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Abstract

We show that under certain large cardinal requirements there is a generic extension in which the power function behaves
differently on different stationary classes. We achieve this by doing an Easton support iteration of the Radin on extenders forcing.
c© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

This work is part of the general project to understand allpossible behaviors of the power set function according
to the size of large cardinals in the core model. We deal here with the power function below a strongly inaccessible
cardinal or just globally. Usually, there is a club subset with the power function having a uniform behavior along it;
see [2,3,14]. It is natural to ask if a uniform behavior on a club is necessary. For a singular of uncountable cofinality
there are limitations posed by the Silver Theorem. Also [11] provides additional limitations. The present work answers
the above question negatively andprovides a method of constructing models with different behavior of the power
function on different stationary subsets of an inaccessible or on different stationary classes. In [6] other methods are
used to deal with the same situation butbelow a singular of uncountable cofinality.

We demonstrate some possibilities by proving the following theorems.

Theorem 5.1. Let ξ < κ be regular cardinals in K (the core model) andξ /∈ ω − {0}. Suppose that the set
{λ < κ | o(λ) = λ++ + ξ} is stationary. Then there is a cardinal preserving generic extension of K in which the sets

{λ < κ | 2λ = λ+ and(cf λ = ξ if ξ �= 0 or cf λ = ω if ξ = 0)}
and

{λ < κ | 2λ = λ++ and(cf λ = ξ if ξ �= 0 or cf λ = ω if ξ = 0)}
are stationary.
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A similar result ispossible ifκ is replaced by On:

Theorem 5.2. Let ξ be a regular cardinal in K andξ /∈ ω − {0}. Suppose that{λ | o(λ) = λ++ + ξ} is a stationary
class. Then there is a cardinal preserving class generic extension of K in which the classes

{λ | 2λ = λ+ and(cf λ = ξ if ξ �= 0 or cf λ = ω if ξ = 0)}
and

{λ | 2λ = λ++ and(cf λ = ξ if ξ �= 0 or cf λ = ω if ξ = 0)}
are stationary.

By the results of [10], the above theorems are optimal for eachξ �= ω1.

Theorem 5.3. Letκ be a regular cardinal in K . Suppose that{λ < κ | o(λ) = λ+3 + 1} is stationary. Then there is a
cardinal preserving generic extension of K in which the sets

{λ < κ | cf λ = ω, 2λ = λ+},
{λ < κ | cf λ = ω, 2λ = λ++},

and

{λ < κ | cf λ = ω, 2λ = λ+3}
are stationary.

Theorem 5.4. Suppose that{λ | o(λ) = λ+3 + 1} is a stationary class. Then there is a cardinal preserving class
generic extension of K in which the classes

{λ | cf λ = ω, 2λ = λ+},
{λ | cf λ = ω, 2λ = λ++},

and

{λ | cf λ = ω, 2λ = λ+3}
are stationary.

By [10] the assumptions are almost optimal.

Theorem 5.5. Let κ be a regular cardinal in K . Suppose that for eachξ < κ the set{λ < κ | o(λ) = λ+3 + ξ} is
stationary. Then there is a cardinal preserving generic extension of K in which{λ < κ | 2λ = λ+ or λ is regular} is
nonstationary and both sets{λ < κ | 2λ = λ++} and{λ < κ | 2λ = λ+3} are stationary.

Theorem 5.6. Suppose that for eachξ ∈ On, {ξ < λ < κ | o(λ) = λ+3 + ξ} is a stationary class. Then there is a
cardinal preserving class generic extension of K in which{λ | 2λ = λ+ or λ is regular} is a nonstationary class and
both sets{λ | 2λ = λ++} and{λ | 2λ = λ+3} are stationary classes.

By [10] the assumptions areoptimal.
The structure of this work is as follows: InSection 2we review the needed results from the Easton iteration of

Prikry type forcing notions theory. InSection 3we review facts about extenders, and the Prikry on extenders forcing
notion. InSection 4we present the iteration of the Radin on extenders forcing notion.Section 5presents the usage of
the iterated forcing to control the power set function on stationary sets.

The notation we use is standard. We assume fluency with forcing (p ≤ q meansp is stronger thanq), iterated
forcing, and large cardinals methods (namely, extenders, ultrapowers, and their elementary embeddings).
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2. The Easton iteration

The Easton iteration of Prikry type forcing notions was introduced in [7], and appears in a simplified form in [5].
In this section we review results from [5] used in the currentwork, stripped down to the special cases we need. We
refer the reader to [5] for the proofs.

Definition 2.1. The forcing〈P,≤〉 is called of Prikry type if there is auxiliary partial order〈P,≤∗〉 suchthat

(1) ≤∗⊆≤.
(2) (Prikry Condition) For eachp ∈ P andσ a formulain the P-forcing language, there isp∗ ≤∗ p suchthat

p∗ ‖P σ.

When we refer to the forcing notion ‘〈P,≤,≤∗〉’, we mean thatP is of Prikry type in the above sense. Namely, we
force with〈P,≤〉 and≤∗ is the auxiliary order.

Note that, trivially,〈P,≤,≤〉 is of Prikry type.

Definition 2.2. The Easton iteration of Prikry type forcing notions,〈Pα, Q̇β | α ≤ κ, β < κ〉, is defined as follows:
For eachα < κ , p ∈ Pα is of the formp = 〈 ṗβ | β ∈ s〉 where

(1) s ⊆ α.
(2) (Easton support) For eachβ ≤ α inaccessible|s ∩ β| < β.
(3) ∀β ∈ s p�β = 〈 ṗγ | γ ∈ s ∩ β〉 ∈ Pβ .

(4) ∀β ∈ s �Pβ
�〈Q̇β,≤,≤∗〉 is of Prikry type�.

(5) ∀β ∈ s p�β �Pβ
� ṗβ ∈ Q̇β

�.

We call s the support of p and write suppp for it.

Definition 2.3. For p, q ∈ Pκ we sayp ≤∗ q (p is a Prikry extension ofq) if

(1) suppp ⊇ suppq.
(2) ∀α ∈ suppq p�α �Pα

� ṗα ≤∗̇
Qα

q̇α
�.

Definition 2.4. For p, q ∈ Pκ we sayp ≤ q (p is an extension ofq) if

(1) suppp ⊇ suppq.
(2) ∀α ∈ suppq p�α �Pα

� ṗα ≤Q̇α
q̇α

�.

(3) |suppq � {α ∈ suppq | p�α �Pα
� ṗα ≤∗̇

Qα
q̇α

�}| < ℵ0.

Lemma 2.5. Assume〈Pα, Q̇β | α ≤ κ, β < κ〉 is an Easton iteration of Prikry type forcing notions. Assume p∈ Pκ ,
and letσ be a statement in the Pκ -forcing language. Then there is p∗ ≤∗

Pκ
p such that p∗ ‖Pκ σ .

That is,〈Pκ ,≤Pκ ,≤∗
Pκ

〉 is of Prikry type.
The following definition is from the general theory of iterated forcing.

Definition 2.6. Assume〈Pα, Q̇β | α ≤ κ, β < κ〉 is an iteration, and 0< α < κ .

(1) If p ∈ Pκ then ṗα,κ = p�[α, κ). We considerṗα,κ to be aPα-name.
(2) Ṗα,κ is thePα-name satisfying

�Pα
� ṙ ∈ Ṗα,κ

� ⇐⇒ ∀p ∈ Pκ ∃q ≤Pκ p q�α �Pα
�q̇α,κ = ṙ �.

(3) The order≤ Ṗα,κ
on Ṗα,κ is defined by

p ≤Pκ q =⇒ p�α �Pα
� ṗα,κ ≤ Ṗα,κ

q̇α,κ
�.

The Prikry ordering onPκ induces an ordering onṖα,κ :
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Definition 2.7. The order≤∗̇
Pα,κ

on Ṗα,κ is defined by

p ≤Pκ q, ∀β ∈ suppq � α p�β �Pβ

� pβ ≤∗̇
Qβ

qβ
� =⇒

p�α �Pα
� ṗα,κ ≤∗̇

Pα,κ
q̇α,κ

�.

Claim 2.8. Assume〈Pα, Q̇β | α ≤ κ, β < κ〉 is an Easton iteration of Prikry type forcings such that∀α < κ

�Pα
�〈Q̇α,≤∗〉 is α-closed�. Then all cardinalsλ ≥ κ are preserved.

Claim 2.9. Let κ be Mahlo cardinal, and assume〈Pα, Q̇β | α ≤ κ, β < κ〉 is an Easton iteration of Prikry type
forcing notions. Then Pκ satisfies theκ-cc.

3. Extenders, the Prikry on extenders forcing notion

3.1. κ-Extenders

Definition 3.1. Let j : V → M be an elementary embedding. The generators ofj are defined by induction as

κ0 = crit( j ),

κξ = min{λ ∈ On | ∀ξ ′ < ξ ∀µ ∈ On∀ f : µ → On j ( f )(κξ ′) �= λ}.
If the induction terminates, then we have a set of generators forj :

g( j ) = {κξ | ξ < ξ∗}.
The measures in this work are not on crit( j ) but on functions taking values inside crit( j ). Theseobjects are named

OB in this work.

Definition 3.2. Assumed ∈ [ j (κ)]≤κ andκ ∈ d. Thenν ∈ OB(d) ⇐⇒
(1) ν : domν → κ .
(2) κ ∈ domν ⊆ d.
(3) |ν| ≤ ν(κ).
(4) ∀α, β ∈ domν α < β =⇒ ν(α) < ν(β).

In the following definition of extender we note that the interesting case is when
⋃

g( j ) ≥ crit( j )++.

Definition 3.3. Assume j : V → M ⊃ Mκ is an elementary embedding, crit( j ) = κ , andg( j ) ⊂ j (κ). The
κ-extenderE derived fromj is the system

〈〈E(d) | κ ∈ d ∈ [ j (κ)]≤κ〉, 〈πd2,d1 | d1, d2 ∈ [ j (κ)]≤κ, κ ∈ d1 ⊆ d2〉〉
where for eachκ ∈ d, d1, d2 ∈ [ j (κ)]≤κ, andκ ∈ d1 ⊆ d2,

(1) A ∈ E(d) ⇐⇒
(1.1) A ⊆ OB(d).
(1.2) {〈 j (α), α〉 | α ∈ d} ∈ j (A).

(2) πd2,d1 : OB(d2) → OB(d1) is defined byπd2,d1(A) = {ν�d1 | ν ∈ A}.
Given E, aκ-extender, we letjE : V → M � Ult(V, E) be the corresponding elementary embedding.
We use the objects OB and not justκ in order to solve a technicality appearing in the Radin on extenders

forcing. That is, if we have a long enough coherent sequence of extenders, and a large set in the sense of all of
them, then we cannot know from which extender a specific point from this large set was taken. Hence we will
not be able to use the projection of the right extender. Our solution is to use OB, where each ‘point’ is in fact a
function. This function contains all the information we need from the extender, that is the projection and where to
project.
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Assumed ∈ [ j (κ)]≤κ . As usual, a setT ⊆ OB(d)<ω ordered by end-extension and closed downwards is called a
tree. We use the following notation for a treeT :

∀n < ω Levn(T) = {〈ν0, . . . , νn〉 | 〈ν0, . . . , νn〉 ∈ T},
T〈µ0,...,µn〉 = {〈ν0, . . . , νk〉 | k < ω, 〈µ0, . . . , µn, ν0, . . . , νk〉 ∈ T},
SucT (ν0, . . . , νn) = {ν | 〈ν0, . . . , νn, ν〉 ∈ T}.

Forour purposes we need special trees calledE(d)-trees:

Definition 3.4. Assumed ∈ [ j (κ)]≤κ . A treeT of heightω is anE(d)-tree if

∀〈ν0, . . . , νk−1〉 ∈ T SucT (ν0, . . . , νk−1) ∈ E(d)

and for each〈ν〉 ∈ T〈ν0,...,νk−1〉
(1) domνk−1 ⊆ domν.
(2) ∀α ∈ domνk−1 νk−1(α) < ν(α).
(3) ∀〈µ〉 ∈ T〈ν0,...,νk−1〉 ν(κ) < µ(κ) =⇒ domν ⊆ domµ.

Note that we use the convention SucT () = Lev0(T).

Definition 3.5. AssumeT , T ′, areE(d), E(d′)-trees, respectively, andd′ ⊆ d. Then

πd,d′(T) = T�d′ = {〈ν̄0�d′, . . . , ν̄k−1�d′〉 | 〈ν̄0, . . . , ν̄k−1〉 ∈ T},
π−1

d,d′(T ′) = {〈ν̄0, . . . , ν̄k−1〉 ∈ OB(d)k | 〈ν̄0�d′, . . . , ν̄k−1�d′〉 ∈ T ′}.

3.2. The Prikry on extender forcing notion

We review the definition and basic facts aboutthe Prikry on extender forcing notion [9]. The form of the forcing
we give is a simplification of the presentation in [15].

Assumej : V → M ⊇ Mκ , crit( j ) = κ , g( j ) ⊆ j (κ), and letE be theκ-extender derived fromj .
We begin by defining the forcing notion〈P∗

E,≤∗〉:
Definition 3.6. f ∈ P∗

E iff f : d → [κ]<ω is such that

(1) d ∈ [ j (κ)]≤κ .
(2) κ ∈ d.

P∗
E is equipped with the partial orderf ≤∗ g ⇐⇒ f ⊇ g. (Notethat〈P∗

E,≤∗〉 is the Cohen forcing adding| j (κ)|
subsets toκ+.)

Definition 3.7. A condition p in PE is of the form〈 f, T 〉, where

(1) f ∈ P∗
E.

(2) T is anE(dom f )-tree.

We write suppp, f p, andT p, for dom f , f , andT , respectively.

Definition 3.8. Let p, q ∈ PE. We saythat p is a Prikry extension ofq (p ≤∗ q or p ≤0 q) if

(1) suppp ⊇ suppq.
(2) f p� suppq = f q.
(3) πsuppp,suppqT p ⊆ Tq.

Definition 3.9. Let q ∈ PE and〈ν〉 ∈ Tq. We defineq〈ν〉 ∈ PE to bep where

(1) suppp = suppq.

