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Abstract

The following degenerate parabolic system modelling chemotaxis is considered:

up =V - (Vu™ —yd-1vy), xeRN >0,
T =Av—v+u, xeRN, >0, (KS)
u(x,0) =ugp(x), v(x,0) =1v9(x), x€ RN,

wherem > 1,g >2,t=0o0r 1,and N > 1. The aim of this paper is to prove the existence of a time global
weak solution (u, v) of (KS) with the L%°(0, oo; L®@®RN )) bound. Such a global bound is obtained in the
caseof (i) m > q — % for large initial data and (ii)) 1 <m < g — % for small initial data. In the case of (ii),
the decay properties of the solution (i, v) are also discussed.
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1. Introduction

We consider the following parabolic system of degenerate quasilinear type:

u, =V - (Vu" —ud='vu), xeRN, >0,
T, =Av—v+u, xeRM >0, (KS)
u(x,0) =up(x), tv(x,0) =7tvo(x), xRN,
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wherem > 1,q > 2,7 =0o0r 1,and N > 1. The initial data (ug, vo) is a non-negative function
andin L' N LOO(RN) x L'N Hl nwh °°(RN) with ul € H'(RV).

In this paper, we shall give a complete proof of our previous announcement in [25].

Keller and Segel [12] proposed the mathematical model describing the aggregation process of
amoebae by chemotaxis and nowadays it is called Keller—Segel model. We consider the Keller—
Segel model of degenerate type (KS).

Concerning the existence of a weak solution (u, v) of (KS), for example, in our previous
papers [24,26], we restricted to the case g = 2 and established the systematic construction of a
weak solution in the following cases:

(1) When m > 2 and t = 1, (KS) is globally solvable without any restriction on the size of the
initial data.

(2) Whenm > 2 — % and t = 0, (KS) is globally solvable without any restriction on the size of
the initial data.

(3) Whenl <m <2— and T =0, (KS) is globally solvable for small initial data. Furthermore,
the decay of solutlon in L?(R") was obtained.

(Recently, another degenerate case is treated by Laurencot and Wrzosek [16].)

In this paper, we consider the case of ¢ > 2 and prove that:

(1) Whenm > g and t =0, 1, (KS) is globally solvable without any restriction on the size of
the initial data.
(i) Whenm > g — % and v =0, (KS) is globally solvable without any restriction on the size
of the initial data.
(iii) When1l<m<qg— £ and T =0, (KS) is globally solvable for small initial data. Further-
more, the decay of solutlon in LP(RY) is shown.

Throughout this paper, we deal with a weak solution of (KS). Our definition of a weak solution
now reads:

Definition 1. Let m > 1, ¢ >2 and let ug € L' N L°(R") with ufl € H'(RY) and tvg € L' N
H'n WL (RN). A pair (u, v) of non-negative functions defined in RY x [0, T') is called a weak
solution of (KS) on [0, T) if

(i) u € L™, T; L*®RY)), u™ € L*(0,T; H'(RY)),
(i) ve L®(,T; H'(RV)),
(iii) (u, v) satisfies the equations in the sense of distribution, i.e., that

T
[ -V(p—uq_IVv-Vgo—mpt)dxdt:fuo(x)¢(x,0)dx,
0R

=z

RN

~

(Vv-Vo+4+vp —up —tve)dxdt =1 / vo(x)p(x,0)dx

RN RN

o

for any continuously differentiable function ¢ with compact support in RY x [0, T).
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The first theorem gives the existence of a time global weak solution to (KS) with T = 1 and the
uniform bound of the weak solution when ug € L' N L®(RY) and v € L' N H! N WL (RN).
We note that the initial data is not assumed to be small.

Theorem 1 (Time global existence of Tt =1 case). Let N> 1, 1 =1,2< g <mand T > 0. Sup-
pose that ug and vy are non-negative everywhere with the property in Definition 1. Then, (KS) has
a weak solution (u, v) on [0, T). Moreover, u™ € C((0,T); LfOC(RN)) and (u, v) satisfies a uni-
Jform estimate, i.e., that there exists a constant K1 = Ki(|luoll 1wy, [ltoll Loy, lvoll L1 @nys

lvoll 1wy lvoll wico@ny, 12, g, N, T) > 0 such that

eyt v L,(RN)) <Ky forallre[l,o00]. (1.1)

sup ([|u()]
O<t<T

In addition, there exists a positive constant K> = K (|luoll L1 wny, luoll L2wyys 1ol pm—g+2 gy,
lvoll 1wy, M, g, N) independent of T such that

lvell 20, 7: 28y + (VO 20,7 2@y < K2 (1.2)

We next consider the case when T =0 and m > 1, which includes degenerate versions of “the
Nagai model” for the semilinear Keller—Segel system.
Theorem 2 (Time global existence of t =0 case). Let N> 1, t=0m=>1,g>22, m>q — %
and suppose that u( is non-negative with the property in Definition 1. In addition, let m > g — 1
in the case of N = 1. Then, (KS) has a weak solution (u, v) on [0, 00). Moreover, it satisfies a
uniform estimate, i.e., that there exists K1 = K1 (|[uoll 1 wnys |40l poowny, m, q, N) such that

sup (|lu®)] <K forallr €[l,00]. (1.3)

<tr<oo

ey T IvO| @)

In addition, there exists a positive constant Ky = Ko (lluoll 1wy, luoll oo mny, m, g, N) such
that

sup ||v(t) ” W2r ®N) < Ky forallr € (1, 00]. (1.4)

O<t<oo

Remark 1. It is known that the semilinear case (m = 1 and t = 0), the following functional
Wo(u(t), v(t)) becomes the Lyapunov function (see Nagai, Senba and Yoshida [18]):

1 2 2
Wo(t) = f u(t) logu(t) dx — /u(t)v(t)dx + §(||Vv(t)||Lz + [v@®]72)-
RN RN

In the quasilinear case: m > 1, the analogous functional W (u(z), v(¢)) can be introduced as
follows:

W) = m w(ty" =942 dx
m—-—qg+1)(m—qg+2)

1
_ /uq—l(t)v(t)dx +5 (Vv 3+ [o)]72).
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We show that the above functional W (#) plays a substitutional role as the Lyapunov function for
the quasi-linear case. As a result, the functional W (z) yields the uniform L”~92(R") bounds

independently of ¢, T under the condition m > g — NL+2 for any N > 1 (see Appendix A).

Finally, we present the decay property for the weak solution of (KS) in the T = 0 case under
the smallness assumption on [[uol|  vig—m)/2gN)-

Theorem 3 (Decay property). Let 1 <p<oo, N2 1, 1=0,¢g 22, 1<m<q— % and suppose

that the initial data u is non-negative everywhere. Then, there exist an absolute constant M and
.. . . N(g=—m) .
a positive number & depending only on M, p, N, m such that ifug € L~ 7 (R") satisfies that

||u0||Ll(]RN) =M, ||u0||LN(q—m)/2(RN) <g, (1.5)

then (KS) has a weak solution (u, v) on [0, 0c0) with the following decay property:

A+ 0 (Ju® ] oy + 0O Ly @) < 00, (1.6)

where

1 N
d=oll——-), 06=———.
( p) Nm—-1)+2

Remark 2. Our decay rate in Theorem 3 seems to be optimal. In fact, when m = 1, our decay
rate coincides with the L'—L" estimate for the linear heat equation.

When we substitute the second equation: Av = v — u into the first equation in (KS), it holds
that

ur=Au"™ —vul ' Vo —u? "Av=Au" +ud — Vu - Vv —u?" . (E)

The above equation (E) includes the terms u,, Au™ and u?. Therefore, we observe that the fol-
lowing equation is analogous to (E):

— m q N
{u, Au™ +u?, xeRY, t>0, PS)

u(x,0) =up(x), xeRN.

We are interested in finding similarities and differences between (KS) and (PS) in order to ob-
serve the effects of the reaction term —V (19~ V) in the first equation of (KS).

