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The resuits of Donsker and Varadhan on the probability of large deviations for empirical
measures (or occupation measures) of uniformly ergodic Markov processes are extended. Usually
the large deviation results are formulated in the weak topology on the set of probability measures.
We extend this to the topology which is generated by the integrals over bounded measurable
functions.
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1. Introduction and notations

In recent years there has been a growing interest in large deviations for empirical
measures, especially for Markov processes (see e.g. [2, 3, 6]). Usually, the results
are stated for the weak topology on the space of probability measures and Feller
properties are assumed. It is shown here that parts of the results can be extended
by taking the finer 7-topology which is generated by the integrals over bounded
measurable functions and no Feller properties are needed. In the i.i.d. cases this
has been done by Groeneboom, Oosterhoff and Ruymgaart [5]. The present paper
is an extension of their methods to some Markovian situations. The 7-topology
appears to be the natural one at least for uniformly ergodic Markov processes.
Results for topologies finer than the weak one have also been obtained by
Gartner [4].

We fix some notations:

If (S, %) is an arbitrary measurable space, we write A(S) or 45 for the set of
probability measures on S. The 7-topology on A(S) is induced by the mappings
A(S)au—u(A), Ac & Itis clear that, for any f € b¥ (the set of bounded measurable
functions), {f du is 7-continuous in u. These mappings also generate a o-field Ps.
In general, 9 is not the Borel-field of A(S). If, however, S is a Polish space then
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9 is the Borel-field of the weak topology on A(S). If u, v € A(S) then the relative
entropy of » with respect to u is defined by

g 1 1 <I'L7

00 otherwise.

Let E be a fixed Polish space, the state space of the Markov chain, with Borel-field
€ and let P be a Markov transition kernel on (E, €). We write P" for the n-th
iterate of P. Let (E’', €') be a second Polish space, k a fixed natural number =2
and K be a Markov kernel from E* to E'. We write 2 = E™ x E™ with the product
o-field o (No=NuU{0}). X,, neN,, are the projections 2 E and &,, neN, the
projections 2> E'. We also write F = E* x E’ with product o-field €. If ve A(E)
then we define the probability measures P, on ({2, &) by

P,(AgXA; X+ XA, XEX+++XB;X**+XB, i, XE'X-"-")
=J v(dxo) P(xo,dx;) -« P(x,_y, dx,) K((xo, ..., Xk—y1), dy)

X K((xla cey xk)a d)’2) Tt K((xn—k+19 sy xn)a dyn—k+2)
X 1A0(xo)1A,(x|)' . 1A,,(xn)13,()’1)' e 13,,»k_2(yn-k+2) (1.1)

A;e &, B;c €. We write P, for P5_. X,, X;, X,,...is the usual Markov chain with
transition kernel P and starting measure v. Of course, &, &,, ... is in general not
Markovian but X, = (X ,_rs1, - - - » X, En—r+2) is @ Markov chain with state space
E and transition kernel P given by

B((x;,..., %, a), A, X" XA X B)

=14, xAa X250y Xk) JA P(x,,dy)K((x5,%x3,..., %, ¥), B). (1.2)
Our main assumption is the following recurrence condition:

(1.3) There is a stationary probability measure 7 on (E, &) for P such that P
has a transition density p with respect to 7 which is bounded and bounded away
from 0.

Let L,:02 - A(E') be the empirical measure of the £-chain, i.e.

1 n
L(0)== % 8w
n =

L, is clearly &f — 9 -measurable. We describe now the correct Donsker-Varadhan
entropy which governs the large deviation behavior of L,. First some notation.

If weA(E) then we write j for the marginal measure on EX, u,e A(E*™") for
the marginal of & on the first k—1 components and u,€ A(E*™") for the marginal
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on the last k—1 components. We also write Ao(E) ={ueA(E): wi=po}. If k=2
then the Donsker-Varadhan entropy function I: A(E)- [0, ] is defined by
. h(u|m® POK) if pedg(E),
I(p)= ©

otherwise.

Here

(1@®POK)AXBXC)= J ma(dx)P(x, dy)K((x, y), C).

