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Suppose that X and A4 are two finite sets of the same cardinality n > 2. Assume
that there is a bijective mapping ¢: X - A which is unknown to us, and we
must determine it. We are allowed to ask a sequence of questions each posed as
follows. For a given B< A what is ¢ ~!(B)? In this paper we study a case when
the subsets B are chosen uniformly at random. The main result is: if each subset
has to split all the atoms of a field generated by the previous subsets, then the
total number of questions (needed to determine the mapping completely) is
log, n+ (1 +0,(1))(2 log, n)'”%. Here 0,(1) stands for a random term approaching
0 in probability as n —» oc0. € 1990 Academic Press, Inc.

1. INTRODUCTION

Suppose that X and A are two finite sets of the same cardinality n > 2.
Assume that there is a bijective mapping ¢: X — 4 which is unknown to us,
and our task is to determine it. We are allowed to ask a sequence of ques-
tions each formulated as follows. For a given Bc A4, what is ¢ ~!(B)? (An
example: X is a group of students, and A4 is the list of their names. To get
acquainted with the audience, a teacher reads the names sequentially, ie,,
|B| =1, and asks the students to identify themselves.) A finite sequence of
questions, i.e., subsets B, generates a field in 4, while the answers produce
a corresponding field in X. The function ¢ is determined once the atoms of
field in A, hence in X, have all become singietons. Obviously, the teacher’s
strategy requires n— 1 questions. The smallest number of questions is
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[log, n']; it is achieved if at every step, each atom of the current field in 4,
which has s>2 elements, delegates [s/27] (or |Ls/2]) of its members for
inclusion in a subset B for the next question.

What happens if the subsets B are chosen at random? The models of
randomness we are interested in represent in a certain sense two opposite
ends of a broad spectrum of possibilities. Model 1: At each step ali 2"
subsets B are admissible, and B is chosen according to the uniform
distribution, independently of all past choices. Model 2: B is admissible
provided that it splits every nontrivial atom of the current field; further,
conditioned on this field, B is chosen, among the presently admissible
subsets, according to the uniform distribution. (It is worth noting that for
both the teacher’s strategy and the “halving” strategy all the subsets satisfy
this “splitting” condition.)

Let H!" and H!? be respectively the random number of necessary
questions for Model 1 and for Model 2. Obviously, H'"’, H!? both exceed
[log,n’], and the problem is to determine the probable behavior of
H'" —log,n and H® —log, n for large n.

In his lectures at Michigan State University (summer of 1960), Rényi
discussed a series of problems related to random subsets, see [7]. Among
them there was the problem of identifying, via unconstrained random
questions, a single individual in a group of size n. In our terminology, one
has to determine ¢(x) for a fixed x € X by asking questions at random as
defined in Model 1. Denote the random number of necessary questions by
RV let A designate the corresponding number in the case when each
subset B has to split the current atom in A which contains ¢(x). A little
reflection shows that /(> can be viewed as the number of questions in the
h{’-long sequence of questions for the Model 1 which happen to be
splitting. Rényi proved that if y = O(1) and log, n+ y is an integer then

P(hV <log,n+ y)—exp(—2~*) >0, n— o0,
so that
h:l>=log2n+0p(1), n— o,

where O,(1) stands for a random variable bounded in probability as
n— 0. Since A", h'? are defined on the same probability space, we can
introduce 4h,=h'"~h?, which is the decrease in the number of
questions caused by not allowing trivial questions. How large is 4h,? We
prove a rather surprising result.

THEOREM 1. The distribution of Ah, does not depend on n. More precisely,

P{dh,=jy=2"U+D, j=0,
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so that Ah, is geometrically distributed with parameter 3. Consequently,
E(h'?y=EMh'V)— 1. Thus, on average, we reduce the number of questions
by 1 if we ask only the meaningful questions.

The corresponding reduction in the number of questions is far more
significant in the case when we have to identify all the individuals. Namely,
we prove

THEOREM 2. (i) If y=0(1) and 2log, n+ y is an integer, then
P(H"<2log,n+ y)—exp[—2"0+1] 50,  n-o, (12)

so that
H{"=2log,n+0,1), n- .

(ii) For every >0,

P(I(H} —log, n)/(2log, n)"? —1| <e) > 1,  n-— o0,
Le.,
HP=log,n+(1+0,(1))(2log,n)"?,  n- oo, (1.3)

where 0,(1) stands for a random variable which approaches 0 in probability
as n— co.

