} € jeo(A) .

Proof. SetD = {r € j,,0(P) | T llj, 0P {{ic.0(@). @) | & € d} € jeo(A) '}. SincePy is of Prikry type,D is dense
open in(j.0(P), <*). ThusD/P, is a name of alense open subset 6f, o(Pc)/Pe, <*). Herce there i < «™

suchthatl-p, " p® € D/P, . This meanstp, " p? lieo(Po/Pe {{ico(@),a) | @ €d} e jeo(A) . Using tre Prikry

property we fincfp* <p, Ppsuchthat
P P2 0P {(ico(@). @) [ €d} € jeo(A). O

Corollary 4.2.7. Assume prp, " d € [j,.o(k]1=¥) and A € OB(d) . Then
() pirp "Ae Ecod) '

3 <kt p T P I oro (lico@). @) o € d} e jeo(A) .
(2 plrp, "Ag¢ Ecod)’

3 <kt p7 P ory  {{iko(@). @) [ € d) ¢ jeo(A) .
Proof. The () diredion is immediatdrom the definition. We prove the=&) diredion.

(1) Assumep I-p, "A e E.o(d) : This means that there exisb, a maxinal anti-chain belowp, such that for each
q € X thereisgq < «* suchthatq ~ p?q IFi 0P {{ico(@),a) | @ € d} € jeo(A) . We sety = qux {q-
Since|X| < « we get: < «T. Thus

P~ B0 Fior (i@ o) e € d) € jo(A) .
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(2) Assumep I-p, " A ¢ E, o(d) : Necessarily, ij <p, pands < «™, theng = p ¥, op,) {(jc0(@), @) | @ €
d} e jk,o(A)j. Invoking4.2.6 we mnstructX, a maxmal anti-chain belowp, such that for eacly € X, there is
{q < ¥t suchthatq ~ p?q IF,0(Pe) r{(j,(,o(oz), a) |aed} ¢ j,(,o(A)j. We setz = qux {q. Since|X| < k, we
have: < «™. Thus
PP IFj 0P ((ic0(@), @) [eed ¢ jeo(A) . O
Claim 4.2.8. Assumerp, 'd € [j..0(«)]=* . Then
IFp. " Er.o(d) is ax-closel ultrafilter on OB(d) .

Proof. We prove the fourconditions showinde, o(d) is ax-complete ltrafilter.
(1) Assumep I-p, ' A € OB(d) andA ¢ E,o(d) ": Then here is¢ < «+ suchthatp p? FieoP  {{ix0(@), @) |
aed} ¢ jo(A) . Thatisp ™ pf IFj, 4P {{ik0(@), @) | @ € d} € OB(d) \ ji,0(A) . Herce
plkp,  OB(d)\ A e E,o(d) .
(2) Assumer < k andplFp, ' Vu < 1 A, € E,o(d) : Thatis, for eachu < A there is¢, < «* suchthat
P BY P {liko(@), @) | e d} € jeo(Ay) .
Lets =, -3 ¢u- Then

P~ BY IFj, 0P ((ico(@). @) | ed}e q Je.o(Au) .
n<

Since critj) = « > A we get

P P oRy {{iko(@), ) | ed)e jw(q Ay
n<

Thatisp I-p, * (<5 Ax € Eco(d) .
(3) Assumep I-p, " A € B € OB(d) andA € E, o(d) : It is immediae that here ist < «* suchthat
P BY IFjoP 1.0(A) € Jeo(B), {(jco(@), @) | ed} e jeo(Ad) . O
From4.2.54.2.8we deduce that we have constructed a lifting©f o.

Corollary 4.2.9. The system

({Ec.o(d[Gl | k €d € [[ ()], (Tdpq; | 1,02 € [] (K)]ZF, k € dy € dp))
is ax-extender lifting E o.
Proof. The only thing left to be proved is the lifting.

We work inV. First we note that ifd € [j,.0(«<)]=¢ and A € E, o(d), then{{jco(a),a) | « € d} € jeo(A).
Trivially

FicoPo {lico@), @) |a € d} € jeo(A),

and hencé-p, " A € E,o(d) . _
The second thing to note is thattifp, de [j,(,o(;c)]f"j then due to the-c.c. of B, there isd € [j,.0(x)]=* such
thatl-p, 'dcd'. O

Whené > 0 we cannot lift the extendelE, ¢ to an extender iV [G,]. This is because we use the Prikry condition

to decide when a set is large. Whén> 0 we have thaQ,EA“'E # 1. 1In Q,';"K’E there mightbe two incompatible
conditions (which are nonettedds Prikry extensions of the same condifjpane deciding that some set is large and
the other that it is small.



M. Gitik, C. Merimovich / Annals of Pure and Applied Logic 140 (2006) 75-103 85

What we dais constuct an indexed set dfiters. Theproperties of theselfers will allow us to work almost as if
we had ultrafilters. In fact this system of filters is theemeof an extender which is found in a Cohen generic extension
of V[G,].

Lemma4.2.10. Assumed < & < oF(x), a}nd leti: V — N x~ Ult(V, E,:({«})). Then here is a<*-decreasing
sequence(p?‘ | ¢ <«T) C N suchhatifD e N is a P} ;-name of a dense open subsefi¢P,)/P[ ;. <*), where

(PN & <it)=i(P: | £ <)),

r.

then there i < «* suchthati-pn ~ p; € D
K+

Proof. Observe tha¥a < « P, = PN. Let (A | ¢ < «™) be an enumeration of al}\ ;-names of maximal
anti-chains of (P,)/ PK’\fH. Since for eacht* < «* we have

(Ac g <™ eN,

Fen (i (Po)/PN.4, <, <*) is of Prikry type ,

and
Fen (i (Po)/PN 4, <*)iskt-closed,
the sguence pg‘ | ¢ < «*) can be constructed by induction

Definition 4.2.11. For each O< & < 0F(x), we use4.2.10to fix a seuence( pé\l,é | ¢ < «*) and call it a master
saquence for UIEV, E, £ ({«})).

Lemma4.2.12. Assumé < £ < of(k). Then here is a<*-decreasing sequend@; | { < k1) C M, ¢ such hat if
DeMcisa R(“i“f—name of a dense open subsetjpfs (P.)/ Px:f, <*), Where(PSM“'é | € < jee(0)) = Jes((Ps |
§ <«)). then here is; < «* suchthati-_u, . "preD.

Kk+1

Proof. Observe tha¥a < « P, = PO,M“'E. We factor j, ¢ through the normal measure as follows:

V— M~ UI(V, Ec)

i
l CFD=]es ()

N =~ Ult(V, Ec£({k}))

~

Let D be such that _w, . "D is a derseopen subset OGjK’S(PK)/PKI\i(f, <*).
k+1

Picka € g(E(¢) and f € V suchthat j, (f)(a) = D. Let
k" = min((domt j, £(E)) \ (k + 1)).