AxB

If we A(E’) then we define
I(u) =inf{f(v): vy=u}, where »; is the marginal on E'.
If Ac A(E’) then I(A) =inf{I(u): pn € A}.

(1.4) Remark. We always assume k=2. This is no restriction because a Markov
kernel K from E to E’ can trivially be extended to a kernel from E X E to E’, just
by letting it be independent of the first factor.

Our main result is the following.

(1.5) Theorem. If (1.3) is satisfied and A is a measurable subset of A(E') then, for
allve A(E),

1
@) liminf; logP,(L,€ A)=—I(int, A),

1
(ii) limsup - logP,(L,e A)<—I(cl, A)

n-»co

This theorem especially applies to the situation where k=2, E=E’ and
K((x, y), A) =14(y). This gives a 7-topology version of the discrete time results of
[2]. Indeed, in this case I(p)=inf{h(¥|p,®P): ve A(E?): »,= v, = p} which via
theorem (2.1) of [3] is precisely the Donsker-Varadhan entropy as it has been
defined in [2]:

Pu
I{u)= —ian’ log—u- du

where the infinimum is taken over all measurable positive functions with log u € b&.
The theorem also applies to continuous time processes:

Let )2,, t=0, be a time homogenous Markov process which is defined on a
probability spaces (0, &, P,), x € E, and which has state space E starting measure
5, and transition kernels 13,, t=0,i.e. |I3x()2'oe A)=1,4(x) and f’,(x, A) is a regular
conditional probability for Iﬁ()?,ﬂ € Al}?s =x) for all s,t=0. Furthermore, we
assume

(1.6) X has paths in D[0, o) the space of functions [0, 00) > E which are right
continuous and have left limits.
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(1.7) 13, satisfies (1.3).

We now take E'=D[0,1], P= 131, k=2 and K((x, y), A) a regular version of
the conditional distribution P, (X |;0.,;€ A| X, = y). Here X |0, is the X path restric-
ted on the time interval [0, 1].

Let ¥:A(DJ[0,1])> A(E) be defined by

J’ 14(f(s)) ds pn(df).

0

W(u)(A)=J

DJ[0,1]

¥ is measurable and 7-continuous.
Constructing P, and L, as above, we have that the P, -distribution of ¥ (L,) is
the same as the P, -distribution of

1 n
an—j 8%, ds.

0

Therefore, we immediately obtain

(1.8) Theorem. Under the conditions stated above one has, for x € E and measurable
subsets Ac A(E),

1 A AL
@) liminf; logP,(L,e A)=—I(int, A),

1 a a
(i1) limsup - logP.(L,e A)<-1I(cl, A).

n->oo

Here I(B)=inf{I(n): € B}, I(n) =inf{I(v): ¥(v)=p}.

(1.9) Remark. In [2] Donsker and Varadhan proved similar statements assuming a
Feller property where int A and cl A have to be taken in the weak topology. Their
entropy functional is given by

. Lu
Ipy(p) = ——113f J _u_ du.
Here Lis the infinitesimal generator and the infimum runs over nonnegative functions
in the domain of the generator which are bounded and bounded away from 0. But
then it is clear that Iy = I So (1.8) gives a 7-topology version of their results. This

especially applies to diffusions on compacta.

Sometimes it is useful to have the statements of (1.5) (or (1.8)) for random
elements in A(E’) which differ slightly from L,. So let L], be measurable mappings
2> A(E'). The following result will be useful in a forthcoming paper on maximum
entropy principles.

(1.10) Proposition. If, for some sequence of positive real numbers ¢, 0, || L,(w)—
Ly (®)|, < e, forall o where || |, denotes the total variation norm then the statements
(i) and (ii) of (1.5) remain true for L,,.
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The proof of (1.10) is straightforward and omitted.
We will give the proof of theorm (1.5) for k =2. This simplifies somewhat the
notation. The extension to cover the case of arbitrary k is straightforward.

