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Abstract

We consider FRW cosmology in non-local modified gravity. Its local scalar-tensor formulation is developed. It is explicitly demonstrated that
such theory may lead to the unification of early-time inflation with late-time cosmic acceleration. The quintessence or phantom era may emerge
for specific form of the action. The coupled non-local-F(R) gravity is also investigated. It is shown that such theory being consistent with Solar
System tests may lead to the known universe history sequence: inflation, radiation/matter dominance and dark epoch.
© 2007 Elsevier B.V. All rights reserved.

PACS: 11.25.-w; 95.36.+x; 98.80.-k
1. Introduction

Modified gravity [1] suggests serious alternative for dark
energy origin. Indeed, it may be naturally expected that gravita-
tional action contains some extra terms which became relevant
recently with the significant decrease of the universe curvature.
The number of metric formulation modified F(R) gravities
has been proposed [1–5] with the purpose to explain the ori-
gin of cosmic acceleration. Special attention is paid to F(R)

models [6–9] with the effective cosmological constant phase
because such theories may easily reproduce the well-known
ΛCDM cosmology. Such models subclass which does not vi-
olate Solar System tests represents the real alternative for stan-
dard general relativity.

From another point, it is expected that due to string/M-theory
corrections the early-time universe may be also governed by
modified gravity which initiates the inflationary epoch. Some
(phenomenological) modified gravities which may unify the in-
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flation and dark energy have been proposed [3,8]. The search
for viable gravitational dark energy/inflation continues. Re-
cently, it was suggested to consider non-local gravity [10]
which may be produced by quantum effects as the source of
cosmic acceleration.

In the present Letter we propose the class of non-local mod-
ified gravities with the effective cosmological constant epoch.
The local scalar-tensor formulation of such theory is developed.
Several explicit examples are considered where it is shown
that such non-local gravity may lead to the unification of the
early-time inflation with late-time acceleration being consis-
tent with the known universe expansion history and local tests.
For other examples, non-local modified gravity may lead to
quintessence/phantom cosmology. Non-local gravity coupled
with F(R) theory is considered. It is demonstrated that it is even
easier to achieve the unification of the early-time inflation with
late-time acceleration (with radiation/matter dominance phases
between them) in such coupled theory which seems to be con-
sistent with local tests. In fact, it is shown that it is natural
to unify the early-time inflation with late-time acceleration in
modified gravity with two different types of terms: first being
relevant at the early universe and second being relevant at late
universe.
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2. Unifying inflation with dark energy in the non-local
modified gravity

In this section we present local (scalars-tensor) formulation
of non-local gravity. The explicit example of such theory which
naturally leads to the unification of inflation with cosmic accel-
eration is worked out.

The starting action of the non-local gravity is given by

(1)S =
∫

d4x
√−g

{
1

2κ2
R

(
1 + f

(�−1R
)) +Lmatter

}
.

Here f is some function and � is the d’Almbertian for scalar
field. Note that our approach is purely phenomenological. Gen-
erally speaking, such non-local effective action may be induced
by quantum effects (for instance, via RG improving [11]). The
above action can be rewritten by introducing two scalar fields φ

and ξ in the following form:

S =
∫

d4x
√−g

[
1

2κ2

{
R

(
1 + f (φ)

) + ξ(�φ − R)
}

+Lmatter

]

=
∫

d4x
√−g

[
1

2κ2

{
R

(
1 + f (φ)

) − ∂μξ∂μφ − ξR
}

(2)+Lmatter

]
.

By the variation over ξ , we obtain �φ = R or φ = �−1R. Sub-
stituting the above equation into (2), one re-obtains (1).

Varying (2) with respect to the metric tensor gμν gives

0 = 1

2
gμν

{
R

(
1 + f (φ) − ξ

) − ∂ρξ∂ρφ
}

− Rμν

(
1 + f (φ) − ξ

) + 1

2
(∂μξ∂νφ + ∂μφ∂νξ)

(3)−(gμν� − ∇μ∇ν)
(
f (φ) − ξ

) + κ2Tμν.