As for the remarkable difference between (KS) and (PS), we easily find the mass conservation
law (lu() N L1y = lluoll L1 wwy for all 7 = 0), which holds for (KS) but not for (PS). In order to
mention similarities and another differences between (KS) and (PS), we divide the situation into

three cases: the first one is of the case 1 <m < g — %; the second one is of the case g — % <
m < q; the final one is of the case m > ¢g. Concerning the first case: 1 <m < g — %, in this

paper we prove that a solution of (KS) exists globally in time for small initial data. On the other
hand, the solution of (PS) with small initial data exists globally in time, too (see, for example,
Samarskii et al. [23]). Thus, we see that (KS) and (PS) are similar to each other in the first case
of l<m<q— % In the second case: ¢ — 5 <m < g, we prove that a solution of (KS) exists
globally in time without any restriction on the size of the initial data. On the other hand, the
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solution of (PS) blows up in a finite time. Also for the third case of m > ¢, the solution of (PS)
blows up in a finite time, which occurs in some region (see [23] for details.) However, by virtue
of the mass conservation law for (KS), if the solution of (KS) blows up in a finite time, then
singular points cannot have positive measure. Thus, we are led to the following problem: in the
case of m > g, whether solutions of (KS) blow up in discrete points or exist globally in time? In
this paper, we show that (KS) is solvable globally in time without any restriction on the size of
the initial data in the case of m > ¢. Thus, we make it clear that (KS) and (PS) differ from each
other in the second and third cases, i.e., when m > g — %

In the semilinear case: m = 1, we refer to Corrias, Perthame and Zaag [5], Diaz, Nagai and
Rakotoson [7], Herrero and Veldzquez [9], Jdager and Luckhaus [11], Nagai, Senba and Yoshida
[18], Nagai [19]. We also refer to Horstmann [10] which summarized various aspects and results
for Keller—Segel models.

Concerning the Keller—Segel system of quasilinear type, we refer to Biler, Nadzieja and
Stanczy [2], Bonami, Hilhorst, Logak and Mimura [3], Calvez and Carrillo [6], Kowalczyk [17]
and Luckhaus and Sugiyama [15]. In those papers, essentially, the problem of the following type
was considered:

uy=V-wVh(u) —u-Vv), xe£2,t>0,

KS 1.7
(QKS) {OzAv—v—i—u, xef2, t>0. (4.7)

The finite time blow-up was first formally obtained by [2] for Neumann problem. They [2] con-
sider the second equation as 0 = Av + u and gave a proof by using Riesz potential. On the other
hand, we [27] gave a rigorous complete proof for the Cauchy problem (KS) (with the absorption
term in the second equation) using the Bessel potential. Those results were obtained indepen-
dently each other. In [17], the time global L bound was obtained for (QKS) of nondegenerate
type and the existence of a solution was not considered.

In the following section, we shall prepare several lemmas which will be often used in this
paper. In Section 3, we organize the proof of the existence of a time global solution of the ap-
proximated problem of (KS). In Section 4, we give a proof of Theorems 1 and 2. Moreover, we
discuss the decay property of the weak solution (u, v) in Section 5.

In what follows, we will use the simplified notations:

(1) 8 = 55, 8% = 3i9j, Viu = 37,955, -l = I - llprenys 1 <7 <00, [dx =
fRN'd.X.

(2) 07 :=RN x (0, 7).
(3) When the weak derivatives Vu, V2yu and u; are in L?(Q7) for some p > 1, we say that
ueWr'(Qr), ie.,

Wyl (Qr) = {ue LP(0.Ts 2P (RY) N Whe (0.7; 17 (R)):
lully21 gy = NutllLocop + 1VullLeor + [ V2] 1 g,
+ llusllLr(op) < 00}
2. Some lemmas

In this section, we shall prepare several lemmas which will be used often in the next section.
The following inequalities are easily ensured by Duoandikoetxea [8, p. 110] and Brezis
[4, IX.12].
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Lemma 4. Let w € W>"(RN). Then the following inequalities hold:

I V2w

2 2
r
L7 (RN) < C(m) ||AIU||Lr(RN) forl <r <0oQ, (21)
2r
lwll oo mry < N lwllwirgny forr>N, 2.2)

where C is a positive constant depending only on N.

We consider the following Cauchy problem:

u=Az—z+f, xeRY >0,

z2(x,0) =z0(x), xeRN.

The following definition is a standard one from semigroup theory. (For instance, see Pazy [22].)

Definition 2. Let X be a Banach space, zg belong to X, and f € Ll(O, T; X). The function
z(x,t) € C([0, T]; X) given by

t
) =e"ePz +/e*<H) U8 f(syds, 0<t<T, (P)
0
is the mild solution of (P) on [0, T] where (emf)(x, 1) = fRN Gx—y,t)f(y)dy and G(x,1)
is the heat kernel by G(x, 1) = W exp(— )

It is easily shown that the following L? estimates hold:

)y
2

le2 £l oy < CTTTTH T Ly, for1<g < p<oo, 23)

_1_1_ 1y N
[Ve™ £l o, < €727l D ey, for1<q < p< oo, 2.4)

where C is a positive constant depending only on p,q and N.
The following lemma is an immediate consequence from (2.3) and (2.4). It plays an important
role in establishing the a priori estimates of solution v in (KS).

Lemma 5. Ler 1 < g < p <09, % - % < % and suppose that 7 is the function given by (P) and

z0€ WEP@RN). If f € L*®(0, oo; LY(RY)), then
||z(t)||L,,(RN) lzoll Lr@yy +C - T'(y) sup ||f(s)||Lq(RN), (2.5)

IVz2®] L@y, < IVZ0llLr@yy +C - T (@) sup ||f(s)!|L,,(RN) (2.6)

fort e|[0, oo) where Cisa posmve consmnt independent of p, I (+) is the gamma function, and
y=1-G-H-4r=4-¢-H-%
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In addition, let |Vizo| € LP(RN), and f € L*>(0, T; Wi=LPRN)) for i = 1,2,3. Then, it
holds that

t
1920 2o ey < 1V 200 20 ) +2(p+N_2)/ [V F Oy ds fort €10,00).

0
@.7)

The following lemma gives us a variant of Gagliardo—Nirenberg inequality, which was ob-
tained in [27, Lemma 2.4]. See also [20]. It will be often used in the following sections, as the
main part of our arguments.

Lemma 6. [27, Lemma 24] Let N > 1, m > 1, a > 2, u € L9 (RN) with g1 > 1 and MWEH IS
H'®RNy withr > 0. If g1 € [1,r +m — 1], g € [H2=L 402D g

I<qg1<q <0 when N =1,
I<qg<qr<o0 when N =2, 2.8)
1<q <qp <IN ywhen N >3,

then, it holds that

2 e r+m—1 '2+)_ .
il a2 vy < T llul oy ey | Vit Loy, with (2.9)
—1/1 1\/1 1 —1\!
o"tm=1 (-——)(———+’+L> , (2.10)
2 91 qJ\N 2 2q
where
r+m—1
C depfzgds only on N and a when q1 > =F5—, 1 211
C =cy'" with cq depending only on N anda when 1< q; < %,
and
r+m—1
_ rdm-1 2 2 2N
gL AN . 2.12)
q2 — q1 r+m—1 r+m_l N+2

3. Approximated problem

The first equation of (KS) is a quasi-linear parabolic equation of degenerate type with m > 1.
Therefore, we cannot expect the system (KS) to have a classical solution at the point where the
first solution u vanishes. In order to justify all the formal arguments, we need to introduce the
following approximated equation of (KS):

Uer (X, 1) =V - (Vg + )" — (ug + )9 2u, - Vup), (x, 1) eRYN x(0,7), (1)
(KS), v (x, 1) = Avg — v +ug, (x,1) RN x (0, 7), (2)
ue(x,0) =uge (%), Tve(x,0) = TV (X), x e RN,

where m > 1,q > 2, t =0, 1 and ¢ is a positive parameter.
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In the case of N > 2, (ugs,v0.) 1s an approximation for the initial data (ug,vp) such that

(A1) 0<upe € L' N WHPRN) for all p € [, N + 3] forall e € (0,1], 0 < Tvpe € L' N
W3 P(RN) forall p € [%, oco], for all € € (0, 1],

(A2) |luoellLr < lluollLr, Tllvoellwir < Tllvollyr.p forall p € [1,00], forall e € (0, 11,

(A.3) IVupellz2 < I|Vuoll2 forall e € (0, 1],

(A4) uge — ug, Tvps —> TVQ Strongly in LP(RY), as ¢ — 0 for some pE [%, 00).

As for the case of N =1, (u.,v0,) is an approximation for the initial data (u¢,vg) such that

(A1) 0<uge € LN W2P(R), 0< tvgs € L' N WP(R) for all p €[2,3], forall ¢ € (0, 1],
(A2) lugellLr < lluollzr, Tllvoellwrr < Tllvollyrp forall p € [1, oc], forall & € (0, 1],
(A3Y |[Vugell 2 < [[Vugll 2 forall e € (0, 1],

(A4) uge — up, Tvge —> TV strongly in LP(R), as ¢ — 0 for some p € [1, c0).