Remark. Thus, selecting questions more judiciously, we can cut, with
high probability (w.h.p.), their total number by half. Still, H‘> exceeds the
optimal number [log, »| w.h.p. by a weighty random quantity of order
(log n)'?. We had expected H'? —log, n to be unbounded in probability,
but firmly believed that the difference would be considerably smaller, some-
thing of magnitude log log n.

Besides being a natural extension of the original Rényi problem,
Models 1 and 2 are closely related to digital search trees in computer
science. To establish this connection, suppose that there are given »
mutually independent infinite Bernoulli sequences w, = {wy,};>,, .., ®,=
{w,};>1, With w,;€ {0,1} and P(w,,=1)=3. We may interpret ,, .., ,
as the nonterminating binary expansions of n independent numbers each
distributed uniformly over (0, 1]. Given an n-tuple @"=(w,, .., @,), we
associate with it a finite binary tree 7 V=7 (") as follows. Introduce
J, the complete, infinite, plane, rooted, binary tree. Each sequence o,
determines an infinite path £, in J; it starts at the root of J and is such
that its jth arc (counting from the root) is directed left (right) if the jth
digit ,; is O(1). Clearly, the number of paths passing through a vertex k&
arcs away from the root is binomially distributed with parameters n, 2%,
Thus, almost surely (a.s.) all the paths will eventually disengage. Cut
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each path %, at the first vertex it does not share with any other path,
and label this vertex w,. The n truncated paths define a finite (sub)tree
T =7 Yw") which has n end vertices labelled w,, ..., w,. This tree is
interpreted as a dictionary-type arrangement of n numbers (records) in a
computer’s memory. Upon request, any one of w, can be located in the
tree by starting the search at the root and using the consecutive digits of
w, as the pointers showing where to move next. This algorithm is known
as a “trie search,” trie being taken from the word “retrieval” (Knuth
[2, Sect. 6.3]). The height #(" of 71, ie., the length of the longest path
from the root to an end vertex, is therefore the largest number of digits to
check in order to locate one of the end vertices w,, .., ®,.

Getting back to the questions-and-answers models, observe that for each
model, we can also associate with every element a of 4 a path in .7 such
that its jth arc is left (right) directed if the subset B for the jth question
includes (does not include) the element a. Besides, in terms of the paths,
we stop asking questions when all the paths have finally disengaged.
Truncating each path at the first vertex which does not belong to any other
path, we get a random binary (sub)tree, T{"! for the Model 1, and T'? for
Model 2. Obviously, the total number of questions for each of the models
is equal to the height of its related tree.

For Model 1, at each stage ali the questions are admissible and equally
likely, independent of past questions. This implies that T" and TV are
equidistributed, or 7" £ 7V, in short. Consequently, H ¢ 12 “’.

For Model 2, unlike 7' and TV, all the vertices of T'?, except
the end vertices, must be of a branching type ie., have two direct descen-
dants. We can get a random tree ‘2’ = T from 7'V by compressing
the latter, that is, by removing each arc of g Wthh starts at a non-
branching-type vertex and patching the remammg pieces of 7! together.
The resulting tree has the name “Patricia,” the acronym for “practical
algorithm to retrieve information coded in alphanumeric,” (Knuth [3]).
(More precisely, each nonend vertex of this tree is provided with an
integer; it indicates the number of next 1rrclevant digits to be skipped over
in the search for a desired w,.) Therefore, H ¢ @) £ = # P, where # 2 is the
height of 7 (». Needless to say, by compressing in the same way the tree
T", we also get a random subtree of T" which is distributed like T
Hence, as in the case of a single individual, H{"’ and H® can be thought
of as defined on the same probability space, where H'" > H?.

Note. In light of this discussion, we can reformulate Theorem 1 as
follows. By compressing the tree 7 '" into the Patricia tree 7 (2 we save
each w, a random number of digits which is geometrically distributed with
parameter 3. This implies a well-known result (Knuth [3]): the average

reduction is one digit.
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This relation between Models 1, 2 and trees 7 (', .7 *) makes a proof of
(1.2) unnecessary, because the corresponding estimate of # (", the height
of the tree 7!, is already known—see Mendelson [4], Devroye [2]
(nonuniform density case), and Pittel [6] (Bernoulli sequences with a
general p=P(w;=1)). As for H{, the situation is just the opposite, since
a general result about #¥ obtained by Pittel [5] implies only that
H' P =(1+0,(1))log, n, while (1.3)—with #? replacing H \»—provides
a considerably sharper estimate.