Then ”‘PMK,E r(j,(,g(P,()/PK'\i“f,5*) isk’-closed. Pick g € V suchthat j,£(g)(x) = «' (namely, for each
Kk+1

inaccessible < « setg(z) = min(domt E \ (¢ + 1))). Since sup(Ece) < jee(fe)(x) < K, we have in prticular
a < jee(fe)(k) < je,e(9) (k). Thus reflecting td/ yields

{Ol} X {C <K | < ff(”a,l((;))»
IFp " f (¢) is a deseopen subset ofP; / Py, , (¢)+1. <*,

o,k (§)+1
(Pe/Pry 041, <F) 8 9w, (0))-Closed} € Eq¢({a}).
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Noting the existence ok € E, ¢ ({«}) suchthat
Vi, ¢1), (k. £2) € X [¢1, e (D1 N g2, Tz (c)] =0,
e} x |J @ (@) € Eciad.

(k,0)eX
we can defip a functionf* : X — V suchthat
Vi, ¢*) € X hpay, £@) = [ (FQ) | man(@) = %, £ € €%, (@},
Hence
KK} x {&F <k [IFpayy " £*(¢*) is a derseopen subset ofPc /Prxy1, <*),
(¢ € (@* fe@), £ =7an@) = (¢ S ()} € Ecelin),
Thatis

Ik e " jee(f5)(c) is a deseopen subset ofj, £ (P, )/ PKNJ':f, <*),
k+1

and

F v Tes(F00) € jee(H@)

K+1

Retreating toN >~ Ult(V, E, ¢ ({«})) we get

Fen "I (f*)(x) is a deseopen subset off (P,)/PN 4, <*) .
pas

Thus there ist < k™ suchthatl%F,N+1 rp?"s € i(f*) (k). Seding the last equation alonky yieldslkpwl1
ke (PY) € Jies(F)(K) S jee(D@) . O

Definition 4.2.13. For each O< £ < 0F(x) use4.2.12to fix a s@uence( p§ | ¢ < «T) and call it a master sequence
for M e >~ Ult(V, Ei¢).

In order to lift the ultrafiters in E, ¢ we define a forcing nion which will be used to index the lifting.

Definition 4.2.14. Let G, be P.-generic. InV[G, ] we define lhe forcirg nation F’é: fe U”é iff

(1) f:d— [«]=“. We use theanventionf («) = (fa(a) | N < | f(@)]).
(2) d € [SUR _gE(x) e (K)TZ".

() k ed.

(4) ¥n < | f ()| oF(fa1(6)) = oF(fn()).

B)Va eda #k = Vn < |f(w)] oF(fa(a)) = 0.

[PE is equipped with the partial order*: f <* gif f 2> g. We IetQ',*; be theP,-name of[PE. We note the inplicit
exigence of ;v

Note that(P%, <*) is the Cohe forcing for addingsup: o, J«.£ ()| subsets tac T, andQ',fM“’E [G,1isthe Cohen
forcing for adding|sug,<5 ji.e/ (k)| subsets toc ™. Herce if HX is [P*E—generic (orQ,fM“"§ [G.]-generic) oveV [G,],
thenPVICl () = PVICHIH (i),

Note that the above definition relates to our main forcing nofi@?26in the same way a3.6relaes t03.7. That
is a tree of large sets will be put alongside The complcation here is that now we have filters instead of ultrafilters.
Thus in3.7 the largmess of the sets was dependent on dolow the largeess depends of (and not only its
domain).

The requirement® fn_1(x)) > 0F(fn(x)) stemsfrom 4.2.26 The f,_1(x)’s codes a previously added Radin
sequence and & f,_1(x)) codes the order type of this sequence.ff f_1(x)) < of(fn(k)) then the equence
coded byfn_1(x) is a prefix of the equence coded bfx (x), hence giving superfluous information.
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We mnstruct the filters wish are the lifting of the ultrafilters ifE, ¢ (§ > 0). Thefollowing definition makes
sense sincq'z,;”S P, = P..

Definition 4.2.15. Assumet, p, f, A, andd are such that & & < of(x) and
pikp, e O™ d e [jee)=*, andA c OB(domd) .
We define aP.-name,E, ¢(d, f), as fdlows:

It <kTIge OMes (plkp,  f = f9" and

PTG B Ry (k@ 0) @ ed) € ()

= plrp, "Ae E,(,g(d', f')j.
Lemma4.2.16. Assume, p, f, A, andd are sich that0 < £ < oF(x), and
pikp, e O™ d e [jee)=*, and A C OB(domd) .
Then
plkp, AcEcs(d, ) =
3 <ct3ge QU (pikp, f = 197
PTG B Fiepo (ke ) | ed) € jee(A)).

Proof. The (<) direction is immediate from the definition. We prove the=() direcion. So, assum, p, f, A,
andd are such that & ¢ < of(x), and

pirp, 1 e Q™. d e ljes()]=, andA € E ¢ (d, ).

This means that there exists a maxmal anti-chain belowp, such that for each € X there are;; < «™, ¢, such
that

ribp, % =f'

and

—~

F7G T P e (es(@).0) [a e d) € jee(A).

Hence we cawonstruct aP.-name, such hatvr € Xr I-p, rq = qr”. We set; = [, x ¢&r- Since|X| < « we get
¢ < «t.Thus

PTG P Fery (ke@.0) @ ed) € jes(A) . O
Claim 4.2.17. Assume, p, f, andd are sich that0 < & < of(k) and

pike, " f e QM andd e [jc ()=
Then

plp,  E.s(d, f)isak-closed fiter on OB(d) .
Proof. The properties meaningaclosed fiter are:
(1) Assumer < k andp IFp, ' Yu < A A, € E,£(d, f) : By 4.2.16 we can construct &*-decreasing sequence

(Pu ™ Gu " P, | 1 < 2) satisfying
Po <p. P

pulkp, fl=1",
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and
il Ui d} € jes(A)
Pr Ou pgﬂ jiee (Po) {<JK,§(a)a a) |laed} e JK,§( ﬂ) .

Let¢ = UM<,\ ¢y Sincer < k we gety < «t. Since(PKNJ':f, <*) is k-closed there ar@* andg* suchthat

prirpe 9= flandvu <A (p* 6" =ty . (P, Gu). Thus

K+1

P T B Fjer (ee@). @) e ed)e () jes(Aw)

<A

Since critj, e =« > A,

P4 T B Fjer (e @) [aed) e jee(() Aw)

<A

Hencep® Irp, " M,-; Ay € Ece(d. f) .
(2) Assumep IFp, ' d € [jee(k)]=, A € B € OB(d), andA € E £(d, ) : It is immediate that there acgand
¢ < kT suchthatplrp, " fd9 = f and

PTG P} heho Jes(A) S jes(B) and{(jes @), a) [a e d} € jeg(A) . O
We can view the corollary of the following lemma as a form of ‘ultrafilterness’.
Lemma4.2.18. Assumé, p,q, A, andd are sich that0 < & < oF(x), and
piFp, "4 e Qv d € [jee()]=*, andA C OB() .

