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Abstract

We give a proof that the sphere §' 6 does not admit an integrable orthogonal complex structure using simple differential geometric
methods. This appears as a corollary of a general analogous result concerning pseudo-spheres.

We study the twistor space of a pseudo-Riemannian manifold in both the holomorphic and pseudo-Riemannian directions. In
particular, we construct the twistor space of a pseudo-sphere S%;‘ = 802p41,24/802p,24 as a known pseudo-Kéhler symmetric
space. This leads to the explicit, unexpected computation of the exterior derivative of the Kihler form on the base manifold.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

This article recalls the problem solved by C. LeBrun in [11] of the non existence of orthogonal complex structures
on the sphere S®. That clever proof recurs to a particular fibre bundle, the open subspace of the Grassmannian Gr3(C’)
consisting of 3-planes P for which P N P = {0}. This is a space which, we know today, agrees with the general twistor
bundle of the 6-sphere, as it has been put in this context in [7]. The result of LeBrun has also been proved independently
in [15].

The reader may notice throughout the text that we somehow reproduce the same first arguments from the referred
article [11], but we show them as a consequence of a more profound analysis of the theory of twistors. Indeed, the
final argument is purely geometric, rather than topological, and this is the reason why it applies to pseudo-spheres.
We start by extending some known results from the Riemannian to the pseudo-Riemannian context, for which it is
essential to consider all what was explained in [12]. In recalling the theory from this reference we are led to some new
insights relating affine transformations and the twistor pseudo-holomorphic structure.

* Both authors were partially supported by Fundagdo Ciéncia e Tecnologia, through POCI/MAT/60671/2004 and the plurianual of their research
centres, respectively CIMA and CFIF.
* Corresponding author.
E-mail addresses: rpa@uevora.pt (R. Albuquerque), isabel.salavessa@ist.utl.pt (I.M.C. Salavessa).

0926-2245/$ — see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.difgeo.2006.08.004


https://core.ac.uk/display/82828688?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/difgeo
mailto:rpa@uevora.pt
mailto:isabel.salavessa@ist.utl.pt
http://dx.doi.org/10.1016/j.difgeo.2006.08.004

208 R. Albuquerque, I.M.C. Salavessa / Differential Geometry and its Applications 25 (2007) 207-219

In the last section we revise and compute a few metrics on the twistor space of a pseudo-sphere. We start by proving
the spheres cannot be pseudo-Kéhler. Then putting together the pseudo-Kéihlerian structure of the twistor space and its
intrinsic geometry induced by the linear connection, we are able to find interesting formulae dealing with its curvature
and the Kéhler form w on the base manifold. This is actually true for all symplectic twistor spaces, whose classification
our formulae may bring further insight. The analysis of the exterior derivative of @ by two different paths leads to the
conclusion that it must vanish. In the end, we show explicitly a nearly-Kéhler 6 dimensional pseudo-sphere.

2. Twistor spaces

Let (M, V) be a 2n-dimensional manifold endowed with a linear connection. We briefly recall along the text the
theory of twistor spaces described in [12,13]. For a fast exposition and new proofs we avoid mentioning the principal
bundle of frames of M.

2.1. The general theory

Consider the general twistor space of M, i.e. the bundle

JM)={jeEndTyM |xeM, j>=—1} 5> M (2.1)

with standard fibre GL,, (R)/GL,(C) which consists of the complex symmetric space of linear complex structures
on R?". More accurately the bundle is called a rwistor when it is seen with a certain almost complex structure 7"
induced by V. First we have an exact sequence of vector bundles (all over the same base space)

0-V->TJIM)— E=a*TM — 0, (2.2)

where V = kerdw. Then we use the connection to find a splitting 7.7(M) =V @ H" into vertical and horizontal
tangent vectors and define, up to canonical isomorphism dr : HY — E,

JY(X)=jX, for X horizontal, JY(A)=jA, for A vertical. (2.3)

The meaning of “jA” on the vertical side is explained as follows. The general twistor’s fibre 7~ !(x) consists of
elements j of the form gJog~! where g varies in GL(T, M) and J is a fixed element. So it agrees with the complex
symmetric space GL(Tx M)/GL(Tx M, Jo). It is not hard to see that

Ti(m ' (x)) =V, ={A €EndE; | Aj = — j A} (2.4)

and that this space is closed under left multiplication by j. This is the symmetric space complex structure of the
standard fibre, which we copy to each fibre of the twistor bundle.

If we define a tautological section @ € I'(J(M),End E) by ®; = j, then it varies along the vertical directions
only. More precisely:

Proposition 2.1. [12] HY = {X € TT (M) | (7*V)x® = 0}. The vertical part of X € TT (M) is X' = L (7*Vx ®).