Actually, Mendelson [4] and Pittel [6] studied the height 3# ') of a
more general random tree 7 '), d> 1; this tree is obtained via truncating
every path # at the first vertex which belongs to at most d paths and
labelling this end vertex by the corresponding subset of {w, .., w,}. The
labelling end vertices and the subsets associated with them are interpreted
as the pages of a dictionary and d as the capacity of a page. Clearly, #°{.)
and a similarly defined #'2) have the same distribution as H'!) and HZ,
respectively, where H'!) (H'2)) is the total number of questions in the
Model 1 (2) needed to obtain a field with all atoms of size at most 4. Using
an asymptotic estimate for #(!), [4,6], we obtain: if y=0O(1) and
d~'(d+1)log, n+ y is an integer then (compare with (1.2))

P(H ) <d~'(d+1)logyn+ y)—exp[ —27*/(d+1)!] -0,

as n—oo. As for H?), only a slight modification of the proof of
Theorem 2(ii) is necessary to show that

H@ =log,n+(1+0,(1))(2d "log,n)'?,  n—co. (1.4)

We should add that, in a parallel development, Aldous and Shields [1]
studied another well-known digital tree. (For this tree, we cut each path Z,
at the first vertex it does not share with any other path 2, u<v—1, and
label this vertex w,.) Among other results, they proved that the height of
this tree obeys the same asymptotic behavior as # ?, the height of the
Patricia tree. This is quite surprising since the two random trees do not
have much in common.

2. PROOF oF THEOREM 1

Let x € X be given.

(a) Since ¢(-) is a bijection from X to 4, we can define 4"’ and A?
as follows. Let {C;:j> 1} be a sequence of independent random subsets of
X such that each C; is uniformly distributed on the set of all 2" subsets
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of X. Introduce also a sequence {%;:j>0}, where ¢,=X and, for j>1,
%,=%;(x) is the atom of the field generated by C,, C,, .. and C;, which
contains x, or formally

()
k<jxeCy ks jxeCy

Manifestly, for j> 1, the subset C; does not satisfy the splitting condition
iff €,=%,_,. Denote |%;| by t,. Then

A = hW(x) = min{;j>1:1,=1}, (2.1)

and, introducing a sequence of events D, = {h{"'> jand ¢,=,, ,}, we also
have

2) __ ,(2) — B _ _ .
hP=hPD(x) = R —A4h,, Ah, = Z ID,’ (2.2)
j=0
here the summation is taken over the event indicators of D, j=0.

(b) For ye X\{x} and j>1, we say that y is not separated from x
by C; if either y, xe C; or y, xe C;. It is easy to see that every such event
has probability 3, and all these events are mutually independent. Since
7;=t+ 1 iff there are exactly ¢ elements y € X\ {x} which are not separated
from x by any one of the subsets C|, ..., C;, we have subsequently

P(rj=t+1)=<n:1> Q) (1—277y—1-t (0<t<n—1,j20). (2.3)

Furthermore, {t,:j>0} is a Markov chain such that

a—1 —(a—1) :
2 , if 1<b<a<n,
P(r,-+,=b[rj=a)={0” l if otherwise. 24)

The relations (2.3) and (2.4) imply, in particular, that
P(hP<m)=P(r,,=1)=(1-=2""")y""1 mz1,

which directly leads to Rényi’s result, see (1.1).
(c) We show next that, for every k=1 and 0<m, <m,--- <m,,

P((k) D,,,x>=<1— 5 2_(’"&“))"_1

s=1 s=1

k—1 n—1
—<1— 5 2lm:+”—2"‘k> . (2.5)

s=1
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Let k=1 and m, >0. According to the definition of D,, and (2.3), (2.4),

P(Dml)zp(rm1+1=1m1>2)

n—1

_ Z <n: 1) (27m|)1 (1__2—-m1)n—171271

r=1

:(1 _2—(m1+1))n—l_(1 _2~m1)n—1.