On the other hand, the variation with respect to φ gives

(4)0 = �ξ + f ′(φ)R.

Now we assume the FRW metric

(5)ds2 = −dt2 + a(t)2
∑

i=1,2,3

(
dxi

)2
,

and the scalar fields φ and ξ only depend on time. Then Eq. (3)
has the following form:

0 = −3H 2(1 + f (φ) − ξ
) + 1

2
ξ̇ φ̇

(6)− 3H
(
f ′(φ)φ̇ − ξ̇

) + κ2ρ,

0 = (
2Ḣ + 3H 2)(1 + f (φ) − ξ

) + 1

2
ξ̇ φ̇

(7)+
(

d2

dt2
+ 2H

d

dt

)(
f (φ) − ξ

) + κ2p.

On the other hand, scalar equations are:

(8)0 = φ̈ + 3Hφ̇ + 6Ḣ + 12H 2,
(9)0 = ξ̈ + 3Hξ̇ − (
6Ḣ + 12H 2)f ′(φ).

The remark is in order. We may consider more general ac-
tion:

S =
∫

d4x
√−g

× [
F

(
R,�R,�2R, . . . ,�mR,�−1R,�−2R, . . . ,�−nR

)
(10)+Lmatter

]
.

Here m and n are positive integers. Again, for the action (10),
by introducing 2n-scalars, one can rewrite the action (10) in a
local form:

S =
∫

d4x
√−g

[
F

(
R,�R,�2R, . . . ,�mR,φ1, φ2, . . . , φn

)

(11)+
n∑

k=1

ξk

(�kφk − R
) +Lmatter

]
.

The generalization for non-integer m is also possible.
We now assume de Sitter solution H = H0, then Eq. (8) can

be solved as

(12)φ = −4H0 − φ0e−3H0t + φ1,

with constants of integration, φ0 and φ1. For simplicity, we only
consider the case that φ0 = φ1 = 0. We also assume f (φ) is
given by

(13)f (φ) = f0ebφ = f0e−4bH0φ.

Then Eq. (9) can be solved as follows,

(14)ξ = − 3f0

3 − 4b
e−4bH0t + ξ0

3H0
e−3H0t − ξ1.

Here ξ0 and ξ1 are constants. For the de Sitter space a behaves
as a = a0eH0t . Then for the matter with constant equation of
state w, we find

(15)ρ = ρ0e−3(w+1)H0t .

Then by substiruting (12), (14), and (15) into (6), we obtain

0 = −3H 2
0 (1 + ξ1) + 6H 2

0 f0(2b − 1)e−4H0bt

(16)+ κ2ρ0e−3(w+1)H0t .

When ρ0 = 0, if we choose

(17)b = 1

2
, ξ1 = −1,

de Sitter space can be a solution. Even if ρ �= 0, if we choose

(18)b = 3

4
(1 + w), f0 = κ2ρ0

3H 2
0 (1 + 3w)

, ξ1 = −1,

there is a de Sitter solution.
In the presence of matter with w �= 0, we may have a de Sit-

ter solution H = H0 even if f (φ) given by

(19)f (φ) = f0eφ/2 + f1e3(w+1)φ/4.

Then the following solution exists:
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φ = −4H0t, ξ = 1 + 3f0e−2H0t + f1

w
e−3(w+1)H0t ,

(20)ρ = −3(3w + 1)H 2
0 f1

κ2
e−3(1+w)H0t .

Note that H0 in (12) can be arbitrary and can be determined
by an initial condition. Since H0 can be small or large, the
theory with function (13) with b = 1/2 could describe the early-
time inflation or current cosmic acceleration. Motivated by this,
we may propose the following model:

(21)f (φ) =
⎧⎨
⎩

f0eφ/2 0 > φ > φ1,

f0eφ1/2 φ1 > φ > φ2,

f0e(φ−φ2+φ1)/2 φ < φ2.

