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Abstract Accelerated degradation test is a useful approach to predict the product lifetime at the

normal use stress level, especially for highly reliable products. Two kinds of the lifetime prediction

based on Gamma processes were studied. One was to predict the lifetime of the population from

accelerated degradation data, and the other was to predict the lifetime of an individual by taking

the accelerated degradation data as prior information. For an extensive application, the Gamma

process with a time transformation and random effects was considered. A novel contribution is that

a deducing method for determining the relationships between the shape and scale parameters of

Gamma processes and accelerated stresses was presented. When predicting the lifetime of an indi-

vidual, Bayesian inference methods were adopted to improve the prediction accuracy, in which the

conjugate prior distribution and the non-conjugate prior distribution of random parameters were

studied. The conjugate prior distribution only considers the random effect of the scale parameter

while the non-conjugate prior distribution considers the random effects of both the scale and shape

parameter. The application and usefulness of the proposed method was demonstrated by the

accelerated degradation data of carbon-film resistors.
ª 2015 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
1. Introduction

With the development of engineering and science technology,
more and more products with long lifetime and high reliability

have emerged. Thus, accelerated degradation test (ADT),
which can provide degradation data in a more timely fashion,
has become an appealing approach in reliability assessment
and lifetime prediction. An effective ADT must guarantee that

the failure mechanism of products under different accelerated
stresses remains consistent, so the lifetime characteristics at
the normal use stress level can be extrapolated from acceler-

ated degradation data. The applications of ADT can be
referred by light bars,1 integrated logic family,2 light-emitting
diodes3,4 and carbon-film resistors,5 etc.

However, the accuracy of lifetime prediction greatly

depends on modeling accelerated degradation data (ADD)
well or not. With the feature of reflecting the random
influences of the internal and external environments, the

https://core.ac.uk/display/82831283?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cja.2014.12.015&domain=pdf
mailto:xtx-yt@163.com
http://dx.doi.org/10.1016/j.cja.2014.12.015
http://www.sciencedirect.com/science/journal/10009361
http://dx.doi.org/10.1016/j.cja.2014.12.015


Lifetime prediction based on Gamma processes from accelerated degradation data 173
stochastic process models are naturally applicable to modeling
degradation data. Among them, the Wiener process has been
widely studied by Whitmore and Schenkelberg,6 Padgett and

Tomlinson,7 Wang,8 Si et al.9–11 and Peng and Tseng.12 As
far as the Gamma process, it also attracts great enthusiasm
in the field of modeling degradation data after it was firstly

used as a degradation model by Abdel-Hamee.13 Park and
Padgett14 proposed an approach of approximating a Gamma
distribution by an inverse Gaussian distribution. Lawless and

Crowder15 and van Noortwijk16 studied a Gamma process
with covariates and random effect. van Noortwijk16 provided
a comprehensive introduction for Gamma processes and sur-
veyed their applications in maintenance. Pan and Balakrish-

nan17 used Gamma processes to model the degradation data
with multiple performance characteristics. Tsai et al.18 ana-
lyzed and evaluated the effects of misspecification of Gamma

and Wiener processes. Besides, there are lots of researches on
the optimal design of ADT based on Gamma processes, see
Liao and Tseng,19 Tsai et al.20

When modeling ADD, an inevitable work is to specify
which parameter of a degradation model should change with
accelerated stresses varying and which parameter should

remain unchanged. However, it is intractable to determine
the relationships between parameters and accelerated stresses
since there is no feasible deducting method. Instead, at present
the relationships are specified by some assumptions which are

made from testing data or engineering experience. For the
Gamma degradation model, there are two different assump-
tions. The most widely applied assumption is that the shape

parameter should change with accelerated stresses varying
while the scale parameter should remain unchanged, see Park
and Padgett,14,21 Tseng et al.22 The contrary assumption

deemed that the shape parameter should remain unchanged
with accelerated stresses varying while the scale parameter
should change, see Lawless and Crowder,15 Wang.23 In the

paper, according to acceleration factor constant hypothesis
proposed by Zhou et al.,24 the relationships between the
parameters of the Gamma process and accelerated stresses
were mathematically deduced.