(2) ∀α ∈ suppp f p(α) =
{

f q(α) � 〈ν(α)〉 α ∈ domν, ν(α) > f q
| f q(α)|−1(α).

f q(α) Otherwise.
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(3) T p = Tq
〈ν〉.

When wewrite q〈ν0,...,νk〉 we mean(· · · (q〈ν0〉)〈ν1〉 · · · )〈νk〉.

Definition 3.10. Let p, q ∈ PE. We saythat p is a 1-point extension ofq (p ≤1 q) if there is〈ν〉 ∈ Tq suchthat
p ≤∗ q〈ν〉.

Definition 3.11. Let p, q ∈ PE andn < ω. We saythat p is ann-point extension ofq (p ≤n q) if there arepn, . . . , p0

suchthat

p = pn ≤1 · · · ≤1 p0 = q.

Definition 3.12. Let p, q ∈ PE. We saythat p is an extension ofq (p ≤ q) if there isn < ω suchthat p ≤n q.

The properties ofPE we need are summarized in the followingtheorems. The reader is referred to [9] or [15] for the
proofs.

Theorem 3.13. (1) 〈PE,≤,≤∗〉 is of Prikry type.
(2) 〈PE,≤∗〉 is κ-closed.
(3) �PE

�(κ+)V is a cardinal�.
(4) PE satisfies theκ++-cc.

Theorem 3.14. Let G bePE-generic. Then in V[G]
(1) No cardinals are collapsed.
(2) cfκ = ω.
(3) Nobounded subsets are added toκ .
(4) 2κ = | j (κ)|.
4. The Easton iteration of the Radin on extenders forcing

This section is modeled after Section 3 of [7]. The major change is that instead of the measures used there we use
extenders. The main theorem iterates the Radin on extenders forcing notion [13] along a Mitchell style (i.e., using
double indexing) coherent sequence of extenders.

The next definition adopts the general notion of coherency [16,17] to our context. Note the last requirement is a
restriction of the sequence tonon-overlappingextenders.

Definition 4.1. A functionE is called a coherent sequence of (non-overlapping) extenders if

(1) domE = {〈κ, ξ〉 | κ < l(E), ξ < oE(κ)}, where l(E) is an ordinal and oE : l(E) → On.
(2) ∀〈κ, ξ〉 ∈ domE Eκ,ξ is a κ-extender, andjκ,ξ : V → Mκ,ξ � Ult(V, Eκ,ξ ) is the corresponding natural

embedding.
(3) jκ,ξ (oE)(κ) = ξ and for eachξ ′ < ξ , jκ,ξ (E)κ,ξ ′ = Eκ,ξ ′ .
(4) ∀κ1 < κ2 < l(E)

oE(κ1) < κ2,

sup
ξ<oE(κ1)

jκ1,ξ (κ1) < κ2.

Since domE consists of pairs of ordinals and we need to access the first coordinate from time to time, we use the
notation dom1 E for the projection of domE to the first coordinate.

Theorem 4.2. Let E be a coherent sequence of extenders such that

∀〈κ, ξ〉 ∈ domE ∃ fξ : κ → κ

supg( jκ,ξ ) < jκ,ξ ( fξ )(κ) < min((dom1 jκ,ξ (E)) \ (κ + 1)).

Then there is a cardinal preserving generic extension in which

∀κ ∈ dom1 E 2κ = sup
ξ<oE(κ)

| jκ,ξ (κ)|.
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Proof. The forcing notion we use is the Easton iteration of the Radin on extenders forcing notion. The proof is by
induction on the length of the iterationκ ≤ ⋃

dom1 E.

• κ = 0: As usualP0 = 1 and there is nothing to prove.
• κ is a limit ordinal: If {α < κ |�Pα

� Q̇α �= 1�} is bounded inκ , then there is anα < κ suchthat Pκ � Pα and
there isnothing to prove. So we assume this is not the case.

Let Gκ be aPκ -generic filter, and set∀α < κ Gα = Gκ ∩ Pα (hence for eachα < κ , Gα is a Pα-genericfilter).
By the induction hypothesis we have for eachα < κ ,

V[Gα] � �∀λ ∈ dom1 E ∩ α 2λ = sup
ξ<oE(λ)

| jλ,ξ (λ)|�,

and

V andV[Gα] have the same cardinals.

Let λ ∈ dom1 E ∩ κ . Pickα < κ suchthatλ < α. ThenPκ = Pα ∗ Ṗα,κ . Since

�Pα
�〈Ṗα,κ ,≤,≤∗〉 is of Prikry type�,

and

�Pα
�〈Ṗα,κ ,≤∗〉 is |α|-closed�,

the forcing Ṗα,κ does not collapse cardinals belowα, nor does it change(2λ)V[Gα]. Hence V [Gκ ] � �2λ =
supβ<oE(λ)| jλ,β(λ)|�.

Since for eachα < κ , V [Gκ ] andV [Gα] have the same cardinals belowα, we get that no cardinal belowκ is
collapsed inV [Gκ ].

Cardinals aboveκ are not collapsed by the general Easton iteration theory. HenceV andV[Gκ ] have the same
cardinals.

• κ + 1: If κ /∈ dom1 E then we setQ̇κ = 1 andPκ+1 = Pκ ∗ Q̇κ ; thus there is nothing to prove.

So, we are left withκ ∈ dom1 E: We would have liked to letQ̇κ be thePκ -name of the Radin on extenders forcing
with the extenders〈Eκ,ξ | ξ < oE(κ)〉. However, after forcing with Pκ , the extendersEκ,ξ no longer measure all
subsets of OB. We begin by findinga good enough replacement for the lost extenders. So, LetGκ be aPκ -generic
filter.

Lemma 4.2.1. Let i : V → N � Ult(V, Eκ,0({κ})) be the natural embedding. Then there is a≤∗-decreasing
sequence〈 ṗN,0

ζ | ζ < κ+〉 ⊂ N such that if Ḋ ∈ N is a PN
κ -name of a dense open subset of〈i (Pκ )/PN

κ ,≤∗〉, where

〈PN
ξ | ξ ≤ i (κ)〉 = i (〈Pξ | ξ ≤ κ〉),

then there isζ < κ+ suchthat�PN
κ

� ṗζ ∈ Ḋ�.

Proof. Observe that∀ξ ≤ κ Pξ = PN
ξ , and thatQ̇N

κ = 1 sinceκ /∈ dom1 i (E). Let 〈Ȧζ | ζ < κ+〉 be an enumeration

of all PN
κ -names of maximal anti-chains of〈i (Pκ)/PN

κ ,≤∗〉. Since for eachζ ∗ < κ+ we have that

〈Ȧζ | ζ < ζ ∗〉 ∈ N,

�PN
κ

�〈i (Pκ )/PN
κ ,≤,≤∗〉 is of Prikry type�,

and

�PN
κ

�〈i (Pκ )/PN
κ ,≤∗〉 is κ+-closed�,

the sequence〈 ṗN,0
ζ | ζ < κ+〉 can be constructed by induction.�
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Definition 4.2.2. Using4.2.1we fix a sequence〈 ṗN,0
ζ | ζ < κ+〉 and call it a master sequence for Ult(V, Eκ,0({κ})).

Lemma 4.2.3. Let jκ,0 : V → Mκ,0 � Ult(V, Eκ,0) be the natural embedding. Then there is a≤∗-decreasing

sequence〈 ṗ0
ζ | ζ < κ+〉 ⊂ Mκ,0 such that if Ḋ ∈ Mκ,0 is a P

Mκ,0
κ -name of a dense open subset of

〈 jκ,0(Pκ )/P
Mκ,0
κ ,≤∗〉, where

〈P
Mκ,0
ξ | ξ ≤ jκ,0(κ)〉 = jκ,0(〈Pξ | ξ ≤ κ〉),

then there isζ < κ+ suchthat�
P

Mκ,0
κ

� ṗ0
ζ ∈ Ḋ�.

Proof. Observe that∀ξ ≤ κ Pξ = P
Mκ,0
ξ , andQ̇

Mκ,0
κ = 1 sinceκ /∈ dom1 jκ,0(E). We factor jκ,0 through the normal

measure as follows:

V

i
��

j �� M � Ult(V, Eκ,0)

N � Ult(V, Eκ,0({κ}))
k([ f ])= jκ,0( f )(κ)

�����������������

Let Ḋ ∈ Mκ,0 be such that

�
P

Mκ,0
κ

� Ḋ is a denseopen subset of〈 jκ,0(Pκ)/P
Mκ,0
κ ,≤∗〉�.

Pickα ∈ g(Eκ,0) and f ∈ V suchthat jκ,0( f )(α) = Ḋ. Let

κ ′ = min((dom1 jκ,0(E)) \ κ).

Then�
P

Mκ,0
κ

�〈 jκ,0(Pκ )/PM
κ ,≤∗〉 is κ ′-closed�. Pickg ∈ V suchthat jκ,0(g)(κ) = κ ′ (namely, for each inaccessible

ζ < κ setg(ζ ) = min(dom1 E \ ζ )). Since supg(Eκ,0) < jκ,0( f0)(κ) < k′, we have in particularα < jκ,0( f0)(κ) <

jκ,0(g)(κ). Thus reflection toV yields

{α} × {ζ < κ | ζ < f0(πα,κ(ζ )),

�Pπα,κ (ζ)

� f (ζ ) is a denseopen subset of〈Pκ/Pπα,κ (ζ ),≤∗〉,
〈Pκ/Pπα,κ (ζ ),≤∗〉 is g(πα,κ(ζ ))-closed�} ∈ Eκ,0({α}).

Noting the existence ofX ∈ Eκ,0({κ}) suchthat

∀〈κ, ζ1〉, 〈κ, ζ2〉 ∈ X [ζ1, f0(ζ1)] ∩ [ζ2, f0(ζ2)] = ∅,⋃
〈κ,ζ 〉∈X

(ζ, f0(ζ )) ∈ Eκ,0(α),

we can define a functionf ∗ : X → V suchthat

∀〈κ, ζ ∗〉 ∈ X �Pζ∗
� f ∗(ζ ∗) =

⋂
{ f (ζ ) | πα,κ(ζ ) = ζ ∗, ζ ∈ (ζ ∗, f0(ζ

∗))}�.
Hence

{κ} × {ζ ∗ < κ |�Pζ∗
� f ∗(ζ ∗) is a denseopen subset of〈Pκ/Pζ ∗ ,≤∗〉,

(ζ ∈ (ζ ∗, f0(ζ
∗)), ζ ∗ = πα,κ(ζ )) =⇒ f ∗(ζ ∗) ⊆ f (ζ )�} ∈ Eκ,0({κ}).

That is

�
P

Mκ,0
κ

� jκ,0( f ∗)(κ) is a denseopen subset of〈 jκ,0(Pκ )/P
Mκ,0
κ ,≤∗〉�,

and

�
P

Mκ,0
κ

� jκ,0( f ∗)(κ) ⊆ jκ,0( f )(α)�.
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Retreating toN � Ult(V, Eκ,0({κ})) we get

�PN
κ

�i ( f ∗)(κ) is a denseopen subset of〈i (Pκ )/PN
κ ,≤∗〉�.

Thus there isζ < κ+ suchthat�PN
κ

� ṗN,0
ζ ∈ i ( f ∗)(κ)�. Sending the last equation alongk yields�

P
Mκ,0
κ

�k( ṗN,0
ζ ) ∈

jκ,0( f ∗)(κ) ⊆ jκ,0( f )(α)�. �

Definition 4.2.4. Using4.2.3we fix a sequence〈 ṗ0
ζ | ζ < κ〉, andcall it a master sequence forMκ,0 � Ult(V, Eκ,0).

The first extender,Eκ,0, is different from all other extendersEκ,ξ (ξ > 0) as we can lift it to an extender inV[Gκ ]
as we show now.

The following definition makes sense since the master sequence〈 ṗ0
ζ | ζ < κ+〉 is ≤∗-decreasing,j ′′κ,0Pκ = Pκ ,

and jκ,0(Pκ ) � Pκ ∗ jκ,0(Pκ )/P
Mκ,0
κ . Note that:

(1) On the one hand,Pκ has added subsets tojκ,0(κ); hence there are ultrafilters which have no ‘original’ in the
ground model.

(2) On the other hand, each new set in[ jκ,0(κ)]≤κ is contained in an old set of[ jκ,0(κ)]≤κ . So we really do not need
these orphan ultrafilters.

Definition 4.2.5. Assumep �Pκ
�ḋ ∈ [ jκ,0(κ)]≤κ�. We defineĖκ,0(ḋ) as follows:

(p �Pκ
� Ȧ ⊆ ȮB(ḋ)� and

∃ζ < κ+ p � ṗ0
ζ � jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧ)�) =⇒
p �Pκ

� Ȧ ∈ Ėκ,0(ḋ)�.

Claim 4.2.6. Assume p�Pκ
�ḋ ∈ [ jκ,0(κ)]<κ and Ȧ ⊆ ȮB(ḋ)�. Then there are p∗ ≤∗

Pκ
p andζ < κ+ suchthat

p∗ � ṗ0
ζ ‖ jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧ)�.

Proof. SetD = {r ∈ jκ,0(Pκ) | r ‖ jκ,0(Pκ )
�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧ)�}. SincePκ is of Prikry type,D is dense

open in〈 jκ,0(Pκ ),≤∗〉. ThusD/Pκ is a name of adense open subset of〈 jκ,0(Pκ )/Pκ ,≤∗〉. Hence there isζ < κ+
suchthat�Pκ

� ṗ0
ζ ∈ Ď/Pκ

�. This means�Pκ
� ṗ0

ζ ‖ jκ,0(Pκ )/Pκ
�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧ)��. Using the Prikry

property we findp∗ ≤∗
Pκ

p suchthat

p∗ � ṗ0
ζ ‖ jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧ)�. �

Corollary 4.2.7. Assume p�Pκ
�ḋ ∈ [ jκ,0(κ]≤κ) and Ȧ ⊆ ȮB(ḋ)�. Then

(1) p �Pκ
� Ȧ ∈ Ėκ,0(ḋ)� ⇐⇒

∃ζ < κ+ p � ṗ0
ζ � jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧ)�.