To see this, we may argue with a section j: U +— J (M) on a neighborhood U of a point x¢. It is well understood
that d j,, (X) lies in the horizontal distribution induced by a connection on a fibre bundle if, and only if, V= 0.
However, we also deduce (7*V); x® = j*(7*V)x j*® = Vx j. Here is a heuristic proof of the proposition. Take
normal coordinates x' for V in M around a point xo, so that, if V =d 4 A, then A, = 0. Take coordinates z* for the
fibre of J(M) (¢ =1, ...,n? —n). Then at the point j = (xo, [z%]) the section & corresponds to [z*], s0 T*Vy, @ =
¥ (d 4 Ayy)y 291 = 2L = 0 and (2* V3, @)9; = (w*dy, [2P1)9; = 8 [2P10i — [2#1060; = [3e» P13;. Hence, for A €
V, we have found 7*V,® =[A, ®] = 2P A.

Now we recall the integrability equations of 7V, the proof being postponed to Section 3.3. Let j*, j~ denote
respectively the projections

1 1
S =ip), S (+i))

to the +i and —i eigenspaces of j.
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Theorem 2.1. [12] The twistor space almost complex structure is integrable if and only if the torsion T and the
curvature R of V satisfy

JiTTG™X,j7Y)=0, JTR(™X,j7Y)j” =0, (2.5)
forall X,Y e TM, j € J(M).

2.1.1. The Riemannian twistor space

When the structure group of M is reducible and M admits a connection compatible with such reduction, we can
further reduce the twistor space. Here are some celebrated examples: for oriented Riemannian manifolds and metric
connections the appropriate twistor is the one with fibre SO,, /U, (cf. [3,12,14] between many others), for almost
hermitian manifolds with a hermitian connection one restricts to Up14/U, x U, (cf. [8,12]) and for symplectic
manifolds endowed with symplectic connections we consider Sp, (R)/U, (cf. [2,16]). But some other twistor spaces
have been studied, both of the compact and non-compact type. Namely for the quaternionic structure 7, J, K in
dimension 4n one considers the sphere bundle {xI + yJ + zK | x> + y? + z? = 1}. As examples of the non-compact
type we mention the hyperbolic twistor space, induced by paraquaternionic structures (cf. [6]), and the complex
structures compatible with a 2-form or Sp g (R)/Up,4 case (cf. [1,2]).

Notice all the previous symmetric spaces are complex symmetric subspaces of the whole space of linear complex
structures on R?". This follows trivially from the theory in [10] (as we shall see in a specific case). Hence the integra-
bility equations of all respective twistor spaces are the same as those for the one with general fibre, cf. Theorem 2.1.

In case (M, g) is an oriented Riemannian manifold and we consider the first of the previous examples

J+(M, g) = {j € J(M)| j*g =g and j induces the same orientation} (2.6)

with the Levi-Civita connection, then it is a well known result in dimension 4 that 7"V is integrable if, and only if,
M is self-dual (cf. [3]). For higher dimensions it was proved in [12], using representation theory, that the integrability
equation being satisfied is equivalent to conformal flatness, i.e. the vanishing of the Weyl part of the curvature—which
no longer brakes into two irreducibles as it does in 4 dimensions.

We recall the main lines of the proof, which comes from analysis of Eq. (2.5). Since for all j we have j* =
k(1 £ iJo)k~" = kJ5k™, the curvature condition can be put as Jy k™' R(kJy X, kJy Y)kJ; =0, Yk € SO(T: M),
X,Y e T, M. Noticing the adjoint action, the condition is saying R takes values in the largest invariant subspace of
curvature type tensors which satisfy JJ‘ R(Jy X, Jy Y)J, =0.But we may view Jy as an element of the Lie algebra
acting by

(Jo-R)(X,Y)=JoR(X,Y)— R(JpX,Y) — R(X, JoY) — R(X,Y)Jo,

VX,Y € Ty M. Since Jy has eigenvalues =i on Ty M, it can only have 0, +2i, £4i eigenvalues on curvature tensors
(a simple computation). The 4i eigenspace is easily seen to consist of tensors of the form JO+ R(Jy X, Jy Y)J, , so,
again, the condition is saying R takes values in the largest invariant subspace in which Jy has no 4i eigenvalue. By
conjugation and since the tensor R is real, we cannot have the —4i eigenvalue either.

Now in dimension > 6 it is known that R has three irreducible parts: the scalar curvature, the traceless Ricci
tensor and the Weyl tensor. We conclude the latter is 0, because the former are symmetric and hence cannot give a
4i-eigenvalue. Finally, we recall the equivalence between Weyl and conformal flatness.

2.1.2. The pseudo-Riemannian case
Now suppose (M, g) is an oriented 2n-manifold and g is an indefinite metric of signature (2p, 2g), p +q =n. Let
us denote

| p O | 0 N
Ip’q_[O _IZqi| and Jp’q_[O Ak where J, = 5, 0|

Thus each tangent space of M admits an oriented orthonormal basis in which the metric is given by I, ;. Next
we consider the space F) 4 = S02p 2,/ Up , Whose elements are the linear complex structures compatible with the
orientation and metric of semi-Euclidian space, or orthogonal linear complex structures.

