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In the present work the concrete affected by alkali–silica reaction (ASR) is represented as a two-phase
material made of a solid skeleton and a wet expanding gel, which exerts a pressure capable of severely
damaging the concrete surrounding the reactive sites. Both the effects of temperature and humidity con-
ditions on the kinetic of the chemical reaction and on the final value of the consequent expansion are
included in the proposed model. The mechanical degradation induced by the ASR is described by a phe-
nomenological isotropic damage model. The constitutive model, implemented in a finite element code, is
used for the analyses of structures made of reactive concrete in the presence of temperature and moisture
gradients. Firstly the temperature and humidity fields are obtained through uncoupled heat and moisture
transport analyses and then the chemo-mechanical analysis is performed starting from the values of tem-
perature and humidity preliminary calculated.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Alkali silica reaction (ASR) is one of the chemical reactions
affecting the concrete durability. During ASR certain forms of silica
in aggregates react with the high alkaline solution in concrete mi-
cro pores to form a hydrous alkali-calcium-silica gel that expands
in the presence of moisture and causes slow but severe deteriora-
tion of concrete structures.

The presence of the alkali–silicate gel is not damaging to the
concrete per se, since the gel initially fills up the pre-existing con-
crete pores. However, in time the volume expansion of this gel may
generate significant internal tensile stresses in the concrete skele-
ton, sufficient to crack both the affected aggregate and surrounding
cement paste.

At the macro-scale ASR typically manifests itself through exten-
sive surface map cracking, although restraints due to structural
loading or reinforcements may modify the observed cracking pat-
tern. The progress of the reaction can be extremely slow, and signs
of degradation may only appear when the concrete structure is
years to decades old. The tensile strength and elastic modulus of
the concrete can be severely compromised as the reaction devel-
ops, while compressive strength is usually little affected.

Water plays a major role in the degradation of structures
affected by ASR. Experimental studies reported by Gudmundsson
and Asgeirsson (1983), Larive (1998), Multon (2003) and Ahmed
ll rights reserved.
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et al. (2003) show that the presence of water during ASR-products
formation increases the final concrete expansion while after com-
pletion of the chemical reactions, any added water does not cause
extra swelling. Others experimental campaigns (Larive, 1998; Mul-
ton, 2003; Chatterji and Christensen, 1990) evidence that the tem-
perature is another key factor influencing the reaction kinetics and
in particular show that a higher temperature induces a faster
reaction.

In parallel with the experimental studies, several mathematical
models have been proposed in the literature to simulate the
mechanical effects of ASR. In early proposed models (e.g. Charl-
wood (1994)) an equivalent inelastic strain was defined to repro-
duce the overall structural expansion. Subsequently, more refined
models have been proposed (Léger et al., 1996; Saouma and Per-
otti, 2006), with focus on the kinetics of the reaction. In Saouma
and Perotti (2006) the kinetics law, based on Larive’s proposal, also
includes, in a heuristic way, the effect of the stress state. Other
models address the mechanical modeling of ASR by considering a
two-phase material with the concrete skeleton and the expansive
gel acting in parallel (Ulm et al., 2000; Farage et al., 2004; Fairbairn
et al., 2006). Ulm et al. (2000) consider an elasto-plastic behavior
for concrete, while Farage et al. (2004) and Fairbairn et al. (2006)
use a smeared crack approach to take into account anisotropy.

These works focus on the thermo-activation of ASR but neglect
the influence of the moisture on the advancement and on the final
extent of the reaction. In spite of some recent campaigns focused
on the comprehension of the influence of moisture on ASR (e.g.
Poyet, 2003; Poyet et al., 2006), still very few attempts have been
done to model the dependence of ASR on temperature and
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moisture simultaneously. An exception is represented by Saouma
et al. (2007), who introduce the dependence by humidity through
a simple function multiplying the asymptotic strain and the reac-
tion rate, and by Grimal et al. (2008), who introduce the influence
of both temperature and moisture in the kinetic law of the reaction
and give a complete model for the behavior of the reactive con-
crete, considering the concrete creep, the stress induced by the for-
mation of ASR gel and the mechanical damage.