2. Properties of the entropy
Let V={e®: ge bE).
(2.1) Lemma. If pe AO(E) then I~(p,) =—inf, 7 | log lsu/u du.

Proof. From Theorem (2.1) of [3], we have

-~

Pu - -
—inf j log— du =inf{h(Q|n® P): Q€ A(E?), Q= Q:=p} (2.2)

ue¥V
(Q: are the two marginals of Q on E).
Let ne A(E) with f(,u)<oo (especially u € A,(E) and n<€u, ®P®K) we con-
struct Q* € A(E®) minimizing the right side of (2.2).
Let u(A| p,=x) be a regular conditional distribution for u conditional on the
projection p, on the first factor E of E. We define Q*c A(E?) by

Q*(AxB)= L p(da)u(B| p; = p,(a)),

where p, is the projection on the second factor. Q* is well defined as u <€ A4,.
Q*<u®P, Qf=QF=p and p(x,y)=(du/d(n,® POK))(y) is a version of
(dQ*/d(u® P))(x, y). By Theorem (3.1) of [1], Q* minimizes the right side of (2.2).
But s

h(Q*|u®P)=h(u|u,® POK).

It remains to show that if the right side of (2.2) is finite then I (u) <co. Indeed, in
this case, there exists Q € A(E?) with Q,=Q,=u and h(Q| [L@ﬁ) < oo, Therefore,
Q< ,u®13 and this implies u; = u,. The second marginal of p,®15 on E is then
just u,® P® K. Therefore, 00> h(Q|p® P)=h(u|p,® P®K). So the lemma is
proved. 0[]

(2.3) Corollary. I:A(E)~[0, 0] is convex and t-lower semicontinuous. [

(2.4) Lemma. For any positive real number r, {u € AE): I(u)<r}is T-compact.

Proof. Let P? be the iterate of P and, for ue A(E),

. p?
I®(p)=—inf J’ log—uildp,

uevV

Pu Pu .
=—1 ——du+1{ log—d 2] .
lnfUIOg B I~ J. og— p«] (1)

ue¥



100 E. Bolthausen /| Markov process large deviations in 7-topology
The stationary measure for P is #=7® P® K and P’ has a transition density p®
with respect to 7 which is bounded and bounded away from 0, say
c<pP(x, y)<1/c, ¢>0, xyek
So
I?(u) =inf{h(Q|u® P°): Qe A(E?), Q= Q,=u}
=log c+inf{h(Qu®#): Qe A(E?), Q;= Q,=p}
=log c+h(u|#).

Therefore, {u: f(,u)s ryc{u: h(n|#)<2r—logc}. By Lemma 2.3 of [5] the right
side is 7-compact. From (2.3) one sees that {u: I(u)=<r} is 7-closed. So it is
compact. [J

Now let fe b€’ (f: E'>R). From Corollary (2.3) and (2.4) one immediately sees
that there exists u* € Ay(E) with

f fdué"—f(,u*)=SUP{ J fdus—I(p): MEA(E)}- (2.5)
Our next task is to give some information about the structure of u™*:

(2.6) Proposition. For any pu* satisfying (2.5) there exists g € b€ with
du*/d(p¥®PR®K)(x,, x,, a) = const. exp(f(a)+g(x,) —g(x;)) as.
((xy, x,, a)eExExE’=I_:T).

We need some preparations.
(2.7) Lemma. uf is equivalent to .

Proof. Ley u°=(1—-e)u*+e(7®P®K) (£€[0,1]). Then p°* <u;®P®K and
g =du’/d(u;®P®K) is positive for ¢ >0. An easy computation shows that
A(e)=h(p®|p®POK) is differentiable on (0, 1) and

1
% Me)=—— U log ¢.d(r® PRK) — h(u® |uf®P®K)]

1

1—¢

=

Jlog 2. d(m®PRXK). (2.8)
We first show that

limf(}lp J log* g.d(m®P® K) < 0. (2.9)
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To see this, let A, (x)={(y,a)e EXE’':q.(x,y,a)=1}, xc E. Then

J log" ¢° d(w® PRK)

= J 7(dx)(P® K)(x, A.(x))

J' P(x, dy)K((x,y),da) ., e a)
Ae(x) (P®K)(X,A£(x)) g 91X

P(x,dy)K((x,y),da)q"(x,y, a))
(P@K)(x, Ac(x)) '

SJ 7r(dx)(P®K)(x,Ae(x))log+(‘[
But [ (P®K)(x,d(y, ))g°(x, 3, @) =1, s0
J log" ¢° A(r®P®K) =< —J 7(dx)(P® K)(x, A (x))

X log((P® K)(x, A.(x)))
<l]/e.