Suppose that (2.5) is true for some k=1 and all n>2, 0<m, <
my< .- <my. Let m; <m, . Conditioning on 7, again and using the
Markov property of {7, 0}, by the induction hypothesis we have

k+1 n—1 n—1
P<m Dms>= z ( . )(2~m|)t(1_2~m|)n41~12—t

s=1 r=1

k+1 4
[(1 _ Z 2(msmn)
s=2

s=2
k+1 n—1
:[1—2"’"‘4-(2("““’— y 2~(m:+1)>]
s=2
k n—1
_[1_2m|+<2——(m1+1)_ Z 2("‘:+1)_2-Mk+1>:| ,
s=2

or

k+1 k+1 n—1
P 2.)- (15 2oe0)

s=1 s=1

k n—1
_(1_ Z 2(ms+l)_2mk+1> .

s=1

(d) To prove that 4h, is geometric with parameter 1, it suffices to
demonstrate that all its binomial moments are equal to 1. But, by (2.2),

k
E[(‘”’")]: 5 p(m D,,,S), k> 1,
k O<m < - <hy s=1

Further, for fixed 0<m,; < .-+ <m, _,, according to (2.5), we have
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z P((k\Dm,>= Y [(1—kilz-w””_z_(mﬂ))n_l

my_ | <mg s=1 mg_1<m s=1

k—1 n—1
__(1__ z 2—-(m5+l)__2m) :|
s=1

k—1 n—1
<1~ Z 2»(mx+l)>

s=1

k—1 n—1
__(1_, Z 2‘(’"A\+l)__2(mk41+l)>
K 1

§ =

_p (kﬁl D,,,j_).

s=1

Therefore,

S5 S N ) B

and the proof is finished since E[(%")]=1.

3. PrOOF OF THEOREM 2

Recall (see the introduction) that the independent Bernoulli binary
sequences , (1 <v<n) generate the random binary trees 7 | and 7 |? as
follows. We get 7 (") by tracing out the related paths %, (1 <v<n) in the
complete binary tree I, and by cutting off each of the paths as its first
vertex which does not belong to any other path. (Such a vertex for 2, is
labelled w,.) To get 7 », we remove all the arcs of 7" which begin at
a nonbranching-type vertex, and patch together the remaining pieces
of 7.

As an illustration, Fig. 1 shows the trees T, 7Y for w,=
0,1,1,1,0, ), 0,=(0,0,1,1,.), 0= (0,1, 1, I, 1, ...), 0, = (0,0, 1,0, ...),
and ws=(0,1,1,0, ..).

It was indicated in the Introduction that H{’ (the total number of
questions for Model i) has the same distribution as the height # of the
tree 7 (i =1, 2). (In the examples above, #{" =5 and #{=3.) In view
of this and the existing results on #" [2,4, 6], we only have to prove
that

HP=log, n+(1+0,(1))2log,n)",  n—oo. (3.1)

582a/55/2-10
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w4 wy ws

W] w3

FIGURE 1

To this end, we need some auxiliary random variables {Y,,:k >0} and
{Z,:k=1}. Call an end vertex w, of the tree J " stable if the path
leading to it from the root remains intact after compression, that is, if all
the vertices along the path, except the end vertex, are branching. Y, is
defined as the total number of the stable end vertices of " which are &
arcs away from the root. As for Z,,, it is equal to the total number of all
the end vertices of 7 (") such that the corresponding path from the root has
exactly k branching vertices. (In the example, Y5, =0 for k>0; Z5, =0,
Zs;=3,Zs;=2,and Z;, =0 for k>4.) Evidently, Z,, is also the number
of the endvertices of 7 ) at distance k from the root.

The arguments below are organized as follows. In Section 3a, we derive
the formulas for the exponential generating functions of {E(Y,):n=1}
and {E(Y,(Yx—1)):n=1} (k>0). We prove then (Lemma 3.1) that, for
ky=log,n+ (1—¢,)(21log, n)"* and ¢, € [a, b] = (0, 1), E(Y,,) — oo. This
makes plausible, but does not really prove, a conjecture that Y, — co in
probability. That the conjecture is true is confirmed when we prove
(Lemma 3.2) that var(Y,,)=o0(E*(Y,,)). This implies that w.h.p. the
height #'? is at least k, when n— oo. We still have to demonstrate that
w.h.p. 52 cannot be much larger. For this, in Section 3b we find a series
which dominates the exponential generating function of {E(Z,,):n>1}
and using it show (Lemma 3.3) that if k,=1log,n+ (1 +¢&)(2log,n)'?,
£2a>0, then 3, ., E(Z,)—0. Consequently, wh.p. #? is at most k,
when n - 0.

3a. Behavior of the Moments E(Y,.), E*Y.) and a Lower Estimate
for #®

Introduce a random variable y,=|{v:w, =0}|, ie, the number of the
paths &, (1 < v <n) whose first arc is left oriented. Since w, ..., w, are inde-
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pendent Bernoulli, we have: (a)y, is binomial with parameters n, 3, and
(b)for n=2, k=1, the conditional distribution of Y, given that y,=j
(1<j<n-—1), is the same as the distribution of ¥;, _,+ Y, ;. , where

Y., and Y,_,, , are independent; also, on {y,=0 or n}, ¥, =0.