Here φ1 and φ2 are constants. We also assume that matter could
be neglected when 0 > φ > φ1 or φ < φ2. Since the above
function f (φ) is not smooth around φ = φ1 and φ2, one may
replace the above f (φ) with a more smooth function. When
0 > φ > φ1 or φ < φ2, the universe is described by the solu-
tion (13) although corresponding H0 might be different. When
φ1 > φ > φ2, since f (φ) is a constant, the universe is described
by the Einstein gravity, where effective gravitational constant
κeff is given by

(22)
1

κ2
eff

= 1

κ2

(
1 + f0eφ1/2).

(Note that in non-local gravity when auxiliary scalar is not con-
stant, the Newton coupling constant is defined ambiguously.)
Then due to the matter contribution there could occur matter
dominated phase. In this phase, the Hubble rate H behaves as
H = 2

3(t0+t)
with a constant t0 and the scalar curvature is given

by R = 4
3(t0+t)2 . Now we assume that the universe started at

t = 0 with a rather big but constant curvature R = RI = 12H 2
I

with a constant HI , that is, the universe is in de Sitter phase.
Then in the model (21), by following (12), φ behaves as φ =
−4HI t . Subsequently, at t = t1 ≡ −φ1/4HI , we have φ = φ1
and the universe enters into the matter dominated phase. If the
curvature is continuous at t = t1, t0 can be found by solving

(23)R = 4

3(t0 + t1)2
= 12H 2

I .

If φ and φ̇ are also continuous, when φ1 > φ > φ2, φ is given
by solving (8) as

φ = −4

3
ln

(
t

t1

)
− φ̃(t − t1) + φ1,

(24)φ̃ ≡ −4HI (t0 + t1)
2 + 4

3
(t0 + t1).

When φ = φ2, the de Sitter phase, which corresponds to the ac-
celerating expansion of the present universe, could have started.
The solution corresponds to de Sitter space (with some shifts of
parameters) and H0 = HL could be given by solving

(25)12H 2
L = 4

3(t0 + t2)2
,

if the curvature is continuous at φ = φ2. In (25), t2 is defined
by φ(t2) = φ2. Thus, we got the cosmological FRW model with
inflation, radiation/matter dominated phase, and current accel-
erating expansion.

3. Phantom cosmology in the non-local gravity

Let us demonstrate that non-local gravity may also lead
to the effective phantom cosmology without need to intro-
duce the non-physical scalar with negative kinetic energy. The
quintessence cosmology may also emerge.

We now investigate if there could be power law solution cor-
responding to quintessence or phantom cosmology, where

(26)H = h0

t

(
a ∝ th0

)
.

Then a solution of Eq. (8) is given by

(27)φ = φ0 ln
t

t0
, φ0 = −6h0 + 12h2

0

1 − 3h0
.

Here t0 is a constant. We now assume, as in (13), f (φ) is given
by

(28)f (φ) = f0ebφ = f0

(
t

t0

)bh0

.

Then by solving Eq. (9) as

ξ = (−6h0 + 12h2
0)f0

(bφ0 + 3h0 − 1)φ0

(
t

t0

)bh0

(29)+ t0ξ̃0

−3h0 + 1

(
t

t0

)−3h0+1

+ ξ̃1.

Here ξ̃0 and ξ̃1 are constants of integration. We also find

(30)ρ = ρ̃0

(
t

t0

)−3(1+w)h0

.

When ρ0 = 0, Eq. (6) can be satisfied if

ξ̃1 = 1,

0 = −6h2
0

(−6h0 + 12h2
0

)2
b2

+ (−42h2
0 + 9h0 + 1

)(−6h0 + 12h2
0

)
(1 − 3h0)b

(31)+ 6h2
0(1 − 3h0)

3.