In the present work the phenomenological bi-phase isotropic
damage model accounting for the effect of varying temperature
conditions proposed in Comi et al. (2009) is extended in order to
catch the structural effects induced by the alkali–silica reaction
in concrete structures when also ambient humidity conditions
change and moisture gradients occur. As in Comi and Pignatelli
(2010) the quantity of water present in the structure is taken into
account through the degree of saturation of concrete and, in the
framework of Biot’s theory of multi-phase porous materials, con-
crete is here conceived as a two-phase material constituted by
the superposition of two homogenized phases: the concrete skele-
ton and the wet gel produced by the chemical reaction, which in
turns is constituted by the dry gel, the liquid water and the vapor.

As firstly proposed by Larive (1998), the ASR kinetic is assumed
to be stress independent and is described by using an intrinsic
time, expressed as a function of both the latency time and the char-
acteristic time. In this work these times depend on both tempera-
ture and degree of saturation. The ASR kinetics here proposed is an
enhancement of the one introduced by the Authors in Comi and
Pignatelli (2011).

When the external humidity boundary conditions are not
homogeneous, the moisture gradients are taken into account
through a diffusion analysis of moisture in its liquid form, while
varying temperature conditions requires a heat diffusion analysis.
The different role of moisture and temperature in slender and mas-
sive structures affected by ASR can be justified by the proposed
model considering that the two diffusion mechanisms introduce
two characteristic lengths, numerically very different for concrete.

In order to assess the decrease of stiffness of the concrete due to
cracking caused by ASR, the response of the homogenized concrete
skeleton is described by a suitably adapted version of a ‘‘bi-dissipa-
tive’’ damage model for concrete, previously developed by Comi
and Perego (2001).

The proposed model is first calibrated on the basis of experi-
mental data provided by accelerated laboratory tests, documented
in the literature (Larive, 1998; Multon, 2003; Multon and Toutle-
monde, 2006). Then, the model is validated by simulating the
structural tests performed by Multon and Toutlemonde (2010)
on plain and reinforced reactive concrete beams subject to varying
moisture condition at constant temperature. As a second example,
the mechanical response of the Beauharnois gravity dam affected
by ARS is computed and qualitatively compared with the actual
data on macro crack appearance and crest displacements reported
in Bérubé et al. (2000) and Kladek et al. (1995). Since the local evo-
lution of ASR swelling is governed by both temperature and
humidity, the steady-harmonic temperature and degree of satura-
tion fields within the dam are computed preliminarily. In doing so,
the mechanical analysis with the proposed damage model is as-
sumed to be coupled only in one direction with the previous heat
and moisture-diffusion problems.
Fig. 1. Schematic representation of the proposed two-phase model.
2. Chemo-damage model

2.1. Two-phase model

In the framework of Biot’s theory of multi-phase porous mate-
rials (Coussy, 2004), concrete affected by ASR is conceived as a
two-phase heterogeneous material constituted by the homoge-
nized concrete skeleton (s), that includes the cement paste, the
aggregates and the non-connected porosity, and the homogenized
wet gel (gw), combination of the gel produced by the chemical
reaction, the adsorbed water and the gas phases (aqueous vapor
and dry air).

Let V be the total volume of the representative volume element
RVE, Vs the volume occupied by the solid and Vgw ¼ Vg þ Vw þ Vv

the volume occupied by the wet gel, which includes the dry gel of
volume Vg , the liquid water of volume Vw and the vapor phases of
volume Vv (see Fig. 1). The degree of saturation for the water is de-
fined as Sw ¼ Vw= V � Vs � Vg

� �
. The total porosity / ¼ ðV � VsÞ=V is

filled by the dry gel, the liquid water and the gas. One can also intro-
duce the water porosity as the portion of the total porosity filled by
water and gas /w ¼ V � Vs � Vg

� �
=V . With these definitions, the

volumetric fraction of the wet gel can be expressed as

fgw ¼ Vgw=V ð1Þ

The bi-phase modeling, instead of a three-phase modeling (see
e.g. Grimal et al. (2008)and Comi and Pignatelli (2011)), is justified
by the different permeability of concrete with respect to water and
gel. Namely, concrete is much more permeable to the water than to
the gel, hence one can assume locally drained conditions with re-
spect to water (so that water pressure can be neglected) and locally
undrained condition for the gel transport. The representative vol-
ume can exchange water with the surrounding medium, while
no gel migration is allowed.