Proposition 2.2. F), ; is a pseudo-Kdhler symmetric space.
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Proof. Notice J » (11 =J ; ¢= —Jp,q- Again we have a complex symmetric subspace F), ; C GL,(R)/GL,(C), be-

cause it is induced by the involutive automorphism k — J,, 4kJ pT q 0f 80224 with Uj, 4 as the subgroup of fixed
elements (we refer to the theory in [10]). Since we have T; F), ; identified with

my ={A€503p24: AJ =—JA}

and the invariant complex structure is left multiplication by J, we have to check JA € m;. We know Al, , =
—1,,AT and J1,,J7 =1, ,. Hence

JAL, g =—J1, AT =1, , 0" AT =1, (ADT =~1, ,(JA)T

as we wished. Since kJ Ak~! =kJk~'kAk~!, we have indeed an invariant complex structure.

Clearly [[mj, m;], m;] C my, which is the condition for m; to correspond to the canonical connection: a torsion
free connection with parallel curvature. This is, moreover, the connection of the SO, 24-invariant metric induced by
the Killing form of 507, »,. Finally, if @ is the non-degenerate invariant pseudo-Kihler form, then dw(X, Y, Z) =
do(JX,JY,JZ) =dw(J*X, J?Y, J?Z) = 0 and we are finished with the proof. O

Now we can talk about a new twistor space of M, also denoted 7+ (M, g) ={j € J(M) | j*g = g and j induces the
same orientation}, with fibre F, ,. We can also say it is the space of linear complex structures for which g becomes
type (1, 1), or equivalently g(j*X,Y) =g(X, j~Y).

By the remarks in the previous section, the equations of integrability of the almost complex structure 7" are the
ones from Theorem 2.1 and precisely the same arguments from the definite case apply.

Theorem 2.2. The twistor space J+ (M, g) is a complex manifold if, and only if, the metric is self-dual in case 2n =4,
or the metric is conformally flat in case 2n > 4.

Proof. The decomposition of the pseudo-Riemannian curvature tensor is sustained in all signatures and, according
to [5, Theorem 1.165], the vanishing of the pseudo-Riemannian Weyl tensor corresponds to conformal flatness. In
dimension 4, the case for SO > also resumes to self-duality (W~ = 0) because the Hodge operator still verifies w2 =1
and this group is not simple. O

2.2. Holomorphic maps into twistor space

Let Z be any of the previously described twistor spaces over a manifold (M, V). Suppose (N, JV) is a given
almost complex manifold and ¥ : N — Z a given map. Let f = 7 o ¢ and let y*@® be the pullback of the tautological
almost complex structure of the bundle E described in (2.2): ¥ *®, agrees with ir(x) for all x € N. This induces a
decomposition Y*E @ C = ¥ @ ¢~ into %i-eigenbundles. Now we need a lemma whose proof was already given in
two particular situations: in [13] for the Riemannian case and in [1] for the symplectic case. It is a result of a technical
sort, which carries straightforwardly to the present setting.

Lemma 2.1. [13] On any twistor space the following conditions are equivalent:

) vis(J N Ty pseudo-holomorphic.
(i) df o JN =y *® odf and (f*V,y*®)(YT)=0,Vu e TTN.
(ii) df(TTN)c vyt and f*V,(Iy ) CcTy1), Yue TTN.

Now suppose N = M and ¢ = J: M — Z is a smooth section. Let J itself play the role of JV above, as it is an
almost complex structure on M. Then f =1d and J*® = J. Moreover, the space of sections I'J T =T'TTM =X+,
The following result generalizes one from [14] in two directions.

Proposition 2.3. For V torsion free, the almost complex structure J is integrable if the map J is (J, JV) pseudo-
holomorphic.
For the pseudo-Riemannian twistor space with the Levi-Civita connection, the condition is also sufficient.
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Proof. Let us analyse (iii) in the lemma. The first part holds trivially and the second resumes to
VyoeXt, Vu,veXT. 2.7
But then the integrability follows by the vanishing of the Nijenhuis tensor, which is well known to be equivalent to
[u,v]=V,v—VyueXx™.
Conversely, suppose we are in the pseudo-Riemannian setting and the last equation is fulfilled, i.e. [X*, XT] Cc X*.
By hypothesis the metric g is type (1, 1) relatively to J. Let us define a 3-tensor © (u, v, w) = g(V,v, w) in X*. Itis

indeed CS7(C)-linear in v because g(v, w) = 0. By the same reason and the fact that Vg =0, @ is skew-symmetric
inv, w:

gVuv,w)=u- g, w) — g, Vyw) = —g, V,w).

But the integrability of J implies © is symmetric in #, v. These two conclusions lead to @ = 0 and therefore (2.7) is
valid again. Applying the lemma, we see J is pseudo-holomorphic. O

2.3. Affine transformations of twistor space

Let M, My be two manifolds and o : M — M a diffeomorphism. Then o induces an invertible transformation
from J (M) onto J (M) preserving the fibres, i.e. a map X' such that the diagram

T (M) —=~ 7T (M)

T Ty
M—"— M,
commutes. Indeed, for any y € M1, j € 771 (6 7 (y)) we define
Y(j)=doojodo™! (2.8)

which is an element in 7, ! (v). It is trivial to check X is well defined.