ξ̃0 and f0 could be arbitrary. Then if we give b satisfying the
second equation in (31), there could be a power law solution.
Even if ρ0 �= 0, there could be a solution if

ξ̃1 = 1, b = {2 − 3(1 + w)h0}(1 − 3h0)

−6h2
0 + 12h2

0

,

(32)

f0 = − κ2ρ0

−3h2
0 + 3h0 + 9h0w + (−6h2

0− 9
2 h0−3(3h0+ 1

2 )h0w)(1−3h0)

1−3h0w

.

In other words, if we start with the theory where b and f0 are
given by (32), we obtain the cosmological solution given by
(26) with (27) and (29). In the above formulation h0 is an arbi-
trary. Since the effective equation of state (EoS) parameter weff
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is given by

(33)weff ≡ −1 − 2Ḣ

3H 2
= −1 + 2

3h0
,

any weff corresponding to quintessence or phantom can be re-
alized in this non-local gravity. Especially if h0 is negative, the
effective phantom cosmology occurs. When h0 < 0, we may
shift t as t − ts and assume t < ts in the present universe. Then
we have

(34)H = − h0

ts − t
,

and t = ts corresponds to the Big Rip singularity.

4. Unification of the inflation with cosmic acceleration
in the non-local-F(R) gravity

Let us discuss the accelerating early-time and late-time cos-
mology in the non-local gravity where F(R)-term [1] is added.
The starting action is:

S =
∫

d4x
√−g

{
1

2κ2
R

(
1 + f

(�−1R
)) + F(R)

(35)+Lmatter

}
.

Here F(R) is some function of R. FRW equations look like

0 = −3H 2(1 + f (φ) − ξ
) + 1

2
ξ̇ φ̇ − 3H

(
f ′(φ)φ̇ − ξ̇

)
− F(R) + 6

(
H 2 + Ḣ

)
F ′(R)

(36)− 36
(
4H 2Ḣ + HḦ

)
F ′′(R) + κ2ρ,

0 = (
2Ḣ + 3H 2)(1 + f (φ) − ξ

) + 1

2
ξ̇ φ̇

+
(

d2

dt2
+ 2H

d

dt

)(
f (φ) − ξ

)
F(R)

(37)− 2
(
Ḣ + 3H 2)F ′(R) + κ2p.

Here R = 12H 2 + 6Ḣ .
We may propose several scenarios. One is that the inflation

at the early universe is generated mainly by F(R) part but the
current acceleration is defined mainly by f (�−1R) part. One
may consider the inverse, that is, the inflation is generated by
f (�−1R) part but the late-time acceleration by F(R).

For instance, for the first scenario one can take: F(R) =
βR2. Here β is a constant. We choose f (�−1R) part as in (13)
but f0 is taken to be very small and φ starts with φ = 0. Hence,
at the early universe f (�−1R) is very small and could be ne-
glected. Then due to the F(R)-term (37), there occurs (slightly
modified) R2-inflation. After the end of the inflation, there oc-
curs the radiation/matter dominance era. In this phase, φ be-
haves as in (24): φ = − 4

3 ln( t

t̂0
)− φ̂1(t − t̂0)+ φ̂2. However, the

constants t̂0, φ̂1, and φ̂2 should be determined by the proper ini-
tial conditions, which may differ from that in (24). We now as-
sume φ̂1 is very small but negative. From the expression of (13)
it follows f (φ) becomes large as time goes by and finally this
term dominates. As a result, de Sitter expansion (13) occurs at
the present universe.

For the second scenario, the early-time inflation is generated
by f (�−1R) part but the cosmic acceleration is generated by
F(R). As an F(R)-term, one can take the model [7]:

(38)FHS(R) = − m2c1(R/m2)n

c2(R/m2)n + 1
,

which has the following properties

lim
R→∞FHS(R) = const,

(39)lim
R→0

FHS(R) = 0.