We call (u,, v;) a strong solution of (KS), if it belongs to Wg’l X Wg’l (Qr) forsome p > 1
and Egs. (1), (2) in (KS), are satisfied almost everywhere. The strong solution v, coincides with
the mild solution defined in Definition 2 if u, € L'(0, T; L?(RN)) with p > 1.

We denote W(Q7) by

W(Qr) :=Wi(Qr) x Wa(Qr)
W vy N WRS(01) x Wii,(Qr) for N >2,

= )1 51 3.1
W3 (Qr) x W3 (Qr) for N =1.

In the definition of W (Qr), the exponent % stems from validity of mass conservation law.
Indeed, L'-summability can be obtained by integration by parts of (KS), multiplied by some
cut-off function. In such procedure, we need to control the behavior of boundary integral at co.
This is the reason why the exponent % appears in W(Q7) (see Kozono [13, Lemma 2.1]).
Moreover, in order to justify the energy estimate in the proof of Lemma 13 (which gives LN12-
a priori bound for Au,), we require the class Wﬁ,’i3 (07).

The main purpose of this section is to construct the time global strong solution of (KS),,
which reads:

Theorem 7 (Time global strong solution). Let N > 1, t =0,1, m > 1, g > 2. Suppose that (A.1)
(respectively (A.1)') is satisfied in the case of N > 2 (respectively N = 1). Then, (KS), has the
unique strong solution in the class W(Qr) for all T > 0.

For the proof of Theorem 7, it suffices to show the following three propositions. We first show
the local existence theorem and then its extension criterion. Finally, we will carry out our local
solution satisfies such a criterion for extension.

Proposition 8 (Time local existence). Let the same assumptions as that in Theorem T hold.
Then, there exists a number Ty = Ti (g, |[uoe |l w2.n+2@®N)s TV | w30 @y, m, g, N) > 0 such
that (KS), has the unique non-negative strong solution (ug, ve) belonging to W(Qr,).
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Proposition 9 (Extension criterion). Let the same assumptions as that in Theorem 7 hold and let
T > 0. Suppose that (ug, ve) is a strong solution of (KS). in the class W(Qr). If it holds that

OiltlET”uS (t) ”LOC(RN) < 00,

then there is T' > T such that (e, ve) can be a strong solution of (KS), in W(Q ;).

Proposition 10 (A priori estimate in L°°). Let the same assumptions as that in Theorem 7 hold
and let T > 0. We assume that (ug, ve) is the non-negative strong solution of (KS), in W(Qr).
Then, the mass conservation law holds, i.e., that

||ug(z)\|L](RN) = |luoell 1 gny Sforallt €10, 7).
Moreover, u. satisfies the following estimates:

(1) Fort =1, m > gq, it holds that

U lue@ | 1wy <M, forallr €11, 00], (3.2)
<t<

where MMT is a constant depending on |[uoe || L1npoo@Ny | VV0ell 2L 00 ®N), M, g, N, T but
not on €.
(i) Fort=0,m>q — %, it holds that

sup |lus(0)| L@y S My forallr €[1,00]. (3.3)
O0<t<T

(i) Fort=0,1<m<q — %, if luosll ng-m is small enough, then (3.3) holds, where M, is
L 2

a constant depending on |luoe || ;1o wNy 1VV0ell 2nL00®NY, M, g, N butnotone, T.

In the following Sections 3.1-3.3, we prove Propositions 8-10.
3.1. Local existence; proof of Proposition 8
To prove Proposition 8, we introduce the following problem (which is not a system):

Ut (X, 1) =V - (mue + )" 'Vue — (e + €)1 2u Vh),

0 (x,1) eRY % (0, T), (L
(KS)e N
vSt(xat)zAUE_U£+fv ('x’[)eR X(O,T), (2)f
ue(x,0) =uge (x), TUe(x, 0) = Tvpe (%), XGRN,

where f € LP(Q7) is a non-negative function and & € L>(0, T; W3 (RN)).
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In order to prove the existence of a strong solution u, of (1), in h(KS),, we consider the
following equation:

et (x,1) =V - (m(g + )" Vue) = V((g + )7 2us) - Vh — (g + &) uc Ah
=m(g+&)" ' Au, + (mV(g+ "l —(g+ 8)‘1*2Vh) -V,
—(V(g+&)172-Vh+ (g + &)1 2 Ah)u,. (3.4)
Here, we denote X1 by
Xr:={g e L®(0,T; W*N*2(RN)), g € LN*2(Q7): g >0in Qr,
I8l Lv+2(0py + 181l Loo o, 7: w2 N2y < 2lluce llw2n+2@ny + 1}. (3.5)

Then, Morrey inequality assures that if g € X7, then g satisfies that

1= N+l
8,0 — g, 9)| < (V8N rs2c0p) + g lrs2iop) | D) — (a )| 772, (3.6)

We now remark that it is not difficult to generalize Theorem 9.1 in Ladyzhenskaya, Solon-
nikov and Ural’ceva [14] for Cauchy problem. The modern treatment such as maximal regularity
theorem in L” can be found in Amann [1, Chapter IV, Theorem 1.5.1]. By virtue of [1, Theo-
rem 1.5.1] or [14, Theorem 9.1], we have the following lemma:

Lemma 11. Let the same assumption as that in Proposition 8 hold. We assume that g € X, and
h satisfies that

IVRll Loy + [IAR]I Lo 0r) < Bo 3.7

for some positive constant By. Then, Eq. (3.4) corresponding to the initial data uoe has the
unique non-negative strong solution us belonging to W(Qr).

By virtue of Lemma 11, we can define an operator S by
S:geXr—ufeW(Qr).

We find that the strong solution u$ is a non-negative function as follows.

We multiply (3.4) by |us|"~2u, with r > 1 and integrate it over RV . Then, we have
1d
-z rd
rdt/|u8| *
m(r —1
< —%/(g+e>m—1|u8|’—z|ws|2dx
S 2amm=3 ! Vi rd

+(|VEe+e? Va1, + (g +8)q72AhHLOC(QT))/ luel"dx

foralle € (0, 1] and r > 1.
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‘Whence follows

”Ms(t)

Lr

)Zq—m—3

1 1 )
< lluoellzr + m((”g”Lw(Qr) +e + m) VAl L0

t

< [ Juso)
0
t

< [ Juso)
0

Letting r — oo, we derive

ds+(|[Vig+e)?? Vi ”LOO(QT) + (g +e)7?An HL""(QT))

Ir ds foralle e (0,1]and r > 1.

Jue @] oo < luoelioe + (1Y@ + ) 2Vh] 1 g,y + € + O 2AR] e )

t

x [ lueo)] e as.

0

Using the Gronwall inequality, we have

sup_[Jue ()| oo < lluoellzoe exp{ (Vg + )72 Vh] 1w o, + [ + )T 2AR] 1, T}
0<t<T
We multiply (3.4) by u, := —min(0, u.) and integrate it over R". Then, it holds that
1 d )
EE / |M€ | dx
=—m /(g + )" \Vu; Pdx + /(g + 847 2uVh - Vu dx

1
< - /(g + )27 3 \Vh | |u; |* dx

1 2q—m—3 1 2 -2
< Z((”g”LOO(QT)-FS) +m ||Vh||L°°(QT) |M8 | dx.
Again using the Gronwall inequality, we obtain

sup [ug (50,2

O<t<

2g—m—3 1

1
< exp{ . <(||g||L°°(QT) + 8) + m) ||Vh||%oo(QT)T} Hu;(, 0) ”L2 =0,
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which assures that
ug(x,1) >0 foraa xeRY, forall0<rs <T. (3.8)

Moreover, by the standard argument, we find that there exists Ty = Ti(e, [[hllys.0o (0
luoe lw2n+2, m, q, N, T) such that the above operator S maps X7, into itself.
We now introduce the metric on X7 by

d (g1, 82) = 181 — 82l Lo 0, 7, LV +2®NY)- (3.9)

Then, it is easily seen that (X7, d) is the complete metric space. With this metric, we see that
S becomes a contraction from X7, into itself. Consequently, S has a fixed point g = S(g) =
udeX r,. Thus, we assure the existence of a strong solution ué of (3.4) on [0, T,] corresponding
to the initial data uq., where T, = Ty (¢, ||h||W3,oo(QT), lluoe llw2n+2,m, N, g, T). In addition, by
the comparison principle, we see that for any f > 0 in Qr, it holds that

ve(x,1) >0 foraa.xeRY, re(0,7). (3.10)

By (3.8) and (3.10), we observe that u., v, > 0 as long as the strong solution (i, ve) of h(KS)‘E
exists.