(2) p �Pκ
� Ȧ /∈ Ėκ,0(ḋ)� ⇐⇒

∃ζ < κ+ p � ṗ0
ζ � jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} /∈ jκ,0(Ȧ)�.

Proof. The (⇐=) direction is immediatefrom the definition. We prove the (=⇒) direction.

(1) Assumep �Pκ
� Ȧ ∈ Ėκ,0(ḋ)�: This means that there existsX, a maximal anti-chain belowp, such that for each

q ∈ X there isζq < κ+ suchthatq � ṗ0
ζq

� jκ,0(Pκ )
�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧ)�. We setζ = ⋃

q∈X ζq.

Since|X| < κ we getζ < κ+. Thus

p � ṗ0
ζ � jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧ)�.
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(2) Assumep �Pκ
� Ȧ /∈ Ėκ,0(ḋ)�: Necessarily, ifq ≤Pκ p andζ < κ+, thenq � ṗ0

ζ � jκ,0(Pκ )
�{〈 jκ,0(α), α〉 | α ∈

ḋ} ∈ jκ,0(Ȧ)�. Invoking4.2.6, we constructX, a maximal anti-chain belowp, such that for eachq ∈ X, there is
ζq < κ+ suchthatq � ṗ0

ζq
� jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} /∈ jκ,0(Ȧ)�. We setζ = ⋃
q∈X ζq. Since|X| < κ , we

haveζ < κ+. Thus

p � ṗ0
ζ � jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} /∈ jκ,0(Ȧ)�. �

Claim 4.2.8. Assume�Pκ
�ḋ ∈ [ jκ,0(κ)]≤κ�. Then

�Pκ

� Ėκ,0(ḋ) is aκ-closed ultrafilter on ȮB(ḋ)�.

Proof. We prove the fourconditions showingĖκ,0(ḋ) is aκ-complete ultrafilter.

(1) Assumep �Pκ
� Ȧ ⊆ ȮB(ḋ) and Ȧ /∈ Ėκ,0(ḋ)�: Then there isζ < κ+ suchthat p � ṗ0

ζ � jκ,0(Pκ )
�{〈 jκ,0(α), α〉 |

α ∈ ḋ} /∈ jκ,0(Ȧ)�. That isp � ṗ0
ζ � jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ ȮB(ḋ) \ jκ,0(Ȧ)�. Hence

p �Pκ
�ȮB(ḋ) \ Ȧ ∈ Ėκ,0(ḋ)�.

(2) Assumeλ < κ and p �Pκ
�∀µ < λ Ȧµ ∈ Ėκ,0(ḋ)�: That is, for eachµ < λ there isζµ < κ+ suchthat

p � ṗ0
ζµ

� jκ,0(Pκ )
�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧµ)�.

Let ζ = ⋃
µ<λ ζµ. Then

p � ṗ0
ζ � jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈
⋂
µ<λ

jκ,0(Ȧµ)�.

Since crit( j ) = κ > λ we get

p � ṗ0
ζ � jκ,0(Pκ )

�{〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(
⋂
µ<λ

Ȧµ)�.

That is p �Pκ
� ⋂

µ<λ Ȧµ ∈ Ėκ,0(ḋ)�.

(3) Assumep �Pκ
� Ȧ ⊆ Ḃ ⊆ ȮB(ḋ) and Ȧ ∈ Ėκ,0(ḋ)�: It is immediate that there isζ < κ+ suchthat

p � ṗ0
ζ � jκ,0(Pκ )

� jκ,0(Ȧ) ⊆ jκ,0(Ḃ), {〈 jκ,0(α), α〉 | α ∈ ḋ} ∈ jκ,0(Ȧ)�. �

From4.2.5–4.2.8we deduce that we have constructed a lifting ofEκ,0.

Corollary 4.2.9. The system

〈〈Ėκ,0(d)[Gκ] | κ ∈ d ∈ [ j (κ)]≤κ〉, 〈πd2,d1 | d1, d2 ∈ [ j (κ)]≤κ, κ ∈ d1 ⊆ d2〉〉
is aκ-extender lifting Eκ,0.

Proof. The only thing left to be proved is the lifting.
We work in V . First we note that ifd ∈ [ jκ,0(κ)]≤κ and A ∈ Eκ,0(d), then{〈 jκ,0(α), α〉 | α ∈ d} ∈ jκ,0(A).

Trivially

� jκ,0(Pκ )
�{〈 jκ,0(α), α〉 | α ∈ ď} ∈ jκ,0(Ǎ)�,

and hence�Pκ
� Ǎ ∈ Ėκ,0(ď)�.

The second thing to note is that if�Pκ
�ḋ ∈ [ jκ,0(κ)]≤κ� then due to theκ-c.c. of Pκ there isd ∈ [ jκ,0(κ)]≤κ such

that�Pκ
�ḋ ⊆ ď�. �

Whenξ > 0 wecannot lift the extenderEκ,ξ to an extender inV[Gκ ]. This is because we use the Prikry condition

to decide when a set is large. Whenξ > 0 we have thatQ̇
Mκ,ξ
κ �= 1. In Q̇

Mκ,ξ
κ there mightbe two incompatible

conditions (which are nonetheless Prikry extensions of the same condition!), one deciding that some set is large and
the other that it is small.
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What we dois construct an indexed set offilters. Theproperties of these filters will allow us to work almost as if
we had ultrafilters. In fact this system of filters is thenameof an extender which is found in a Cohen generic extension
of V [Gκ ].
Lemma 4.2.10. Assume0 < ξ < oE(κ), and let i : V → N � Ult(V, Eκ,ξ ({κ})). Then there is a≤∗-decreasing
sequence〈 ṗN

ζ | ζ < κ+〉 ⊂ N such that if Ḋ ∈ N is a PN
κ+1-name of a dense open subset of〈i (Pκ)/PN

κ+1,≤∗〉, where

〈PN
ξ | ξ ≤ i (κ)〉 = i (〈Pξ | ξ ≤ κ〉),

then there isζ < κ+ suchthat�PN
κ+1

� ṗζ ∈ Ḋ�.

Proof. Observe that∀α ≤ κ Pα = PN
α . Let 〈Ȧζ | ζ < κ+〉 be an enumeration of allPN

κ+1-names of maximal
anti-chains ofi (Pκ )/PN

κ+1. Since for eachζ ∗ < κ+ we have

〈Ȧζ | ζ < ζ ∗〉 ∈ N,

�PN
κ+1

�〈i (Pκ )/PN
κ+1,≤,≤∗〉 is of Prikry type�,

and

�PN
κ+1

�〈i (Pκ )/PN
κ+1,≤∗〉 is κ+-closed�,

the sequence〈 ṗN
ζ | ζ < κ+〉 can be constructed by induction.�

Definition 4.2.11. For each 0< ξ < oE(κ), we use4.2.10to fix a sequence〈 ṗN,ξ
ζ | ζ < κ+〉 and call it a master

sequence for Ult(V, Eκ,ξ ({κ})).
Lemma 4.2.12. Assume0 < ξ < oE(κ). Then there is a≤∗-decreasing sequence〈 ṗζ | ζ < κ+〉 ⊂ Mκ,ξ such that if

Ḋ ∈ Mκ,ξ is a P
Mκ,ξ

κ+1 -name of a dense open subset of〈 jκ,ξ (Pκ )/P
Mκ,ξ

κ+1 ,≤∗〉, where〈P
Mκ,ξ

ξ | ξ ≤ jκ,ξ (κ)〉 = jκ,ξ (〈Pξ |
ξ ≤ κ〉), then there isζ < κ+ suchthat�

P
Mκ,ξ
κ+1

� ṗζ ∈ Ḋ�.

Proof. Observe that∀α ≤ κ Pα = P
Mκ,ξ
α . We factor jκ,ξ through the normal measure as follows:

V

i
��

j �� Mκ,ξ � Ult(V, Eκ,ξ )

N � Ult(V, Eκ,ξ ({κ}))
kξ ([ f ])= jκ,ξ ( f )(κ)

������������������

Let Ḋ be such that�
P

Mκ,ξ
κ+1

� Ḋ is a denseopen subset of〈 jκ,ξ (Pκ )/P
Mκ,ξ

κ+1 ,≤∗〉�.

Pickα ∈ g(Eκ,ξ ) and f ∈ V suchthat jκ,ξ ( f )(α) = Ḋ. Let

κ ′ = min((dom1 jκ,ξ (E)) \ (κ + 1)).

Then �
P

Mκ,ξ
κ+1

�〈 jκ,ξ (Pκ )/P
Mκ,ξ

κ+1 ,≤∗〉 is κ ′-closed�. Pick g ∈ V such that jκ,ξ (g)(κ) = κ ′ (namely, for each

inaccessibleζ < κ setg(ζ ) = min(dom1 E \ (ζ + 1))). Since supg(Eκ,ξ ) < jκ,ξ ( fξ )(κ) < k′, we have in particular
α < jκ,ξ ( fξ )(κ) < jκ,ξ (g)(κ). Thus reflecting toV yields

{α} × {ζ < κ | ζ < fξ (πα,κ(ζ )),

�Pπα,κ (ζ)+1
� f (ζ ) is a denseopen subset of〈Pκ/Pπα,κ (ζ )+1,≤∗〉,

〈Pκ/Pπα,κ (ζ )+1,≤∗〉 is g(πα,κ(ζ ))-closed�} ∈ Eκ,ξ ({α}).
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Noting the existence ofX ∈ Eκ,ξ ({κ}) suchthat

∀〈κ, ζ1〉, 〈κ, ζ2〉 ∈ X [ζ1, fξ (ζ1)] ∩ [ζ2, fξ (ζ2)] = ∅,

{α} ×
⋃

〈κ,ζ 〉∈X

(ζ, fξ (ζ )) ∈ Eκ,ξ ({α}),

we can define a functionf ∗ : X → V suchthat

∀〈κ, ζ ∗〉 ∈ X �Pζ∗+1
� f ∗(ζ ∗) =

⋂
{ f (ζ ) | πα,κ(ζ ) = ζ ∗, ζ ∈ (ζ ∗, fξ (ζ

∗))}�.
Hence

{κ} × {ζ ∗ < κ |�Pζ∗+1
� f ∗(ζ ∗) is a denseopen subset of〈Pκ/Pζ ∗+1,≤∗〉,

(ζ ∈ (ζ ∗, fξ (α
∗)), ζ ∗ = πα,κ(ζ )) =⇒ f ∗(ζ ∗) ⊆ f (ζ )�} ∈ Eκ,ξ ({κ}).

That is

�
P

Mκ,ξ
κ+1

� jκ,ξ ( f ∗)(κ) is a denseopen subset of〈 jκ,ξ (Pκ )/P
Mκ,ξ

κ+1 ,≤∗〉�,

and

�
P

Mκ,ξ
κ+1

� jκ,ξ ( f ∗)(κ) ⊆ jκ,ξ ( f )(α)�.

Retreating toN � Ult(V, Eκ,ξ ({κ})) we get

�PN
κ+1

�i ( f ∗)(κ) is a denseopen subset of〈i (Pκ)/PN
κ+1,≤∗〉�.

Thus there isζ < κ+ such that �PN
κ+1

� ṗN,ξ
ζ ∈ i ( f ∗)(κ)�. Sending the last equation alongkξ yields �PM

κ+1
�kξ ( ṗN,ξ

ζ ) ∈ jκ,ξ ( f ∗)(κ) ⊆ jκ,ξ ( f )(α)�. �

Definition 4.2.13. For each 0< ξ < oE(κ) use4.2.12to fix a sequence〈 ṗξ
ζ | ζ < κ+〉 and call it a master sequence

for Mκ,ξ � Ult(V, Eκ,ξ ).

In order to lift the ultrafilters in Eκ,ξ we define a forcing notion which will be used to index the lifting.

Definition 4.2.14. Let Gκ be Pκ -generic. InV [Gκ] we define the forcing notionP∗̄
E

: f ∈ P∗̄
E

iff

(1) f : d → [κ]<ω. We use the convention f (α) = 〈 fn(α) | n < | f (α)|〉.
(2) d ∈ [supξ<oE(κ) jκ,ξ (κ)]≤κ .
(3) κ ∈ d.
(4) ∀n < | f (κ)| oE( fn−1(κ)) ≥ oE( fn(κ)).
(5) ∀α ∈ d α �= κ =⇒ ∀n < | f (α)| oE( fn(α)) = 0.

P∗̄
E

is equipped with the partial order≤∗: f ≤∗ g if f ⊇ g. We let Q̇∗
κ be thePκ -name ofP∗̄

E
. Wenote the implicit

existence ofQ̇
∗Mκ,ξ
κ .

Note that〈P∗̄
E
,≤∗〉 is the Cohen forcing for adding|supξ<oE(κ) jκ,ξ (κ)| subsets toκ+, andQ̇

∗Mκ,ξ
κ [Gκ ] is the Cohen

forcing for adding|supξ ′<ξ jκ,ξ ′(κ)| subsets toκ+. Hence if H ∗
κ is P∗̄

E
-generic (orQ̇

∗Mκ,ξ
κ [Gκ ]-generic) overV [Gκ ],

thenPV[Gκ ](κ) = PV[Gκ ][H∗
κ ](κ).

Note that the above definition relates to our main forcing notion4.2.26in the same way as3.6relates to3.7. That
is a tree of large sets will be put alongsidef . The complication here is that now we have filters instead of ultrafilters.
Thus in3.7 the largeness of the sets was dependent on domf . Now the largeness depends onf (and not only its
domain).

The requirement oE( fn−1(κ)) ≥ oE( fn(κ)) stemsfrom 4.2.26. The fn−1(κ)’s codes a previously added Radin
sequence and oE( fn−1(κ)) codes the order type of this sequence. If oE( fn−1(κ)) < oE( fn(κ)) then the sequence
coded byfn−1(κ) is a prefix of the sequence coded byfn(κ), hence giving superfluous information.
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We construct the filters which are the lifting of the ultrafilters inEκ,ξ (ξ > 0). The following definition makes
sense sincej ′′κ,ξ Pκ = Pκ .