The second condition means that there is a flat spacetime so-
lution (vanishing cosmological constant). The estimation of
Ref. [7] suggests that R/m2 is not so small but rather large
even at the present universe and R/m2 ∼ 41. Hence, FHS(R) ∼
−m2c1

c2
+ m2c1

c2
2

( R

m2 )−n, which gives an “effective” cosmologi-

cal constant −m2c1/c2 and generates the late-time accelerating
expansion. One can show that

(40)H 2 ∼ m2c1κ
2

c2
∼ (70 km/s pc)2 ∼ (

10−33 eV
)2

.

At the intermediate epoch, where the matter density ρ is larger
than the effective cosmological constant, ρ > m2c1/c2, there
appears the matter dominated phase and the universe expands
with deceleration. Hence, above model describes the effective
ΛCDM cosmology.

As a f (�−1R) part, we consider theory (13), again. It is
assumed f0 is large and f (�−1R) term could be dominant at
the early universe. Hence, following (12), φ becomes negative
and large as time goes by and therefore f (φ) becomes small
and could be neglected at late universe. Then there appears nat-
urally the radiation/matter dominated phase. After that due to
FHS(R)-term (38), the late-time acceleration occurs.

Although the model [7] is quite successful, the early time
inflation is not included there. In [8], it was suggested the
modified gravity model to treat the inflation and the late-time
accelerating expansion in a unified way. In order to gener-
ate the inflation, one may require limR→∞ f (R) = −Λi . Here
Λi is an effective cosmological constant at the early universe
and therefore we assume Λi � (10−33 eV)2. One may assume
Λi ∼ 1020–38. In order that the current accelerating expansion
could be generated, let us consider that f (R) is a small constant
at present universe, that is, f (R0) = −2R0, f ′(R0) ∼ 0. Here
R0 is current curvature R0 ∼ (10−33 eV)2. The next condition
corresponding to the second one in (39) is: limR→0 f (R) = 0.
In the above class of models, the early universe starts from
the inflation driven by the effective cosmological constant. As
curvature becomes smaller, the effective cosmological constant
also becomes smaller. After that the radiation/matter dominates.
When the density of the radiation and the matter becomes small
and the curvature goes to the value R0, there appears the small
effective cosmological constant. Hence, the current cosmic ex-
pansion starts.
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In [8], two examples have been proposed. The first model is
given by

F(R) = − (R − R0)
2n+1 + R2n+1

0

f0 + f1{(R − R0)2n+1 + R2n+1
0 }

(41)= − 1

f1
+ f0/f1

f0 + f1{(R − R0)2n+1 + R2n+1
0 } .

Here n is a positive integer, n = 1,2,3, . . . and

(42)
R2n+1

0

f0 + f1R
2n+1
0

= 2R0,
1

f1
= Λi,

that is

(43)f0 = R2n
0

2
− R2n+1

0

Λi

∼ R2n
0

2
, f1 = 1

Λi

.

The second model is

(44)F(R) = −f0

R∫
0

dR e
− αR2n

1
(R−R1)2n

− R
βΛi .

Here α, β , f0, and R1 are constants. Then by construction, as
long as 0 < f0 < 1, F ′(R) > −1, which shows that there is no
anti-gravity regime. Since

f (R1) ∼ −f0

R1∫
0

dR e
− αR2n

1
(R−R1)2n = −f0An(α)R1,

(45)An(α) ≡
1∫

0

dx e
− α

x2n ,

and −f (R1) could be identified with the effective cosmological
constant 2R0, we find

(46)f0An(α)R1 = R0.

Note that An(0) = 1, An(+∞) = 0, and A′(x) < 0. On the
other hand, since

(47)f (+∞) ∼
∞∫

0

dR e−RβΛi = −f0βΛi,

and −f (+∞) could be identified with the effective cosmolog-
ical constant at the inflationary epoch, Λi , one gets f0β = 1.

As a f (�−1R) part, we consider (13), again and assume f0
is large. Thus, f (�−1R) term could be dominant at the early
universe. Then the inflation is generated by the combination
of F(R) with non-local term. Following (12), φ becomes neg-
ative and large as time goes by and therefore f (φ) becomes
small and could be neglected at late universe. After that, there
occurs the radiation/matter dominated phase. After that due to
FHS(R)-term (38), the accelerating expansion starts.