2.2. Field equations

Assuming small strains and quasi-static conditions the compat-
ibility and equilibrium for the multi-phase solid read

e ¼ 1
2

graduþ gradT u
� �

ð2Þ

divrþ qb ¼ 0 ð3Þ

where u is the skeleton displacement, e is the tensor of small strain
of the skeleton, r is the Cauchy stress in the combined solid and
fluid mix, q is the density of the assembly and q b is the body force
of the solid and the fluid mix.

The conservation law for the liquid water can be written as

divðqw/wSw _wwÞ þ
@ðqw/wSwÞ

@t
¼ 0 ð4Þ

where t is the time, qw is the mass density of water and _ww is the
relative velocity of water with respect to the solid.

As already remarked, the low permeability of concrete with
respect to gel allows to neglect the transport of gel, while the



Table 1
Elastic parameters and permeability parameters.

Parameter Value Unit Parameter Value Unit

E 37300 MPa gw 0.01 Pa s
m 0.22 – k 2e�21 m2

M 11923 MPa m1 37.55 MPa
b 0.41 – m2 2.17 –
/w 0.16 – m3 0.46 –
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migration of the water must be described by an appropriate trans-
port law. Here we adopt the simplified equation of moisture trans-
port in its liquid form proposed by Mainguy et al. (2001), valid for
slightly porous materials and obtained by the combination of the
Darcy’s law for fluid flow in porous media with the conservation
law (4). The Darcy’s law reads:

/wSw _ww ¼ �
k
gw

krwgrad pw ð5Þ

where k, gw, krw and pw denote respectively the intrinsic permeabil-
ity of concrete, the dynamic viscosity, the relative permeability
(function of the degree of saturation as in Van Genuchten (1980))
and the pressure of water. In Eq. (5) gravity, inertia or anisotropic
effects have been disregarded. Since we are considering atmo-
spheric conditions, the pressure of the gas (vapor and dry air), that
is defined relatively to the atmospheric pressure, is null and the
water pressure pw results the opposite of the capillary pressure pc ,
whose link with the degree of saturation can be experimentally ob-
tained in the form of the capillary curve. Fig. 2 shows an example of
this curve, experimentally obtained from the desoprtion isotherm of
concrete specimens, together with the interpolation curve proposed
in Baroghel-Bouny et al. (1999). By substituting (5) into the conser-
vation law (4) and taking into account the capillary curve, the fol-
lowing non-linear transport law for moisture in its liquid form is
obtained a

/w
@Sw

@t
þ divðDwgrad SwÞ ¼ 0 ð6Þ

where Dw is the permeability of concrete, dependent on the degree
of saturation. Using the expression of the capillary curve given in
Baroghel-Bouny et al. (1999), the permeability reads

DwðSwÞ ¼ m1m2 1� 1
m2

� �
k

½1� ð1� S1=m3
w Þm3 �2

gwSð1=2þm2Þ
w S�m2

w � 1
� � 1

m2

h i ð7Þ

with m1, m2 and m3 material parameters. The values of the coeffi-
cients in Eqs. (5) and (7) are reported in Table 1.

Instead of the degree of saturation Sw, often the relative humid-
ity h, i.e. the ratio between the pressure of the vapor and the satu-
rated vapor pressure, is used to describe the water content inside
concrete and to specify the boundary conditions. As detailed for
example in Li et al. (2004)), the relation between the two variables
can be obtained by combining the equation describing the capillary
curve in Fig. 2 with the so-called Kelvin’s equation, which links the
capillary pressure to the relative humidity h and the absolute tem-
perature T (K) and reads
Fig. 2. The experimental capillary curve for concrete (from Baroghel-Bouny et al.
(1999)).
qw
RT
Mv

ln h ¼ pw ¼ �pc ð8Þ

Mv being the molar mass of vapor. Fig. 3 shows the relation be-
tween the degree of saturation and the relative humidity obtained
using the capillary curve of Fig. 2 and the Kelvin’s equation at
T = 311 K.