Lemma 12. Let the same assumptions as that in Proposition 8 hold. We assume that non-negative
functions f € LNT2(Q7) and h satisfy that

1, (3.11)

VRl Loy + 1AR| L 07y <
< B (3.12)

B
||f||LN+2(QT) B
for some positive constants By and Bj. Then, there exists a positive number T, depending on ¢,
luoellwzn+2, Rllwsoo 0,y ms q, N, T such that h(KS), has the unique non-negative strong so-
lution (ug, ve) belonging to W(Qr,).

Moreover, (ug, ve) satisfies the following estimates with 57— < p < N +3 for N > 2 and
p=3for N=1:

1
||u€ ” le”l (QT*) < C1 T*p ||u0€ ” WZ’P(]RN)a (313)
1
|| Vg || LN+2(0,T*; W2,N+2(RN)) < 2 ('L' . T*N+2 || V0e || W2~N+2(RN) + ” f||LN+2(QT*)) (314)

for some positive constants c1 = c1 (g, ||uoe ||W2,N+2(RN), Bi,m,q,N) and c» = c3(B3).

Proof of Proposition 8. From Lemma 12, we see that:
N
() if uge € W1 N WNH3(RN) (respectively W>3(RN)) for N > 2 (respectively N = 1) and
if 1 belongs to L*°(0, T; W22 (RN)), then (1), in *(KS), has a unique strong solution il e
Wi (Qr,) defined in (3.1). Moreover, a" satisfies the following estimate with % <p<N+3
(respectively p = 3) for N > 2 (respectively N = 1):

1
[ w21 gy ST -c3 (3.15)

for some constant ¢3 = c3(e, [uoe llw2.0®wy)s 17l Loo 0,7 w200 Ny s M1, g, N); and
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(i) if voe € W3 (RN) and if f belongs to LN*2(0, T; W>N*2(RV)), then by Lemma 12,
there exists a unique strong solution vf e W,%,’JIFZ(QT) of 2)r in h(KS),. Moreover, in both cases
7=0and 7 =1, o/ satisfies the following estimate:

” ﬁf ” L®(0,T; W3°(RN))
ST ”l_)f HLOO(O‘T;W&OO(RN)) +ca(l=1) ”’_’f HLOO(O,T;W“vN‘*'z(RN))
<ea(tlvosllwsoo@yy + =D [0 oo o rewansz @y, + 1f L, rwene2@y)
< C4(T”v08”W3v°°(RN) + (1= t)“’_)f ||L°°(0,T;LN+2(RN)) + 2”f”LOO(O,T;W2~N+2(IR<’V)))
< ca(Tllvoe llwsoomny + 31f oo 0,7 w22y ) (3.16)

where c4 depends only on N.

By using this strong solution o/, #(KS), with 7 = ©/ (denoted by hzf’f(KS)E) has a unique
strong solution (ﬁh:ﬁf, vl e W(0r,).

Here, we recall the Banach space X7 with the metric defined in (3.5). From (i) and (ii), we
can define an operator @ by

®:feXr, i e W, (01,
where T, is the existence time of ﬁh:”f obtained from Lemma 12. Moreover, by (3.15) and
(3.16), we find that there exists 7o = To (e, [[uoe [l w2 v +2®N), TIV0e | w30 mryy, m, g, N, T) < T
such that the above operator @ maps X7, into itself. To apply the Banach fixed point theorem,
we now recall the complete metric space (X7, d) defined in (3.9). We denote w by

_p=p/1 _h=v/2
w == = gh=v

Then, the multiplication ((1),,_;5 — (1),_;5) by |w|N w and the integration over RY give that

1d 2 2 2

57 Ol vagy, Seslw®]pvagy, + e[ Vol @) = Vo2 O [ vagr, G17)
Here and in what follows cs5 will denote a general constant (not necessarily the same at differ-
ent occurrences) but which depends only on e, [|uoe | y2.5+2&Nys TNV Ve | oo (mN), m, g and N.
By (2.6) in Lemma 5, (3.17) and Gronwall’s inequality, it holds that

2 2
0 S;’lpT ||'I,U(f) ||LN+2(RN) < cS”fl - f2||L2(0,T0;LN+2(RN)) exp{CSTO}'
<I<ly

Therefore, there exists 70 = T0(e, ||M05||W2,N+2(]RN), T”VUOg”Loo(RN),m,q, N,T) < Ty such
that

L

sup ||U)(t) ||LN+2 < (CSTO) o ”f] - f2||L°°(0,T0;LN+2(RN)) CXp{CsT}
0<t<TY

1
< E”fl = S2llpoo(0,70: LN+2(®NY)-
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Now we apply Banach’s fixed point theorem to find that there exists a positive number 71 =
min(7p, T°) < T depending on ¢, ||M05||W2.N+2(RN), r||v08||W3,o<>(RN),m,q, N, T such that @
becomes a contraction from X7, into itself. Consequently @ has a fixed point f = & (f) =

= h=v" u7Y in Proposition 8. O

€ Xr,. Thus we obtain the desired solution (u
3.2. Extension criterion; proof of Proposition 9

To extend the local solution which is constructed in Proposition 8, it is sufficient to show the
following lemma.

Lemma 13. Let the same assumption as that in Proposition 9 hold. Then, it holds that

sup || Vue (1) Lo®yy S My, (3.18)
O<t<T
sup ||Au5(t)||LN+2(RN) < May, (3.19)
O<t<T

where
MVu = MVu (8, M’ ”VMOEHLZﬂLoov T“vOS ”WZ.OO, m, q’ Na T)a
Mpy = May (MVLu | Auoe ”LzﬂLOOv T||voe ||W3~00)-
Proof. To establish (3.18), we develop the method by Bernstein [21]. Concretely, we introduce
the decomposition of the domain as follows.
Let w € R be chosen sufficiently small. Define

20 = {x eRY: (k — Do <ue(x,1) <ko} forkeN.

Then, we find that there exists a constant kg € N such that
ko
2NNRj6)=9 forall jk=1,2,....kg and RY =|_J 2.
k=1

For any fixed ¢ € [0, T'], define the operator 1 (it,) which is given by

e (x,1) k+1
ug(x,t) =Yy (ﬁg(x, t)) =k —3)w+4ew / e_s2 ds inxe U 2;(1).
0 i=k—1

By virtue of this decomposition, we can obtain the Bochner type inequality for |Viig|? -5, where n
is a cut-off function defined in Uf‘:ktI £2;(t). Using the boundedness of 1&,2 (itg), we establish the
boundedness of sup,_ ¢ Ve (t) |12, forall k =1,2, ..., ko. Consequently, we prove (3.18)
(see [26, Appendix A] for more details).

We are now going to show (3.19). For the rigorous proof, we should multiply A(1), by
[Aug|N Au, V¢, where vy is a standard cut-off function. If u.(f) belongs to W(Qr,), by the
limiting process, we can justify the following formal calculation.
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For the sake of simplicity, we multiply A(1);, by |Au,|" Au, and integrate it over RV . Then,
there exists a positive constant My, depending only on &, m,q, N, M, MMT , My, such that

d
A3 <Myt [ Voe) ) - | Aue )] 157 + (Mya (14 | Ave )] 12)

+ My || VA (@) |7 xs2) - | At (1) |z (3.20)

The same letter My, will be used to denote different constants depending on &, m, g, N, M,,
M, My,.
By (2.6) in Lemma 5 and Gronwall’s inequality, it is seen that

2 M u 1 T v e 200 T
sup [ Aue ()|} ns2 < (1 Au0ell? o +Muu (14T + [[006 135 542) T )MV T HIV 0el00) T
O<t<T

Thus, we complete the proof of Lemma 13. O

Proof of Proposition 9. We are now in a position to prove Proposition 9. By Proposition 8§,
we see that the local existence time interval can be characterized in terms of |[uoe [l 2. v+2gN),
t||vog||W3,OC(RN). Hence for the extension of the strong solution (u, ve) on (0, T) onto (0, T")
with T/ > T, it suffices to show that

sup ||M5([)|| W2.N+2 < 00, sup ” UE(I)” w300 < 00,
0<t<T 0<t<T

which was given by Lemma 13. O
3.3. Proof of Proposition 10

For the sake of simplicity, throughout this subsection, we denote (¢, ve) by (u, v) and give
formal calculations. We denote by ¢ a positive number depending only on m, g, N. The same
letter ¢ will denote a general constant greater than 1 (not necessarily the same at different occur-
rences) but which depends only on m, g, N throughout this paper.

Case (i): Tt =1 and m > g. In this case, we have divided the proof into two steps. The first one
gives L” bounds for all r with 1 < r < oo, and the second one gives L° bound for the strong
solution u, of Eq. (1) in (KS),.