We may suppose furthermore that o preserves some extra G-structure, in the sense that it interchanges the principal
G-bundle of frames of M and M. Then it induces a map X' : Z — Z| between the twistor subspaces whose fibres are
G/GNGL,(C).

Assume we have twistor almost complex structures J Viand J v! , on the respective twistor spaces, where vi=
o -V and V is any given linear G-connection on M. Recall that for any Z, W vector fields on My,

(0 -V)zW=0- (V107 - W)

where o - X, = do (X, -1 (v)), Vy € M. The new connection is again a linear G-connection, and o becomes an affine
transformation. Since one can also see X as the map o - acting on twistors, the following must be true.

Theorem 2.3. [2] X' : Z — Z is pseudo-holomorphic.

Proof. This proof is considerably shorter than the one in the reference. Notice that X', when restricted to each fi-
bre, extends to a linear map between End qu(y)M and End Ty M;. Hence, applying (2.3), dX'(jA) = X (jA) =
Y(j)X(A)=X(j)dX(A) and we may conclude the map is vertically pseudo-holomorphic.

Now we shall check part (ii) of Lemma (2.1) considering X as a map into the second twistor space Zj. Let
f=0om =m oX. By definition, for any X € T;J (M) we have

df o JV(X)=do odn(JVX)=doojo (da*lda) odnX =X (j)df(X)

which is the first part of the condition. For the second we take u € HV+, @, ®! the canonical sections (cf. Proposi-
tion 2.1) and notice
(v Zro ) ot = ((Z*a;vh), Z*e ) 2t = ((nf V')

Z*u¢l)2+ (2.9)
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so the theorem follows after the proof that > HY = HV1 . This turns out to be exactly the case when we consider the
particular connection V!,

Notice that 2*(15} = db}:( = dojdo™ ' =0 - ;- Also it is not difficult to compute the formula, for any section &
of o*T M,

o*ViE =o*((o - (Vzo ! -8)))

for any Z € T M. Finally suppose X € H". According to Proposition (2.1) we have 7*Vx® =0 and want to prove a
similar equality for X, X. Now

TiVE x®' = ((m1 0 2)*V!) ¥ 0! = ((0 om)* V') Z* 0!
= (JT*O'*Vl)XO P = n*a*(o . (n*Vx(o_l ‘o - (D))) =0
as we wished. O

The principle behind the last computation is the fact that an affine transformation sends V-horizontal frames into
V!-horizontal frames. Now suppose we have on M| a second linear connection V2 = V! 4+ A.

Corollary 2.1. The map ¥ :(Z,TV) — (21, Jvz) is pseudo-holomorphic if, and only if, jrAijjl_ =0, VY €
TMy, Vj € 2.

vi+

Proof. We know that for any u € HV+, such that j € Z, we have X,u =v € HE(]-).

last proof from that point of formula (2.9), which must vanish:

(V)5 , @) 2 =0 — [1/A, 2|27 =0 — [Ain,w.0lif =0, VjieZ.

So we just have to follow the

By definition dr1 j,(v) =Y —ijiY € T, ;)

A, i1 = (G + i) Adj — Gy + 50 A) 5
=i(jTAj + T AjT = 0T AR U AR =200 Al

the condition on A is equivalent to jl_Aerjf' = j1+“4j1‘Yj1_ =0. O

M, for some Y € T M. Since

Notice that if o = 1d, then X = Id; hence the corollary gives the necessary and sufficient condition on 4 in order
to have 7V = J V2 From this remark one proves easily that the twistor almost complex structure on the pseudo-
Riemannian twistor space is independent of a conformal change of the metric, a well known result in the definite
case [12]. Just recall the difference tensor A = V2 — V induced by the metrics g and ¢/ g is given by AyxY =
X(HY +Y(HX —g(X,Y)grad f.

Also we remark that Theorem 2.3 is coherent with the integrability equations of (2.1) because X'(j )E = 3 j +),
Vj, and the torsion and curvature tensors satisfy T7°V=¢-Tand R°Y =0c - R.

Corollary 2.2. Suppose o is an isometry of a pseudo-Riemannian manifold (M, g). Then the map X : J (M, g) —
J+ (M, g) is pseudo-holomorphic.

Proof. The affinely transformed connection o - V of the Levi-Civita connection V is also a metric and torsion free
connection. By uniqueness, the two connections coincide. O

3. The case for the pseudo-spheres
3.1. Preliminary results and a description of ZP-4
Now we consider the 2n-dimensional pseudo-sphere Sgg =802p41,2¢/502p 24 with its usual SOz 41 24-invariant

metric (, ), where n = p +¢q, p,q > 0. Notice the usual prefix ‘pseudo’ is not referring to complex manifold termi-
nology. Recall the invariant metric induced by the Killing form is the same as the metric of the flat semi-Euclidian
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space R?P+1:24 restricted to the tangent bundle of the homogeneous space of norm 1 vectors. Recall also that this even
dimensional pseudo-sphere is diffeomorphic to $27 x R??. We let Z7-4 denote the twistor space j+(S§2, ().