2.3. Constitutive equations

The state equations, relating the static variables (total Cauchy
stress r, chemical potential lgwand entropy S) to the conjugate
kinematic variables (strain of the skeleton e, variation of wet gel
phase content fgw and temperature variation h ¼ T � T0, T0 being
the local reference temperature), are derived from the free energy
potential W. In order to model the concrete skeleton degradation,
we also introduce the internal isotropic damage variable
D ¼ 1� ð1� DtÞð1� DcÞ, depending on the two scalar variables Dt

and Dc , respectively referred to prevailing tension and compression
conditions, and the conjugate energy release rate Y . The following
expression for the free energy is proposed:

W ¼ Wðe; h; fgw;DÞ ¼
ð1� DÞ

2
2Ge : eþ Ktr2eþMb2 tre� fgw

b

� �2
"

þ � C
T0
þMa2

gw

� �
h2 � 2Ktreah� 2Mb tre� fgw

b

� �
agwh

#
þ wgwqgwfgw

ð9Þ

In the above equation e is the deviatoric strain tensor, G and K are
respectively the shear and bulk moduli of the homogenized con-
crete skeleton, M and b are the Biot modulus and the Biot coeffi-
cient, C is the volumetric heat capacity, a and agw, are respectively
the volumetric coefficients of thermal expansion for the concrete
skeleton and the wet gel. The term wgwqgwfgw accounts for the free
energy supply associated with the mass variation qgwfgw.

The state equations are obtained by partial derivation and read:

r ¼ @W
@e
¼ ð1� DÞ 2Geþ Ktre� KahþMb btre� fgw � agwh

� �� 	
1


 �
ð10Þ
Fig. 3. Relation between degree of saturation and relative humidity for T ¼ 311 K.



Fig. 4. Influence of temperature and degree of saturation (a): on the latency time
(b): on the characteristic time.
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qgwlgw ¼
@W
@fgw

¼ �ð1� DÞMðbtre� fgw � agwhÞ þ qgwwgw ð11Þ

S ¼ � @W
@h

;Y ¼ � @W
@D

ð12Þ

The chemical potential can be expressed in terms of gel
pressure p and specific free energy as

lgw ¼ p=qgw þ wgw ð13Þ

By combining (11) and (13) one obtains the following form for the
gel pressure

p ¼ �ð1� DÞM btre� fgw � agwh
� �

ð14Þ

Consequently the macroscopic stress, Eq. (10), can be written as

r ¼ @W
@e
¼ ð1� DÞ 2Geþ Kðtre� ahÞ1½ � � bp1 ð15Þ

The constitutive model is completed by the evolution equations
for the variation of the wet gel volume content fgw (defined in (1))
and the damage D. The rate of the gel content is assumed to be pro-
portional to the rate of the reaction extent n, a phenomenological
internal variable (0 6 n 6 1) used to describe both the gel forma-
tion and the gel swelling, considered as simultaneous, in accor-
dance with the experimental results (see e.g. Haha et al. (2007)):

_fgw ¼ c _n ð16Þ

The constant c in (16) is proportional to the free asymptotic vol-
umetric expansion in the isothermal fully saturated case �1ASR. It’s
expression can be obtained from (10) by imposing the free-stress
expansion condition (r ¼ 0) and reads

c ¼ K þMb2

Mb
�1ASR ð17Þ

Considering a first order reaction kinetics, the following form
for the reaction rate is proposed

_n ¼ fSw � nh iþ
~t

; f Sw
¼ 1þ b1 expð�b2Þ

1þ b1 expð�b2SwÞ
ð18Þ

with b1 and b2 material parameters to be calibrated on the base of
experimental data (see Section 2.4). In the fully saturated case,
Sw ¼ 1, the kinetic law given in Eq. (18) coincides with the one pro-
posed by Larive (1998). Note that due to the presence of fSw 6 1 in
the evolution law, the limit value n ¼ 1, corresponding to the com-
plete development of the reaction, can be obtained in the fully sat-
urated case only. In (18) ~t is the intrinsic time of the reaction, which
depends on the local histories of temperature TðtÞ, degree of satura-
tion SwðtÞ and reaction extent nðtÞ. It is expressed in terms of both
the latency time slat and the characteristic time sch registered for
the swelling of reactive specimens and defined in Larive (1998).
In the present work the following law is proposed