Lemma 14. Let the same assumptions as that in Proposition 10 hold. In addition, let T = 1
and m > q. Then, there exist positive numbers M,Z: . and Mgv depending on the initial data

(uoe, voe), T but not & such that the strong solution (u., ve) of (KS), satisfies

sup [ue @) 1 @yy < My, forallr €[1,00), (3.21)
0<t<T

sup ([Jve®)]| ;0 &)+ IVve ()] &) < 1V (3.22)
O0<t<T
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Proof. We multiply (1) in (KS), by u”~!, where r > 1, and integrate it over R . Then, we have

1 d 4m(r = 1
wr ||u||L,\—712U UL2+(r—1)/ "HVY - Vudx = —1+ 1.
r (r+m—1) (3.23)
Bym (> q — —) > q — 2 and by taking r > m — 2g + 3, we have
2 —1 r4+m— r—m+2q—3
II:M Vu +Zlu 7 -Vuvdx
r+m—1
2"n(r || 2 + r— 1 /I/{rim+2q73|vl}|2d.x
S r+m—1)72 2m
1 r— —m2g—3
=51+ = Il NV g vsin-goa (3.24)
On the other hand, by Holder’s inequality, it holds that
) )
||M||L2(r+q )/(m—q+2) X ||u08|| i ” ”Lr+qr 1q . (325)
Combining (3.25) with (2.7) in Lemma 5, we have
2 2 2
||Vv(t)||L2(r+q71)/(qu+2) < ”VUOS||L2(r+q—])/(m—q+2) + C’”/ ||u(s)||L2(r+q71)/(m7q+2) ds
r r )
IV V0e 17 20+ g tyjim—gar + Crlloe |7} P / Juts)| Wfﬁ -
(3.26)
Substituting (3.26) into (3.24), we have
1 —m+2q-3
II < 51 +(r - 1)”u(t)| ;‘rﬁqq ”VUOS||i2(r+q—l)/(m7q+2)
1 r—m+2q-3 r+q 2 2(1- 2(r+q 2))
+er(r =D u@) |55 luoell || O] P
1 r+gq—1 4q—1 ZY(;irqfl)
< EI + (r — 1)r—m+243 ||14(t)| zrqul + ||VU06||L2(r(g12—1)/(m—q+2)
; +2¢-3 v )
+or(r — Dllugell i 2|| O] o /|| )] L,+q2<, 7 g (3.27)
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By (3.23) and (3.27),
1d r 2m(r —
R t B Y
dt||u()|L (r+m ||
r+q—1 +g—1 ijq_l)
+ (r — 1)r—m+24-3 ”M(t) “rerq—l + ”VUOE'||L2(r3—22—1)/(m—q+2)
i —m+2q-3 i)
+er(r — 1) luell - Ju) |5 f Juts)| Wfﬁ T ds. (3.28)
0
By integrating (3.28) from O to ¢,
Zm(r r+m 1
L d
el o 1)2 f [958 )2 ds
rtq-1 ; rq—1 zxj:,:z])
+ (r — 1)r—m+2=3 / |luts)] Lria—1 48 FHIVV0ell 504 1) jon—g42)
0
m— qz
+or(r = Dllucell; 1
t
—m+24-3 v )
. / Jue) 55 d / o) [, s (3.29)
0

Here, we note that

t

[

~ D) ds

o / Jues);

Lr+q 1
0
r—m+2q—3 2rt+g=2)—m+q_
g1 gt (r+q=D(r+q-2) 20r+g=2)—m+
r+q nogts r+q O e
/“”( )‘Lr+q 1 ¢t ” (s )|L’+q 1 ¢ D
r—m+2q—2
r+q—2
1 r+m—2
B /””( )|2-1_J‘r]q 1 t+ta-2 forr > 2.

Using the above inequality, for m > g and r > max{2, m — 2q + 3}, we have

~545D)
Lr+q— 1 dS

cr(r_nnm)en**‘f e f Juts) |0 a / Jues)]
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r—m+2q-2

r4q 1 r+q=2 r+m—2
i
Ler(r — Dllucell - || u(s)| iy ds £

Tl (3.30)

Lr+q-1

t
r+q—2 r4m—2
< lluoellpr + (er(r — 1)) =272« g 7=20=m=2 / Ju)

By (3.29) and (3.30), we consequently obtain

WMM

2 rm
< ||u08||Lr— m(r 1)2/” 9| ds

r+q—1 2(r+q—1)/(m—q+2)
Lr+q—1 ds + t” VUO&‘ ||L2(r+qfl)/(m7q+2)

r4+q—1
+ (r _ 1)r7m+2q73 / ||M(S)|
0

r+q—1
Lr+ta— dS

t
+ lluoell 1 + (cr(r _ 1)) r—iﬁ;jj ,trfztﬂ;,z,z / ”u(s)}

t

2m(r rtm—
—m/ [vu™5" )7 ds

1 2(r+1)
r
+ ;”MOSHLV + lluoellt + TNV voell 26 41)/m

t

q+2 m— r+q—2
(r_ 1)[}" m+2q 3 +rr- m+2‘i] Z(Cr)r m+2q=2 . Tr m+2q 2]/ H ( )|:qu ldS
0
form >¢q, r 2max{2,m —2g +3}andt €[0, 7). (3.31)
From Lemma 6 with a = 3, it holds that
1-6 ;+m 1 Ll
luell prig—1 < Cﬁ' et fluell [Vu S (3.32)

forr >m —2q + 1, where

2N r—m+2q—1 2
B1 = +r+m 2
N+2 r4+q—2)r+m-—1)

r+m—1 1 1
01 := \1- T 1, rem—1°
2 r+q-—1 ¥ -3+

It is easy to verify that % <2ifm>q — % and % < % if » > max{2,2(m — q)}.

Therefore, by Young inequality, it holds that
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[rr "rlnf;jiS +rr m+2({1 3 (Cr)r mJlrIZq2 2 Tr+2q m— 2] ||Lt(t)| thqill
b2 va
(r +m—1)2
for any r € [max{Z, 2(m — q)}, oo) andm > q — % (3.33)
where
2(r+g-2)

(r~|—m—1)qu/N

m—q+2 m—q r+q—2 r+m—2
X ([rr -m+2q=3 | pr— m+2q 2(cr)r m+2q—2 Tr+2q—m—2]

- 2r/N+m—2+42/N _ _ r+m—24+2/N
XC2<1\5V+2) 2;(:;:{ l1) i ||7r+m 2n +(@—=2)2/N 1))7,,1_%2/1\, . (3.34)
From (3.31) and (3.33), we have
2(r+1) 1 T
sup lu@®] - < (lwoellr + rliucellpr + rTIVvoell ssnym + rr=DCr-T)" =2 M,
0<
(3.35)

forany r > [max{2, m —2q +3,2(m —q)}, 00), and m > g — %, and for C, in (3.34). Combining
the mass conservation law for u. (¢) with (3.35), we establish (3.21) in Lemma 14.
By Lemma 5 and (3.35), we have

sup [v(0)| o < llv0elizoe + ¢ T(y) sup [u(®)]] .
0<t<T O0<t<T

sup [Vo(@)| o < IVl +c-T(7) sup [u@)]
0<t<T 0<t<T

with ro = max{2, m — 2q + 3, 2(m — ¢)}. Hence, we deduce that
S (O] + Ve )
< voellzes + Voo e + (D) + T () My, =2 MY,
Thus, we obtain (3.22) and complete the proof of Lemma 14. O
We are now in a position to prove the uniform L>(R") bound for (i, ve).

Lemma 15. Let the same assumptions as that in Proposition 10 hold. We assume that there exist
positive numbers MT and MT such that the strong solution (ug, v.) of (KS), satisfies

L7 (RN) < MMTJ forallr €[1, 00), (3.36)

sup [us ()]
O<t<T

sup || V(0| ®Y) < <Ml (3.37)

0<t<T
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Then, u. satisfies the following estimate:

OSUP ||u€(t)||Lo<>(]RN) MT <00, (338)

where Mloo is a constant depending on |uog|p1npo. M, ur] (with r1 = ri(m,q, N) large

enough), M%U, m,q, N, T but not ¢.