Recall S%” is a connected, simply-connected, complete semi-Riemannian manifold of constant sectional curva-
ture 1. Hence all twistor spaces Z?-¢ are complex manifolds.

Proposition 3.1. S%” cannot be a pseudo-Kdahler manifold for any complex structure compatible with the metric,
exceptifp+q=1.

Proof. Let ¢ =0 and p > 1. Then the Riemannian spheres are not Kéhler by topological reasons (a closed Kéhler
form yields a manifold with no volume).
Now suppose both p, g > 0. Then S%Z cannot be pseudo-Kéhler because of the classification of space-forms of this

kind. Consider the open subset (CIP’Z of complex projective space consisting of lines generated by z € C"*! such that

p n
ZZiZi - Z ZiZi
i=0 i=p+1
is greater than 0. Then, for any ¢ > 0, this space inherits an indefinite Kihler metric of constant holomorphic sec-
tional curvature c. Now a result of [4] says that a connected, simply-connected, complete pseudo-Kéhler manifold
of signature (2p, 2q) and constant holomorphic sectional curvature ¢ must be isometric and biholomorphic to (C]P’Z.
So the pseudo-sphere should be isometric to this projective subspace, with ¢ = 1, because its sectional, and hence
holomorphic sectional, curvature is constant 1. However, this is in contradiction with the fact that not all the sectional
curvatures of (C]P’Z are 1. Indeed for any X, Y tangent to this manifold, with (X, X)=1,(Y,Y)=—1and (X,Y) =0,
then R(X,JX,X,JX)=1and R(X,Y, X,Y) = —%, as we can see by a formula of [4]. One may also argue that the
two spaces are in fact not homotopically equivalentif p > 1. O

The twistor spaces of pseudo-spheres are described next.
Theorem 3.1. The following are biholomorphic identities:

Zpd _ SO2p+129 S02p+2,2q.

UP,‘I UP-H,LI

Proof. By Theorem 2.3 the Lie group SO;,11,24 acts by biholomorphisms on Z?-4. The isotropy subgroup is evi-
dently U, , as we deduce from the definition (2.8). By counting dimensions, the first identity follows. We note that
this action can be seen, locally, as b - (x, j) = (bx, bjb’l) €802p11,2¢/802p,2g X SO2p.24/Up 4.

For the second identity, we note that every j € 7! (x) C 279 extends to a linear complex structure in R27+2:2¢ =
R1 + R2PT1.24  writing j(x) = —1, j(1) = x. This extension is in fact the identity map, since for any linear or-
thogonal complex structure J in R??+224 we get (1, J(1)) = —(J(1), 1) = 0 and due to the conjugation of J by a
b € §02p41,24 agreeing with the action above. Notice the bundle projection to the pseudo-sphere is J — J(1). O

Here is a well known result whose proof, at the light of the theorem, might be interesting to notice (cf. [3]).
Corollary 3.1. CP3 is the twistor space of the 4-sphere.
Proof. We recall the Riemannian twistor bundle is usually seen as H?/C* — HP'! = §* so the whole space is CP3
and the fibre is CP'. The latter agrees with the 2-sphere of normed 1, self dual 2-forms. Now the holomorphic
identification of 3-projective space with SOg/ U3 comes from a special isomorphism su(4) >~ s0(6) (cf. [9, pp. 518-

519], the coincidence AIll(p =3,¢ = 1) = DIl(n =3)). O

It is known by a result of A. Borel and J.P. Serre that the only spheres which admit almost complex structures are
52 and S°. The results presented above lead to a new proof of the following interesting result of C. LeBrun.



214 R. Albuquerque, I.M.C. Salavessa / Differential Geometry and its Applications 25 (2007) 207-219

Theorem 3.2. [11] There is no integrable orthogonal complex structure on S°.

Proof. Suppose there exists a section J : §¢ — 230 representing such an integrable complex structure. By the ex-
istence of local complex charts, J must me a smooth section. It is also holomorphic by Proposition 2.3. Thus S°
embeds as a complex submanifold of the Kihler manifold SOg/ Uy, and hence it is itself a Kéhler manifold—a con-
tradiction. O

3.2. The metric on ZP-1

The spaces J4(M, g) inherit a metric an*g + bg r, where g is the invariant metric defined on the fibres via the
connection and a, b are any two non-vanishing functions. This works for any manifold and yields a metric compatible
with 7V, as it is simple to check.

In the present application to pseudo-spheres we shall find a, b such that the metric on Z”°9 = F,, | , agrees with
the SOz 42 24-invariant one of Proposition 2.2. Let 1 represent a norm 1 direction in semi-Euclidian space and let
m[; ={A € 502p24: AJ = —JA}. Since the bundle projection is given by the linear map 7w (J) = J(1), it is easy to
see that the vectors tangent to the fibres, i.e. those in V = kerdx, correspond to

Aem?™ suchthat Al=AJ1=0.