Denoting the generating function E(¢*™) by f,.(£), we have

n—1

f@1=27 T 2 (N @@ 22031, 62

Define
EW=E(Y )= ), ER=E[Y(Yu—1)]1=f 1)
Differentiating both sides of (3.2) at £ =1, we obtain
n—1
EP=2Y% 2—"<J)E;1,g o o nz2 k=1 (3.3)
j=1

Consider an exponential generating function of {E():n>1}, that is,
EP(x)=3,., EY x"/n!. Since E\) =8, (k>0), the recurrence relation
(3.3) is equivalent to

n—l n
j=l

n>2

=2 Y (B (x/2)/j1] 3 (52"~ (n— ),

jz1 n>j

or

EM(x)=2g(x/2) E" [(x/2), k=1, (3.4)

where

g(x) = e*—1.
As E{(x)=x, it follows from (3.4) that
ED(x)=xFdx), Fx) = |_| g(x/2%). (35)
Twice differentiating both sides of (3.2) at & =1, we also get

n—1

EQ = 222 "<,>[E;},J_I+E< EW 1 n22k=1, 0 (36)
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or, setting EV(x)=3%, ., E® x"/n! and using £\ =0,
E P (x)=2g(x/2) E;czl‘(x/2)+2[Ezl_)1(x/2)]2, k=1. (3.7)

Since E(x)=0 (and E{"'(x)= x), the recurrence relation (3.7) and (3.5)
imply that

k —

Ex)= ¥ 2 _ﬂ S/2)EL (x/2)T?

P
=Y (x*/2°) G(x), (3.8)
where
s—1 k
Gix)=[] gx/2y [] &*x/27). (39)
j=1 Ji=s+1

With the help of (3.5), we can now prove
LeMMA 3.1. Suppose that k=log,n+r, r=r(n)— oo, and r=o(n'?).
Then
EW=(140(1)) e "mF(n)=n2 0 +72 0y 6. (3.10)
Consequently, E'})—> oo if k=k =log,n+ (1 —¢,)(2log,n)"?, where
e,€la, b]1<=(0, 1), and a, b are fixed.
Proof. By (3.5) and the Cauchy integral formula

EW = p! (27:1')—1[ X "F(x) dx

~n! (2m’)-1j exp[ P, (x)1(x ! dx), (3.11)
..(!

where ¥ is a circular contour around the origin in the complex plane x,
and

Vin(x) = i log g(x/2/)— (n—1) log x. (3.12)

(Here and below log stands for the natural logarithm function). Choose
the radius of the contour ¥ equal to x, which is the positive root of
¥in(x) =0, or implicitly

k k
XY 274 Y (x/2) e~ 1) =n—1.

j=1 Jj=1
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Since
ue*—1)"te(0,1), u>0, (3.13)
we have

x,=n+ 0(k), n— . (3.14)

Set x=x,e®, 6e(—mn,n], and partition (—=, 7] into [—6,,6,] and
[—8,, 0,1, where ,=n">'2 Then

(7)) " | expLPi(0)](x " dx)=(2m) [ exp[Wu(x,e)] aF

18] <6y

+@m [ expl¥(x,e”)] do

10| > 8

=Q2n) '+t .
@)~ +@m~ |
(a) To estimate [, observe that, according to (3.13), (3.14),

k N .
i) =x"n=1)= 3 e"(1/2) (e = 1)72|,_,
=1
= (n/x2)(1 + O(k/n)) =n"(1 + o(1)), (3.15)
and, likewise but more tediously,

Po(x)=0(n/x})=0(n"?), —n/A<O<n/4

Since nfy — o and nf; — 0, we have then
20! | =) exp[¥enlx,)]

x fl oo XL P4 x20%/2 + O(n9)] d9
= (1+0(1))(2nn) "2 exp[ Win(x,) 1. (3.16)

(b) To estimate [,, we need the following inequaly [5, Appendix]: if
u=ve", v>0, ge(—m, n], then

le¥ — 1} < (e" — 1} exp[{v/2)(cos ¢ — 1}]. (3.17)
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In view of this, for all 6e (—=n, =] and some absolute constant ¢ > 0,

k

lexp[ Pen(x,€)]1 =[] lexp(x,e”/2”) — 1| exp[ —(n — 1) log x,,]