So (2.9) is proved.

As u* < uF®P®K and u¥ = u¥it follows that ¥ < 7. Assume now that u§ # .
Then there exists A € € with 7(A)>0, uF(A) =0. We then have u*(EXAXE')=0
but (uf® PR K)(E x Ax E')>0. It follows that g°(x, y, @) 0 on a set of positive
7&@ P® K measure. Therefore, from Fatou’s lemma,

limlioan- log” ¢° A(7@PR®K)=00.
Together with (2.9) and (2.8) this proves that if u¥ # 7 then
lims d Alg)=—~©
— A(g) =—00.
! el(}lp de
But this clearly contradicts the maximality property of u*. [
Proof of (2.6). Let ge b€ satisfy [ gdu*=0 and [ (gop,— @op,)g du* =0 for all

@ € b€ where p;, i=1,2, are the projections E > E. If |£| is small enough then
du®=(1+¢eg)du defines an element in 4,(E).

d du*

— h(p [ ni®P®K)|.,—0= 1|1 du*.
Therefore, we see that

J(lo du” —fe ) du*=0 for all such

-Biblictheek
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Here p; is the projection E - E'. The Hahn-Banach theorem implies that

lo du” -
gd(ui"@P@K)

fops

is in the L,(u*) closure 4 of {1, pop,—@o°p,: ¢ € b€}. Let a* be the marginal of
u* on E X E and let %, be the L,(ix*) span of the functions ¢(x,;) — ¢(x,), ¢ € b¥.
% is just the span of 1 and %y°p where p: E > E X E is the projection.

As h(u*|uf® P® K ) <cowe have h(a*|uf® P)<ocoand so h(a*|uf® 7) <.
But h(v|uf®m) is minimized over v with v;=v,=uf by v=u¥®uf¥. From
Theorem 2.2 of [1] it follows that u¥® uf < a*. On the other hand, from A(u¥®
pu¥|u¥® m) <o we conclude that A(fOuF)RK |u¥®PR®K) <o and so p* <
(LR u¥)®K and therefore i* < uf® uf. Therefore uf® u¥~ a*. But by (2.7)
7~ u¥ and therefore all thinkable a.e.-notions coincide and the null sets do no
longer bother us.

Any element ve %, is an a.e. limit of elements of the form ¢(x,) — ¢(x,). As a.e.
refers also to a product measure, it is easy to see that v is of the form, too. Therefore,

du*/d(uf®P®K) = const. exp(f°p;+@°p; — ¢°p,).

By integrating over P® K one sees that ¢ is bounded. [

Let g: E'->R? be a bounded measurable function. If x € R? we write

s(x)=inf{I(p.): neA(E), J gdu =x}.

(2.10) Lemma. s is convex and lower semicontinuous.

Proof. Convexity is clear. Let x, > xeR? and liminf,_,. s(x,) <. By selecting a
subsequence, we may assume that lim,_.. s(x,) exists and is <co. By using the
semicontinous property of I and the fact that {u: I( p)=<r}is r-compact for0<r<oo
there exist u, € A(E ) with

i(”’n)zs(xn)’ J’ gd/“'n,3=xn'

We can assume that u, converges to a u € A(E) and | g dus; = x. By the semicon-
tinuity of I the lemma follows. [1.

Let
5,= 1 ().

As a consequence of (2.6), we obtain the following result.
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(2.11) Corollary. If zeR? then

lim (1/n) log E(¢**) =sup((z, x) = s(x)).

((-, ) is the Euclidean inner product.

Proof. We write
fle)=(z,g(e")), €€k

Let u™* be an element of A(E) which maximizes | f du¥ — I(n*). According to (2.6)
there exists ¢ € b€ with

du*/d(pT®P® K )= C exp((g°ps, z) + @°p1 — ¢°Pps).