Then there are p~ g* <* Mee P ~ gand¢ < «T suchthat
k+1

PTG T B ero (ee(@). @) [a ed) € jee(A) .
Proof. Assumep I-p, " d € [js(k)]=* andA € OB(d) . Set
D=1{r€jeeP)IT ljepy (el |aed) e jee(A ).
Since P, is of Prikry type,D is a deseopen subset ofj. s (Pc), <*). ThusD/ PKNJ_“f is a name of alense open

subset of(j,(,g(P,()/PKhi“f, <*). Herce there ig < «+ suchthati-w, ¢ rpf e D/ Px:fj. That is
k+1

Fomee B e (eg@), @) @ e d) € jeg(A)T.
k+1

Using the Prikryproperty we findp* — ¢* <* M P g suchthat

k+1
PTG T B lero (ke(@. @) [aed) € jee(A)'. O
Corollary 4.2.19. Assume, p, f, A, andd are sich that0 < £ < of(x) and
plirp, " f e QM4 d e [jes)]=, andA < OB(d) .

Thenthere is f satisfying prp, ~ f* <* ,,, . f ' such that either
Qe ©

plkp,  Ae Ecs(d, f*)'
or

plkp, (OBW@)\ A) € E ¢(d, f*)".
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A corollary of 4.2.154.2.19is that the system
{(Eced, DG € [jee(]™, f € Q[G),
(Tdp.dy | A1, A2 € [Jie.e (0)]=, k € d1 C dp))

codes an extender inB, Q* generic extension. Written explicitly iN [G, ][H*], whereH* is F*f-genenc over
V[G,], this extender is

Fee = ((Fee(d) | d € [jie,e()]™), (dy,dy | 1, Ao € [jie(K)]=F, k € d1 € do))
where the ultrafilters, ¢ (d) are defined by

Fee(d) = JEce(d ) 1deljee)]™, f e H*N OMes1G]

}-

Corollary 4.2.20. Assumé < ¢ < 0F(x) and H* is a[P*E-generic filter over /G, ]. Then

({(Feg @Gl 1 d € [JegG)™), (Tdyay | 1, o € [Jig ()=, & € di C db))
is akx-extender lifting E ¢.

A couple of remarks regarding the last corollary are in order:

(1) Of course we could have takét* to be aQKM“'[G ]-generic fiter overV[G,].
(2) The demandg > 0 isnot really needed. After all forcing Wltﬁ*E adds no subsets ig herce the lifted extender

E,{,O[G,{] remains an extender M[G, ][H *]. Thus we can sef, o = E 0.

The following is the substitute for the intersection of measures used in the Radin on extenders forcing.

Definition 4.2.21. Assumet < of(k) and f € P%.Then

Eve(f) = Ecgs(domf [je g(x), f r;u?jk,g/(x)),
Ec(f)= [ Ece(f).

£ <0B(x)

Note that we have usdg, o(d, f|¥) in the above definitiorObviously wejust meanE, o(d). In addtion, instead
of writing 7wdom f,domg We Will write ¢ g.

After all these liftings, we are ready to define the forcing notion at stagfetheiteration,Q, .. Thedéfinition is by
induction on &(x).

0F(k) = 1: ThenQ,[G,] is the Prikry on &tenders forcing, reviewed 8.2, with the (lifted) extendeE, o.

of(k) > 1: Then Q([G.] is the Radin on extenders forcing, defined as follows\VifG,]. (Recall that

Q:[G.] =PL))
Definition 4.2.22. Assumef € U”é andv € OB(d). The function

fpy :domf — [k]=?

is defined as
Yo € dom f
o € domy,
fl)k ™ (D(e)) () > ff)-1(a),
fio) (@) =

k =max(n + 1| o5@(x)) < oF(fn(a))}.
f(a) Otherwise

Note thatf;y € P
By Writing f(go 44444 Do) W€ mear(~ .. (f(g()))(gl) s )(Dk—l)'
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Note in the above definition that when « we have &( f(«)) = 0.
In the following couple of definitions it is implicitly assumed thafifis a tree then Sug () is Levy(T).

Definition 4.2.23. Assumef ¢ [PE. AtreeT of heightw is called ang, (f)-tree if
V<l_)0» ] Dk*l) € T Suel' (EOs s l_)k,]_) € EK( f(f)o ..... f)k,1>)
and for eachv) € Ty, ... 1)

(1) domvk_3 € domv.

(2) Ya € domvg_1 vk—1() < ().

(3) Yo e domiy_1 @ # k = 0F(v(a)) = 0.

(4) V(i) € Tiwo,....oe1) V(K) < (k) = domv € domjz.

Definition 4.2.24. Assumef ¢ [PE. AtreeT of height htT) < w is called ang, ( f)-fat if

Y{vo,...,vk—1) € T 3 < OE(K) Sucr (vo, . .., Vk=1) € Ece(f50,....001))
and for eachv) € Ty, ... 51

(1) domvk_3 € domv.

(2) Ya € domvg_1 vk—1() < ().

(3) Yo e domiy_1 @ # k = 0F(v(a)) = 0.

(4) V(i) € Tiwo,....oeq) V(K) < (k) = domv C domjr.

The definition ofzy o andnd_é, for E, (f)-trees (orE, (f)-fat trees) is taken verbatim frof5.
It is useful to observe that different levels ity (f )-fat trees are big in the sense of product filters (and hence the
different levels inE( f)-trees are big in the senseaf relevant product filters). Recall

Definition 4.2.25. Assumeky is a filter onAg, and for eachvg € Ag, F1(vp) is a filter on A1 (vp). Then the product
filter Fo x F1 on Ag x Az is defired by

XekFoxF1 < {voe Aol{vie Ai(vo) | (vo, v1) € X} € F1(vo)} € Fo.
By induction we defing[{_, Fi by

n n—1
Xe[[R < {to.....onn)e[[A |
i=0 i=0
{Vn € An(VO, R Vn—l) | <v0’ <5 Vn—1, Vn) € X}

n—-1
€ Fn(\)(),...,])n_]_) € HF|
i=0

Definition 4.2.26. A condtion p € P is of the form
(£, T),
where

(1) fePt.
(2) T isanE,(f)-tree.