1
~t
¼ n=fSw þ exp �slat=schð Þ

sch 1þ exp �slat=schð Þð Þ ð19Þ

with

siðT; SwÞ ¼ siðT;1Þ þ
siðT; 0Þ � siðT;1Þ

1þ c1i exp � c2ið1�2SwÞ
Swð1�SwÞ

h i
8<
:

9=
; exp Ui

1
T
� 1

T

� �� 


ð20Þ

with i ¼ ch; lat. In the expressions (20) the dependence on the tem-
perature, described by the Arrhenius law as in Ulm et al. (2000), is
combined with the dependence on the degree of saturation, based
on experimental results at the reference temperature T ¼ 38�C;
Ulat and Uch are the activation energies; the parameters c1i, c2i are
calibrated with experimental data. Fig. 4 shows the latency and
the characteristic times as functions of both temperature and de-
gree of saturation.

Even though the Eqs. (20) define the values of the latency and
characteristic times for any degree of saturation, it should be re-
marked that, for degree of saturation lower than 0.6 no experimen-
tal values are available since the corresponding asymptotic
expansion is almost zero. Therefore the values of the latency and
characteristic times for low moisture contents are non influential.

The evolution of the damage variables Dt and Dc is governed by
loading–unloading conditions defined in terms of the macroscopic
stress r and the wet gel pressure p through the ‘‘inelastic effective
stress’’ r00 defined as

r00 ¼ rþ bp1 ð21Þ

The non-dimensional coefficient b 6 b governs the damage level
achievable in a reactive concrete specimen in a free expansion test.
The loading–unloading conditions read

fi 6 0 _Di P 0 f i
_Di ¼ 0; i ¼ t; c ð22Þ

where ft and fc are the damage activation functions in tension and
compression, defined as

fi ¼
1
2

s : sþ ai0ðtrr00Þ2 þ ai1trr00hi � ai2h2
i ; i ¼ t; c ð23Þ



Fig. 5. Variation of the latency time and of characteristic time with the degree of
saturation: experimental points from Larive (1998) and proposed model.

Fig. 6. Variation of the maximum free axial ASR expansion achievable in different
moisture conditions: experimental points from Larive (1998) and Multon (2003)
and proposed model.

Table 2
Calibrated parameters for the ASR model.

Parameter Value Unit Parameter Value Unit

slatðT;1Þ 70 days c1lat 0.03 –

slatðT;0Þ 145 days c2lat 3.1 –

schðT;1Þ 20 days c1ch 0.004 –

schðT;0Þ 80 days c2ch 5.0 –

b1 140000 – Ulat 9400 K
b2 18.5 – Uch 5400 K
�1ASR 0.009 –
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where s is the deviatoric stress, ai0, ai1, ai2 (i ¼ t; c) are material
parameters governing the shape and dimensions of the elastic do-
main (see Comi and Perego (2001) for details) and ht and hc are
the hardening–softening functions

hiðDiÞ ¼
1� 1� rei

r0i

� �h i
1� Di

D0i

� �2
for Di < D0i

1� Di�D0i
1�D0i

� �ci
h i0:75

for Di P D0i

8><
>: i ¼ t; c

ð24Þ

where rei=r0i is the ratio between the stress at the elastic limit and
at peak in a uniaxial tension (i ¼ t) or compression (i ¼ c) test, D0i

defines the damage level corresponding to the peak stress in a uni-
axial test, ci governs the negative slope of the softening part of the
functions hiðDiÞ. In the finite-element implementation, the expo-
nent ci is used to scale the fracture energy density of the material
in such a way that each finite element can dissipate the correct
amount of energy, independently of its size.

2.4. Model calibration

The proposed model requires the identification of three distinct
sets of material parameters, namely: (i) elastic parameters for con-
crete skeleton and gel (K , G, M, b) (ii) parameters defining the
expansion due to ASR (Ui, siðT;1Þ, siðT;0Þ, ci1, ci2, with i ¼ lat, ch,
�1ASR, b1, b2) (iii) parameters governing the damage response (b,ai0,
ai1, ai2, rei=r0i, D0i, i ¼ t; c). The procedure for the choice of these
parameters is briefly illustrated in the following.