We multiply (1) in (KS)s by u’~!, where r > 1, and integrate it over R". Then, we have

1d
—ElluH’L, S —m(r — 1)/um_1u’_2|Vu|2dx +(r - 1)/u‘1—lvv "2V dx
2m(r — H—m_ MT 2 r—m+2q—3 339
Cr4m— 1)2 [V ”L2 +(r — 1) (Mg,) el Zonti2g s - (3.39)
We divide the cases into two: one is ¢ > 3 — +; the otheroneis2 < g <3 — & F1rst1y, we treat

the case of ¢ > 3 — %

(@) Case of g > 3 — % Let £ be a natural number which is chosen later. By Lemma 6 with
a = 3, there exists a positive constant r, depending only on m, g, N, £ such that

1. _ 2 1-6, r+m 1 —_592_1
el promszg—s < P2 TP lul| 7 | Vu o (3.40)
for any r > r,, where
r—m+2q—3— =l 2 r (s 2 r\ 2N
Pr= r—m+2q—3—— r+m—1 ¢ r+m—1 ¢JN+2][

Q_r—i—m—l L 1 1
2= 2 ror—m+2q-3 %-%4—”’;_1%'

The same letter r, will denote a general constant (not necessarily the same at different occur-
rences) but which depends only on m, ¢, N, £ in what follows.

It is easy to verify that W <2 and 1 < 6 for r > r,. Therefore, the Young in-
equality and (3.40) yield that

2 — 2g—3
r— D(ME) fu) 55

Lr m+2q—3
205 (r—m+2q—3)
< — 1M, 2 B (209 g et R
m(r — 1) I+m 1
h m ” HL2

+ (= Den)f ((MT,)2e) ) (2% forany £ > 1, (3.41)
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r+m-—1

Ox(r — 2g -3
h(r —m +2g —3) ky e '
r+m—1—60(r—m+2q—3)

k= ,
YT 1 — 6, —m +29 —3)
. Then, this constant a becomes a positive number by the assumption

where

Wesetabya::‘”’j/#
q > 3 — %. In addition, it holds that
1-a>0 ifm>q—% when N=2,

2 when N > 3.

1l—a=>0 ifm}q—ﬁ

From the above, it is easily seen that there exists a natural number ¢ depending only on m, g, N
(3.42)

such that
) 1
>1-— 5(1 —a).

SE-D+y
We choose the constant £ used in (3.40) such that it satisfies (3.42). Then, it holds that
g, — r4+m-—1 L 1 1
2= 2 r r—-m+2q-3 %_%4_”‘*;—1.%
;=1
7 T asr— oo.
=D+
This assures that
1 1 1 1
5 =1)— 5% 58 —=1)+ 5%
21( ) N <, < 21( ) 2 forr > (3.43)
;U=D+ 5 ;U=D+ 5
Using (3.43), we obtain the following upper bound for k1, k3:
ki < NY, kpy <NC+2 forallr >r,. (3.44)
Combining (3.41) with (3.44), we see that
r—m+2q—3
(3.45)

2
(r = D(Mg,) lull 550
for any r > ry,

rdm=1,2 C (1—6) (r—m+-2k—3)-k
[Vu—=" |2+ Cllull},.” :

m(r —1)
< - - @@
r+m—1)>2
where C will denote a general constant (not necessarily the same at different occurrences) but

which depends only on M%U, m, q, N, £ throughout this Section 3.3.
We apply the Young inequality again for (3.45). To this end, we set
r—m+2g—3 r+m—1
r4+m—1—6y"

r—m-+2g—3
k32=(1—92)k2-+=(1—92)- ~
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From (3.42), we see that

2 1 1 1
+2-3 Lee—1 le—1—1
TN —° =1a<2-5 2 )1 —1:%( ) N <6, (3.46)
m—1 j(g_l)‘f‘ﬁ E(K—l)—kﬁ

By virtue of (3.46), we see that 1 > 1. In addition, by taking r, larger if necessary, we have

< NL+ 2 for r > ry. Now applylng Young’s inequality with the exponent S to (3.45), we
have

m(r — ”
m

r+m 1

2 — 2g—3
r— D(ME) Nl 702070 <

Lr—-m+2¢=3

HLZ +14+75Cull?,,. (347

for any » > r,. Substituting (3.47) into (3.39), we have

1d

r+m 1
PR —lulpy < =

(r _|_ 1)2 “ ”L2 +1+ rCC”“”L,/z (3.48)

for any r > r,. By the similar argument to that from (3.40) to (3.47), we have

m (V r+m 1

~lully, < ﬁ |Vu |2, + 1+ rCCllul, 0 (3.49)
for r > r,. Combining (3.48) with (3.49), we have
1d 1
;E”””ry +;|Iu||ru <24rCClull], . (3.50)

for any r > r,. Integrating (3.50) from O to ¢, we obtain

C
" < luoelly +2r +rCC sup ;0
O<t<T

’

C

< max| o 1, luoe =, 1, sup Jull e} xr€C 35D
O<t<T

for any r > r,. Hence, applying the Moser’s iteration technique, we establish

sup_ lu®] < Cmax(”“OEHLla”"‘OSHLOO,I,Oi';lETHM(l) L,*)=:M£OO. (3.52)

O<t<

Here, we remark that the upper bound of supy_,_7 l[u(¢)]lL~ is depending on T since
Supg.;<7 llu(?)|l L~ depends on T by Lemma 14. Thus, we complete the proof of Lemma 15
in case of (i)-(a).

Next, we treat the case of 2 < g <3 — %
(b) Caseof 2 < g < 3—%. From g < m—}—% andg < 3—%,itholdsthat 2g < m+3. Therefore,

r—m+2q-3
Nl s < lwoellpr =+ lluell - (3.53)
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Substituting (3.53) into (3.39), we have

1 d 2m(r
=~ lully \—(+7||v

r+m 1

355

172+ ¢ = D(MT) Nuoell 1 + - = D(ME) -

(3.54)

By Lemma 6 with a = 3, there exists a positive constant 7., depending only on m, N such that

265
r+m—1
L2

1Lr/?t3 |Vu =%

2
lJullLr < < P T |

for any r > ry,

where

_2(r—m+1) r N
'33_3(r+m—l)r|:_+N+2(r+2m_2):|’

r+m-—1 4 1
2

1
03 = ) :
1 1 2(r+m—1)
AR Al

292 r

It is easy to verify that - <2bym>1,and - 7 < L6 for r 2 ryx.
Therefore, from the Young inequality, it holds that

(r — D(MT)llulys

m(r — 1)

2 ,
\m” F14rCClully, e forr = ru.

Substituting (3.55) into (3.54), we have

r+m 1

—1
E”I/‘”'Lr X~ (V + 1)2 ” ”Lz + m (MVU) ”“()EHL1 +1

+r C”u”rLr/4 for r 2 rysx.
Since the above (3.55) means that

m(r—1) ”
CEmo1p

r+m 1

llue - < |72+ 1+ rCCllul, g

for any r > ry, combining (3.56) with (3.57), we have

rdt

1d 1 2
——lullyr + ;Ilullry < (r— D(ME,) Nluoell 1 +2+2rCC||u||rLr/4 forr >r

(3.55)

(3.56)

(3.57)

By the similar argument to that from (3.50) to (3.52), we prove Lemma 15 in case of (i)-(b).
Finally, denoting max{r, 7.«} by r1 and combining the case of (i)-(a) with (i)-(b), we complete

the proof of Lemma 15. O
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Moreover, we define M as follows:

<M! < sup erzzMuT forr € [1, co].

Lr(RN) X u,r
1<r<oo

sup_||ug (1]
O<t<T

Then, collecting Lemmas 14 and 15, we obtain (3.2) in Proposition 10.

Case (ii): t=0andm > g — % We multiply Eq. (1) in (KS) by «"~! and integrate it over RV .
Then, we have

d
—Enun’u <—m@r — 1)/u’+m*3|W|2dx+(r — 1)/uq*‘w-u’*2wdx

=_(4T(r 1)2/| r+m ]| dx — —:—1 2/ r4+q— ZAde
r+m— r+gq

We substitute (2) of (KS)s: Av = v — u into the above inequality and use the Young inequality.
Then, we obtain

ld 2m(r — = r—1
—ullyr < <7 ( 2/| . +¥ Fary s
rdt -1 r+q—2

Integrating with respect to ¢, we have

1 - 2m(r
Tl <~ 1)2/||

r+q 2f|| @7 ds form>1,r>1. (3.58)

2 1
ds + - N0 || -

Thus, we obtain the similar inequality to (3.31). By repeating the process from (3.32) to (3.35),
we establish the following lemma.