We write suppp, fP, andTP, fordomf, f, andT, resgectively.
Definition 4.2.27. Let p, q € Pz. We saythat p is a Prikry extension ofg (p <* g or p <0q)if

(1) fPrsuppq = f9.
(2) ﬂsuppp’sumep g Tq
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Definition 4.2.28. Letq € P¢ and(v) € T9. We defineq;y € Pg to bep where
(1) suppp = suppq.

@ fP=f3,.

@) TP=T4,.

When wewrite gy, ... 5,_,) We mear(: - - (Qisg)) (51) * * * ) (Pr_q) -

Definition 4.2.29. Let p, q € Pz. We saythat p is a 1point extension ofy (p <! q) if there is(v) e T9 suchthat
p <* Aiv)-

Definition 4.2.30. Let p, q € Pg, n < w. We saythat p is ann-point extension o (p <" q) if there arep”, . .., p?
suchthat

p=p"<t <t pP=q
Definition 4.2.31. Let p, q € Pg. We saythat p is an extension of (p < q) if there isn < w suchthatp <" q.

Proposition 4.2.32. Assume ¢e Pg anda € SUR _og(y) jr.e(«). Then here is pr;E g with « € suppp.

Proof. If « € suppq then there is ndting to do; we sep = q.

Otherwie we setp = (f9 U (a, ()), ns_u%pqu{a}’supquq). Thenp §E;E g, anda € suppp. Note hat stictly

spt—:‘akingyr_;iJ U{a},sumeq might not be legal as a tree fdr®. However the illegal points have measure zero in all
the relevant filters, so we just remove thenfl

Proposition 4.2.33. P¢ satisfies thex " -cc.

Proof. AssumeX < Pg and|X| = «*F. Since for eachp € X we have|suppp| < «, we can assume that
{suppp | p € X} forms aA-system. Thais, there isd suchthatVp, g € X suppp Nsuppg = d. Since|d| < « we
have|{f | f :d — [k]=“}| < k™, so wecan assume thatp,q e X V8 e d fP(B) = f4(pB).
Let us fix two conditionsp,q € X, and letf = fPuU f9. Thenf : suppp U suppq — [x]=%. We set
-1 -1
T = supppusuppa,suppp (T *) N Tsupppusuppa, supp (TH- Then(f, T) <p. p.q. O

Claim 4.2.34. (Pg, <*) is k-closed.

Proof. Assumei < «, and(ps | § < 1) is a <*-decreasing sequence . Then(fP: | £ < A) is <*-
decreasing sequence [RE Since([PE, <*) is kT-closed,there isf ¢ U’E suchthatve < Ao f <f, TP Set
E

T = Ne<i Taomt.supp (T7)- Thenve < (£.T) <¢_pe. O

The notions(N, P)-generic and properness are due to S. Shelah, originally used for couhtalfe adat these
notions for our use, i.e. foN of sizex. H. Woodin initiated the use of properreis the context of Radin forcing.

Definition 4.2.35. AssumeP is a forcing notion andy is large enough so thay > 22‘7)‘, N < H,, andP € N. We
say thatp € P is (N, P)-generic if for eactD € N a densesubset ofP, pI- "D N N N G # ', whereG is the

canonical name of thB-genericfilter.

Definition 4.2.36. AssumeP is a forcng notion, andy is large enough so thaj > 227! Wwe saythat P is x-proper

if for eachN < H, andp € P N N suchthat|N| = «, N D N<, andP e N there isq < p suchthatq is
(N, P)-generic.

The following lemma is an immediate corollary of th&-closedness of the Cohen forcilﬁ’%, and it amounts to the

K-properness o[PE

P
Lemma 4.2.37. Let x be large enough so that > 22 £ . Assume N< H, and f e [P*E N N are sich that|N| = «,
N D N<¢ and[PE € N. Then tlere is * EPE f such hat:
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(1) f*is(N, [PE)-generic.
2)If H* is U”é-genericwith f* € H* then br each dense open subsetl]ﬁE, D, appearing in N, there is
ge DNH*N N suchbhat f* <g. g <p, f.
E E
(3) For eacht € NNof(k), E.e(f*)is an N-extender. (Note that this allows the constructiodlofN, E, £ (f*)).)
Claim 4.2.38. Assume that pe Pz and D is a dense open subsetlof. Then here is [ shéé p such hat if

q SE‘DE Piso....5y @Nd g€ D, then f; e D.

> Vk—1)

Proof. Let x be large enough so th®(P:) € H,.LetN < H, be suchthatN| = x, N D N=*,andPg, D, p € N.
SincePg € N, aIso[PE € N. By 4.2.37there isf* <E;* f which is (N, [PE)—generic. Lefl = nf**l,f(T P). For
each(vg, ..., vk_1) € T we define
Do, 1) = {9 <P, Piol suppp.....5is supppy | 9 € D},
and
we) 4 1P M}

i J_
By 1S shéé-open belowpis, ....5_1)- By its definiion D5 5

,,,,,,,,,,

Since D is open, D
P, ....ox_1) - Herce

is <p_-open below
E

L
Diio,....01) = Do, i1y Y Piso...ir 1)

k1) Letus set

.....

is <p.-open andgﬁ,; _-dense belowp s,
={f < [p* fP 13T (fig,.iea) T) € Divgnnninn) -

<*,- koo
The <py “OPenness oDy, sy

 Is a denseubset ofP below f P.So, letg’ <%, fP.
E

follows immediately from the<p_-openness oDy, .. 5,_,)- We shaev that
E

Tf) Vk-1

Pickg <* P g’ such trat domg > | J;_, domvj, and set

T = ﬂifp(T

Then(ge,...5k_1)s T ) P(io! suppp.....7k_1| suppp) - SINCED (5. ....5y_y) IS gagé-dense, there ig € D3,

P k1) Such
thatq gﬁéé (Qivo,.... Pk_1) T) We set

.....

f =gU (f9(suppg \ domg)).

Since f(s,,..51) = 9, wegetf e Dy, . ThusDy o . is <. —dense open belovP.
€ L * i
ThesetDs 5 D<ao,.4.,ak,1>'lD<v ,,,,, ey andDi o appear inN. Sincef* is in the intersection of all
<*-dense open subsetsBf appearing irN, we have thalf* € MDD, 5y | V0, -, Vk-1) € T
Hence for eaclivo, .. ., bk—1) € T there isT Po-"-1 C T 5,y suchthat
(o, T ™) € Digo, v y)-
Let T* be the treeT shunken level by level (ile.T5 5 . = Tig iy N T 0. -1))  Thus for each
(v, ..., Vk—1) € T*
(fon.mic 1) Tooiicn) € Divo.nicn)-

Let p* = (f*, T*). We shov that p* is as rejuired: Letq <p. p* andq € D.