Definition 4.2.15. Assumeξ , p, ḟ , Ȧ, andḋ are such that 0< ξ < oE(κ) and

p �Pκ
� ḟ ∈ Q̇

∗Mκ,ξ
κ , ḋ ∈ [ jκ,ξ (κ)]≤κ, and Ȧ ⊆ ȮB(domḋ)�.

We define aPκ -name,Ėκ,ξ (ḋ, ḟ ), as follows:

∃ζ < κ+ ∃q̇ ∈ Q̇
Mκ,ξ
κ (p �Pκ

� ḟ = f q̇� and

p � q̇ � ṗξ
ζ � jκ,ξ (Pκ )

�〈〈 jκ,ξ (α), α〉 | α ∈ ḋ〉 ∈ jκ,ξ (Ȧ)�)

=⇒ p �Pκ
� Ȧ ∈ Ėκ,ξ (ḋ, ḟ )�.

Lemma 4.2.16. Assumeξ , p, ḟ , Ȧ, andḋ are such that0 < ξ < oE(κ), and

p �Pκ
� ḟ ∈ Q̇

∗Mκ,ξ
κ , ḋ ∈ [ jκ,ξ (κ)]≤κ, and Ȧ ⊆ OB(domḋ)�.

Then

p �Pκ
� Ȧ ∈ Ėκ,ξ (ḋ, ḟ )� ⇐⇒

∃ζ < κ+ ∃q̇ ∈ Q̇
Mκ,ξ
κ (p �Pκ

� ḟ = f q̇�,

p � q̇ � ṗξ
ζ � jκ,ξ (Pκ )

�〈〈 jκ,ξ (α), α〉 | α ∈ ḋ〉 ∈ jκ,ξ (Ȧ)�).

Proof. The (⇐=) direction is immediate from the definition. We prove the (=⇒) direction. So, assumeξ , p, ḟ , Ȧ,
andḋ are such that 0< ξ < oE(κ), and

p �Pκ
� ḟ ∈ Q̇

∗Mκ,ξ
κ , ḋ ∈ [ jκ,ξ (κ)]≤κ, and Ȧ ∈ Ėκ,ξ (ḋ, ḟ )�.

This means that there existsX, a maximal anti-chain belowp, such that for eachr ∈ X there areζr < κ+, q̇r , such
that

r �Pκ
� f q̇r = ḟ �

and

r � q̇r
� ṗξ

ζr
� jκ,ξ (Pκ )

�〈〈 jκ,ξ (α), α〉 | α ∈ ḋ〉 ∈ jκ,ξ (Ȧ)�.

Hence we canconstruct aPκ -name,q̇, such that∀r ∈ X r �Pκ
�q̇ = q̇r

�. We setζ = ⋃
r∈X ζr . Since|X| < κ we get

ζ < κ+. Thus

p � q̇ � ṗξ
ζ � jκ,ξ (Pκ )

�〈〈 jκ,ξ (α), α〉 | α ∈ ḋ〉 ∈ jκ,ξ (Ȧ)�. �

Claim 4.2.17. Assumeξ , p, ḟ , andḋ are such that0 < ξ < oE(κ) and

p �Pκ
� ḟ ∈ Q̇

∗Mκ,ξ
κ andḋ ∈ [ jκ,ξ (κ)]≤κ�.

Then

p �Pκ

� Ėκ,ξ (ḋ, ḟ ) is aκ-closed filter onȮB(ḋ)�.

Proof. The properties meaning aκ-closed filter are:

(1) Assumeλ < κ and p �Pκ
�∀µ < λ Ȧµ ∈ Ėκ,ξ (ḋ, ḟ )�: By 4.2.16, we can construct a≤∗-decreasing sequence

〈pµ
� q̇µ

� ṗξ
ζµ

| µ < λ〉 satisfying

p0 ≤∗
Pκ

p,

pµ �Pκ

� f q̇
µ = ḟ �,
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and

pµ
� q̇µ

� ṗξ
ζµ

� jκ,ξ (Pκ )
�{〈 jκ,ξ (α), α〉 | α ∈ ḋ} ∈ jκ,ξ (Ȧµ)�.

Let ζ = ⋃
µ<λ ζµ. Sinceλ < κ we getζ < κ+. Since〈P

Mκ,ξ

κ+1 ,≤∗〉 is κ-closed there arep∗ and q̇∗ suchthat

p∗ �PĒ
� f q̇∗ = ḟ � and∀µ < λ 〈p∗, q̇∗〉 ≤∗

P
Mκ,ξ
κ+1

〈pµ, q̇µ〉. Thus

p∗ � q̇∗ � ṗξ
ζ � jκ,ξ (Pκ )

�{〈 jκ,ξ (α), α〉 | α ∈ ḋ} ∈
⋂
µ<λ

jκ,ξ (Ȧµ)�.

Since critjκ,ξ = κ > λ,

p∗ � q̇∗ � ṗξ
ζ � jκ,ξ (Pκ )

�{〈 jκ,ξ (α), α〉 | α ∈ ḋ} ∈ jκ,ξ (
⋂
µ<λ

Ȧµ)�.

Hencep∗ �Pκ
� ⋂

µ<λ Ȧρ ∈ Ėκ,ξ (ḋ, ḟ )�.

(2) Assumep �Pκ
�ḋ ∈ [ jκ,ξ(κ)]≤κ, Ȧ ⊆ Ḃ ⊆ ȮB(ḋ), and Ȧ ∈ Ėκ,ξ (ḋ, ḟ )�: It is immediate that there arėq and

ζ < κ+ suchthat p �Pκ
� f q̇ = ḟ � and

p � q̇ � ṗξ
ζ � jκ,ξ (Pκ )

� jκ,ξ (Ȧ) ⊆ jκ,ξ (Ḃ) and{〈 jκ,ξ (α), α〉 | α ∈ ḋ} ∈ jκ,ξ (Ȧ)�. �

We can view the corollary of the following lemma as a form of ‘ultrafilterness’.

Lemma 4.2.18. Assumeξ , p, q̇, Ȧ, andḋ are such that0 < ξ < oE(κ), and

p �Pκ
�q̇ ∈ Q̇

Mκ,ξ
κ , ḋ ∈ [ jκ,ξ (κ)]≤κ, and Ȧ ⊆ ȮB(ḋ)�.

Then there are p∗ � q̇∗ ≤∗
P

Mκ,ξ
κ+1

p � q̇ andζ < κ+ suchthat

p∗ � q̇∗ � ṗξ
ζ ‖ jκ,ξ (Pκ )

�〈〈 jκ,ξ (α), α〉 | α ∈ ḋ〉 ∈ jκ,ξ (Ȧ)�.

Proof. Assumep �Pκ
�ḋ ∈ [ jκ,ξ (κ)]≤κ and Ȧ ⊆ OB(ḋ)�. Set

D = {r ∈ jκ,ξ (Pκ) | r ‖ jκ,ξ (Pκ )
�〈〈 jκ,ξ (α), α〉 | α ∈ ḋ〉 ∈ jκ,ξ (Ȧ)�}.

SincePκ is of Prikry type,D is a denseopen subset of〈 jκ,ξ (Pκ),≤∗〉. Thus D/P
Mκ,ξ

κ+1 is a name of adense open

subset of〈 jκ,ξ (Pκ )/P
Mκ,ξ

κ+1 ,≤∗〉. Hence there isζ < κ+ suchthat�
P

Mκ,ξ
κ+1

� ṗξ
ζ ∈ D/P

Mκ,ξ

κ+1
�. That is

�
P

Mκ,ξ
κ+1

� ṗξ
ζ ‖ jκ,ξ (Pκ )

�〈〈 jκ,ξ (α), α〉 | α ∈ ḋ〉 ∈ jκ,ξ (Ȧ)��.

Using the Prikryproperty we findp∗ � q̇∗ ≤∗
P

Mκ,ξ
κ+1

p � q̇ suchthat

p∗ � q̇∗ � ṗξ
ζ ‖ jκ,ξ (Pκ )

�〈〈 jκ,ξ (α), α〉 | α ∈ ḋ〉 ∈ jκ,ξ (Ȧ)�. �

Corollary 4.2.19. Assumeξ , p, ḟ , Ȧ, andḋ are such that0 < ξ < oE(κ) and

p �Pκ
� ḟ ∈ Q̇

∗Mκ,ξ
κ , ḋ ∈ [ jκ,ξ (κ)]≤κ, and Ȧ ⊆ ȮB(ḋ)�.

Then there is f∗ satisfying p�Pκ
� ḟ ∗ ≤∗

Q̇
∗Mκ,ξ
κ

ḟ � such that either

p �Pκ
� Ȧ ∈ Ėκ,ξ (ḋ, ḟ ∗)�

or

p �Pκ
�(ȮB(ḋ) \ Ȧ) ∈ Ėκ,ξ (ḋ, ḟ ∗)�.
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A corollary of 4.2.15–4.2.19is that the system

〈〈Ėκ,ξ (d, f )[Gκ ] | d ∈ [ jκ,ξ (κ)]≤κ, f ∈ Q̇
Mκ,ξ
κ [Gκ ]〉,

〈πd2,d1 | d1, d2 ∈ [ jκ,ξ (κ)]≤κ, κ ∈ d1 ⊆ d2〉〉
codes an extender in aPκ ∗ Q̇∗

κ -generic extension. Written explicitly inV [Gκ][H ∗], whereH ∗ is P∗̄
E

-generic over
V [Gκ ], this extender is

Fκ,ξ = 〈〈Fκ,ξ (d) | d ∈ [ jκ,ξ (κ)]≤κ〉, 〈πd2,d1 | d1, d2 ∈ [ jκ,ξ (κ)]≤κ, κ ∈ d1 ⊆ d2〉〉
where the ultrafiltersFκ,ξ (d) are defined by

Fκ,ξ (d) =
⋃

{Ėκ,ξ (d, f ) | d ∈ [ jκ,ξ(κ)]≤κ, f ∈ H ∗ ∩ Q̇
Mκ,ξ [Gκ ]
κ }.

Corollary 4.2.20. Assume0 < ξ < oE(κ) and H∗ is aP∗̄
E

-generic filter over V[Gκ ]. Then

〈〈Ḟκ,ξ (d)[Gκ] | d ∈ [ jκ,ξ(κ)]≤κ〉, 〈πd2,d1 | d1, d2 ∈ [ jκ,ξ (κ)]≤κ, κ ∈ d1 ⊆ d2〉〉
is aκ-extender lifting Eκ,ξ .

A couple of remarks regarding the last corollary are in order:

(1) Of course we could have takenH ∗ to be aQ̇
∗Mκ,ξ
κ [Gκ ]-generic filter overV[Gκ ].

(2) The demandξ > 0 is not really needed. After all forcing withP∗̄
E

adds no subsets toκ ; hence the lifted extender

Ėκ,0[Gκ ] remains an extender inV [Gκ ][H ∗]. Thus we can setFκ,0 = Eκ,0.

The following is the substitute for the intersection of measures used in the Radin on extenders forcing.

Definition 4.2.21. Assumeξ < oE(κ) and f ∈ P∗̄
E

. Then

Eκ,ξ ( f ) = Eκ,ξ (dom f � jκ,ξ (κ), f � sup
ξ ′<ξ

jκ,ξ ′(κ)),

Eκ( f ) =
⋂

ξ<oE(κ)

Eκ,ξ ( f ).

Note that we have usedEκ,0(d, f �∅) in the above definition.Obviously wejust meanEκ,0(d). In addition, instead
of writing πdom f,domg we will write π f,g.

After all these liftings, we are ready to define the forcing notion at stageκ of theiteration,Q̇κ . Thedefinition is by
induction on oE(κ).

oE(κ) = 1: ThenQ̇κ [Gκ ] is the Prikry on extenders forcing, reviewed in3.2, with the (lifted) extenderEκ,0.
oE(κ) > 1: Then Q̇κ [Gκ ] is the Radin on extenders forcing, defined as follows, inV[Gκ ]. (Recall that

Q̇∗
κ [Gκ ] = P∗̄

E
.)

Definition 4.2.22. Assumef ∈ P∗̄
E

andν̄ ∈ OB(d). The function

f〈ν̄〉 : dom f → [κ]<ω

is defined as

∀α ∈ dom f

f〈ν̄〉(α) =


f (α)�k � 〈ν̄(α)〉

α ∈ domν̄,

ν̄(α) > f| f (α)|−1(α),

k = max{n + 1 | oE(ν̄(κ)) ≤ oE( fn(α))}.
f (α) Otherwise.

Note that f〈ν̄〉 ∈ P∗̄
E

.
By writing f〈ν̄0,...,ν̄k−1〉 we mean(· · · ( f〈ν̄0〉)〈ν̄1〉 · · · )〈ν̄k−1〉.
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Note in the above definition that whenα �= κ we have oE( fn(α)) = 0.
In the following couple of definitions it is implicitly assumed that ifT is a tree then SucT () is Lev0(T).

Definition 4.2.23. Assumef ∈ P∗̄
E

. A treeT of heightω is called anEκ( f )-tree if

∀〈ν̄0, . . . , ν̄k−1〉 ∈ T SucT (ν̄0, . . . , ν̄k−1) ∈ Eκ( f〈ν̄0,...,ν̄k−1〉)

and for each〈ν̄〉 ∈ T〈ν̄0,...,ν̄k−1〉
(1) domν̄k−1 ⊆ domν̄.
(2) ∀α ∈ domν̄k−1 ν̄k−1(α) < ν̄(α).
(3) ∀α ∈ domν̄k−1 α �= κ =⇒ oE(ν(α)) = 0.
(4) ∀〈µ̄〉 ∈ T〈ν̄0,...,ν̄k−1〉 ν̄(κ) < µ̄(κ) =⇒ domν̄ ⊆ domµ̄.