Lemma 16 Let the same assumptions as that in Proposition 10 hold. In addition, let T = 0 and
m > q — <. Then, there exist positive numbers M, , and My, depending on the initial data
(Uge, Voe) but not ¢, T such that the strong solution (ug, ve) of (KS), satisfies

JSup lus @ 1 @ny < Mur forallr €[1,00), (3.59)
Osup (” U&(t) “LDO(RN) + vas(t) ||L°°(RN)) MVU (360)

Lemma 15 holds true for the case of t =0 and m > g — % Therefore, collecting Lemmas 15
and 16, we establish (3.3) in Proposition 10.
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N(q

Case (iii): t=0and | <m <gq — 2. Taking q1 = Y™ go=r +g—1l,a=2+ 2 in

Lemma 6, we have

2(N+2) r+q-1 N( _ )
r+q 1 N I r+m 1 q m
el F <o ¥ T v | VT forr > ——— " (3.61)

for some absolute constant ¢y, where we used

1_N+2 r+m-—1 <N—|—2

B~ N r—-m+2q—1° N

bym (<q—3%)<q.
Combining (3.58) with (3.61), we obtain

Ay, < [ LETD SR =D v
a1l < r4q-27° L = (r+m-— 1)2

Since ||u(?) || n@g-m2 € C([0, T']), using this continuity and (3.62) with r = , we find that
there exists a short interval [0, #1] such that % lu() |- < Ofort e[0, ], and |lu(t) || ng-m/p2 <
l10e ||LN(q—m)/2 for t € [0, #1]. Since this implies that ””(tl)”LN(‘I*m)/z < ||M08||LN(q—m)/2, we can
repeat this procedure. In consequence, we obtain

N(g—m)
2

Hu(t) ||LN(q—m)/2 < ”u()é‘ ”LN(‘I*’”)/2 fOr re [07 T] (363)

Substituting (3.63) into (3.62), we have

d r(r—1) 2(N+2) r+q-—1 _ dmr(r — r+m 1
N +m—1 q—m
—”M”'Lr é —C e ”MOS”LN(q—m)/Z - 1)2 ||V ||Lz

dt r+q—2 0 r+m-—
2mr(r rtm=1 N(g —m)
pre— H 7. <0 forre[i2 Lo ). (3.64)

By the similar argument to that in Lemma 15, we obtain (3.3) for the case of (iii) in Proposi-
tion 10, which completes the proof of Proposition 10. O

4. Proof of Theorems 1 and 2
In this section, we give a proof of Theorems 1 and 2.
By virtue of Proposition 10, we can extract a subsequence {u,,} which converges in L? (1 <
p < 00) such that
ug, —~u weaklyin L (O, T;L? (RN)). 4.1

Moreover, we obtain a subsequence, still denoted by {u,, } such that for any 2 < p < 00

ug, — u strongly in C((O T); L]OC( )) 4.2)
Vull — Vu™  weakly star in L*(0, T; LZ(RN)). (4.3)
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The above relations (4.2), (4.3) are shown as follows. We multiply Eq. (1) in (KS), by W
and integrate with respect to the space variable over R . Then, we obtain

(m+1)2/| (u8+8)’71+l) | d_x

_———/|V(ug+8)m| dx+( +1)2/| (ug +¢) = )\ dx

4’"(61 - 1) 2(g—2 m+l )
+ (m + 1)2 ||VU8||%M(QT)(||MS”LOO(QT) + 8) @2 |V(us +e) 2 | dx
+m /(us +&)" 2473 Av )P dix. (4.4)

Integrating (4.4) with respect to time variable, we have

0<t<T

T
2 m
ﬁf/“(“g"‘g)%l)tfdxdt—l—— sup /|V(us+8)m| dx
0

T
1 2 2¢—3
=§/|V(u0£+8)m} dx +m(lluelpoocgp +&)" /[|Avs|2dxdt

T
4m(q — 1) 2q-2 mil 2
7||Vv8||im(QT)(||us||LOO(QT)+e) 4=2) |V(ue +&) 7 |"dxdt. (4.5)
0

On the other hand, by the multiplication Eq. (1) in (KS). by u, and the integration with respect
to x and 7, we have

T
f/ V(e +2)"F [P dxdt

0
(m +1)? ([ ’
m+ 2 m+ 2 3 20-2 )
< g luoe o + ——~ (O//qzueq — 7 28 dxdr ). (46)

(q

From (2.6) in Lemma 5, Proposition 10, (4.5) and (4.6), we see that for g > 2 there exists a
positive constant C which is independent of ¢ such that

//| | dxdt + sup /|Vu’"| dx

T

g//|((ug+8)m) | dxdt + sup /|V(“s+8)m|2dx
0

0<t<T
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T
4m2 —1 m+ly 12
<m(lluellmouzrﬂrg)m /f|(“s+8) 7),|"dxdr
0

+ sup /}V(u8+8)m’2dx <C.
O<t<T

Thus, we find that u” € L>(0, T; H'(RV)) N H'(0, T; L>(RV)). Hence, we can extract a sub-
sequence such that

ull — & strongly in C((0, T); Lipe(RY)). 4.7

This gives
ul (x,1) > £(x,1) aa.xeRY te(0,7).
A function g(u) = u% is continuous with respect to u. Thus, we see that
U, (x.1) — £ (x,1) aa.xeRY, re(0,T), (4.8)
On the other hand, by Proposition 10, independently of ¢ such that

sup |us, (t)”LOO(RN) < max{MuT, M} =M,
O<t<T
which yields that

|ug, (0, 1) <M aa.xeRN, 1e(0,T),
M eLP(0,T; L (RV)) forany < p < oo. 4.9)

loc

From Lebesgue dominated convergence theorem, (4.1) and (4.8), we find that

Ug, — §'$ =u strongly in LP(O, T:LP (RN)) (4.10)

loc

for any 1 < p < 0o. From (4.10), we observe that
e, (x,1) = En (x,0) =u(x,1) aa xeRY, allte(0,T). @.11)
By (4.7) and (4.11),
ul’ —u™ strongly in C((0, T); L, (R")). (4.12)

In addition, since |b — a|™ < |b™ —a™| for 0 < a < band m > 1, from (4.2) we see that

ug, — u strongly in C((O, T); L>" (]RN)). (4.13)

loc
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By Holder inequality and (4.13), in all cases of 2 < p < 00, it holds that

ug, — u strongly in C((0, T); L, (RN)), (4.14)

loc

which prove (4.2).
From (4.7) and (4.12), we obtain (4.3).
Using Proposition 10, for both cases T =0 and T = 1 we have

T
t//|(v8),|2dxdt+ sup /|VU£|2dx<C

O<t<T
0
for some constant C independent of . Hence, we can extract a subsequence {vg, } such that

vg, — v weakly in L2(O, T; LZ(]RN)), 4.15)
Vv, — x = Vv weakly in L*(0, T; L*(R")). (4.16)

Integrating (1) and (2) in (KS), with respect to x and 7, we see that (i, , vg, ) satisfies

T
/ /(V(ugn + &)™ - Vo — (g, + ) 2up - Ve, - Vo — g, - @) dx dt
0 RN

Z/MOE,,(X)'(P(X,O)dX,

RN

~

o

f(Vv,sn Vo+ve, 90—, -0 — TV, - )dxdt = / TVg, (X) - @(x,0)dx
RN RN

for any continuously differentiable function ¢ with compact support in RV x [0, T').
Using (4.2), (4.3), (4.15), (4.16) and (A.4), by the standard convergence argument, we obtain

T
//(Vum~V(p—uq_1Vv~V(p—u~<pl)dxdt=/uo(x)~(p(x,0)dx
0 RN RN

for the case of m > 1, g > 2. Similarly, we find that

T
//(Vv-V<p+v~g0—u-<p—rv~(p,)dxdt:/tvo(x)-go(x,O)dx
0 RN RN

for the case of m > 1, g > 2. Thus, we construct the desired weak solution (u, v) of (KS).
Consequently, we complete the proof of Theorems 1 and 2.