Two kinds of the lifetime prediction based on Gamma pro-
cesses were studied. One is to predict the lifetime of the popu-
lation from accelerated degradation data, by which the

reliability and quality of product can be assessed. The other
is to predict the lifetime of an individual by taking the acceler-
ated degradation data as prior information, which can provide

decision support for prognostics and health management
(PHM). It is well known that the conjugate prior distribution
of a Gamma distribution only considers the random effect of
the shape parameter. Thus, we also studied a non-conjugate

prior distribution which allows for the random effects of both
the shape parameter and the scale parameter.

The remainder of this paper is organized as follows. In

Section 2, we studied the lifetime prediction of the popula-
tion. Firstly, the lifetime prediction model based on a
Gamma process was introduced, and then the relationships

between the parameters of a Gamma process and accelerated
stresses were deduced, lastly the method of estimating param-
eters was also illustrated in the section. In Section 3, we

discussed the lifetime prediction of an individual based on
Bayesian inference with a conjugate prior distribution and a
non-conjugate prior distribution. In Section 4 we provided
a case study to illustrate the application and usefulness of
the proposed methods. Some conclusions were drawn in
Section 5.

2. Lifetime prediction of the population

2.1. Lifetime prediction model

Gamma process is a stochastic process which is applicable to
modeling the always positive and strictly increasing degrada-

tion data. In mathematics, Gamma process fYðtÞ;Yð0Þ ¼ 0g
has independent, non-negative increments DYðtÞ ¼
Yðtþ DtÞ � YðtÞ that follow a Gamma distribution as

DYðtÞ � GaðaðKðtþ DtÞ � KðtÞÞ; bÞ ð1Þ

where bðb > 0Þ is a scale parameter, aða > 0Þ is a shape param-
eter and KðtÞ is a monotone increasing function of time t with
Kð0Þ ¼ 0. According to the additivity of a Gamma distribu-

tion, it can be deduced that YðtÞ should follow the Gamma
distribution GaðaKðtÞ; bÞ. The probability density function
(PDF) of YðtÞ is expressed by

fðYÞ ¼ baKðtÞ

CðaKðtÞÞY
aKðtÞ�1 expð�YbÞ ð2Þ

From Eq. (2), the mean of YðtÞ is obtained as aKðtÞ=b and
the variance is obtained as aKðtÞ=b2. Suppose that yðtÞ is a

degradation process and the lifetime n is defined as the first
passage time of yðtÞ reaches the failure threshold l. Let y0
denote the initial value of yðtÞ, then yðtÞ � y0 follows the

distribution GaðaKðtÞ; bÞ. Thus, the reliability function can
be given by

Pðn > tÞ ¼ PðyðtÞ < lÞ ¼ PðyðtÞ � y0 < l� y0Þ

¼
R l�y0
0

baKðtÞ

CðaKðtÞÞ y
aKðtÞ�1 expð�ybÞdy

¼ 1

CðaKðtÞÞ

Z lb

0

xaKðtÞ�1 expð�xÞdx

ð3Þ

where lb ¼ ðl� y0Þb, x ¼ yb. Substitute the incomplete

Gamma function Cða; zÞ ¼
R1
z

xa�1 expð�xÞdx into Eq. (3),

then the cumulative distribution function (CDF) of n be
obtained as

FðtÞ ¼ CðaKðtÞ; lbÞ
CðaKðtÞÞ ð4Þ

From Eq. (4), the exact PDF of n for a Gamma degradation
model can be extrapolated, but the exact PDF is too complex
to practical applications. For mathematical convenience, Park

and Padgett14 provided an approach that a form of Birnbaum–
Saunders (BS) distribution was used to approximate the CDF
of n. With a time transformation z ¼ KðtÞ, the CDF can be
expressed as