Then there is(vo, ..., vk—1) € T* suchthatq sagé pZ‘V ..... Pe1) . By the @mnstruction of p*, pZ‘DOMka €
Dso.....5c_1)- By the ddfinition of D<€ao ..... gy d € Dfﬁo ..... Bg)” Necessarllyngo’mjkiﬂ € D<€90,~~~»\7k—1>' That is

pzﬁﬁo,...,ml) eb. O
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Claim 4.2.39. Assume ps Pg and D C Pg is dense open. Then there are' [zﬁéé p and an E (fP")-fat tree, 3,
suchthat

Y(vo, ..., Vhys)—-1) € SF pzﬁf)o ..... Phi(s-1) e D.

Proof. Let us assume, by contradiction, that there is no suichWe mnstruct asagé-decreasing sequen¢p” | n <

w) suchthat
(Do, ..., on-1) € TP plL ;. ¢D.

We oonstructp?® gﬁéé p* using4.2.38 Let usassumep” was ®nstructed, and construpf1. We set

X = {{Vo.....on) € TP | pf}, , € DJ.

s-eVn—1,Vn
Note that ifq SE;E p" is such that

{(Vo. ..., vn) € T9| (bol suppp", ..., inl suppp") € X}
is anE, (f9)-fat tree, then by the opennessf

{(1_)(), LRI ‘_)n) € Tq | q(l_)O

,,,,,

is anE, ( f9)-fat tree, contradicting our assumption. Hence thena"is gﬁéé p" suchthat

¥(bo.....on) € TP (Bo] suppp". ... 7n| SUPPP") ¢ X.
In particular (sincgp® was onstructed using.2.39

— _ n+1
‘v’(vo,...,vn)eTpJr p?tl - ¢ D.

V0, Vn)

Having constructedp” | n < w), we pickp* € P¢ suchthatvn < » p* gﬁéé p". Note hat sincep® was onstructed
using4.2.38then

Y(bg,...,on1) € TP Do) & D

Let us pickq <Pg p* suchthatq € D. Then here is(vg, ..., ¥n-1) € TP suchthat q sagé pjﬁow Br_g)” Then
* 0 .
9 =P Piior suppp?,....in 11 suppp?)’ herce

0
P50l suppp?.....n_11 suppp®) € D.

By theopenness oD, pz} €D Contradiction. O

05eees Un

Lemma 4.2.40. Assume pe Pz, & < of(x),o is a formula in theP :-forcing language, angi(v) € TP | p) Fp, o)
€ E(:(fP). Then hereis g Sﬁge p suchhat p* IFp,. o.

Proof. LetD = {g € Pz | q lpe o} SinceD is dense open, we usé.2.38to constructp? SE;E p such that if
q <p_ Py, andq llp; o, thenpfy, lip o
We construct by induction @E‘Dé-decreasing sequen¢p” | N < w) suchthatvn < w fP" = fPO, and for each

(figs - - fin_1) € TP either

n

Plig,....fin_1) PP O

or

= p" n p
{02) € Tiag, i 1) | Plligeiin 1. FPe 0 € B (T a 1))
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p? trivially satisfies the requirements. Let us constrpgt! assumingp” was @nstructed. What we do is construct
for each(fig, ..., in_1) € TP" a set

B _ n
X(jtg, - » fin-1) € E,((f<f10 fin-

,,,,,

and the shrinkTP" to these sets. Ip?ﬂ0 ko then there isiothing to do and we just s (jig, ..., fin_1) =

SuGpn (fig, - - . » fin_1). ON theother hand, ifp?ﬂo,-u,ﬂnfﬂ ¥ o, thenX (i, ..., itn—1) is the unon of the three sets

Xo(os - -+ n—1)s X1(Ros - - - » n—1), @NdX2(ixg, - - . , in_1), Such hat

- - n
Xo(fg: - -» itn-1) € [ ) Eego(fl,
o<§

_ ~ n
Xa(ftg, .-+, fn_1) € EK,S( f(%o’-u»ﬁnﬂ))’

_ ~ n
XZ(HO» ces 1) € m EK,Sz( f(go AAAAA ﬂn—l))'

§<Ex<0F (i)
Let us begin the construction. For eagh,, . . ., fin_1) € TP suchthat
Plig.....iin-0) ¥ O
do the fdlowing three steps:

(1) Set
Xa(ig. - fin-0) = (00 € T i o 1 P i) e O)-

By the induction hypothesi¥X1(jig, . . ., fin_1) € E,(,g(fg;’_“,ﬁnil)).
(2) Foreachvi) € X1(fig, - - -» fin—1) We set

Xo(fig. - fin-1. 9D = {(F2) € TR o 01|

p" Y
Fiionin-1.520 = Ngriinv.1.52) 1
. - p"
ThenXa(itg, - - - fin—1, V1) € (g p<oF(e) E,(,gz(fm0 ..... i) We set

Xb(fig, - » fin-1) = | J{Xa(fig, - ., fin_1, 91) | (91) € X1(fig, .- -, fin_1)}-
ThenX5(itg, - - - in—1) € (e gy <cEr) Ek,gz(f(go ..... i)~ We set

_ _ _ _ n
Xa2(fig, - - - in-1) = X5(io, - > fin—1) N T

- - n
ThenXZ(MO, ey /.Ln 1) (S mE<SZ<OE(K) EKaSZ( f(i)—to
(3) Foreachiio) e T, ., we set

Xi(ig. - - -« fin-1. P0) = {(P1) € T

p" _¢p
f(llo ..... An-1,91) — f(llo ..... ;ln,l,f)o,ﬁl)}'
ThenX|(fig, - - -, fin—1, 90) € Ece(f 4 ;). Since

X1(Ags -+ fin-1) € Ece(fh o )
then also

- n - -
(o) € TG o | Xa(iig, ., fin-1) € Eee(fh o 5 )} e

M E So(f ..... fin1))"

§0<§
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Hence by setting

XJ_(I:LO, ey ﬁn—l» ‘_}0) = xél_(/:LOv sy /:Ln—l» ‘_}O) N xl(/:LOv sy /:Ln—l)’
and

- - - n - - -
XO(H’Ov sty Mnfl) = {(‘)0) € T<l’;«0 ﬁn—l) | Xl(MO’ ) Mnfla UO) €

.....

pn
Bt (T, ..t 1,50}
we getXo(ilo. - - - » iin-1) € Ngy<z Ex.to f&o’_“,ﬁnfl}).
We complete the set construction by setting
X(I:L(), s I:Ln—l) ZXO(/:LO» s /:Ln—l) U
X1(fos - - An-p) U
X2(ftos - - - An—1)-
p™t1is constructed fronp” by shrinkingT P" as follows:
TP N [0B(domf P")]" = TP" N [OB(dom f P")1",
SuC o1 (fo. - - - An-1) = X(io. - - - An-1).
and
_ _ _ pn+1 pn
V{v) € X(ftor - - fin-1) Tiig,...iiq 1.5) = Viguewsiin_1.9)
Let us show thap™* is as rguired. Thus letjig, ..., jiin) € T AT
n
Pijig.....iin-1) "Pe @
i n+1
then trivially pj7 - ;5 IFp. o, and we are done. Thus let us assume that
n
p(lj«Osm»ﬁvn—l) J%[PE .