Y. Sugiyama, H. Kunii / J. Differential Equations 227 (2006) 333-364 361

5. Proof of Theorem 3
Combining (3.63), (3.64) with Proposition 9, we prove the following lemma.
Lemma 17. Let N > 1, m > 1, g > max{m + %, 2} and let T > 0 and suppose that (A.1) and

(A.2) are satisfied. Then, there exist an absolute constant M and a positive number § depending
only on M, N, m such that if ug satifies:

||”O||L1(RN) =M, ||M0||LN(m—q)/2(RN) <4, 5.1

then (KS), has the strong solution (ug, ve) in the class obtained from Proposition 9 with the
following property:

2 —1 r+m
mr(r ) ” Vi
r+m—1)2

N(g —m)

d luellyr +
— U r ’
ellr, 2

-1
dt ”i2<0 forallt € (0, T)cmdre[

(5.2)

Using the above Lemma 17, we are going to show Theorem 3. Lemma 6 with a = 3 and (A.2)
give that

204
rem—1
L2

1 2 r+
Tt 1-06. 5
luellor < P =T lugl|, 7™ - || Vi 2

for any r € [2, 00), where

. N (r+m—2+%)(r—m+1)
Y R P Y ——

9'_r~|—m—1 ! 1 1
4 .= ) r %_%_Fr—i-m—l’

2
Noting that
1 1-06 N+2
— <2, 4(r+m—l)< + forr € [¢, 00),
04 04
1 2(N +2
— < g forr € [S(m — 1),00),
Ba N
we obtain

r+5zfl N+2 r+m—1 2
luell < (clluollpr) ¥ - Vue 2 |72 forany r € [max{q,3(m —1)},00). (5.3)

By (5.3), we easily see that

2 —1 r4+m—1 2
%nwg T form>1- (5.4)

A
Crlluell7r <
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where

-1 m—1+2 2 —1 -2
Z:r+m =1 N > 1, Cr = mr(r ) '(C“u()”L') M

O4-r r—1 '_(r—i—m—l)z

By combining (5.4) with (5.2) in Lemma 17,

"1 <0 forr e [(N+2)q,00). (5.5)

v+ Crllue@

d
dr “Ma(t)

Let us denote ||us(¢) ||, » by X (¢). Then, (5.5) gives

X' __ —ht1y/
X0 +C, = — (X)) + ¢ <o. (5.6)

From (5.6), we obtain

1 1 1

X(1) < — < — :
(= DCr -1+ XOHFT  min{(h — DGy, luol SV (1407

1
= max{((k — DC,) T fuolly, } - (1407,

This means that

1.1 1 N 1
i T _—(1_;)
’

1 ~
Hus(t)| - S max {((k — l)C,) , ||u0||Lr} (141 =17 < Cr(1 4 1) m=DNF2
where
N 1
. (r+m—1)>2 1 ng2 vz (=0
C, :=max{[ : 5 (clluolizr) ™ s luollzr ¢
r 2m(m — 1+ %)

We thus establish the decay estimate for r € [(N + 2)g, 00). On the other hand, by the Holder
inequality and the mass conservation law,

p=l r p=l r_
lluell,

-5 =
luellr <lluoll,; " ° Pt forpell,r]

Therefore, we have the L?-decay estimates for all p € [1, co) as follows:

1_1’_:1./Tl r
Hus(t)”Lp < ”uO”L] ! -C,

1 _r N 1
rho _H)m'(lf;,)

for pe[l,00). (5.7)
In addition, a solution v, of Eq. (2) in (KS), can be expressed by the Bessel potential. Therefore,
we obtain the same decay estimate as (5.7) for v,. Furthermore, by the lower semi-continuity
of the norm for p € (1, co) and Fatou lemma for p = 1, we obtain the decay estimate (1.6) in
Theorem 3. In consequence, we complete the proof of Theorem 3.
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Appendix A

In [26] we investigated the case of g = 2 in (KS). By the similar argument to that in there, we
can obtain the following Lyapunov function for the case of g > 2:

m

- 1
WO = e Juo) |55 — / u((t) dx + 5 ([Voo |72 + o] 72).

Moreover, we obtain the following lemma:

Lemmal8.LetN>1,t=0,1,g>2,m>q— NL+2 and the non-negative functions (1o, Tvgy) €
L'n L™RN) x H'(RN). We assume that (u,v) is a weak solution of (KS). In the case of
T =0, vg denotes G * ug with the Bessel potential G. Then, there exists a positive number
R = R(ugp, vo) > 0 such that the weak solution (u, v) of (KS) satisfies

sup ”u(t) ”’anjq_:g(RN) <R,

O<t<oo

2
T ” Ut ||L2(O,OO;L2(RN)) < R’

sup (|02, + VOO F2n,) < R-
O<t<oo

More precisely,

= m m—q+2 _
R= 4{ el HERAETS [ woroas
RN

1 2 2 Vim
+ E(HVUOHLZ(RN) + ”vO”LZ(RN)) + Cm(”v()”Ll(RN) + ”u()HLl(RN)) )
where Cy, and y,, are positive numbers depending only on m,q and N.

References

[1] H. Amann, Linear and Quasilinear Parabolic Problems, vol. 1, Abstract Linear Theory, Birkhéuser, Basel, 1995.

[2] P. Biler, T. Nadzieja, R. Stanczy, Nonisothermal systems of self-attracting Fermi—Dirac particles, Banach Center
Publ. 66 (2) (2004) 61-78.

[3] A. Bonami, D. Hilhorst, E. Logak, M. Mimura, Singular limit of a chemotaxis-growth model, Adv. Differential
Equations 72 (2001) 1173-1218.

[4] H. Brezis, Analyse Fonctionnelle, Théorie et Applications, Masson, Paris, 1983.



364 Y. Sugiyama, H. Kunii / J. Differential Equations 227 (2006) 333-364

[5] L. Corrias, B. Perthame, H. Zaag, Global solutions of some chemotaxis and angiogenesis systems in high space
dimensions, Milan J. Math. 72 (2004) 1-28.
[6] V. Calvez, A. Carrillo, Volume effects in the Keller-Segel model: Energy estimates preventing blow-up, preprint.
[7] J.1. Diaz, T. Nagai, J.M. Rakotoson, Symmetrization techniques on unbounded domains: Application to a chemo-
taxis system on RN, J. Differential Equations 145 (1998) 156-183.
[8] J. Duoandikoetxea, Fourier Analysis, Grad. Stud. Math., vol. 29, Amer. Math. Soc., Providence, RI, 2000.
[9]1 M.A. Herrero, J.L. Veldzquez, A blow-up mechanism for a chemotaxis model, Ann. Scuola Norm. Sup. Pisa CI.
Sci. (4) 24 (4) (1997) 633-683.
[10] D. Horstmann, From 1970 until present: The Keller—Segel model in chemotaxis and its consequences I, Jahresber.
Deutsch. Math.-Verein. 105 (3) (2003) 103-165.
[11] W.Jdger, S. Luckhaus, On explosions of solutions to a system of partial differential equations modelling chemotaxis,
Trans. Amer. Math. Soc. 329 (1992) 819-824.
[12] E.F. Keller, L.A. Segel, Initiation of slime mold aggregation viewed as an instability, J. Theor. Biol. 26 (1970)
399-415.
[13] H. Kozono, L1-solutions of the Navier—Stokes equations in exterior domains, Math. Ann. 312 (1998) 319-340.
[14] O.A. Ladyzhenskaya, V.A. Solonnikov, N.N. Ural’ceva, Linear and Quasi-linear Equations of Parabolic Type,
Transl. Math. Monogr., Amer. Math. Soc., Providence, RI, 1968.
[15] S. Luckhaus, Y. Sugiyama, Large time behavior of solutions in super-critical cases to degenerate Keller—Segel
systems, Math. Model. Numer. Anal., in press.
[16] P. Laurencot, D. Wrzosek, A chemotaxis model with threshold density and degenerate diffusion, preprint.
[17] R. Kowalczyk, Preventing blow-up in a chemotaxis model, J. Math. Anal. Appl. 305 (2) (2005) 566-588.
[18] T. Nagai, T. Senba, K. Yoshida, Application of the Moser-Trudinger inequality to a parabolic system of chemotaxis,
Funkcial. Ekvac. 40 (1997) 411-433.
[19] T. Nagai, Behavior of solutions to a parabolic system modeling chemotaxis, J. Korean Math. Soc. 37 (2000) 721—
733.
[20] M. Nakao, Global solutions for some nonlinear parabolic equations with nonmonotonic perturbations, Nonlinear
Anal. 10 (3) (1986) 299-314.
[21] O.A. Oleinik, S.N. Kruzkov, Quasi-linear second-order parabolic equations with many independent variables,
Russian Math. Surveys 16 (1961) 105-146.
[22] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer, New York,
1983.
[23] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations,
de Gruyter Exp. Math., vol. 19, Walter de Gruyter GmbH & Co. KG, Berlin, 1995.
[24] Y. Sugiyama, Global existence and decay properties of solutions for some degenerate quasilinear parabolic systems
modelling chemotaxis, Nonlinear Anal. 63 (2005) 1051-1062.
[25] Y. Sugiyama, H. Kunii, Global existence of solutions of the Keller—Segel model with a nonlinear chemotactical
sensitivity function, RIMS Koukyuroku 1432 (2005) 49-54.
[26] Y. Sugiyama, Time global existence and asymptotic behavior of solutions to degenerate quasi-linear parabolic sys-
tems for chemotaxis-growth models, submitted for publication.
[27] Y. Sugiyama, Global existence in sub-critical cases and finite time blow-up in super-critical cases to degenerate
Keller—Segel systems, Differential Integral Equations, in press.