<exp[ ¥,(x,)] exp[(cos 6 — 1) x, /4]
< exp[ Wkn(xn)] exp( - cn92 )

Since n6? = n"/¢ for || > 6,, we conclude that
[, = otexpL e exp(—en') =o ] ). (3.18)
2 1
By (3.16) and (3.18),

(2ni)“1f = (1 + 0(1))2nn) "2 exp[ ¥, (x,)]. (3.19)

Furthermore, we know that ¥, (n)=F,(n)—(n—1)logn, ¥,,(x,)=0,
and ¥,,(x)= O(n~!) uniformly for x between x, and n. Also, x, —n = O(k)
and k =o(n'?). As a result, in (3.19), for some x* lying between 7 and x,,
qjkn(xn) = Ylfm(n) - qlz"(x: )(n - xn)2/2
= ¥ia(n) + O(k?/n)
=F,(n)—(n—1)logn+o(1). (3.20)
Combining (3.11), (3.19), (3.20) and the Stirling formula for »n!, we arrive
at
E)=(1+0(1)) e~"nF(n). (3.21)

It remains to derive an approximate formula for F,(n) or, equivalently,
for L,, =log F,(n) defined by

k
L= Y log(e” —1). (3.22)

i=1

To this end, set j,=|log, n | Denote the partial sums for 1 <</, and
j.<j<k, respectively, by L¥ and L**. In the first sum n/2/< 1, so

Jn JIn R
Li=ny 277+ 3 log(l—e ")  (j=j,—1)

j=1 j=1

Y log(1—exp(—2'""))

120

=n(1 —2-fn—‘)+0<

)

=n+0(1)+0(2 2”>=n+0(1).

120
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In the second sum n/2’ = O(1), so

log(e"? — 1) = log[ (#/2/)(e™* — 1)/(n/2’)]

=logn— jlog 2 + O(n/2%).
Thus, because k =log, n+r, r - w0, j,=log, n+ O(1),

L¥=(k—j.)logn—2""k—j, )k + j,+1)log 2+ O(n/27)

= (k—j,)[logn—2""log2(2log, n+r+0(1))1+ O(1)
—(log 2)(r*/2)(1 + o(1)).

Therefore,

Ly=L%+ LE*=n—{log 2)(r*/2){1 + o{1}). (3.23)
The relations (3.21) and (3.23) prove the lemma completely.

Next we prove

Lemma 3.2. If k=k,, as defined in Lemma 3.1, then

E=(1+40(1)[EYRT, n—oo. (3.24)

Before proving (3.24), let us show how it implies—in conjunction with
(3.10)}—that for k=k,

lim P(#? >k)=1

(3.25)
Really, E(Y,)=E}'— o and

var(Y ) = E(Y (Y, — 1)) + E(Y ) — E*(Y )
=EQ+EY - [EXY=0[E}QT)
= 0(E*(Y ).
Hence, by Chebyshev’s inequality,

P(Y > E(Y,0)/2) 2 1 — 4 var(Y . )/ EX(Y ) — 1
and (3.25) follows.

Proof of Lemma 3.2. According to (3.8) and (3.9), (cf. (3.5) and (3.11),

x

EZ= X nln) 720 j exp[.,(x))x " dx), (3.26)
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where
s—1 k
Pou(x)= ) logg(x/2/)+2 ) logg(x/2/)—(n—2)logx (3.27)
i=1 Jji=s+1

and %, (1 <s<n) are circular contours around the origin. For each s, let
the radius of %, be equal to x,,, the positive root of ¢,,(x)=0, ie,

((x2v+2 ¥ 2’">+le (/2 ~ 1)

Ji=s+1 j=1

.
+2 Y (x2Ne¥ 1) '=n-2.

J'=s+1
Since
s—1 ] k )
Y242 Y 27 =1-27F*1 1<s<gk,
Jj=1 Ji=s+1

we have then, see (3.13),
x,,=n+ O(k) (3.28)
uniformly for 1 <5< k. Consequently,
wlx)=n"11+0(1)),  Bulx,)=du(n)+o(l). (3.29)
Using (3.28), (3.29) and arguing as in the proof of Lemma 3.1, we obtain
(cf. (3.19))

(2ni)~!? J =(140(1))(2rn) Y exp[¢,.(n)], 1<s<k.