Definition 4.2.24. Assumef ∈ P∗̄
E

. A treeT of height ht(T) < ω is called anEκ( f )-fat if

∀〈ν̄0, . . . , ν̄k−1〉 ∈ T ∃ξ < oE(κ) SucT (ν̄0, . . . , ν̄k−1) ∈ Eκ,ξ ( f〈ν̄0,...,ν̄k−1〉)

and for each〈ν̄〉 ∈ T〈ν̄0,...,ν̄k−1〉
(1) domν̄k−1 ⊆ domν̄.
(2) ∀α ∈ domν̄k−1 ν̄k−1(α) < ν̄(α).
(3) ∀α ∈ domν̄k−1 α �= κ =⇒ oE(ν(α)) = 0.
(4) ∀〈µ̄〉 ∈ T〈ν̄0,...,ν̄k−1〉 ν̄(κ) < µ̄(κ) =⇒ domν̄ ⊆ domµ̄.

The definition ofπd′,d′ andπ−1
d,d′ for Eκ( f )-trees (orEκ( f )-fat trees) is taken verbatim from3.5.

It is useful to observe that different levels inEκ( f )-fat trees are big in the sense of product filters (and hence the
different levels inE( f )-trees are big in the sense ofall relevant product filters). Recall

Definition 4.2.25. AssumeF0 is a filter onA0, and for eachν0 ∈ A0, F1(ν0) is a filter onA1(ν0). Then the product
filter F0 × F1 on A0 × A1 is defined by

X ∈ F0 × F1 ⇐⇒ {ν0 ∈ A0 | {ν1 ∈ A1(ν0) | 〈ν0, ν1〉 ∈ X} ∈ F1(ν0)} ∈ F0.

By induction we define
∏n

i=0 Fi by

X ∈
n∏

i=0

Fi ⇐⇒
{

〈ν0, . . . , νn−1〉 ∈
n−1∏
i=0

Ai |

{νn ∈ An(ν0, . . . , νn−1) | 〈ν0, . . . , νn−1, νn〉 ∈ X}

∈ Fn(ν0, . . . , νn−1)

}
∈

n−1∏
i=0

Fi .

Definition 4.2.26. A condition p ∈ PĒ is of the form

〈 f, T〉,
where

(1) f ∈ P∗̄
E

.
(2) T is anEκ( f )-tree.

We write suppp, f p, andT p, for dom f , f , andT , respectively.

Definition 4.2.27. Let p, q ∈ PĒ. We saythat p is a Prikry extension ofq (p ≤∗ q or p ≤0 q) if

(1) f p� suppq = f q.
(2) πsuppp,suppqT p ⊆ Tq.



M. Gitik, C. Merimovich / Annals of Pure and Applied Logic 140 (2006) 75–103 91

Definition 4.2.28. Let q ∈ PĒ and〈ν̄〉 ∈ Tq. We defineq〈ν̄〉 ∈ PĒ to bep where

(1) suppp = suppq.
(2) f p = f q

〈ν̄〉.
(3) T p = Tq

〈ν̄〉.

When wewrite q〈ν̄0,...,ν̄k−1〉 we mean(· · · (q〈ν̄0〉)〈ν̄1〉 · · · )〈ν̄k−1〉.

Definition 4.2.29. Let p, q ∈ PĒ. We saythat p is a 1-point extension ofq (p ≤1 q) if there is〈ν̄〉 ∈ Tq suchthat
p ≤∗ q〈ν〉.

Definition 4.2.30. Let p, q ∈ PĒ, n < ω. We saythat p is ann-point extension ofq (p ≤n q) if there arepn, . . . , p0

suchthat

p = pn ≤1 · · · ≤1 p0 = q.

Definition 4.2.31. Let p, q ∈ PĒ. We saythat p is an extension ofq (p ≤ q) if there isn < ω suchthat p ≤n q.

Proposition 4.2.32. Assume q∈ PĒ andα ∈ supξ<oE(κ) jκ,ξ (κ). Then there is p≤∗
PĒ

q with α ∈ suppp.

Proof. If α ∈ suppq then there is nothing to do; we setp = q.
Otherwise we setp = 〈 f q ∪ 〈α, 〈〉〉, π−1

suppq∪{α},suppqTq〉. Then p ≤∗
PĒ

q, andα ∈ suppp. Note that strictly

speakingπ−1
suppq∪{α},suppqTq might not be legal as a tree forf p. However the illegal points have measure zero in all

the relevant filters, so we just remove them.�

Proposition 4.2.33. PĒ satisfies theκ++-cc.

Proof. AssumeX ⊆ PĒ and |X| = κ++. Since for eachp ∈ X we have|suppp| ≤ κ , we can assume that
{suppp | p ∈ X} forms a∆-system. Thatis, there isd suchthat∀p, q ∈ X suppp ∩ suppq = d. Since|d| ≤ κ we
have|{ f | f : d → [κ]<ω}| ≤ κ+, so wecan assume that∀p, q ∈ X ∀β ∈ d f p(β) = f q(β).

Let us fix two conditions,p, q ∈ X, and let f = f p ∪ f q. Then f : suppp ∪ suppq → [κ]<ω. We set
T = π−1

suppp∪suppq,suppp(T
p) ∩ π−1

suppp∪suppq,suppq(Tq). Then〈 f, T〉 ≤PĒ
p, q. �

Claim 4.2.34. 〈PĒ,≤∗〉 is κ-closed.

Proof. Assumeλ < κ , and 〈pξ | ξ < λ〉 is a ≤∗-decreasing sequence inPĒ. Then 〈 f pξ | ξ < λ〉 is ≤∗-
decreasing sequence inP∗̄

E
. Since〈P∗̄

E
,≤∗〉 is κ+-closed,there is f ∈ P∗̄

E
suchthat ∀ξ < λ f ≤∗

P∗̄
E

f pξ . Set

T = ⋂
ξ<λ π−1

dom f,suppξ
(T pξ ). Then∀ξ < λ 〈 f, T 〉 ≤∗

PĒ
pξ . �

The notions〈N, P〉-generic and properness are due to S. Shelah, originally used for countableN. We adapt these
notions for our use, i.e. forN of sizeκ . H. Woodin initiated the use of properness in the context of Radin forcing.

Definition 4.2.35. AssumeP is a forcing notion andχ is large enough so thatχ > 22|P|
, N ≺ Hχ , andP ∈ N. We

say thatp ∈ P is 〈N, P〉-generic if for eachD ∈ N a densesubset ofP, p � � Ď ∩ Ň ∩ G˜ �= ∅�, whereG˜ is the

canonical name of theP-genericfilter.

Definition 4.2.36. AssumeP is a forcing notion, andχ is large enough so thatχ > 22|P|
. We saythat P is κ-proper

if for each N ≺ Hχ and p ∈ P ∩ N suchthat |N| = κ , N ⊃ N<κ , and P ∈ N there isq ≤ p suchthat q is
〈N, P〉-generic.

The following lemma is an immediate corollary of theκ+-closedness of the Cohen forcingP∗̄
E

, and it amounts to the
κ-properness ofP∗̄

E

Lemma 4.2.37. Letχ be large enough so thatχ > 22
|P∗̄

E
|
. Assume N≺ Hχ and f ∈ P∗̄

E
∩ N are such that |N| = κ ,

N ⊃ N<κ andP∗̄
E

∈ N. Then there is f∗ ≤P∗̄
E

f such that:
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(1) f ∗ is 〈N,P∗̄
E
〉-generic.

(2) If H ∗ is P∗̄
E

-generic with f ∗ ∈ H ∗, then for each dense open subset ofP∗̄
E

, D, appearing in N, there is
g ∈ D ∩ H ∗ ∩ N such that f∗ ≤∗

P∗̄
E

g ≤∗
P∗̄

E
f .

(3) For eachξ ∈ N ∩oE(κ), Eκ,ξ ( f ∗) is an N-extender. (Note that this allows the construction ofUlt(N, Eκ,ξ ( f ∗)).)

Claim 4.2.38. Assume that p∈ PĒ and D is a dense open subset ofPĒ. Then there is p∗ ≤∗
PĒ

p such that if

q ≤∗
PĒ

p∗〈ν̄0,...,ν̄k−1〉 and q∈ D, then p∗〈ν̄0,...,ν̄k−1〉 ∈ D.

Proof. Letχ be large enough so thatP(PĒ) ∈ Hχ . Let N ≺ Hχ be such that|N| = κ , N ⊃ N<κ , andPĒ, D, p ∈ N.
SincePĒ ∈ N, alsoP∗̄

E
∈ N. By 4.2.37there is f ∗ ≤∗

P∗̄
E

f which is 〈N,P∗̄
E
〉-generic. LetT = π−1

f ∗, f (T
p). For

each〈ν̄0, . . . , ν̄k−1〉 ∈ T we define

D∈〈ν̄0,...,ν̄k−1〉 = {q ≤∗
PĒ

p〈ν̄0� suppp,...,ν̄k−1� suppp〉 | q ∈ D},
and

D⊥〈ν̄0,...,ν̄k−1〉 = {q ≤∗
PĒ

p〈ν̄0� suppp,...,ν̄k−1� suppp〉 | ∀r ∈ D∈
〈ν̄0,...,ν̄k−1〉 q ⊥PĒ

r }.
Since D is open, D∈

〈ν̄0,...,ν̄k−1〉 is ≤∗
PĒ

-open belowp〈ν̄0,...,ν̄k−1〉. By its definition D⊥〈ν̄0,...,ν̄k−1〉 is ≤∗
PĒ

-open below
p〈ν̄0,...,ν̄k−1〉. Hence

D〈ν̄0,...,ν̄k−1〉 = D∈〈ν̄0,...,ν̄k−1〉 ∪ D⊥〈ν̄0,...,ν̄k−1〉
is ≤∗

PĒ
-open and≤∗

PĒ
-dense belowp〈ν̄0,...,ν̄k−1〉. Let us set

D∗〈ν̄0,...,ν̄k−1〉 = { f ≤∗
P∗̄

E
f p | ∃T 〈 f〈ν̄0,...,ν̄k−1〉, T〉 ∈ D〈ν̄0,...,ν̄k−1〉}.

The ≤∗
P∗̄

E
-openness ofD∗〈ν̄0,...,ν̄k−1〉 follows immediately from the≤∗

PĒ
-openness ofD〈ν̄0,...,ν̄k−1〉. We show that

D∗〈ν̄0,...,ν̄k−1〉 is a densesubset ofP∗̄
E

below f p. So, letg′ ≤∗
P∗̄

E
f p.

Pick g ≤∗
P∗̄

E
g′ such that domg ⊇ ⋃

i<k domν̄ i , and set

T ′ = π−1
g, f p(T

p
〈ν̄0� suppp,...,ν̄k−1� suppp〉).

Then〈g〈ν̄0,...,ν̄k−1〉, T ′〉 ≤∗
PĒ

p〈ν̄0� suppp,...,ν̄k−1� suppp〉. SinceD〈ν̄0,...,ν̄k−1〉 is ≤∗
PĒ

-dense, there isq ∈ D〈ν̄0,...,ν̄k−1〉 such

thatq ≤∗
PĒ

〈g〈ν̄0,...,ν̄k−1〉, T ′〉. We set

f = g ∪ ( f q�(suppq \ domg)).

Since f〈ν̄0,...,ν̄k−1〉 = f q, we get f ∈ D∗〈ν̄0,...,ν̄k−1〉. ThusD∗〈ν̄0,...,ν̄k−1〉 is ≤∗
P∗̄

E
-dense open belowf p.

The setsD∈
〈ν̄0,...,ν̄k−1〉, D⊥〈ν̄0,...,ν̄k−1〉, D〈ν̄0,...,ν̄k−1〉 andD∗〈ν̄0,...,ν̄k−1〉 appear inN. Since f ∗ is in the intersection of all

≤∗-dense open subsets ofP∗̄
E

appearing inN, we have thatf ∗ ∈ ⋂{D∗〈ν̄0,...,ν̄k−1〉 | 〈ν̄0, . . . , ν̄k−1〉 ∈ T}.
Hence for each〈ν̄0, . . . , ν̄k−1〉 ∈ T there isT (ν̄0,...,ν̄k−1) ⊆ T〈ν̄0,...,ν̄k−1〉 suchthat

〈 f ∗〈ν̄0,...,ν̄k−1〉, T (ν̄0,...,ν̄k−1)〉 ∈ D〈ν̄0,...,ν̄k−1〉.

Let T∗ be the treeT shrunken level by level (i.e.,T∗〈ν̄0,...,ν̄k−1〉 = T〈ν̄0,...,ν̄k−1〉 ∩ T (〈ν̄0,...,ν̄k−1〉). Thus for each
〈ν̄0, . . . , ν̄k−1〉 ∈ T∗

〈 f ∗〈ν̄0,...,ν̄k−1〉, T∗〈ν̄0,...,ν̄k−1〉〉 ∈ D〈ν̄0,...,ν̄k−1〉.

Let p∗ = 〈 f ∗, T∗〉. We show that p∗ is as required: Letq ≤PĒ
p∗ andq ∈ D.

Then there is〈ν̄0, . . . , ν̄k−1〉 ∈ T∗ such that q ≤∗
PĒ

p∗〈ν̄0,...,ν̄k−1〉. By the construction ofp∗, p∗〈ν̄0,...,ν̄k−1〉 ∈
D〈ν̄0,...,ν̄k−1〉. By the definition of D∈

〈ν̄0,...,ν̄k−1〉, q ∈ D∈
〈ν̄0,...,ν̄k−1〉. Necessarilyp∗〈ν̄0,...,ν̄k−1〉 ∈ D∈

〈ν̄0,...,ν̄k−1〉. That is
p∗〈ν̄0,...,ν̄k−1〉 ∈ D. �
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Claim 4.2.39. Assume p∈ PĒ and D ⊆ PĒ is dense open. Then there are p∗ ≤∗
PĒ

p and an Eκ( f p∗
)-fat tree, S∗,

suchthat

∀〈ν̄0, . . . , ν̄ht(S∗)−1〉 ∈ S∗ p∗〈ν̄0,...,ν̄ht(S∗)−1〉 ∈ D.

Proof. Let us assume, by contradiction, that there is no suchp∗. We construct a≤∗
PĒ

-decreasing sequence〈pn | n <

ω〉 suchthat

∀〈ν̄0, . . . , ν̄n−1〉 ∈ T pn
pn〈ν̄0,...,ν̄n−1〉 /∈ D.