FBSðzÞ � U
1

a

ffiffiffi
z

b

r
�

ffiffiffi
b

z

r !" #
ð5Þ

where a ¼ 1=
ffiffiffiffi
lb

p
and b ¼ lb=a. The PDF can be expressed as

fBSðzÞ ¼
1

2
ffiffiffi
2
p

ab

b

z

� �1=2

þ b

z

� �3=2
" #

exp �ðb� zÞ2

2a2bz

" #
ð6Þ

As described by van Noortwijk,16 empirical studies show
that the expected deterioration of yðtÞ is often proportional

to a power law function of time as EðyðtÞÞ ¼ aKðtÞ=b ¼
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qKðtÞ / tc, where q ¼ a=b and c is a positive parameter. Thus,
the time function can be specified as KðtÞ ¼ tc. From Eq. (6),
the mean lifetime n̂BS can be obtained as

n̂BS ¼
Z þ1

0

zfBSðzÞdz ¼
ðl� y0Þb

a
þ 1

2a

� �1
c

ð7Þ
2.2. Deducing the relationships between parameters and
accelerated stresses

According to Pieruschka assumption, the degradation pro-

cesses of products under different accelerated stresses should
follow the same degradation model but the model parameters
may change with accelerated stresses varying. However, Pier-

uschka assumption did not point out how the model parame-
ters would change. In the paper, the acceleration factor
constant hypothesis was used to deduce the changing rule for

the parameters of the Gamma process.
There are several definitions of acceleration factor, which

are equivalent in essence. One equivalent definition derives
from the Nelson assumption.25 Suppose that FkðtkÞ;FhðthÞ rep-
resents the CDF of product under any two different stresses
Sk, Sh. If FkðtkÞ ¼ FhðthÞ, then the acceleration factor Ak;h of
stress Sk relative to stress Sh can be defined as

Ak;h ¼ th=tk ð8Þ

Zhou et al.24 pointed out that Ak;h should be a constant
which does not change with time tk; th and depends only on
Sk;Sh, otherwise Ak;h cannot be applied to engineering applica-

tion. Moreover, to guarantee that Ak;h is a constant, the failure
mechanism of products must remain consistent at Sk;Sh. It is
well-known that the failure mechanism of products under an
effective accelerated test should remain consistent. According

to the above analysis, for any tk; th > 0, the following equation
should be always identical:

FkðtkÞ ¼ FhðAk;hthÞ ð9Þ

Substitute Eq. (4) into Eq. (9), then

Cðakt
ck
k ; ðl� y0ÞbkÞ
Cðakt

ck
k Þ

¼ CðahðAk;htkÞch ; ðl� y0ÞbhÞ
CðahðAk;htkÞchÞ

ð10Þ

To ensure that Eq. (10) is always identical, the following
relationship must be satisfied:

ðl� y0Þbk ¼ ðl� y0Þbh

akt
ck
k ¼ ahðAk;htkÞch

�
ð11Þ

Hence, it can be deduced that

bk ¼ bh

ck ¼ ch

Ak;h ¼ ðak=ahÞ1=ch

8><
>: ð12Þ

FromEq. (12), it can be concluded that a should change with
stresses varying while b and c should remain unchanged. Sup-

pose that the accelerated stress is temperature T and Arrhenius
model is correspondingly adopted as the reaction rate model,
then the a; b; c under accelerated stresses can be expressed as

aðTÞ ¼ expðc1 � c2=TÞ
bðTÞ ¼ c3
cðTÞ ¼ c4

8><
>: ð13Þ

where c1; c2; c3; c4 are unknown coefficients.
2.3. Parameter estimation

Suppose that a constant stress ADT was carried out. Let T0

denote the normal use temperature level, Tk denote the kth
accelerated temperature level, yijk denote the ith observed deg-

radation data of the jth sample at Tk, tijk denote the observing
time, Dyijk ¼ yijk � yði�1Þjk denote the degradation increment,
where i ¼ 1; 2; � � � ; n1; j ¼ 1; 2; � � � ; n2; k ¼ 1; 2; � � � ; n3.
According to Eq. (1), the maximum likelihood function for

each sample can be set up as

Lðajk; cjk; bjkÞ ¼
Yn1
i¼1

b
ajk t

cjk
ijk
�t

cjk

ði�1Þjk

� 	
jk

C ajk t
cjk
ijk � t

cjk
ði�1Þjk

� 	� 	

� exp �Dyijkbjk


 �
Dy

ajk t
cjk

ijk
�t

cjk

ði�1Þjk

� 	
�1

ijk ð14Þ

Through Eq. (14), the maximum likelihood estimates
ðâjk; ĉjk; b̂jkÞ of all samples can be obtained, then the random
effects of a; b can be evaluated. To predict the product lifetime

at T0, the maximum likelihood function synthesizing all the
degradation data is expressed as