Then
E.(exp({z, Si))
= J' v(dxo) P(xy, dx;) K((xo, x1), day) - - -
X P(xn-—la dxn)K((xn-—ls xn)’ dan) exp<.n <Z, g(aj)>)
=C™" j v(dxo) P(xo, dx,) - * - K((Xp-1, Xn), dey)
x exp(@(x,) — ¢(xo)) .Ijl [C exp((z, g(a;)) — @ (x;) + @(x;-1)) ].
Therefore,

C e Mol | (eS0) < C7 o210l

Here || ¢ || is the sup-norm of ¢.
It follows that

1
lim —logE, (e!**) = —log C

n-oon

= J (z, g) du¥—T(p*)

=sup((z, x) — s(x)). |
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3. Proof of Theorem (1.5)

Let g, 5, S, be defined as in the last section.

(3.1.) Proposition. If A< R? is measurable, then

1
(i) limsup - logP,(S,/ne A)< —s(cl(A)),

1
(ii) liminf-n- logP,(S,/ne A)=—s(int(A).

Here s(B) =inf,.g s(x) and int and cl refer to the interior and closure in the usual
topology.

Proof. (i) Follows from (2.11) and Lemma 1.1 of [4]. If
G(z) =sup((z, x)—s(x))

satisfies a differentiability property then we could apply the Lemma 1.2 of [4] to
prove (ii) of our proposition. To show that G is differentiable does not appear to
be easy. Instead of doing this we establish (ii) directly by using the subadditivity
technique which has been introduced by Lanford in the theory of large deviations.
This technique has also been used by Stroock in [6].

If U is an open subset of R? and £ >0, we write U* for the £-neighborhood of
U and U, for {xe U: ye U holds for all y with |y —x|<e}. Clearly (U?), > U.

Let ¢> 0 be such that c<p(x, y)<1/c forall x, y € E. If A< R“ we write a,(A)=
logP,(S,/nc A). Let now UcR? be open and convex. If n, meN then

an+m( U) = log Pu(sn+m+l/(n + m) € U(n+m)_l)

1 7 1 ntm+l
ZIogPV(—"—;_glf(gH—'"—- > f(@)euz(,,m-l)

n+m ntmm j_,+2
Blog c+ an( U2(n+m)_l)+ am( U2(n+m)_1)- (3'2)
Replacing U by U*"*™™" we have
-1 1
a,(U)+a,(U)<a, . (U™ )+log<z>. (3.3)

We apply this to n=m =2* keN, and obtain

-k 1
2% q i (U) <27 ¥ tapun(U? ) +274! 10g(;>
Iterating this inequality, we obtain

—k+1 —k~I1+1 . 1
2_k_la2k+’( U(2 -2 )) -2 k Ilog(Z)

= 2—k_l_lazk+l+l( U(z-kﬂ_z—k—l)) - 2_k_l_l log(%) .
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Therefore

Ak( U) = }LIB, 2—k—1a2k+’( U(Z—k+1_2—k—l+[))

exists and furthermore

k+1

—L— - ——k—1+1 1
27 (U 2T N s A (U) +27F log(z) (3.4)

Clearly A (U)= Ay 41(U). So we define
A(U)=lim A (U)

and
§(x)=—inf{A(U): U 3x, U open convex}.

§(x)=0and § is lower semicontinuous by the construction. We claim that § is convex.
Let

d
x=%ix,+3x,, x;€R

and U be an arbitrary convex open neighborhood of x. Given &€ >0, we choose a
5> 0, convex neighborhoods V; of x; and k such that 3VZ+iV3)c U, |Ak(V)+
§(x;)|<e. If I is large enough then

|2 5 @ (VE ) 4 5(x) [ < 26
An argument similar to the one leading to (3.3) gives
2_k-1_laz"+’“( U)= 2—k—l_laz"*'+‘(% V18+%Vg)

kel log ¢
27 (V) o) ~ .

=

I M

1
If k, I are large enough (V?),-«1> V%
M(U) 2 30(V) +3A (V) = —35(x,) —35(x,) — 4e.

Therefore 5(x)=<15(x,)+35(x,).
Let A be open and x € A. We choose £ >0 and an open convex neighborhood U
of x in A with U*° < A. For large enough k we have

AU = }im 27 g (UP”

7= | etting 10 we conclude that

k+l_2—k—l+l))

<liminf 2™ "a,»(U*®).