We constructp0 ≤∗
PĒ

p∗ using4.2.38. Let usassumepn was constructed, and constructpn+1. We set

X = {〈ν̄0, . . . , ν̄n〉 ∈ T pn | pn〈ν̄0,...,ν̄n−1,ν̄n〉 ∈ D}.
Note that ifq ≤∗

PĒ
pn is such that

{〈ν̄0, . . . , ν̄n〉 ∈ Tq | 〈ν̄0� supppn, . . . , ν̄n� supppn〉 ∈ X}
is anEκ( f q)-fat tree, then by the openness ofD,

{〈ν̄0, . . . , ν̄n〉 ∈ Tq | q〈ν̄0,...,ν̄n〉 ∈ D}
is anEκ( f q)-fat tree, contradicting our assumption. Hence there ispn+1 ≤∗

PĒ
pn suchthat

∀〈ν̄0, . . . , ν̄n〉 ∈ T pn+1 〈ν̄0� supppn, . . . , ν̄n� supppn〉 /∈ X.

In particular (sincep0 was constructed using4.2.38)

∀〈ν̄0, . . . , ν̄n〉 ∈ T pn+1
pn+1
〈ν̄0,...,ν̄n〉 /∈ D.

Having constructed〈pn | n < ω〉, we pickp∗ ∈ PĒ suchthat∀n < ω p∗ ≤∗
PĒ

pn. Note that sincep0 was constructed

using4.2.38then

∀〈ν̄0, . . . , ν̄n−1〉 ∈ T p∗
p∗〈ν̄0,...,ν̄n−1〉 /∈ D.

Let us pickq ≤PĒ
p∗ suchthat q ∈ D. Then there is〈ν̄0, . . . , ν̄n−1〉 ∈ T p∗

suchthat q ≤∗
PĒ

p∗〈ν̄0,...,ν̄n−1〉. Then

q ≤∗
PĒ

p0
〈ν̄0� suppp0,...,ν̄n−1� suppp0〉; hence

p0
〈ν̄0� suppp0,...,ν̄n−1� suppp0〉 ∈ D.

By theopenness ofD, p∗〈ν̄0,...,ν̄n−1〉 ∈ D. Contradiction. �

Lemma 4.2.40. Assume p∈ PĒ , ξ < oE(κ), σ is a formula in thePĒ-forcing language, and{〈ν̄〉 ∈ T p | p〈ν̄〉 �PĒ
σ }

∈ Eκ,ξ ( f p). Then there is p∗ ≤∗
PĒ

p such that p∗ �PĒ
σ .

Proof. Let D = {q ∈ PĒ | q ‖PĒ
σ }. SinceD is dense open, we use4.2.38to constructp0 ≤∗

PĒ
p such that if

q ≤∗
PĒ

p0〈ν̄〉 andq ‖PĒ
σ , thenp0〈ν̄〉 ‖PĒ

σ .

We construct by induction a≤∗
PĒ

-decreasing sequence〈pn | n < ω〉 suchthat∀n < ω f pn = f p0
, and for each

〈µ̄0, . . . , µ̄n−1〉 ∈ T pn
either

pn〈µ̄0,...,µ̄n−1〉 �PĒ
σ,

or

{〈ν̄1〉 ∈ T pn

〈µ̄0,...,µ̄n−1〉 | pn
〈µ̄0,...,µ̄n−1,ν̄1〉 �PĒ

σ } ∈ Eκ,ξ ( f p
〈µ̄0,...,µ̄m−1〉).



94 M. Gitik, C. Merimovich / Annals of Pure and Applied Logic 140 (2006) 75–103

p0 trivially satisfies the requirements. Let us constructpn+1 assumingpn was constructed. What we do is construct
for each〈µ̄0, . . . , µ̄n−1〉 ∈ T pn

a set

X(µ̄0, . . . , µ̄n−1) ∈ Eκ( f pn

〈µ̄0,...,µ̄n−1〉),

and then shrinkT pn
to these sets. Ifpn〈µ̄0,...,µ̄n−1〉 � σ then there isnothing to do and we just setX(µ̄0, . . . , µ̄n−1) =

SucT pn (µ̄0, . . . , µ̄n−1). On theother hand, ifpn〈µ̄0,...,µ̄n−1〉 � σ , thenX(µ̄0, . . . , µ̄n−1) is the union of the three sets
X0(µ̄0, . . . , µ̄n−1), X1(µ̄0, . . . , µ̄n−1), andX2(µ̄0, . . . , µ̄n−1), such that

X0(µ̄0, . . . , µ̄n−1) ∈
⋂
ξ0<ξ

Eκ,ξ0( f pn

〈µ̄0,...,µ̄n−1〉),

X1(µ̄0, . . . , µ̄n−1) ∈ Eκ,ξ ( f pn

〈µ̄0,...,µ̄n−1〉),

X2(µ̄0, . . . , µ̄n−1) ∈
⋂

ξ<ξ2<oE(κ)

Eκ,ξ2( f pn

〈µ̄0,...,µ̄n−1〉).

Let us begin the construction. For each〈µ̄0, . . . , µ̄n−1〉 ∈ T pn
suchthat

pn〈µ̄0,...,µ̄n−1〉 � σ

do the following three steps:

(1) Set

X1(µ̄0, . . . , µ̄n−1) = {〈ν̄1〉 ∈ T pn

〈µ̄0,...,µ̄n−1〉 | pn
〈µ̄0,...,µ̄n−1,ν̄1〉 �PĒ

σ }.
By the induction hypothesisX1(µ̄0, . . . , µ̄n−1) ∈ Eκ,ξ ( f pn

〈µ̄0,...,µ̄n−1〉).
(2) For each〈ν̄1〉 ∈ X1(µ̄0, . . . , µ̄n−1) we set

X2(µ̄0, . . . , µ̄n−1, ν̄1) = {〈ν̄2〉 ∈ T pn

〈µ̄0,...,µ̄n−1,ν̄1〉 |
f pn

〈µ̄0,...,µ̄n−1,ν̄2〉 = f pn

〈µ̄0,...,µ̄n−1,ν̄1,ν̄2〉}.
ThenX2(µ̄0, . . . , µ̄n−1, ν̄1) ∈ ⋂

ξ<ξ2<oE(κ) Eκ,ξ2( f pn

〈µ̄0,...,µ̄n−1,ν̄1〉). We set

X′
2(µ̄0, . . . , µ̄n−1) =

⋃
{X2(µ̄0, . . . , µ̄n−1, ν̄1) | 〈ν̄1〉 ∈ X1(µ̄0, . . . , µ̄n−1)}.

ThenX′
2(µ̄0, . . . , µ̄n−1) ∈ ⋂

ξ<ξ2<oE(κ) Eκ,ξ2( f pn

〈µ̄0,...,µ̄n−1〉). We set

X2(µ̄0, . . . , µ̄n−1) = X′
2(µ̄0, . . . , µ̄n−1) ∩ T pn

〈µ̄0,...,µ̄n−1〉.

ThenX2(µ̄0, . . . , µ̄n−1) ∈ ⋂
ξ<ξ2<oE(κ) Eκ,ξ2( f pn

〈µ̄0,...,µ̄n−1〉).
(3) For each〈ν̄0〉 ∈ T pn

〈µ̄0,...,µ̄n−1〉 we set

X′
1(µ̄0, . . . , µ̄n−1, ν̄0) = {〈ν̄1〉 ∈ T pn

〈µ̄0,...,µ̄n−1,ν̄0〉 |
f pn

〈µ̄0,...,µ̄n−1,ν̄1〉 = f pn

〈µ̄0,...,µ̄n−1,ν̄0,ν̄1〉}.
ThenX′

1(µ̄0, . . . , µ̄n−1, ν̄0) ∈ Eκ,ξ ( f p
〈µ̄0,...,µ̄n−1,ν̄0〉). Since

X1(µ̄0, . . . , µ̄n−1) ∈ Eκ,ξ ( f p
〈µ̄0,...,µ̄n−1〉)

then also

{〈ν̄0〉 ∈ T pn

〈µ̄0,...,µ̄n−1〉 | X1(µ̄0, . . . , µ̄n−1) ∈ Eκ,ξ ( f p
〈µ̄0,...,µ̄n−1,ν̄0〉)} ∈⋂

ξ0<ξ

Eκ,ξ0( f pn

〈µ̄0,...,µ̄n−1〉).
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Hence by setting

X1(µ̄0, . . . , µ̄n−1, ν̄0) = X′
1(µ̄0, . . . , µ̄n−1, ν̄0) ∩ X1(µ̄0, . . . , µ̄n−1),

and

X0(µ̄0, . . . , µ̄n−1) = {〈ν̄0〉 ∈ T pn

〈µ̄0,...,µ̄n−1〉 | X1(µ̄0, . . . , µ̄n−1, ν̄0) ∈
Eκ,ξ ( f pn

〈µ̄0,...,µ̄n−1,ν̄0〉)},
we getX0(µ̄0, . . . , µ̄n−1) ∈ ⋂

ξ0<ξ Eκ,ξ0( f p
〈µ̄0,...,µ̄n−1〉).

We complete the set construction by setting

X(µ̄0, . . . , µ̄n−1) =X0(µ̄0, . . . , µ̄n−1) ∪
X1(µ̄0, . . . , µ̄n−1) ∪
X2(µ̄0, . . . , µ̄n−1).

pn+1 is constructed frompn by shrinkingT pn
as follows:

T pn+1 ∩ [OB(dom f pn
)]n = T pn ∩ [OB(dom f pn

)]n,
Suc

T pn+1 (µ̄0, . . . , µ̄n−1) = X(µ̄0, . . . , µ̄n−1),

and

∀〈ν̄〉 ∈ X(µ̄0, . . . , µ̄n−1) T pn+1

〈µ̄0,...,µ̄n−1,ν̄〉 = T pn

〈µ̄0,...,µ̄n−1,ν̄〉.

Let us show thatpn+1 is as required. Thus let〈µ̄0, . . . , µ̄n〉 ∈ T pn+1
. If

pn〈µ̄0,...,µ̄n−1〉 �PĒ
σ

then trivially pn+1
〈µ̄0,...,µ̄n−1,µ̄n〉 �PĒ

σ , and we are done. Thus let us assume that

pn〈µ̄0,...,µ̄n−1〉 �PĒ
σ.

We split the handling according to the whereabouts of̄µn:

(1) 〈µ̄n〉 ∈ X1(µ̄0, . . . , µ̄n−1): The definition of X1(µ̄0, . . . , µ̄n−1) implies immediatelypn
〈µ̄0,...,µ̄n−1,µ̄n〉 �PĒ

σ ;

hencepn+1
〈µ̄0,...,µ̄n−1,µ̄n〉 �PĒ

σ .
(2) 〈µ̄n〉 ∈ X2(µ̄0, . . . , µ̄n−1): Then there is〈ν̄1〉 ∈ X1(µ̄0, . . . , µ̄n−1) suchthat 〈µ̄n〉 ∈ X2(µ̄0, . . . , µ̄n−1, ν̄1).

Since 〈ν̄1〉 ∈ X1(µ̄0, . . . , µ̄n−1), we have pn〈µ̄0,...,µ̄n−1,ν̄1〉 �PĒ
σ . Thus, since pn〈µ̄0,...,µ̄n−1,ν̄1,µ̄n〉 ≤PĒ

pn
〈µ̄0,...,µ̄n−1,ν̄1〉, we have pn

〈µ̄0,...,µ̄n−1,ν̄1,µ̄n〉 �PĒ
σ . Since 〈µ̄n〉 ∈ X2(µ̄0, . . . , µ̄n−1, ν̄1), we have

f p
〈µ̄0,...,µ̄n−1,ν̄1,µ̄n〉 = f p

〈µ̄0,...,µ̄n−1,µ̄n〉. Since

〈 f p
〈µ̄0,...,µ̄n−1,µ̄n〉, T pn

〈µ̄0,...,µ̄n−1,µ̄n〉 ∩ T pn

〈µ̄0,...,µ̄n−1,ν̄1,µ̄n〉〉 ≤∗
PĒ

pn〈µ̄0,...,µ̄n−1,ν̄1,µ̄n〉 �PĒ
σ

we have

〈 f p
〈µ̄0,...,µ̄n−1,µ̄n〉, T pn

〈µ̄0,...,µ̄n−1,µ̄n〉 ∩ T pn

〈µ̄0,...,µ̄n−1,ν̄1,µ̄n〉〉 �PĒ
σ.

Since

pn
〈µ̄0,...,µ̄n−1,µ̄n〉 ≥∗

PĒ

〈 f p
〈µ̄0,...,µ̄n−1,µ̄n〉, T pn

〈µ̄0,...,µ̄n−1,µ̄n〉 ∩ T pn

〈µ̄0,...,µ̄n−1,ν̄1,µ̄n〉〉 �PĒ
σ,

and p0 was constructed using4.2.38we conclude thatpn〈µ̄0,...,µ̄n−1,µ̄n〉 �PĒ
σ and thuspn+1

〈µ̄0,...,µ̄n−1,µ̄n〉 �PĒ
σ .
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(3) 〈µ̄n〉 ∈ X0(µ̄0, . . . , µ̄n−1): The crucial points are that

X1(µ̄0, . . . , µ̄n−1, µ̄n) ∈ Eκ,ξ ( f pn

〈µ̄0,...,µ̄n−1,µ̄n〉),

and if 〈ν̄1〉 ∈ X1(µ̄0, . . . , µ̄n−1, µ̄n) then

〈ν̄1〉 ∈ X1(µ̄0, . . . , µ̄n−1),

f pn

〈µ̄0,...,µ̄n−1,ν̄1〉 = f pn

〈µ̄0,...,µ̄n−1,µ̄n,ν̄1〉.

So let us assume〈ν̄1〉 ∈ X1(µ̄0, . . . , µ̄n−1, µ̄n). Then

〈 f pn

〈µ̄0,...,µ̄n−1,µ̄n,ν̄1〉, T pn

〈µ̄0,...,µ̄n−1,µ̄n,ν̄1〉 ∩ T pn

〈µ̄0,...,µ̄n−1,ν̄1〉〉 ≤∗
PĒ

pn〈µ̄0,...,µ̄n−1,ν̄1〉 �PĒ
σ.