Lðc1;c2;c3;c4Þ¼
Yn1
i¼1

Yn2
j¼1

Yn3
k¼1

c
expðc1�c2=TkÞ t

c4
ijk
�tc4ði�1Þjk

� 	
3

C exp c1� c2=Tkð Þ t
c4
ijk� t

c4
ði�1Þjk

� 	� 	

�Dy
expðc1�c2=TkÞ t

c4
ijk
�tc4ði�1Þjk

� 	
�1

ijk expð�Dyijkc3Þ ð15Þ

Through Eq. (15), the maximum likelihood estimates

ðĉ1; ĉ2; ĉ3; ĉ4Þ can be obtained. Substitute ðĉ1; ĉ2; ĉ3; ĉ4Þ into
Eq. (13), ðâ0; b̂0; ĉ0Þ at T0 can be obtained, so the lifetime of
products at T0 can be evaluated.
3. Lifetime prediction of an individual based on Bayesian

inference

For analytical and mathematical tractability, conjugate prior
distributions are widely applied in Bayesian inference. How-
ever, for Gamma processes, the conjugate prior distribution

only considers the random effect of b and assumes that b fol-
lows a Gamma distribution. The non-conjugate prior distribu-
tion can consider the random effects of both a and b, and need
not specify the distribution type of a; b. The lifetime prediction

methods based on the two kinds of prior distribution were
studied in the paper, respectively.

3.1. Inference using conjugate prior distribution

For a Gamma distribution, the conjugate prior distribution
is that b follows a Gamma distribution when a is given,

denoted as bja � Gaðk; dÞ. Suppose that x ¼ ½x0; x1; � � � ; xn� is
the observed degradation data of an individual at T0,
t ¼ ½t0; t1; � � � ; tn� is the corresponding observed time,
Dxi ¼ xi � xi�1 denote the degradation increment,

Dzi ¼ tci � tci�1 denote the time increment, LðDxjbÞ denote a
maximum likelihood function, pðbÞ denote the prior distribu-
tion function and pðbjDxÞ denote a posterior distribution func-

tion. Then the pðbjDxÞ can be deduced according to Bayesian
formula
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pðbjDxÞ ¼ LðDxjbÞpðbÞR1
0

LðDxjbÞpðbÞdb

/
Yn
i¼1

baDziDxaDzi�1
i

CðaDziÞ
expð�bDxiÞ

dkbk�1

CðkÞ expð�dbÞ

/ bk�1þa
P

Dzi exp �b dþ
X

Dxi

� 	� 	
/ bkþaðtcn�tc0Þ�1 expð�bðdþ xn � x0ÞÞ ð16Þ

Since the posterior distribution of b has the same form as
that of the conjugate prior distribution, it can be deduced that

b � Gaðkþ aðtcn � tc0Þ; dþ xn � x0Þ. The posterior mean of b
can be written as

EðbjDxÞ ¼
kþ a tcn � tc0


 �
dþ xn � x0

ð17Þ

Thus, the posterior mean of b can be updated as soon as
any new observed degradation data is obtained, and the esti-
mate of the lifetime of an individual can subsequently be

evaluated.

3.2. Inference using non-conjugate prior distribution

When the random effects of both b and a are considered, there
is no conjugate prior distribution available. Thus, non-conju-
gate prior distribution was alternatively adopted. Further-
more, a and b were supposed to be mutually independent in

order to simplify the structure of the joint prior distribution
function pða; bÞ, expressed as pða; bÞ ¼ pðaÞpðbÞ. The distribu-
tion types of a and b can be determined by goodness-of-fit

tests, and the hyper parameters can be estimated by maximum
likelihood estimation.