We sgit the handling accordig to the whereabouts gi,;:

Q) (nn) € X1(fgs---» An—1): The definition of X1(ig, ..., fin_1) implies immediatelyp?ﬁo’_l o;

n+1
hencep(ﬁo 44444 Hn—1:fn

(2) () € Xa(ftg, ---» fAn—1): Then tere is(v1) € Xi(iig, ..., fn_1) Suchthat (i,) € Xo(ig, - -, fAn_1, V1)-

in_1fin) T Pe

i 5 et o n _ _ i n _ o <
S:]nce (v1) € Xl(,uo,...,;nLn,l), we havepw0 ..... fin_1.5) IHPE_ o. Thus, s_lncepwg ..... fin101iin) =Pe
p%10 ..... g1 W€ r:)ave Pllig .../ 1,71, /i) Fpe o Since (u,) € Xo(ig,---,fAn_1, V1), We have
Ffioriin 1.71.7im) = Tigssfin_1.fin) - SINCE
p p" p" *
o in-1.in)® Wiigrfing.in) ) Wiigrfin_1.52.n)) <Pg
n
Pliig,...sfin_1.91.itn) I"Pe O
we have
p p" p"
(P i finin)* Wigrfin-1im) 0 Wiige-rfin_1.51.7in)) 7P -
Since
n *
Plig.....in-1.itn) ZPg
p pr p"
(T i fin 1.in)* Wiorfin1fin) ) Wiigy-oofin_1.71.7in)) T Pg O
0 ; n n+1
and p” was onstructed using.2.38we anclude th:’;\lp<l10 ..... iy FPe O and thuspm0 ..... fin_piin) FPe O
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3) (itn) € Xo(ing, - - -, in_1): The cucial points are that

X1(fos - - -» An-1, n) € Ece( f<,pzo,...,,1n,1,;1n>)v
andif (v1) € Xa(itg, ..., fn_1, itp) then

<D1> € Xl(ﬂOa R [Lnfl)a

fp e

(LQ,-++rMn—1,V1) ([Qs s fn—1,fn, V1) "

So letus assum@1) € X1(fg, - - -» fAn—1, An)- Then
p" p" p" <
(o fintin 1) Viign-oofinoofin 1) | Viiigy.ofin_1,51)) SPe
n
Pliag,....jin_1.91) TPe @
Hence
p" p" p"
M iigeniin 1.ind2) Vitgwoiin1.7in52) ) Wiige-afin_1.90)) "Pe @

Sincep® was @nstructed using.2.38we getp?ﬁ IFp. o thus p"Jrl IFp. 0. Sincethis

. . _ _ _0s~~~»llrl—1»llns‘71> -sHn—1,Mn,V1)
last relation is true for eactv1) € X1(fig, - - -» fln—1, An) We got
_ pn+1 n+1
{(\)) € T</10 44444 fn—1,Y)) | p 44444 Hn—1.fn.V) IF[PE 0} € Eks(f 44444 Hn-1, ﬂn>)

With (p" | n < w) constructed we pickp* € Pg suchthatvn < o p* SE‘DE p". Obviously for each
(figs - - -+ fn_g) € TP either

Pliig,....fin_1) Pe O

or
{v) e T(Eo ~~~~~ An-1) | pMo ~~~~~ An-1,V) ) IFPe o} € E"S(f ~~~~~ lln—l)).
We claim p* IFpg 0. TO show his let us take <Pg p* suchthatq lpe o Then hereis(iig, ..., fin_1) € TP such

thatq SE‘DE pzﬂ in_q)" Then déther p:

(igmfin_g) TP O and thermg IFp. o, Or there is(v’) € TY suchthat

and thermg lpe P ; thusq Fpe 0. O

Mo ,,,,, fn_1,V)

Claim 4.2.41. Assume pe Pg, SC TPis an E.(fP)-fat tree, ands is a formula in theP¢-forcing language such
thatV(vo, ..., Vhys)-1) € S Rig,...is_1) FPe 0- Thenhereis g <p . P suchhat p* I-p,. o.

.....

Proof. We invoke4.2.40for each of p,, ...onys_2) Where(vo, ..., bnys)—2) € S. Since the condition constructed
by 4.2.40is just a shinking of T<€0’_i_,l-)ht(s)72> we can consuct pp shéé p suchthat ¥(vo, ..., bhys)—2) €
SN TP p1ig,....om -2 IFPe o Repeating this process for ¢8) — 1 steps we enstruct agagé—decreasing sequence
(pn+1 | N < ht(S)) suchthat

V{vo, ..., Dhyg)-n-1) € SN TP Piig,....ons n 0 IFPe @

That is phys) thE o. O

Corollary 4.2.42. Assume ps Pg and S is an E(f Py-fat tree. Then there is*psﬁ*DE p sud that{pz,, ... Phys)-1) |
(vo, ..., Vhys)—1) € S} is pre-dense below f
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Proof. We setA = {p.....ing-1) | (V0 - -+, Vhis)—1) € S}. Trivially
(D0, ..., hi9)-1) € S Rigime-n) FPe ANH £ 0,
whereH is the canonical name for & z-generic object. Hence, b4.2.41 there isp* sagé p suchthat p* IFp_
"ANH #£¢. O
Claim 4.2.43. (Pg, <, <*) is of Prikry type.

Proof. Let p € P¢ ando be a stéement in theP-forcing language. We sé = {q € Pg | q [p. o}. SinceD
is dense open irP =, by 4.2.39 there arep’ sagé p, and anE, ( f P)-fat tree,S, such hatV(vo, ..., Vhys)-1) € S

/
Pioo..... Pey_1) © D. We set
S ={(Vo, .-, Vhus)-1) € S| Plsy. . 5ps, o) FPe 70}
and
S = {{Vo. ... Vhs)-1) € S| Plsg,....5s - MPe -

By 4.2.37there isp” <p_ p'andS’ < TP, an E.(fP)-fat tree, such that eithe®’|suppp’ € S or
S’Isuppp’ € S. That 5 dther

{Po. ... Vhusn-1) € TP | Py oy FPe —o}isANEc(fP)-fattree

or

(B0, ... Vhusn-1) € TP PGy oy MPe 0} iSANE(fP)-fat tree

Hence here isp* 55;E p” such tlat either

// // H *
{P(5..... Bhsy_1) | Pl Bhusy_1) IFpe —o}is predense belowp*,

or

!