(i) The elastic parameters for concrete can be computed from
the experimental values of Young’s modulus and Poisson
ratio; Biot’s parameters M and b can be obtained from the
initial porosity / of concrete through the relations proposed
in Heukamp et al. (2001). The values of this set of parame-
ters are reported in Table 1.

(ii) The activation energies Ulat and Uch should be estimated on
the basis of experiments on reactive specimens. In the pres-
ent work we adopt the values identified by Larive (1998)
by experiments at different temperatures. The calibration
of the other parameters in Eq. (20), siðT;1Þ , siðT;0Þ, c1i, c2i,
requires the knowledge of the free expansion curves at differ-
ent moisture conditions. In particular slatðT;1Þand
schðT;1Þrepresent the latency time and the characteristic
time of ASR in fully saturated conditions, slatðT; 0Þand
schðT;0Þ represent the limit values for low degree of satura-
tion, c1i and c2i tune the evolution between these limit values.
Fig. 5 shows the experimental values taken from Larive
(1998) and the curves obtained with the proposed model
after parameter identification.
Parameters �1ASR, b1 and b2 (see Eqs. (17) and (18)) define the
maximum axial expansion achievable in different moisture
conditions
�maxðSwÞ ¼
1þ b1 expð�b2Þ

1þ b1 expð�b2SwÞ
�1ASR

3
ð25Þ
These parameters have been calibrated by considering the
maximum expansion measured by Larive (1998) and Multon
(2003) in isothermal tests on reactive specimens character-
ized by different degree of saturation. The resulting model
curve together with the experimental points is reported in
Fig. 6. The values of the parameters thus identified are re-
ported in Table 2.
Since the experimental results are often expressed in terms of
change in mass, here they are converted into values of degree
of saturation through the water content w, i.e. the ratio be-
tween the mass of water and the mass of solid. The degree
of saturation Sw can be expressed in terms of w as
Sw ¼ cww=ðcseÞ, where e is the void index, cw and cs are the
specific weights of water and solid respectively. When the
experimental results are expressed in terms of relative
humidity, they can be converted in degree of saturation
according to the procedure discussed in Section 2.2. In the
simulation of the tests reported in Larive (1998), Multon
(2003) and Multon and Toutlemonde (2010), whenever not
specified, the initial degree of saturation is assumed equal
to 0.6.
(iii) The parameters ai0, ai1, ai2, rei=r0i, D0i, i ¼ t; c can be identi-
fied on the basis of standard uniaxial and biaxial mechanical
tests on concrete. Feasible intervals for the model parame-
ters can be found in Comi and Perego (2001) with reference
to non reactive concrete. In the presence of ASR the addi-



Fig. 7. Young’s modulus reduction for reactive specimens subjected to free
expansion tests: experimental points from Larive (1998) and Multon (2003) and
model prediction.

Fig. 8. Comparison between a free expansion test and (a) a loaded test (20 MPa), (b)
a confined test (5 mm): experimental point from Multon and Toutlemonde (2006)
and model prediction.

Fig. 9. Tension and compression damage activation functions for the calibrated
parameters.
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tional parameter b can be calibrated starting from the exper-
imental data on the Young’s modulus degradation of reactive
specimens in free expansion tests.

Fig. 7 shows the experimental values of the Young modulus,
normalized with its initial value reported by Multon (2003) and La-
rive (1998) and the time evolution obtained with the proposed
model after the identification of b. The continuous line is obtained
with the values D0t ¼ 0 and ret=r0t ¼ 1, i.e. assuming a linear elas-
tic behavior in tension until the peak strength; the dashed line
shows the behavior described by the model assuming D0t ¼ 0:3
and ret=r0t ¼ 0:6. While the first assumption is the one commonly
used in the absence of specific experimental data, the inclusion of a
nonlinear behavior before the peak allows to obtain a more gradual
reduction of the Young’s modulus.