Suppose that LðDxja; bÞ is a maximum likelihood function

and pða; bjDxÞ is a joint posterior distribution function. The
following Bayesian formula can be established.

pða; bjDxÞ ¼ LðDxja; bÞpða; bÞR1
0

R1
0

LðDxja; bÞpða; bÞdadb
ð18Þ

The marginal distribution functions pðajDxÞ and pðbjDxÞ
can be obtained as

pðajDxÞ ¼
R1
0

pða; bjDxÞ db

pðbjDxÞ ¼
R1
0

pða; bjDxÞda

(
ð19Þ
Fig. 1 Degrada
The posterior means of a and b can be computed as

EðajDxÞ ¼
R1
0

apðajDxÞda

EðbjDxÞ ¼
R1
0

bpðbjDxÞdb

(
ð20Þ

Note that pðajDxÞ and pðbjDxÞ are commonly unknown
forms. Thus, it is probably complex to obtain the values of

EðajDxÞ and EðbjDxÞ by mathematical computation. Fortu-
nately, WinBUGS software,26,27 which can carry out Markov
chain Monte Carlo (MCMC) simulations with Gibbs sam-

pling, provides an efficient approach to evaluate the posterior
means of random parameters.

4. A case study

The accelerated degradation data of Carbon-film resistors
which was also shown in Table C.3 by Meeker and Escobar5

was adopted for a case study. There were total 29 resistors in
a constant stress ADT, where 9 samples were observed at
83 �C, 10 samples were observed at 133 �C and the rest 10 sam-

ple were observed at 173 �C. All the samples were simulta-
neously observed every time at t0 = 0, t1 = 0.452,
t2 = 1.030, t3 = 4.341 and t4 = 8.084 (103 h). It was assumed
that the normal use temperature was 50 �C and the threshold

value for percent increase in resistance was l= 5. The sample
numbered 27 was omitted in our example, because its degrada-
tion data was not strictly increasing and the Gamma process

was expected to model the degradation data.

4.1. Lifetime prediction of the population

To illustrate the degradation path of resistors, the degradation
data was plotted in Fig. 1. It can be seen that the resistances of
the samples at three different stress levels uniformly show a
sudden augment at the beginning of the ADT, and then reach

a stably increasing process. Although the stably increasing pro-
cess is approximately linear, the whole degradation path is
nonlinear. Thus, when modeling the degradation data with a

Gamma process, we specified K1ðtÞ ¼ tc, K2ðtÞ ¼ t, respec-
tively. The maximum likelihood estimates and Akaike infor-
mation criterion28 (AIC) of each sample were listed in Table 1.

It can be concluded that a Gamma process with K1ðtÞ is
more suitable for modeling the degradation data of the resis-
tors by comparing the AICs in Table 1. Through Eq. (15),

ĉ1; ĉ2; ĉ3; ĉ4 were obtained and listed in Table 2. For a compare
purpose, a wiener process was also used to model the acceler-
tion curves.



Table 1 The maximum likelihood estimates and AIC of each sample.

Temperature (�C) Item Gamma processes with K1ðtÞ Gamma processes with K2ðtÞ
â b̂ ĉ AIC â b̂ AIC

83 1 5.868 16.522 0.267 �2.617 0.544 7.092 1.290

2 6.786 25.598 0.172 �6.986 0.357 7.585 �1.733
3 7.923 15.815 0.230 �1.392 0.499 4.979 3.796

4 6.456 20.732 0.207 �4.468 0.405 6.824 0.544

5 7.555 25.578 0.315 �6.394 0.737 10.452 �2.345
6 26.255 70.265 0.210 �8.445 0.509 7.095 1.513