/ /! H *
{Pi5..... Bhsy_1) | Pl Bhusy_1) IFp. o} is predense belowp™.

Hence either
*
p* IFpe —o,
or

p*lkp. 0. O
Claim 4.2.44. (Pg, <) is k-proper.

Proof. Let x be large enough so th”a?tz([PE) € Hy.LetN < H, andp € Pz N N be such thafN| = «, N D N<¥,
andPg € N. We will constructp* sagé p suchthat p* is (N, Pg)-generic.
Use4.2.37to constructf* <g. f, an(N, [PE)-generic condition. LeT = nf_*lf(T P). Let < be a well-ordering
x .
of T of order type «. (ThusV(vg,...,vn-1) € T < [{¥g,...,Vn-1) € N.)LetD : T onto {De N|DC
P¢ is dense opeh
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For each(vg, ..., vn_1) € T we set

Do....50 ) {f <g. fPdomf 2 Udomv.,
i<n
A <p, Peool suppp....inalsuppp) T7 = o, on )
V(‘_Jé)» cees 1_){(71) < (vo,...,Vn-1) 39 E[P q _[PE Po ! suppp,....in_1] suppp)
3SC T anE,(f9)-fat tree{q;;

=/ =/
O’-uv/_tht(S)—l) € D(Uo, ey kal) |

(o» - - -» Bnys)—1) € S}is predense belovg

By repeated invocations of.2.39and4.2.34 we getthat DZ*DO
Y(vo,...,vp—1) €T f* € D*

_,y is adeseopen subset dP below fP. Thus

..... Vn_1)
So for eachvo, ..., vn_ 1) e T we plckT(vo, ..., Un_1) suchthat
1) <f<T; 1) , T(Wo, ..., Vn-1)) Saﬁzé Pol suppp.....in_1] suppp) -

(2) Y(vg, ..., V_q) < (Yo, ..., vn-1) thereisq’ € P N N suchthat

(f(T';O ny) T(Wo, ...y Vn-1)) Eﬁgé q SE;E P(o! suppp.....on_1 suppp)
3SC T anE.(f%)-fat tree{q; € D(Pp, ..., _q) |

,,,,, o TG0, 50 ).

0s+++s Rht(S)—1)
(ig, - -, Rhys)—1) € S} is predense below f 5

We oonstruct the tre@ * from T by shrinking so as to get

Y{vg,...,bn_1) € T* TT) C T(vo,..., Vn-1).

0s++sVn—1)

Then we sep* = (f*, T*). What wegot is
(1) Po.....50-1) =Pz Plio] suppp.....vn_1[ suppp)-
(2) Y(vg, ..., V_q) < (Vo, ..., vn-1) thereisq’ € P N N suchthat

* * /

Plso.....on-1) <Pz 9" <Pz P(vol suppp.....on-11 suppp)
3SC T anE, (f9)-fat tree{qy; , € D ... Ty |
(fos - - -» fnys)—1) € S}is predense beIOV\p

ws lh(S)—1)

Let us show thap* is as rguired. So, leD € N be a dense open subsetitf.
Let (Do, ..., n_1) € TP be such that there 90, ..., V_q) < (Vo, ..., vn_1) satisfyingD = D(vy, ..., v_;).
Thenthere arg’ € Pe N N andS e N suchthat
Plio..in1) Sig A
Sc TY anE,(f9)-fat tree

and
A= {qé/_‘o’-“»l_‘ht(S)—l) € D(g, ---» V1) | (Lo, - - - » inyg)—1) € S}
is predense belowpj;, 5 .
Hencep?, ;. ., Fp. ANH #@'.SinceAC NND(y, ..., bj_y) we really havep; 5 Ikp, 'DNHNN
£¢0'. O

Corollary 4.2.45. P¢ does not collapse™.
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Claim 4.2.46. Assumefof(k) = A < k. Thenikp, " cfx = 2.

Proof. Assumeu < A andp lkp.  f : 2 — & . For eacht < u set

De={q<p, PlH <kqlp, fE=C)

Note thatD¢ is dense open below. Herce, using4.2.39 4.2.42 and thex-closedness ofP =, <*) we mnstruct a
gagé—decreasing sequen¢p: | £ < u) together with(SF, fe | & < u) sothat for eactt < p

S is anE, (f P)-fat tree
fe : S >k,

and

{Pe (G, 3pge, 1) | (P05 - Piygry—1) € S} is predense belowpg.1.
For eacht < p and(bo, ..., n_1) € § lett(&, bo, ..., bn_1) < 0F(k) be a witness of th&, ( f P)-fatness ofS .
That is

VE < uV{vo,...,vpn 1) € S

SUGg: (V0. - - - Tn-1) € Er(e,iguin (T 5 1))

Pick an increasing sequenPe | { < A} so that &) = U;<,\ A¢. Then for eactf < p and(vo, ..., vn-1) € g,
there isz (&, Vo, ..., Vn—1) suchthatz (&, vo, ..., Vn_1) < Ag(g,vg.....0n_1)- SINCEL: 5g....5n_1 < A < kK We can shrink
S sothat

VD0, -y Dnet)s (fgs - -+ 1) € S Le.t0, im0 = 6 fionfin_i-

Then we set™ = sup¢e v,....on0 | & < 1, (V0. ..., Un-1) € S}, andgetz* < A. Herce there ist* suchthat
Aer < TF < oF(x) and for eaclf < w and(vo, ..., in_1) € &, we haver (¢, v, ..., in_1) < 7*. Let

A={(D) e TP |VE < uV(bo,..., Dhys-1) € S

- P
Put) P Peo....on, ) = (VISUPPPE) € Too . ghl(sg)ﬂ)}
We note thatA € E.«(f Pr). We st for eachiv) € A,
%) = sup{ fz (Do, - . .. Physr)_1) |
£ <1, (B, Prgsy-1) € S (DIsupppe) € Tgo 5 ).

The supremum is taken over less thaalements hence for ea¢h) € A *(V) < «. Thus we getp, ) IFpe "VE <
wfE) < f*@) <« .

We mnstructp* from p, by shrinking TP+ so as to havép,s | (V) € A} is predense belowp*. Since
p* Ik, 3(b) € A pup € H', we ae done. O

Claim 4.2.47. Assumesfof(k) > «. Thenlkp, " cfx =« .