Hence

〈 f pn

〈µ̄0,...,µ̄n−1,µ̄n,ν̄1〉, T pn

〈µ̄0,...,µ̄n−1,µ̄n,ν̄1〉 ∩ T pn

〈µ̄0,...,µ̄n−1,ν̄1〉〉 �PĒ
σ

Sincep0 was constructed using4.2.38we getpn〈µ̄0,...,µ̄n−1,µ̄n,ν̄1〉 �PĒ
σ ; thuspn+1

〈µ̄0,...,µ̄n−1,µ̄n,ν̄1〉 �PĒ
σ . Sincethis

last relation is true for each〈ν̄1〉 ∈ X1(µ̄0, . . . , µ̄n−1, µ̄n) we got

{〈ν̄〉 ∈ T pn+1

〈µ̄0,...,µ̄n−1,ν̄)〉 | pn+1
〈µ̄0,...,µ̄n−1,µ̄n,ν̄〉 �PĒ

σ } ∈ Eκ,ξ ( f pn

〈µ̄0,...,µ̄n−1,µ̄n〉).

With 〈pn | n < ω〉 constructed we pickp∗ ∈ PĒ such that ∀n < ω p∗ ≤∗
PĒ

pn. Obviously for each

〈µ̄0, . . . , µ̄n−1〉 ∈ T p∗
either

p∗〈µ̄0,...,µ̄n−1〉 �PĒ
σ,

or

{〈ν̄〉 ∈ T p∗
〈µ̄0,...,µ̄n−1〉 | p∗〈µ̄0,...,µ̄n−1,ν̄〉 �PĒ

σ } ∈ Eκ,ξ ( f pn

〈µ̄0,...,µ̄n−1〉).

We claim p∗ �PĒ
σ . To show this let us takeq ≤PĒ

p∗ suchthatq ‖PĒ
σ . Then there is〈µ̄0, . . . , µ̄n−1〉 ∈ T p∗

such
thatq ≤∗

PĒ
p∗〈µ̄0,...,µ̄n−1〉. Then either p∗〈µ̄0,...,µ̄n−1〉 �PĒ

σ and thenq �PĒ
σ , or there is〈ν̄′〉 ∈ Tq suchthat

〈ν̄′� suppp∗〉 ∈ T p∗
〈µ̄0,...,µ̄n−1〉,

p∗
〈µ̄0,...,µ̄n−1,ν̄

′� suppp∗〉 �PĒ
σ,

and thenq ‖PĒ
p∗〈µ̄0,...,µ̄n−1,ν̄〉; thusq �PĒ

σ . �

Claim 4.2.41. Assume p∈ PĒ , S ⊆ T p is an Eκ( f p)-fat tree, andσ is a formula in thePĒ-forcing language such
that∀〈ν̄0, . . . , ν̄ht(S)−1〉 ∈ S p〈ν̄0,...,ν̄ht(S)−1〉 �PĒ

σ . Then there is p∗ ≤∗
PĒ

p such that p∗ �PĒ
σ .

Proof. We invoke4.2.40for each ofp〈ν̄0,...,ν̄ht(S)−2〉 where〈ν̄0, . . . , ν̄ht(S)−2〉 ∈ S. Since the condition constructed
by 4.2.40 is just a shrinking of T p

〈ν̄0,...,ν̄ht(S)−2〉 we can construct p1 ≤∗
PĒ

p such that ∀〈ν̄0, . . . , ν̄ht(S)−2〉 ∈
S∩ T p1 p1 〈ν̄0,...,ν̄ht(S)−2〉 �PĒ

σ . Repeating this process for ht(S) − 1 steps we construct a≤∗
PĒ

-decreasing sequence
〈pn+1 | n < ht(S)〉 suchthat

∀〈ν̄0, . . . , ν̄ht(S)−n−1〉 ∈ S∩ T pn pn 〈ν̄0,...,ν̄ht(S)−n−1〉 �PĒ
σ.

That is pht(S) �PĒ
σ . �

Corollary 4.2.42. Assume p∈ PĒ and S is an Eκ( f p)-fat tree. Then there is p∗ ≤∗
PĒ

p such that {p〈ν̄0,...,ν̄ht(S)−1〉 |
〈ν̄0, . . . , ν̄ht(S)−1〉 ∈ S} is pre-dense below p∗.



M. Gitik, C. Merimovich / Annals of Pure and Applied Logic 140 (2006) 75–103 97

Proof. We setA = {p〈ν̄0,...,ν̄ht(S)−1〉 | 〈ν̄0, . . . , ν̄ht(S)−1〉 ∈ S}. Trivially

∀〈ν̄0, . . . , ν̄ht(S)−1〉 ∈ S p〈ν̄0,...,ν̄ht(S)−1〉 �PĒ

� Ǎ ∩ H˜ �= ∅�,

whereH˜ is the canonical name for aPĒ-generic object. Hence, by4.2.41, there isp∗ ≤∗
PĒ

p suchthat p∗ �PĒ

� Ǎ ∩ H˜ � �= ∅. �

Claim 4.2.43. 〈PĒ,≤,≤∗〉 is of Prikry type.

Proof. Let p ∈ PĒ andσ be a statement in thePĒ-forcing language. We setD = {q ∈ PĒ | q ‖PĒ
σ }. SinceD

is dense open inPĒ, by 4.2.39, there arep′ ≤∗
PĒ

p, and anEκ( f p′
)-fat tree,S′, such that∀〈ν̄0, . . . , ν̄ht(S′)−1〉 ∈ S′

p′〈ν̄0,...,ν̄ht(S′)−1〉 ∈ D. We set

S0 = {〈ν̄0, . . . , ν̄ht(S′)−1〉 ∈ S′ | p′〈ν̄0,...,ν̄ht(S′)−1〉 �PĒ
¬σ },

and

S1 = {〈ν̄0, . . . , ν̄ht(S′)−1〉 ∈ S′ | p′〈ν̄0,...,ν̄ht(S)−1〉 �PĒ
σ }.

By 4.2.37 there is p′′ ≤∗
PĒ

p′ and S′′ ⊆ T p′′
, an Eκ( f p′′

)-fat tree, such that eitherS′′� suppp′ ⊆ S0 or

S′′� suppp′ ⊆ S1. That is either

{〈ν̄0, . . . , ν̄ht(S′′)−1〉 ∈ T p′′ | p′′〈ν̄0,...,ν̄ht(S′′)−1〉 �PĒ
¬σ } is anEκ( f p′′

)-fat tree,

or

{〈ν̄0, . . . , ν̄ht(S′′)−1〉 ∈ T p′′ | p′′〈ν̄0,...,ν̄ht(S′′)−1〉 �PĒ
σ } is anEκ( f p′′

)-fat tree.

Hence there isp∗ ≤∗
PĒ

p′′ such that either

{p′′〈ν̄0,...,ν̄ht(S′′)−1〉 | p′′〈ν̄0,...,ν̄ht(S′′)−1〉 �PĒ
¬σ } is pre-dense belowp∗,

or

{p′′〈ν̄0,...,ν̄ht(S′′)−1〉 | p′′〈ν̄0,...,ν̄ht(S′′)−1〉 �PĒ
σ } is pre-dense belowp∗.

Hence either

p∗ �PĒ
¬σ,

or

p∗ �PĒ
σ. �

Claim 4.2.44. 〈PĒ,≤〉 is κ-proper.

Proof. Let χ be large enough so thatP2(PĒ) ∈ Hχ . Let N ≺ Hχ and p ∈ PĒ ∩ N be such that|N| = κ , N ⊃ N<κ ,
andPĒ ∈ N. We will constructp∗ ≤∗

PĒ
p suchthat p∗ is 〈N,PĒ〉-generic.

Use4.2.37to construct f ∗ ≤∗
P∗̄

E
f , an〈N,P∗̄

E
〉-generic condition. LetT = π−1

f ∗, f (T
p). Let ≺ be a well-ordering

of T of order type κ . (Thus∀〈ν̄0, . . . , ν̄n−1〉 ∈ T ≺ �〈ν̄0, . . . , ν̄n−1〉 ∈ N.) Let D : T
onto−−→ {D ∈ N | D ⊆

PĒ is dense open}.
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For each〈ν̄0, . . . , ν̄n−1〉 ∈ T we set

D∗〈ν̄0,...,ν̄n−1〉 =
{

f ≤∗
P∗̄

E
f p | dom f ⊇

⋃
i<n

domν̄ i ,

∃q ≤∗
PĒ

p〈ν̄0� suppp,...,ν̄n−1� suppp〉 f q = f〈ν̄0,...,ν̄n−1〉
∀〈ν̄ ′

0, . . . , ν̄
′
k−1〉 ≺ 〈ν̄0, . . . , ν̄n−1〉 ∃q ≤∗

PĒ
q′ ≤∗

PĒ
p〈ν̄0� suppp,...,ν̄n−1� suppp〉

∃S⊆ T an Eκ( f q′
)-fat tree{q′〈µ̄0,...,µ̄ht(S)−1〉 ∈ D(ν̄ ′

0, . . . , ν̄
′
k−1) |

〈µ̄0, . . . , µ̄ht(S)−1〉 ∈ S} is pre-dense belowq

}
.

By repeated invocations of4.2.39and4.2.34, we getthat D∗〈ν̄0,...,ν̄n−1〉 is a denseopen subset ofP∗̄
E

below f p. Thus
∀〈ν̄0, . . . , ν̄n−1〉 ∈ T f ∗ ∈ D∗〈ν̄0,...,ν̄n−1〉.

So for each〈ν̄0, . . . , ν̄n−1〉 ∈ T we pickT(ν̄0, . . . , ν̄n−1) suchthat

(1) 〈 f ∗〈ν̄0,...,ν̄n−1〉, T(ν̄0, . . . , ν̄n−1)〉 ≤∗
PĒ

p〈ν̄0� suppp,...,ν̄n−1� suppp〉.
(2) ∀〈ν̄′

0, . . . , ν̄
′
k−1〉 ≺ 〈ν̄0, . . . , ν̄n−1〉 there isq′ ∈ PĒ ∩ N suchthat

〈 f ∗〈ν̄0,...,ν̄n−1〉, T(ν̄0, . . . , ν̄n−1)〉 ≤∗
PĒ

q′ ≤∗
PĒ

p〈ν̄0� suppp,...,ν̄n−1� suppp〉

∃S ⊆ Tq′
an Eκ( f q′

)-fat tree{q′〈µ̄0,...,µ̄ht(S)−1〉 ∈ D(ν̄ ′
0, . . . , ν̄

′
k−1) |

〈µ̄0, . . . , µ̄ht(S)−1〉 ∈ S} is pre-dense below〈 f ∗〈ν̄0,...,ν̄n−1〉, T(ν̄0, . . . , ν̄n−1)〉
)
.

We construct the treeT∗ from T by shrinking so as to get

∀〈ν̄0, . . . , ν̄n−1〉 ∈ T∗ T∗〈ν̄0,...,ν̄n−1〉 ⊆ T(ν̄0, . . . , ν̄n−1).

Then we setp∗ = 〈 f ∗, T∗〉. What wegot is

(1) p∗〈ν̄0,...,ν̄n−1〉 ≤∗
PĒ

p〈ν̄0� suppp,...,ν̄n−1� suppp〉.
(2) ∀〈ν̄′

0, . . . , ν̄
′
k−1〉 ≺ 〈ν̄0, . . . , ν̄n−1〉 there isq′ ∈ PĒ ∩ N suchthat

p∗〈ν̄0,...,ν̄n−1〉 ≤∗
PĒ

q′ ≤∗
PĒ

p〈ν̄0� suppp,...,ν̄n−1� suppp〉

∃S ⊆ Tq′
an Eκ( f q′

)-fat tree{q′〈µ̄0,...,µ̄ht(S)−1〉 ∈ D(ν̄ ′
0, . . . , ν̄

′
k−1) |

〈µ̄0, . . . , µ̄ht(S)−1〉 ∈ S} is pre-dense belowp∗〈ν̄0,...,ν̄n−1〉.

Let us show thatp∗ is as required. So, letD ∈ N be a dense open subset ofPĒ.
Let 〈ν̄0, . . . , ν̄n−1〉 ∈ T p∗

be such that there is〈ν̄ ′
0, . . . , ν̄

′
k−1〉 ≺ 〈ν̄0, . . . , ν̄n−1〉 satisfyingD = D(ν̄ ′

0, . . . , ν̄
′
k−1).

Then there areq′ ∈ PĒ ∩ N andS∈ N suchthat

p∗〈ν̄0,...,ν̄n−1〉 ≤∗
PĒ

q′,

S⊆ Tq′
an Eκ( f q′

)-fat tree,

and

A = {q′〈µ̄0,...,µ̄ht(S)−1〉 ∈ D(ν̄ ′
0, . . . , ν̄

′
k−1) | 〈µ̄0, . . . , µ̄ht(S)−1〉 ∈ S}

is pre-dense belowp∗〈ν̄0,...,ν̄n−1〉.

Hencep∗〈ν̄0,...,ν̄n−1〉 �PĒ
� Ǎ∩ H˜ �= ∅�. SinceA ⊂ N ∩ D(ν̄ ′

0, . . . , ν̄
′
k−1) we really havep∗〈ν̄0,...,ν̄n−1〉 �PĒ

� Ď ∩ H˜ ∩ Ň

�= ∅�. �

Corollary 4.2.45. PĒ does not collapseκ+.
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Claim 4.2.46. Assumecf oE(κ) = λ < κ . Then�PĒ
� cf κ = λ�.