7 19.319 45.158 0.236 �5.818 0.565 6.526 2.664

8 6.413 21.006 0.282 �3.821 0.590 8.673 0.263

9 3.021 6.399 0.281 2.077 0.423 4.025 4.424

133 11 16.996 34.296 0.359 �3.071 0.960 7.394 3.570

12 24.769 20.983 0.470 3.813 1.501 3.852 10.781

13 10.005 14.839 0.413 2.002 1.130 5.709 6.112

14 22.522 36.425 0.424 �1.336 1.227 6.612 5.848

15 14.200 18.808 0.473 2.360 1.476 5.876 7.145

16 9.969 14.185 0.447 2.602 1.294 5.842 6.327

17 14.384 14.482 0.395 3.705 1.086 3.868 9.377

18 12.288 11.000 0.517 6.418 1.731 4.254 10.175

19 17.886 21.869 0.388 1.339 1.060 4.659 7.971

20 19.338 26.244 0.485 1.097 1.589 6.326 6.897

21 18.830 15.199 0.611 6.376 2.791 5.081 10.351

173 22 68.677 38.192 0.511 3.647 1.781 2.753 14.253

23 24.411 6.644 0.530 13.492 1.948 1.416 19.622

24 17.516 13.053 0.570 6.869 2.312 4.229 11.131

25 14.536 6.461 0.480 11.404 1.459 1.921 16.397

26 4.404 1.840 0.496 16.637 1.113 1.333 17.972

28 34.241 25.488 0.490 3.782 1.647 3.561 11.783

29 40.511 27.539 0.497 4.061 1.668 3.241 12.744

30 40.190 25.050 0.496 4.384 1.720 3.076 12.876

Table 2 The maximum likelihood estimates and AICs

obtained by modeling all accelerated degradation data.

Model Parameter AIC

ĉ1 ĉ2 ĉ3 ĉ4

Gamma 10.642 3642.020 6.025 0.466 9.782

Wiener 10.962 4584.951 9.375 0.510 45.948
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ated degradation data. Through the acceleration factor con-
stant hypothesis, the relationships between parameters of a
Wiener process and temperature stress was deduced as

l ¼ expðc1 � c2=TÞ and r ¼ expð0:5ðc3 � c2=TÞÞ, where l
denote the drift parameter, r denote the diffusion parameter,
and c1; c2; c3 are coefficients. The deducing process was given

in Appendix A.
The Gamma process was more suitable to modeling the

accelerated degradation data than the wiener process, since
Fig. 2 Prediction curves of the resistors.
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the AIC of the Gamma process was smaller. The estimated â0

at 50 �C is 0.534, and the mean time to failure (MTTF) of
resistors at 50 �C can be evaluated as n̂BS ¼ 5:991� 106 h.

The probability density curve, reliability curve at 50 �C and
Table 3 Simulation field degradation data of an individual

resistor.

Observed degradation Time (h)

5000 10000 15000 20000 25000

Resistance (X) 218.13 218.52 218.92 219.32 219.88

Increment (%) 0.465 0.645 0.829 1.013 1.271

Table 4 Posterior estimates of parameters using a conjugate

prior distribution.

Estimator Time (h)

5000 10000 15000 20000 25000

k̂ 3.736 4.167 4.492 4.762 4.999

d̂ 0.307 0.344 0.417 0.459 0.528

Eðb0jDxÞ 6.411 5.463 4.744 4.212 3.599

n̂BSð106=hÞ 6.771 4.831 3.590 2.796 2.013

Fig. 3 Prediction curves using a conjugate prior distribution.
the MTTFs of resistors at different temperatures were illus-
trated in Fig. 2.

4.2. Lifetime prediction of an individual

Assumed that there was field degradation data of an individual
carbon-film resistor observed at 50 �C. The initial value of

resistance observed at t= 0 h is specified as 217.12 X, and
the rest simulated data was specified in Table 3.

4.2.1. Bayesian inference using a conjugate prior distribution

Through the Anderson-Darling hypothesis testing with a 95%
confidence level, it was concluded that the b̂ shown in Table 1
follows a Gamma distribution. Furthermore, the maximum

likelihood estimates of hyper parameters were obtained and
the prior distribution was obtained as b0 � Gað2:605; 0:118Þ,
When â0 ¼ 0:534, ĉ0 ¼ 0:466 were adopted, and the posterior

estimates were listed in Table 4. The PDF curves and the
reliability curves were shown in Fig. 3.

4.2.2. Bayesian inference using a non-conjugate prior

distribution

With ĉ1 and ĉ2, the acceleration factors of a were computed as
A1;0 ¼ 2:841, A2;0 ¼ 10:006, A3;0 ¼ 22:357. Thus, the â at

83 �C, 133 �C, 173 �C was converted to the â0 at 50 �C, as
shown in Table 5. Because the values of a0 and b0 should be
non-negative, we adopted Exponential distribution, Weibull
distribution and Gamma distribution as the candidates for

the best fitting distribution. The Anderson Darling (AD) statis-
tic was used as the guideline for distribution type selection that
the candidate with the smallest AD is the best fitting distribu-

tion type. It was concluded that the Gamma distribution was
Table 5 Converted â0 from accelerated stresses.