It follows that, for any X € T;(])Sgt’]', we get (AX, 1) = (AX, J1) =0. Hence, a tangent vector A € mIJ)—H is tangent

to the fibres of the twistor bundle if A coincides with an endomorphism of {1, J1}*. We shall denote the vertical part
of any tangent A by A’.

Lemma 3.1. The Killing form of sox; is given by By (A1, A2) = (k+1—2)Tr A As.

Proof. Itis well known the Killing form of so(k 4+, C) = g is given by the formula above. On the other hand, for any
real form go of a complex Lie algebra, i.e. any real Lie algebra such that go ® C = g, its Killing form is clearly the
restriction to real vectors of the Killing form of g. So we just have to prove sog ; is a real form of g. Given X € soy,
X5 any k x [ matrix, and X3 € s0;, the map

X1 X X1 iXa
T = T
X, X3 —iX; X3
can easily be seen to be an isomorphism of Lie algebras. Of course its image is a real form of so(k + [, C), and since
isomorphisms induce isometries for the Killing metric, we are finished (cf. [9, pp. 189, 239] for details). O

Returning to the above, we write (A1, A2)k = —Bak.21(A1, A2) (recall the Killing form is negative definite on the
compact orthogonal Lie algebra). Now computing the trace using a basis containing 1 and J 1, we find
2p +29)(A}, Ay)p = 2p +2q — 2)(A], Ay p+1 (3.1

for any vertical vectors A7, A,. We have proved part of the following result.

Proposition 3.2. For any vectors A, B € T;Fp11,4 = m?“, we have

(A, B)p1 = 8n(Al, B1) + —

C(A.B)). (3.2)

n—
In particular, the index i, 4 of the metric on F), 4 (the number of time-like vectors in an orthonormal basis) is q2 —

q+2pq.

Proof. Let {X1,..., X, JX1,...,JX,} be a (direct) orthonormal basis of {1, J1}+ in R2P+224 or R] 4 R2P+1.24
lete; = (X;, X;) =(JX;, JX;) and set, for 1 <i <n,

AJ:G,’X,‘, AiJIZ—JA,'IZ—EiJXi, AinZ—(Sijl, Al'JXjZSile
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for any j <n.Thenclearly A;J =—JA;, and A; € 5034224 because

(Ail, Xj) =€i(Xi, Xj) =8ij = —(1, Ai Xj),
(A1, JX ) =€(X;, JX;) =0=—(1,A; JX).

Also (A;1,1) =¢;(X;, 1) =0=—(1, A;1) with equal conclusion for J1. Finally (A; Xy, X;) =0=—(Xy, A; X;) as
we wished.

It is clear enough that A; = 0. Now we extend the set of endomorphisms Ay, ..., A, to a basis of the horizontal
tangent bundle " putting A; 4, = J A;.

If we compute the horizontal part (. A;, m+A;) of the metric, we get (A;1, Aj1) = €;6;;. On the other hand,
computing directly (A;, A;j) 41 we get, fori, j <n,

—(2n+2—2)TI‘AiAj :—2n<(A,-Aj1, 1)+ <AiAjJ1, J1)

n
+ 3 (e (AiAj Xi, Xi) + ex(AiAjT X, JXk))>
k=1

=+42n <2<X,-, X;)ei€j + Z2ek<Aij, AiXk>>
k
= 4n(€i8ij + Zek‘skj‘gki) = Snéiﬁij
k
which leads to formula (3.2). It is easy to prove TrJA;A; = 0 using the same basis, and clearly TrJA; JA; =
TrA;Aj. Also worth noticing is that Tr A; A" = 0 for any vertical vector A’. The formula for the index follows by
induction; we have iy =q(2g — 1) — g*>=¢*—gq and ip+1,qg =1p.q +2q, therefore i, 4 = g>—q+2pq. O

3.3. Old and new formulas for dw

Suppose (M, g) is a semi-Riemannian manifold, V is the Levi-Civita connection and Z is its twistor space. Let
":TZ —V C End E be the projection with kernel 7V ~ E. Then this projection can be seen as a 1-form on Z and
thus capable of inducing a translation of the usual connection in E to a pseudo-unitary connection:

Da=n*Vy— A (3.3)

Indeed, since g(A’X,Y) = —g(X, A’Y), for all X,Y € TM, D is a metric connection for the natural metric 7*g in
E, and from Proposition 2.1 it follows that D@ = 0. Moreover, D preserves V and therefore we find, as in [12], a
new linear connection, also denoted by D, on the tangent bundle of Z preserving the decomposition H¥ & V. Still,
DJY =0.

It is known that the torsion

TP(A,B)=n"T) y — A'm,B+ B'm. A+ (n*RY )

—this was computed in the general setting in [12] and of course holds in the present case (for which 7*TV =
0). Notice also the horizontal and vertical parts decomposition. Furthermore, the formula leads to a proof of
Theorem 2.1 which we succinctly recall: using a well known identity for the Nijenhuis tensor, N(A, B) =
8Re J vErD (JV A, JV " B)fora complex connection, Egs. (2.5) follow with little extra work.