Proof. Assumeµ < λ and p �PE
� ḟ : µ̌ → κ̌�. For eachξ < µ set

Dξ = {q ≤PĒ
p | ∃ζ < κ q �PĒ

� ḟ (ξ̌ ) = ζ̌ �}.
Note thatDξ is dense open belowp. Hence, using4.2.39, 4.2.42, and theκ-closedness of〈PĒ,≤∗〉 we construct a
≤∗
PĒ

-decreasing sequence〈pξ | ξ ≤ µ〉 together with〈Sξ , fξ | ξ < µ〉 sothat for eachξ < µ

Sξ is anEκ( f pξ )-fat tree,

fξ : Sξ → κ,

∀〈ν̄0, . . . , ν̄ht(Sξ )−1〉 ∈ Sξ pξ 〈ν̄0,...,ν̄ht(Sξ )−1〉 �PĒ

� ḟ (ξ̌ ) = fξ (ν̄0, . . . , ν̄ht(Sξ )−1)
�,

and

{pξ 〈ν̄0,...,ν̄ht(Sξ )−1〉 | 〈ν̄0, . . . , ν̄ht(Sξ )−1〉 ∈ Sξ } is pre-dense belowpξ+1.

For eachξ < µ and〈ν̄0, . . . , ν̄n−1〉 ∈ Sξ let τ (ξ, ν̄0, . . . , ν̄n−1) < oE(κ) be a witness of theEκ( f p)-fatness ofSξ .
That is

∀ξ < µ ∀〈ν̄0, . . . , ν̄n−1〉 ∈ Sξ

SucSξ (ν̄0, . . . , ν̄n−1) ∈ Eτ (ξ,ν̄0,...,ν̄n−1)( f
pξ

〈ν̄0,...,ν̄n−1〉).

Pick an increasing sequence{λζ | ζ < λ} so that oE(κ) = ⋃
ζ<λ λζ . Then for eachξ < µ and〈ν̄0, . . . , ν̄n−1〉 ∈ Sξ ,

there isζ(ξ, ν̄0, . . . , ν̄n−1) suchthatτ (ξ, ν̄0, . . . , ν̄n−1) < λζ(ξ,ν̄0,...,ν̄n−1). Sinceζξ,ν̄0,...,ν̄n−1 < λ < κ we can shrink
Sξ so that

∀〈ν̄0, . . . , ν̄n−1〉, 〈µ̄0, . . . , µ̄n−1〉 ∈ Sξ ζξ,ν̄0,...,ν̄n−1 = ζξ,µ̄0,...,µ̄n−1.

Then we setζ ∗ = sup{ζξ,ν̄0,...,ν̄n−1 | ξ < µ, 〈ν̄0, . . . , ν̄n−1〉 ∈ Sξ }, andget ζ ∗ < λ. Hence there isτ ∗ suchthat
λζ ∗ < τ ∗ < oE(κ) and for eachξ < µ and〈ν̄0, . . . , ν̄n−1〉 ∈ Sξ , we haveτ (ξ, ν̄0, . . . , ν̄n−1) < τ ∗. Let

A = {〈ν̄〉 ∈ T pµ | ∀ξ < µ ∀〈ν̄0, . . . , ν̄ht(S)−1〉 ∈ Sξ

pµ〈ν̄〉 ‖PĒ
pξ 〈ν̄0,...,ν̄ht(Sξ )−1〉 =⇒ 〈ν̄� supppξ 〉 ∈ T

pξ

〈ν̄0,...,ν̄ht(Sξ )−1〉}.

We note thatA ∈ Eτ∗( f pµ). We set for each〈ν̄〉 ∈ A,

f ∗(ν̄) = sup{ fξ (ν̄0, . . . , ν̄ht(Sξ )−1) |
ξ < µ, 〈ν̄0, . . . , ν̄ht(Sξ )−1〉 ∈ Sξ , 〈ν̄� supppξ 〉 ∈ T

pξ

〈ν̄0,...,ν̄ht(Sξ )−1〉}.

The supremum is taken over less thanκ elements hence for each〈ν̄〉 ∈ A f ∗(ν̄) < κ . Thus we getpµ〈ν̄〉 �PĒ
�∀ξ <

µ ḟ (ξ) < f ∗(ν̄) < κ�.

We construct p∗ from pµ by shrinkingT pµ so as to have{pµ〈ν̄〉 | 〈ν̄〉 ∈ A} is pre-dense belowp∗. Since
p∗ �PĒ

�∃〈ν̄〉 ∈ A pµ〈ν̄〉 ∈ H˜ �, we are done. �

Claim 4.2.47. Assumecf oE(κ) > κ . Then�PĒ
� cf κ = κ�.

Proof. Assumeλ < κ andp �PE
� f : λ̌ → κ̌�. For eachξ < λ set

Dξ = {q ≤PĒ
p | ∃ζ < κ q �PĒ

� ḟ (ξ̌ ) = ζ̌ �}.
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Note thatDξ is dense open belowp. Hence, using4.2.39, 4.2.42, and theκ-closedness of〈PĒ,≤∗〉 we construct a
≤∗
PĒ

-decreasing sequence〈pξ | ξ ≤ λ〉 together with〈Sξ , fξ | ξ < λ〉 sothat for eachξ < λ

Sξ is anEκ( f pξ )-fat tree,

fξ : Sξ → κ,

∀〈ν̄0, . . . , ν̄ht(Sξ )−1〉 ∈ Sξ pξ 〈ν̄0,...,ν̄ht(Sξ )−1〉 �PĒ

� ḟ (ξ̌ ) = fξ (ν̄0, . . . , ν̄ht(Sξ )−1)
�,

and

{pξ 〈ν̄0,...,ν̄ht(Sξ )−1〉 | 〈ν̄0, . . . , ν̄ht(Sξ )−1〉 ∈ Sξ } is pre-dense belowpξ+1.

For eachξ < λ and〈ν̄0, . . . , ν̄n−1〉 ∈ Sξ we letτ (ξ, ν̄0, . . . , ν̄n−1) < oE(κ) be the ordinals witnessing theEκ( f pξ )-
fatness ofSξ . That is

∀ξ < λ ∀〈ν̄0, . . . , ν̄n−1〉 ∈ Sξ

SucSξ (ν̄0, . . . , ν̄n−1) ∈ Eτ (ξ,ν̄0,...,ν̄n−1)( f
pξ

〈〉 ν̄0,...,ν̄n−1
).

Since cf oE(κ) > κ , there is τ ∗ < oE(κ) such that for eachξ < λ and 〈ν̄0, . . . , ν̄n−1〉 ∈ Sξ we have
τ (ξ, ν̄0, . . . , ν̄n−1) < τ ∗. Let

A = {〈ν̄〉 ∈ T pλ | ∀ξ < λ ∀〈ν̄0, . . . , ν̄ht(Sξ )−1〉 ∈ Sξ

pλ 〈ν̄〉 ‖PĒ
pξ 〈ν̄0,...,ν̄ht(Sξ )−1〉 =⇒ 〈ν̄� supppξ 〉 ∈ T

pξ

〈ν̄0,...,ν̄ht(Sξ )−1〉}.
We note thatA ∈ Eτ∗( f pλ ). For each〈ν̄〉 ∈ A we set

f (ν̄) = sup{ fξ (ν̄0, . . . , ν̄ht(Sξ )−1) |
ξ < λ, 〈ν̄0, . . . , ν̄ht(Sξ )−1〉 ∈ Sξ , 〈ν̄〉 ∈ T p∗

〈ν̄0,...,ν̄ht(Sξ )−1〉}.
Since the supremum is taken over less thanκ ordinals we have that for each〈ν̄〉 ∈ A, f (ν̄) < κ . In particular

pλ〈ν̄〉 �PĒ

�∀ξ < λ ḟ (ξ) < f (ν̄) < κ�.

We construct p∗ from pλ by shrinking T pλ so as to get that {pλ〈ν̄〉 | 〈ν̄〉 ∈ A} is pre-dense belowp∗. Thus
p∗ �PĒ

�∃〈ν̄〉 ∈ A pλ〈ν̄〉 ∈ H˜ �, and we are done. �

All in all we got

Corollary 4.2.48. Let Hκ bePĒ-generic over V[Gκ ]. Then in V[Gκ ][Hκ]:
(1) All V [Gκ ] cardinals remain cardinals.

(2) cfκ =


cf oE(κ) cf oE(κ) < κ.

ω oE(κ) is successor, orcfV[Gκ ] oE(κ) = κ.

κ cf oE(κ) > κ.

(3) V[Gκ ] and V[Gκ ][Hκ] have the same bounded subsets ofκ .
(4) 2κ = |⋃ξ<oE(κ) jκ,ξ (κ)|.
This step of the induction terminates by settingPκ+1 = Pκ ∗ Q̇κ . �

5. Applications

In the following examples we use the iterationPκ of the previous section with different coherent sequencesE.

Theorem 5.1. Let ξ < κ be regular cardinals in K (the core model) andξ /∈ ω − {0}. Suppose that the set
{λ < κ | o(λ) = λ++ + ξ} is stationary. Then there is a cardinal preserving generic extension of K in which
the sets

{λ < κ | 2λ = λ+ and(cf λ = ξ if ξ �= 0 or cf λ = ω if ξ = 0)}



M. Gitik, C. Merimovich / Annals of Pure and Applied Logic 140 (2006) 75–103 101

and

{λ < κ | 2λ = λ++ and(cf λ = ξ if ξ �= 0 or cf λ = ω if ξ = 0)}
are stationary.

Proof. For ξ = 0 weiterate the forcing of [8] thusgetting that{λ < κ | o(λ) = λ++ + 1} is stationary. Constructing
a coherent sequenceE suchthat{λ < κ | oE(λ) = λ++ + 1} is immediate. Now force withPκ of the previous section
using thisE. Sinceκ is Mahlo, Pκ preserves stationary subsets; hence

{λ < κ | 2λ = λ++, cf λ = ω},
and

{λ < κ | 2λ = λ+, cf λ = ω},
are stationary.

For ξ > ω we construct directlya coherent sequenceE satisfying{λ < κ | oE(λ) = λ++ + ξ} is stationary, and
then we proceed as above.�

A similar result ispossible ifκ is replaced by On:

Theorem 5.2. Let ξ be a regular cardinal in K andξ /∈ ω − {0}. Suppose that{λ | o(λ) = λ++ + ξ} is a stationary
class. Then there is a cardinal preserving class generic extension of K in which the classes

{λ | 2λ = λ+ and(cf λ = ξ if ξ �= 0 or cf λ = ω if ξ = 0)}
and

{λ | 2λ = λ++ and(cf λ = ξ if ξ �= 0 or cf λ = ω if ξ = 0)}
are stationary.

Proof. Use class forcing and On instead ofPκ andκ in the previous proof; see [12] or [4]. �

By the results of [10], the above theorems are optimal for eachξ �= ω1.

Theorem 5.3. Letκ be a regular cardinal in K . Suppose that{λ < κ | o(λ) = λ+3 + 1} is stationary. Then there is a
cardinal preserving generic extension of K in which the sets

{λ < κ | cf λ = ω, 2λ = λ+},
{λ < κ | cf λ = ω, 2λ = λ++},

and

{λ < κ | cf λ = ω, 2λ = λ+3}
are stationary.

Proof. Let S = {λ < κ | o(λ) = λ+3 + 1}. It is easy to defineE suchthat

{λ < κ | oE(λ) = λ+2 + 1}
and

{λ < κ | oE(λ) = λ+3 + 1}
are stationaries: Just splitS into disjoint stationariesS2 andS3. Then for λ ∈ S2 restrict the extenders to sizeλ++.

Now force withPκ for this E. In thegeneric extension we have∀λ ∈ S, cfλ = ω and

2λ =
{

λ++ λ ∈ S2,

λ+3 λ ∈ S3.
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Sinceκ is Mahlo inV , stationary subsets ofκ are preserved; thus in the extension

{λ < κ | cf λ = ω, 2λ = λ++}
and

{λ < κ | cf λ = ω, 2λ = λ+3}
are stationaries.

Since∀λ ∈ κ \ S, 2λ = λ+ in the generic extension, and inV the set{λ < κ | cf λ = ω} = {λ < κ \ S | cf λ = ω}
is stationary, in the generic extension we get that

{λ < κ | cf λ = ω, 2λ = λ+}
is stationary. �

Theorem 5.4. Suppose that{λ | o(λ) = λ+3 + 1} is a stationary class. Then there is a cardinal preserving class
generic extension of K in which the classes

{λ | cf λ = ω, 2λ = λ+},
{λ | cf λ = ω, 2λ = λ++},

and

{λ | cf λ = ω, 2λ = λ+3}
are stationary.

Theorem 5.5. Let κ be a regular cardinal in K . Suppose that for eachξ < κ the set{ξ < λ < κ | o(λ) = λ+3 + ξ}
is stationary. Then there is a cardinal preserving generic extension of K in which{λ < κ | 2λ = λ+ or λ is regular}
is nonstationary and both sets{λ < κ | 2λ = λ++} and{λ < κ | 2λ = λ+3} are stationary.

Proof. We construct a coherent sequenceE such that for eachξ < κ the sets{ξ < λ < κ | oE(λ) = λ++ + ξ} and
{ξ < λ < κ | oE(λ) = λ+3 + ξ} are stationary. Then we force withPκ of the previous section using thisE. In the
generic extension we get that for each regularξ < κ ,

{ξ < λ < κ | 2λ = λ++, cf λ = ξ}
and

{ξ < λ < κ | 2λ = λ+3, cf λ = ξ}
are stationary. In this model, as in5.3, we have that{λ < κ | 2λ = λ+} is stationary.

We note that the set{λ < κ | 2κ ∈ {κ++, κ+3}} is fat in the following sense:

Definition 5.5.1. A stationary setS ⊆ κ is called fat if for eachξ < κ and each clubC ⊆ κ there is a closed subset
of order typeξ in S∩ C.

By [1], we can shoot a club through a fat stationary without adding bounded subsets. Thus after shooting the
club the power function belowκ does not change and in addition we have{λ < κ | 2λ = λ+ or λ is regular} is
nonstationary. �

Theorem 5.6. Suppose that for eachξ ∈ On, {ξ < λ < κ | o(λ) = λ+3 + ξ} is a stationary class. Then there is a
cardinal preserving class generic extension of K in which{λ | 2λ = λ+ or λ is regular} is a nonstationary class and
both sets{λ | 2λ = λ++} and{λ | 2λ = λ+3} are stationary classes.

With the forcing notion of this paper we were not able to eliminate the GCH behavior altogether.
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