83 �C 133 �C 173 �C

Item â0 Item â0 Item â0

1 2.065 11 1.699 21 0.842

2 2.388 12 2.475 22 3.072

3 2.788 13 1.000 23 1.092

4 2.272 14 2.251 24 0.783

5 2.659 15 1.419 25 0.650

6 9.240 16 0.996 26 0.197

7 6.799 17 1.438

8 2.257 18 1.228 28 1.532

9 1.063 19 1.788 29 1.812

20 1.933 30 1.798

Table 6 Posterior estimates of parameters using a non-

conjugate prior distribution.

Estimator Time (h)

5000 10000 15000 20000 25000

Eða0jDxÞ 2.955 3.455 3.749 4.125 4.145

Eðb0jDxÞ 15.330 16.840 16.830 17.100 15.380

n̂BSð105=hÞ 10.972 9.586 8.035 6.771 5.345



Fig. 4 Prediction curves using a non-conjugate prior

distribution.
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the best fitting distribution for both a0 and b0. The prior distri-

butions of a0 and b0 were obtained as a0 � Gað2:170; 1:020Þ
and b0 � Gað2:605; 0:118Þ. When ĉ0 ¼ 0:466 is specified, the
posterior estimates were obtained, as shown in Table 6. The
prediction curves were illustrated in Fig. 4.

5. Conclusions

(1) The acceleration factor constant hypothesis provides an

appealing approach to deduce the relationships between
parameters of a degradation model and accelerated
stresses. Although the deduced conclusions still need

abundant test data to verify, the hypothesis and deduc-
ing method are more convincing than the assumptions
made from experience.

(2) The lifetime prediction of an individual based on Bayes-

ian inference has been a research hotspot. Acceleration
factor was used to convert the estimates of parameters
at accelerated stresses to those at the normal use stress,

which realized the objective of taking accelerated degra-
dation data as prior information. The conversion
method with acceleration factor can be extended to solve

lots of problems about accelerated degradation data.
(3) For analytical and mathematical tractability, the conju-

gate prior distributions of the random parameters are
widely applied in Bayesian inference. However, the

non-conjugate prior distributions can be an alternative
approach when the conjugate prior distributions are
unavailable or the random effects of more parameters

need to be considered. With WinBUGS software, Bayes-
ian inference with non-conjugate prior distributions
becomes easier and shows a potential engineering appli-
cation value.
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Appendix A

According to the acceleration factor constant hypothesis, the
following equation should always be identical:

FkðtkÞ ¼ FhðAk;htkÞ ðA1Þ

For a wiener process, its first passage times follow an
inverse Gaussian distribution when a threshold is specified.

The CDF of the inverse Gaussian distribution is too complex
to compute, so the PDF was used

fðtÞ ¼ lffiffiffiffiffiffiffiffiffiffiffiffiffi
2pr2t3
p exp �ðl� ltÞ2

2r2t

" #
ðA2Þ

From Eq. (A1), the following identical equation can be
obtained

fkðtkÞ ¼ Ak;hfhðthÞ ðA3Þ

The deduction process is illustrated as

fkðtkÞ ¼
dFkðtkÞ
dtk

¼ Ak;h

dFhðAk;htkÞ
dðAk;htkÞ

¼ Ak;h

dFhðthÞ
dðthÞ

¼ Ak;hfhðthÞ ðA4Þ

Substitute Eq. (A2) into Eq. (A3), then

Ak;h¼
fkðtkÞ
fhðthÞ

¼ fkðtkÞ
fhðAk;htkÞ

¼
rhA

3=2
k;h

rk

�exp llh

r2
h

� llk

r2
k

� �
þ 1

tk

l2

2r2
hAk;h

� l2

2r2
k

� �
þ tk

l2
hAk;h

2r2
h

� l2
k

2r2
k

� �� �
ðA5Þ

To ensure Ak;h is a constant which does not change with tk,
the following relationship must be satisfied

r2
k ¼ r2

hAk;h

r2
hl

2
k ¼ r2

kl
2
hAk;h

(
ðA6Þ

So the following relationship can be deduced

Ak;h ¼ lk=lh ¼ r2
k=r

2
h ðA7Þ

It can be concluded that both l and r should change with

accelerated stresses varying and the ratios of lk; lh should be
equal to that of r2

k; r
2
h.
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