Some nice features of above scenario are related with New-
ton law which should be respected at current universe. For
the F(R)-models (38), (41), and (44), the Newton law cor-
rections have been found in [8]. It was shown that currently
the corrections are very small. In the above scenario, where
the inflation occurs due to f (�−1R) part, its contribution to
FRW dynamics becomes very small at late universe. Hence, the
contribution from f (�−1R) part to the Newton law correction
is negligible. The same is true for so-called matter instabil-
ity [3,12,13], which happens in some models of F(R)-gravity.
It has been shown that such instability is absent in the above
F(R)-models (38), (41), and (44) [8]. Then since the contri-
bution from f (�−1R) is very small at the late time universe,
there is no such instability in above non-local F(R) gravity
at late universe. Thus, we demonstrated that non-local grav-
ity coupled with F(R)-term may naturally predict the known
universe expansion sequence: inflation, radiation/matter domi-
nance and dark energy.

5. Discussion

In summary, we demonstrated that non-local gravity may be
a key for the origin of the inflation and dark energy being con-
sistent with simplest local tests and the known universe expan-
sion history. The known universe epochs sequence is easier to
realize when modified gravity is given as some combination of
terms where one term generates the inflation while other, qual-
itatively different term pushes the late universe to accelerate. In
addition, such combined modified gravity easily passes the sim-
plest local tests. The corresponding example of non-local-F(R)

gravity is discussed in detail.
More complicated versions of non-local gravity may be

considered in similar scalar-tensor formulation with auxiliary
scalars. It is important that even if more precise observa-
tional data define the EoS parameter w to be slightly different
from −1, there exists the possibility to realize such scenario
in non-local gravity as the effective quintessence or phantom
cosmology. Moreover, the cosmological perturbations (for a
review, see [14]) should be investigated there. This will be dis-
cussed elsewhere.
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Appendix A. Stability in de Sitter background

We now check the (in)stability in the de Sitter solution (12)–
(17). By defining
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X ≡ − φ̇

4H
, Y ≡ 1 − ξ

3f (φ)
, W = ξ̇

6Hf (φ)
,

(A.1)
d

dN
≡ a

d

da
= 1

H

d

dt
,

Eqs. (6), (8), (9) could be rewritten as

(A.2)0 = −(1 + 3Y) − 4XW + 2X + 6W,

(A.3)
dX

dN
= −

(
1

H

dH

dN
+ 3

)
X + 3

2

(
1

H

dH

dN
+ 2

)
,

(A.4)
dW

dN
= −

(
1

H

dH

dN
+ 3

)
W + 1

2

(
1

H

dH

dN
+ 2

)
+ 2WX.

For the de Sitter solution (12)–(17), we have

(A.5)X = Y = W = 1.

By multiplying d/dN with (A.2) and using (A.3) and (A.4) and
deleting Y by (A.2), we obtain

0 = (2 − X − 6W + 4WX)
1

H

dH

dN

(A.6)+ 6 − 12W − 4X − 2X2 + 12WX.

We now consider the perturbation from the de Sitter solu-
tion (13) or (A.5):

(A.7)X = 1 + δX, W = 1 + δW, H = H0(1 + δh).

Here we assume |δX|, |δW |, |δh|  1. Then from (A.3), (A.4),
and (A.6), we obtain

(A.8)
dδX

dN
= 1

2

dδh

dN
− 3δX,

(A.9)
dδW

dN
= −1

2

dδh

dN
− δW + 2δX,

(A.10)
dδh

dN
= 4δX.

By deleting dδh/dN by using (A.10) from (A.8) and (A.9), we
obtain

(A.11)
dδX

dN
= −δX,

dδW

dN
= −δW,

which tells δX, δW and also δh ∝ e−N ∝ 1/a. Therefore the
perturbation decreases as the universe expands, which tells that
the de Sitter solution could be stable.
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