Now let

G'(A, B) =8nn"g(A, B) +1gs (A", B)) (3.4)

be the metric on the twistor bundle defined via the connection (r € R\{0}). As we have seen, g(A’, B') essentially
agrees with the trace ((2n — 2) times), so it is simple to verify Dg, and hence DG, is zero. We may also define a
non-degenerate parallel 2-form 2 = G (J v, ).
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Proposition 3.3. Let A, B,C € HY U V. Then d2(A, B, C) # 0 if. and only if, two of the vectors are horizontal and
the other is vertical. If X, Y € HJV, A€V, then

dR;(X. Y, A)=—16ng(jAX.Y) +1gs(jRY y. A) (3.5)
where we identify X with m. X € Ty (j)M.

Proof. It is known that, for connections such that D2 = 0, we have

d2(A.B.C) = thy 5 c2(T"(4. B).C).

Hence the result follows by careful thinking of all four cases of horizontal and vertical choices. Therefore (3.5) is
deduced from

Qi (TP (X, 7), A) + 2;(TP(A, X), ) + 2, (T" (¥, 4), X)
—1g7(jRY.y, A) —8ng(jAX,Y) +8ng(jAY, X)

which is the same as above. It is important to notice we are only using the vertical part of R}V( y» 1.€. the one which
anti-commutes with J, by the reason that it is perpendicular to u,, , with respect to the trace. O

Let J: M — Z be a smooth section and let @ denote the associated 2-form g(J, ). Then J*$2 = 8nw + J*1 where
T denotes the vertical part.

Proposition 3.4. Suppose d§2 = 0. Then

t
do(X.Y,2)= By yz — ng(R;Y, V). (3.6)

Proof. As we have seen earlier, in Section 2.1, the vertical part of dJ(X) is %J Vx J. The computations above also
show what the result of dw = —S]—nJ*dt must be: forall X, Y, Z e TM, we have dw (X, Y, Z) equal to

1 1 D
_EdTJ(J*Xv J.Y, I Z) = _5 @X,Y,ZTJ (T (J« X, J.Y), J*Z)

! v v
T @x,y,zgf(jj ”*RJ*X,J*Ya JVZJ)

and the result follows. O

Notice we can consider a 2-form on the twistor space @ = 7*g(J ", ) and the pull-back of this by J agrees with
o. Then it is not hard to see, as in Proposition 3.3, that J*dw leads to the old formula

do(X,Y,Z) = ®yx .y 28((Vz))X,Y) 3.7

which is not so easy to deduce if we apply directly the Levi-Civita connection.
We easily discover that deo depends on one vertical and two horizontal vector fields (cf. Proposition 3.3). For
instance,

dw (B1,C1,A) = (TP (B1,C1),A) + = (TP(C1, A'), B1) + w (TP (A, B1), C1)
=w(A'C1,Bl) —w(A'B1,C1)= —2w (A’'B1,C1).

We show the following proposition in order to understand better this 3-form.
Proposition 3.5. do is a form of type (1,2) + (2, 1).

Proof. Suppose X —ijX € HV;—, A —ijA € V;'. Then, in computing dzw @9 by the formula above, we would cross
with the computation

(A —ijAYX —ijX)=A'X - jAjX—i(JAX+AjX)=0
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which yields the conclusion that part must vanish. If dw "2 = 0, then we would have dew = 0 in contradiction with
the above. O

3.4. Application to the pseudo-spheres

We return to the study of the bundle Z7-7 — S%;. By the result of (3.2) in Section 3.2 we have an SO2p42,24-

invariant metric compatible with the complex structure 7", which yields an identification ZP¢ = F p+1,q- We recall
the decomposition of A € TZ7+9 as

A=A1+ A

into horizontal and vertical directions. If we take coordinates (x1 AU x2") on 8222, then we still denote the horizontal

vector field (dm)~1(9/dx") by ;.

As explained in Section 3.3 we may define a new linear connection D on Z7-9, preserving the splitting H¥ @ V.
We start by checking the expression for the torsion in general terms, since the result in [12] is capable of further
improvement. The vertical part is'

TP(A,B) = DsB' — DgA' —[A, B]

1
= z(DA(qm*VBq)) — Dp(PT VD) — P V(g p)P)

= %¢([jo‘§, @) —[A, VP + B, 7*VAP])

= 9 (-20(RYS) +214', 081 2B #A') = (R} §)

and the horizontal part of TP is quickly checked for three cases: for two horizontal vectors 9;, 9; it is 7*TV (3,0 i)
for two verticals we have TP (A’, B’)1 = 0 because the vertical tangent bundle V is integrable and D preserves V.
Last, but not least,

TP(A, 9)1 = (7" Vg, A — V4 d; + A —[A, 3])1
= —A/T[*Vg)il — n*VArB,- — A/a,‘ = —A/ai
and thus, in sum, T?(A, B)l = —A’B1 + B’Al.