Zs

So, see (3.26), (3.27),

k
E@=(1+0(1)) Y, b(s,n),

s=1

where
b(s, n) = e "(n%/2°) G,(n), (3.30)
and, see (3.9),

s—1 k
G(m)=[]gm2) [] &(m2") (gwy=e"—1).  (331)
j=1

J Ji=s5s+1
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We need to show that
k
lim[Ef,}(’ ‘Z(Z b(s,n)>= 1. (3.32)
s=1

For this, note first that by the definition of F,(-), Lemma 3.1, (3.30), and
(3.31),
b(1,n)=e""(n*/2) Fi(n)(e"* —1)"?2
=(1+o(1))[e "nF(n)1/2=(1+o(1))[EVT¥2. (3.33)
Furthermore,
pls,n) = bls, n)/b(s ~1,n)=2""(e" + 1)(e"” = 1)"",  (334)
so that
lim p(s,n)=2""1, sz (3.35)

We also obtain from (3.34) that, for s, = log,(n/log 4) |,

<2, if 2<s<s,,
p(s,n) < =0Q1), if s=s,4+1,
= 1.5, if s=zs,+2.

Then, (see (3.33), (3.35)), by the dominated convergence theorem,

lim[E1)]-2 Z b(s, n)=lim{b(1, n)/[EVT?} b~ Y(1, n) Z b(s, n)

s=1

=271y 2=t (3.36)

tz0

On the other hand,

k
Y. b(s,n)=O[b(s,, n)+ bk, n)]

s=8,+ 1
=0O[(2)™"b(1, n)+ blk, n)], (3.37)
where, according to (3.30), (3.31), Lemma 3.1, and the fact that
n/2% = o(1),

k—1
blk, n)=e™"(n?/2%) ﬂ (e"?'—1)

j=

=(1+o0(1))e nﬂ (" =) =(1+o(1)) E{}.

j=
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It follows from (3.36), (3.37), and the last estimate that

k
im [EQ]> Y b(s,n)=0,

s=sp+1

which together with (3.36) leads to (3.32).
The lemma is proven.

Finally,
3b. Behavior of the Moments E(Z,,) and an Upper Estimate for 2

Unlike Y, there does not seem to exist a tractable formula for the
exponential generating function of {E(Z,):n>1}. Fortunately, we only
have to establish that E(Z,)—0 fast enough if k>log,n+ (1+¢)
(2log, n)V2 For this, it suffices to find a reasonable analytic function
whose Taylor coefficients are the upper estimates of E(Z,,)/n!.

Consider the set of all pairs (u,v), where p=(u,,.., ;) and
v= (v, .., v;) are k-tuples of integers such that

:ul 20’ u2> 17'"’ ,Uk? 1,
(3.38)
izl ., v, >1 and Vi+ - +ve,=n—1

For a given (u, v), introduce P,(u, v), the probability that the path in the
random tree {1, which leads to the endvertex w,, satisfies the following
conditions. (i) It has exactly k branching vertices. (i) The first of them is
u, arcs apart from the root, and the path segment between the (s—1)th
and the sth branching vertices consists of p, arcs, 2<s<k. (iii) The
number of the other paths which disengage from our path at the sth
branching vertex equals v, 1 <s<k. (The w,-path in the figure is such that
k=3, u;=1, u,=2, us=1and v;=2, v,=1, v3=1.) Once we evaluate
this probability for all (g, v), the expected value E(Z,,) can be determined
via an obvious relation:

E(Zy)=n ), P, ). (3.39)

(u,v)

As for P,(u, v), it is given by

-1 k
P,(n, v>=( " )ﬂ [2m2 i +us =] (340)

1o Y/ j=1
(v, = 0). Indeed, the multinomial coefficient is the number of ways to divide
the group {w,, .., w,} into k distinct groups of respective sizes vy, .., V..
Further, the first factor in the product is the probability that w,, ..., @, all
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have a common initial segment of length at least g, ; the second factor is
the probability that the next u, digits of w, will be common for ws from
all the groups, except the first group, whose ws disagree with w,; on the
valve of the (u,+ 1)th digit. The subsequent factors are interpreted
similarly. Rearranging factors in (3.40), we simplify it to

k

P v)=(n—1)! [T 2 ™), (3.41)

j=1

where
m=14pu+ - +u, I<j<gk

In view of (3.38), 0<m; < --- <my; in particular, m;> j for 1 <j<k.
A combination of (3.39) and (3.41} yields

Y E(Z)x"m=xY Y [ (x/27)%;!