Proof. Assumer < « andp Ikp. ' f : i — & . For eacht < A set

D: ={q<p. Pl <kqlp, TE)=C1}
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Note thatD; is dense open belowp. Herce, using4.2.39 4.2.42 and thex-closedness ofPz, <*) we mnstruct a
S*E—decreasmg sequen¢p: | £ < A) together withy s, fe | £ < A) sothat for eactt < A

S is anE, (f P)-fat tree

fe e S -k,
_ _ . . ) ) )
Y{vo, ..., vht(SE)fl) € Pe (90, Py gty —a) IHPE f) = fg o, - . -, vht(SE)fl) s
and
{Pg (5o By, o) | (905 -+ Dysy—1) € S} is predense belowpg 4 1.
For eacht < A and(io, ..., vn_1) € § we lett (&, o, ..., ’n_1) < 0F(k) be the orihals witnessing thé&, ( f P)-

fatness of$. That is
VE < AV(Do,..., 1) € F

Sucs: (Vo, - .., Un-1) € E(e ..., an,l)(fféo,wgnfl).
Since cf&(k) > «, there ist* < 0of(k) swch that for eacht < A and (vg,...,vn-1) € § we have
(&, v0,...,vp-1) < T* Let
={(0) e TP | V& <A V(Do ..., pys)_1) € S
Pi() IPe Peio....ops,_y) = (VISUPPPg) € Tsf) By 1)
We note thatA € E.«(fP*). For each(v) € A we set
f () = Supt fe (Vo - - - Ppysy—1) |
§ < (Poo.... sy 1) €S, M eTd ey o))

Since he supremum is taken over less thaardinals we have that for eagh) € A, f (V) < «. In paticular

Py IFpe V$<A f(&) < f(l))<K .
We mnstruct p* from p, by shrinking TP+ so as to gethat {py) | (V) € A} is predense belowp*. Thus
p*Ikp. (D) € A pupy € H ', and we are done. O

All'in all we got

Corollary 4.2.48. Let H, bePz-generic over VG, ]. Thenin G, ][H,]:

(1) All V[G,] cardinals remain cardinals.
cfof(k) cfof(x) < «.
2 cfk ={ow oF (k) is successor, ocfy(g, | 05 (k) = .

K cfof(k) > «.
(3) V[G,] and V[G,][H,] have the same bounded subsets.of
(4) 2 = |Ug<OE(K) Jie.g ()]

This step of the induction terminates by settiBg.1 = Py * QK. O
5. Applications

In the fdlowing examples we use the iteratiéh of the previous section with different coherent sequelites

Theorem 5.1. Let § < « be regular cardinals in K (the core model) arfd ¢ » — {0}. Suppose that the set
{A < k| o(A) = ATT + &} is stationary. Then there is a cardinal preserving generic extension of K in which
the sets

A<k |2*=1Tand(cfr =&if & #00r cfr = wif & = 0)}
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and
A<k |2*=21TTand(cfr =£if& #0o0r cfr = wif £ = 0)}
are stationary.

Proof. Foré = 0 weiterate the forcing of§] thusgetting that{x < « | o(A) = A**+ 4 1} is stationary. Constructing
a wherent sequende suchthat{i < « | 0F(1) = AT + 1} is immediate. Now force witt®, of the previous section
using thisk. Sincex is Mahlo, P, preserves stationary subsets; hence

A<k |22=21F, cfr = o),
and
A<k |22 =1T, cfr = o),

are stationary.
Foré > w we construct directlya mherent sequende satisfying{ < « | of(x) = AT + £} is statbnary, and
then we proceed as aboveld

A similar result ispossible ifx is replaced by On:

Theorem 5.2. Let& be a regular cardinal in K and ¢ o — {0}. Suppose thaf | o(r) = AT+ 4 £} is a gationary
class. Then there is a cardinal preserving dagreric extension of K in which the classes

(A2 =xaTand(cfr=¢if &£ #00r cfA = wif £ = 0)}
and
(A28 =ATTand(cfr =& if £ £ 0or cfr = wif & = 0))
are stationary.
Proof. Use class forcing and On insteadRf andx in the previous proof; seel2 or[4]. O
By the results of 10|, the above theorems are optimal for egc ws.

Theorem 5.3. Let« be a regular cardinal in K. Suppose tht < « | o(») = A13 + 1} is stationary. Then there is a
cardinal preserving generic extension of K in which the sets

(A <k|cfr=w, 22 =27},
A<k |cfr=w, 28 =1,
and
A<k |cfr=w, 28 =13
are stationary.
Proof. Let S= {1 < « | o(A) = A3 + 1}. Itis easy to defin€ suchthat
(A <k |0f) =at2 4+ 13
and
A<k |0f) =134+ 13

are stationaries: Just spfitinto disjoint stationariess, ands. Then for A € S restrict the extenders to sizg™.
Now force with P, for this E. In thegeneric extension we ha¥e. € S, cfA = w and

AT e s,

2t =
AT e S
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Sincex is Mahlo inV, staionary subsets of are preserved; thus in the extension

(A <k|cfr=w, 20 =271}
and
A<k|cfr=w, 28 =213

are stationaries.
Sinceva € «k \ S, 2 = A1 in the generic extension, andVhthe seffA < « | cfA = w} = {A <« \ S| cfr = w}
is stationary, inlte generic extension we get that

A<k|cfr=w, 28 =27}
is stationary. O

Theorem 5.4. Suppose thatr | o(x) = A*3 + 1} is a dationary class. Then there is a cardinal preserving class
generic extnsion of K in which the classes

(A cfr =0, 28 =11,

(A cfr=w, 28 =211,
and

Alcfr=w, 28 =213
are stationary.

Theorem 5.5. Let« be a regular cardinal in K. Suppose that for eache « the set{lé < A < k | o(r) = A3 + &)}
is stationary. Then there is a cardinal preserving generic extension of K in wiich « | 2% = A™ or A is regular}
is nonstationary and both seta < « | 2> = At} and{x < « | 2* = A T3} are stationary.

Proof. We mnstruct a coherent sequenEesich that for eacts < « the set4é < A < « | 0f(1) = AT+ + £} and
(€ < A <« | OF() = A T3 + &) are stationary. Then we force wif, of the previous section using thi. In the
generic extension we get that for each regélat «,

(E<i<k |2 =rTF cfr=¢)
and
(E<i<k|2=2T3 cfr=¢)

are stationary. In this model, as%n3, we have thatir < « | 2% = 1™} is stationary.
We note that the seih < « | 2¢ € {k 1, k13}} is fat in the fdlowing sense:

Definition 5.5.1. A staionary setS C « is called fat if for eaclf < « and each clulC C « there is a closed subset
of order types in SN C.

By [1], we can shoot a club through a fat stationary without adding bounded subsets. Thus after shooting the
club the power function below does not change and in addition we hayg < « | 2* = At oris regulan is
nonstationary. O

Theorem 5.6. Suppose that for each e On, {¢§ < A < « | o(x) = A13 + £} is a sationary class. Then there is a
cardinal preserving class generic extension of K in which 2 = A* or A is regular} is a nonstationary class and
both setdx | 2> = ATt} and{x | 2* = A 13} are stationary classes.

With the forcing notion of this paper we were not able to eliminate the GCH behavior altogether.
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