3.4.1. Non-existence of orthogonal complex structures

Now suppose J : S%:j’ — ZP4 is an integrable complex structure and let @ denote the associated 2-form. Then dw is
type (1,2) + (2, 1) because w is type (1, 1) and because d = 8 + 9. Also, recall dJ preserves types by Proposition 2.3.
We are going to use the formula (3.6) with Ry yZ = (Y, Z)X — (X, Z)Y. We therefore must check carefully the
weights of the metric. We saw in (3.2) that the pseudo-Kihler metric of the twistor space is the metric G’ from (3.4)
with

=

n—1"

Since g on the fibre is —(2n — 2) Tr, we find by Proposition 3.4
1
do(X,Y,2) = Gyy.zg Tr(RY yVzJ).
Proposition 3.6. dw = 0.

! The reader must distinguish between Lie and commutator brackets.
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Proof. Let {Xi,...,X,,JX1,...,JX,} be alocal orthonormal frame of the tangent bundle {1, J1}* in R??*2.2¢ =
R1 4 R?P+124 and let ¢, = (X, X)) = (J Xx, J Xx). For any real endomorphism C of TXSZ’ we have
Trr C =Reex(Cey, er) = €, {(C Xy, Xp) + € (CJT X, J Xi)
where e, = X — i J Xy (repeated indices represent a sum from 1 to n). Notice (e, ex) = 2¢;. Hence

1 _
do(X,Y,Z)= @X,Y,Zg Ree(RY y(VzJ)er. &)

1 _ _
= @R(Ek(R)V(,y(Vz Der. &) + ex(RY y (V2 ). ex)).
We are going to compute dw(u, v,z) for any u, v,z € XT, the +i-eigenspace of J, because it corresponds to the
computation of dw>! (or dw"? by conjugation of the real form).
The integrability condition implies (V,J)v =0, Yu, v € X* because V,v € XT. Of course, we have (VzJ)v =0
too. Let & denote any index and let Veey = y£ weh + yéh’ «en- Then
(Ve)er = (i — )Veer =2iy! 2 (hence y}', =0)
and
— . — . h ho_h
(VeJ)exk = (—i — J)Vegeg = —2i Yy geh (hence Ver =Yex )-
Notice VJ permutes the 4 and — i-eigenspaces. From

(vl . e;) = (Veer. ej) = —(ex, Veej) = —{ex. v ;1)

we find €; yé’; 0= —ekyg j Finally,

_ 1 _ _ _
dor(u, v, ) = 7 (ex(Ry ,(VzDex, & ) + ex(RY (Vo )ex, ) + €x(Ry) - (Vu J)ex, ex)).
But using the symmetries (R, va, b) = (R4 put, v) = —(R, vb, a), we find
v — - h \Y4 . h v =
<RU’Z(VMJ)ek, ek> =-=2i Vu,;(Rv,zeh’ ek> =-=2i VM,E<Reh,ekv’ z) =0

and therefore we may continue from above

_ 1 _
do(u,v,7) = 1—66k<RZU(VZJ)ek, e )

1
~ 38
i
8
Now we apply this to u = ey, v =eg. We get

v edRY @, &)

yE e (v, & Yo, &) — (.2 (0. 7).

dw(eqy, ep,7) = %(eﬂyfa —eavip) = ieﬁyz’?a.
On the other hand, using formula (3.7) we immediately find
dw(eq. €p.2) =((Ve, ))ep. 2) + (Ve )7 €a) + (V2 eq eg)
= ((V:d)eq, eg) =2iv! (@ ep)
= 4i6ﬂy£a.
This implies do =0. O

Theorem 3.3. There is no integrable orthogonal complex structure on S%Z
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Proof. Such a complex structure would have to be pseudo-Kihlerian in contradiction with Proposition 3.1. O

We finish with a new construction.

Sf does not admit an orthogonal integrable complex structure, but it has a nearly pseudo-Kihler structure with
respect to the usual metric. In fact we can generalize E. Calabi’s construction as follows. We first consider R? with a
Lorentz metric g and let (ey, ez, e3) denote an orthonormal basis with signature + — —. Then a cross product is well
defined by g(u x v, w) = Vol(u, v, w), where the Vol = ¢(123) __which can be extended to elements of R*; writing
a=(ag,a’), b= (by,b"), then a x b = —apb’ + bpa’ + a’ x b’ and a quaternionic multiplication can be given as

a- b = (aobo - g(a/v b/)v a()b/ + b()a/ + Cl/ X b/)

Thus a x b =Im(b - a) where b = (by, —b') is the conjugate. Then R* adopts the signature + 4 —— and we can define
a new fixed metric on R® = R* x R* with signature + + — — + + ——.

The definition of a cross product as in the Cayley—Dickson process is then possible: letting u = (a, o), v = (b, B) €
RS,

uxv:(axb—axﬂ,(a-ﬁ—ﬁ-&)).

Now we take the pseudo-sphere S = S¢ = {x € R7: g(x,x) =1} c 0 x R7 ¢ R* x R*. Since R’ has signature
+ — — + + — —, this implies § with signature — — 4+ 4+ ——. Finally, if x € § and u € T, S, then the map defined by
Jy (1) = x x u is an orthogonal almost complex J. One proves this J is nearly pseudo-Kihler and non-integrable, just
as in the Riemannian case.
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