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A note on fragile graphs�
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Abstract

In this note, we show that every graph on n vertices and at most 2n − 4 edges contains a
vertex-cut S which is also an independent set of G. The result is best possible and answers a
question proposed by Caro in the a2rmative. c© 2002 Elsevier Science B.V. All rights reserved.

We will only consider 8nite graphs without loops or multiple edges. Given a graph
G, the vertex set of G and the edge set of G will be denoted by V (G) and E(G),
respectively. Let v(G)= |V (G)| and e(G)= |E(G)|. If G is connected, S ⊆ V (G) is a
cut of G if G− S is no longer connected. A vertex set S ⊆ V (G) is independent if no
two vertices of S are joined by an edge. A cut S of G which is also an independent
set is called an independent cut. A simple connected graph on at least 3 vertices is
called a fragile graph if it contains an independent cut. Caro and Yuster [3] pointed
out that fragile graphs play a role in some decomposition algorithms. deFigueiredo
and Klein [4] proved that deciding if a graph is fragile is NP-complete. Clearly, every
triangle-free connected graph with at least 3 vertices is fragile. Brandstaedt et al. [1]
proved that deciding if a K4-free graph is fragile is also NP-complete. It is naturally
expected that sparse graphs (graph with few edges) are fragile. However, the graph
obtained from K2; n−2 by adding an edge between vertices of the part with just two
vertices is not fragile. This graph has n vertices and 2n− 3 edges. On the other hand,
the following beautiful conjecture is made by Caro.

Conjecture 1 (Caro). Let G be a graph of n vertices. If e(G)6 2n − 4, then G
contains an independent cut.
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The above example shows that the bound 2n− 4 is best possible if the conjecture is
true. Caro [2] pointed out that every connected graph with n¿ 3 vertices and at most
3(n− 1)=2 edges is fragile. The purpose of this note is to prove that Caro’s conjecture
is true. To do so, we prove a stronger result for 2-connected graphs.

Theorem 1. Let G be a 2-connected graph on n vertices. If e(G)6 2n− 4, then for
every vertex x∈V (G) there is an independent cut S of G with x �∈ S.

Proof. We 8rst note that the only 2-connected graph of order n=3 is a triangle,
which contains 2n− 3=3 edges. The only 2-connected graph of order 4 with at most
4= 2 × 4 − 4 edges is C4, a cycle on 4 vertices. Theorem 1 is true for n=4. Based
on these two facts, we assume that n¿ 5 and Theorem 1 is true for all 2-connected
graphs of order less than n.

Let G be a 2-connected graph on n¿ 5 vertices with at most 2n− 4 edges and let
x be a vertex of G. If x is not in a triangle, then N (x) is an independent cut of G not
containing x and the result holds. Assume that xyz is a triangle of G. Let H =G=xy
denote the graph obtained from G by contracting the edge xy to a single vertex x∗

and deleting multiple edges and loop. Since x and y have a common neighbor z, the
following inequality holds:

e(H)6 e(G)− 26 (2n− 4)− 2=2(n− 1)− 4:

If H is 2-connected, H has an independent cut S not containing x∗. Clearly, S is also
an independent cut of G and x �∈ S. Thus, we may assume that H is not 2-connected
and {x; y} is a cut of G. Since G is 2-connected, G contains two 2-connected in-
duced subgraphs G1 and G2 such that G=G1 ∪ G2 and V (G1) ∩ V (G2)= {x; y} and
|V (Gi)|¿ 3 for each i=1; 2.
If G1 contains an independent cut S not containing x, then either x and y are in the

same component of G1−S or y is in S since xy∈G1. In either case, S is an independent
cut of G not containing x. So we may assume that every independent cut of G1 contains
x. Thus, by the induction hypothesis, we have e(G1)¿ 2|V (G1)| − 3 (this condition
is automatically satis8ed if |V (G1)|=3). Similarly, we have e(G2)¿ 2|V (G2)| − 3.
Therefore,

e(G) = e(G1) + e(G2)− 1

¿ 2|V (G1)| − 3 + 2|V (G2)| − 3− 1

= 2(|V (G1)|+ |V (G2)|)− 7

= 2(n+ 2)− 7

= 2n− 3;

a contradiction.

Corollary 2. Let G be a connected graph on n vertices. If e(G)6 2n − 4, then G
contains an independent cut.
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Proof. The result is true if the connectivity of G is 1. If the connectivity of G is at
least 2, the result follows directly from Theorem 1.

Remark. A result obtained by G. Chen, R.J. Faudree, and M.S. Jacobson recently
shows that no bound can be placed on the order of the independent cutset unless more
severe restrictions on the size of the graph.
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