Therefore

—§(x)<liminf 27 "a,~(U*®).
If reN, let

={ Er: a2 ' q;e{0,1}, ke N}.
i=1
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A repeated application of (3.2) yields that, for any reN,
—5(x) <liminf n"'a, (U?).
ne N,

Using the boundedness of g we obtain

liminf n”'a,(U*®) = liminf n"'a,(U*).

e ne N,
Therefore,
liminf n"'a,(A) = -5(A). (3.5)

It remains to prove that s =35

Let now A be compact and £ >0 be given. If xe A we choose a convex open
neighborhood U, of x with —§(x)=A(U,)—¢ if §(x)<o0 and A(U,)<-1/¢ if
§(x)=c0. Then A=|J;_, U, for suitable points x,, ..., X,, and from (3.7)

limsup 27 "a,(A) < 1max A(U ) +2751 log(l>
m j 1 C

=jsm
for all k, so

limsup 2" "a,~(A)< max A(U,).

1sjsm

Keeping in mind the definition of U, and letting £ >0 one concludes that
(3.6) For A compact,

limsup 2" "a,m(A) < —-5(A).

Using (3.5) and (3.6), a standard argument gives, for z € R?,
lim 27" logE, (exp({z, S,m))) = sug(((x, z)—§(x)).

m-© xeR

Together with (2.11) and the inversion formula for Legendre transforms (see e.g.
[6, Theorem (7.15)]) this proves s=35 [

Proof of (1.5). (i) We consider subdivisions of E’into finitely many disjoint measur-
able sets. The set of such subdivisions is denoted by 3. X is a directed set under
the ordering y> ¥’ (v, y'€2) if an only if y is a refinement of y'. If ye Y and I'
is a measurable subset of A(E’') then we set I, ={u: there exists velI with
v(A;)=u(A;) for all A;evy}. Clearly I, o I. The set {(¥(A,),...,v(Ay)):vel}
where {A,,..., Ay} = v is a subset of R% Its closure is denoted by F,.

We now apply the proposition (3.2) to f(x)=(14,(x),..., 14,(x)) and obtain

1 1 1
limsup;log P,,(L,,el")slimsupzlog IP,,(—’; Y f(g)e Fy)
n->co n—oo =1

<s(F,)=—I(cl,T,).
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This holds for all v € 3. Therefore
) 1
limsup —log P, (L,e I')< —sup I(cl, I).
n-»oo n veX
It remains to show that

sup I(cl. I',))=I(cl, T').

yel

If this were false then there would exist r <I(clI') and I(cl(I',))=<r for all ye 3.
To any y€2X we can choose v, ecl(I',) with I(»,)=<r. By the r-compactness of
{v: I(v)<r} there exists a cluster point v of the net {v,: ye Z}. By the semi-
continuity property of I we have I(v)<r. If we show that » € cl,(I") then this would
lead to a contradiction. If » £ cl.(I") then there is a neighborhood U(v) of the form
{p: |u(A)—v(A)|<8, i=1,...,d} where y={A,,...,As}e3 and U(v)nT=
&. But we find a y'>vy with »,,e U(v) and v, ecl(I,)<=cl(I,). This leads to
U(v)nT # J, a contradiction.

(ii) The statement is void if I(int,I") =c0. We, therefore, assume I(int,I") < co.
For given £ >0 we choose veint, I with I(v) < I(int, ')+ ¢ and then a neighbor-
hood U(v) of v, U(v) < int, I, of the form

U(v)={p:|p(A)-v(A)|<8,i=1,...,d} where A€
We again put
f=(a,-..,14,) and V={xeR%: |x,—-v(A)|<8 i=1,...,d}.

From (3.2) (ii) we obtain

1 1 n
liminf — log P,,(L,,el")zliminf-;log [P’,,(l Y f(§)e V)
n->oo n ;=

n> n
=-h(V)==-I(U(v))
=-I(v)=-I(Gnt, I')—e¢.

As g >0 is arbitrary, this proves the theorem. []
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