nzl m v j=1

=S S @]

mj=1kLyz1

=xY [ ex2™)  (gwy=e*—1).  (3.42)

m j=1

We cannot simplify the last expression any further since the condition
0<m; < --- <m, ties m; together. To get around this obstacle, let us intro-
duce a weaker condition m;> j, 1 <j<k. Since the Taylor coefficients of
g(u) are all nonnegative, the identity (3.42) leads to an inequality

k
E(Z,)/nt < Ay = coefl l:x y M g(x/2”‘f)]

mzl,. . mzkj=1

= coefl [ xU,(x)], (3.43)
where

k
Udx)=[]u(x),  ulx)= Y gx2") (3.44)
j=1

mzj

(compare with (3.5)).
Now we are ready to prove the last lemma.

LemMA 33. Let k=log,n+r, loglogn=o(r). Then

E(Z,)=0(e "nF(n))y=0(n2 "'+ o,



310 PITTEL AND RUBIN
Therefore
limE( y Z,,k>=0,
k=k>
ifky=log,n+(1+¢,)(2log,n)"% e,>a>0, and a is fixed.

Proof. Not too surprisingly, we are going to use contour integration
again. Significantly—in view of a more complicated function U,(x)—now
we can afford some short cuts since we do not need an estimate as sharp
as those in Lemmas 3.1 and 3.2.

To begin with, let us choose the circular contour . of radius equal to
n (cf. (3.14), (3.28)), and write (see (3.43)),

A,y =(2mi) ! j x 7" U, (x) dx
>

<Q2mn" ') ! r |U,(ne'®)| do. (3.45)
Further, using (3.44) and the inequality (3.17), we have

k
|U(ne®)| <[] u,(0), fe(—mn, n], (3.46)
where

Ui(0)= 3 Vam(0),  0,n(0) = g(n/27) exp(—c6?n/27)  (3.47)

mzj

and c is a positive constant. A closer study demonstrates that, for each
series u,,;(6), the first term v,,(6) is dominant; more precisely, for some
constant >0,

k k

[ u(0)< e [ v,(8) (3.48)

Jj=1 Jj=1

(r =k —log, n). Consequently, by the definition of v,;(6), F,(n), and (3.46),
|Ui(ne®)| < e Fy(n) exp[ —c6n(1 —27*~1)].

So, using (3.45),

A, =0 n "t '2F(n)), n— o,
and, (see (3.23), (3.43)),
E(Z,.)=0(e’n n=""2F(n))=O(e”e "nF(n))

— 0(,12—(1+a(1)),2/2), n— 0.
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Thus, it remains only to prove (3.48).
By (3.47) and the definition of g(-), the ratio of two consecutive terms
in a series u,,;(0) is given by

Wom(0) = 0 00, 1(O) = Mo+ 1) =™

Simple calculus shows that n*(n+1)"' is a decreasing function of
ne [0, 1), provided that o < 3. Since we may and do assume that cn’< 1,
W,.(8) increases with m, whence

Wl 0)< lim w, (0)=1,  V¥n m,6. (3.49)

B0

To estimate u,,(0), consider separately | < j<m, and m, < j <k, where
m, =\ log, n—log,logn |

1 1<j<m,.

Since n/2"" > log n, we have

W O) S W (0)<n U= <n= 2 if m<m,,

02 /
w (0)<n—(1—(9)/2<n—1/4‘

)
nomp+ 1

It follows that, see also (3.49),

my

unj(g): Z Unm(6)+ Z Unm(g)

=(1+0(n ")) v, (0)+O0(n ",,(8))
= (1+0(n~")) v,,(6). (3.50)
(i) m,<j<k.

Invoking again (3.49), we have trivially
u,;(0) = O(v,;(0)). (3.51)

Putting together (3.50) and (3.51) and remembering that k—m, =
O(loglog n+r)= O(r), we arrive at

U, (0) < e”(1+ O(m,n="*))
1 j
k
<e” [] v,(0),

i=1

vni(e)

1

I}
Il:]»

J

where f§ > a are constants.
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The lemma is completely proven.

Since # P >k iff ¥, Z,, >0, it immediately follows from this lemma
that, for every ¢ >0,

lim P(o#? > log, n+ (1 +¢)(2 log, n)'?) = 0.

Together with (3.25), the last relation completes the proof of the theorem.

Final Remark. The proof of a more general relation
H g =logyn+(1+0,(1))(2d "logy ), n— oo,

goes along the same lines, with g(u)=e“~1 replaced by g, u)=
€“—2o<j<a1 Wil
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