In the present work we have considered the experimental cam-
paign of Multon (2003) and Multon and Toutlemonde (2006) on
reactive concrete. Since only uni-axial mechanical tests have been
performed and no experimental data are available concerning the
biaxial behavior of that concrete, we have identified the parameters
ai0, ai1, ai2, i ¼ t,c on the basis of the uni-axial tension and compres-
sion strengths and of the deformation evolution measured in loaded
and/or confined specimens. In fact while the free expansion pre-
dicted by the model only depends on the parameters governing
the evolution of the ASR, the expansion curve in the presence of
the compressive load and/or lateral confinement also depends on
the damage activation conditions, and hence, on the parameters
defining the activation functions ft and fc . In particular for the iden-
tification we have considered the mean deformation measured on
cylindrical specimens loaded with an axial compression stress of
20 MPa (labeled as 0 mm_20MPa) and the mean deformation mea-
sured on specimens constrained by steel rings of 5 mm (labeled as
5 mm_0MPa). The symbols in Fig. 8 represent the experimental
mean strain due to the chemical reaction only, since creep, shrink-
age and instantaneous elastic strains have been subtracted; consis-
tently the continuous curves representing the model response have
been obtained by subtracting the elastic contribution from the total
strains. In Fig. 8 also the free expansion curve (labeled 0 mm_0MPa)
is shown for reference. Fig. 9 shows the activation functions in ten-
sion and compression in the effective stress plane r001 � r002 corre-
sponding to the above calibrated parameters, reported in Table 3.
2.5. Model validation

To validate the form of the kinetic of the ASR proposed in this
work, and in particular the proposed dependence on the degree
of saturation, we have simulated the isothermal tests by Larive
(1998) on cylindrical specimens subjected to different moisture
conditions. Fig. 10 shows the free expansion curves computed with
the calibrated parameters, for T ¼ 38�C and for different degrees of
saturation, corresponding to change in mass of 0.05%, 0.43% and
0.63%, and the corresponding experimental values. Then the model



Table 3
Calibrated parameters for the damage model.

Parameter Value Unit Parameter Value Unit

at0 0.25 — ac0 0.0025 –
at1 4.31 MPa ac1 3.80 MPa
at2 18:62 MPa2 ac2 349:29 MPa2

b 0.0287 –

Fig. 10. Free axial ASR expansion at T = 38 �C for different degree of saturation:
experimental points from Larive (1998) and proposed model.
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has been employed to simulate the experiments by Multon and
Toutlemonde (2010) on cylindrical specimens kept in water after
the 28 curing days or kept in air at 100% relative humidity (RH)
for 676 days and then immersed in water. The late water supply
causes supplementary expansion and the strain tends to reach
the value corresponding to specimens immersed in water after
28 curing days. The experimental points and the model prediction
are compared in Fig. 11; a good agreement is observed.
2.6. The heat and humidity characteristic lengths

The ASR development in a real structure depends on the tem-
perature and humidity fields and on their variation during its ser-
vice life.

In order to study the influence of heat transport on the advance-
ment of the reaction in concrete structures affected by ASR, Ulm
et al. (2000) consider the solution of the heat transport equation
in a semi-infinite half-space (x P 0) with initial temperature T0,
delimited by a plane C maintained at a constant temperature
TC > T0, under uniform moisture conditions. The solution of the
above problem depends on the thermal diffusion length

ffiffiffiffiffiffiffiffi
DT t
p

, DT
Fig. 11. Free expansion tests at T = 38 �C with late water supply: experimental data
from Multon and Toutlemonde (2010) and model prediction.
being heat diffusivity of concrete (m2/days), so that T ’ TC near
the heated surface for x�

ffiffiffiffiffiffiffiffi
DT t
p

and T ’ T0 for x >
ffiffiffiffiffiffiffiffi
DT t
p

. This anal-
ysis allows to define the zone where, at a given time, ASR takes
place. To this purpose, to simplify the problem, one can assume a
step evolution of the reaction extent instead of Eq. (18), so that
n ¼ 0 for t < slatðTÞ and n ¼ 1 for t P slatðTÞ. Since the latency time
of the reaction slatðTÞ diminishes with the temperature T , nðtÞ ¼ 0
everywhere for t < slatðTCÞ and nðtÞ ¼ 1 everywhere for
t > slatðT0Þ. For a time slatðTCÞ � t < slatðT0Þ the reaction activates
(that is nðtÞ ¼ 1 considering a step function) only in the zone
x < lT identified by the characteristic thermal length
lT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DTslatðTCÞ

p
. In the presence of both thermal and humidity

gradients, taking advantage of the analogy between the moisture
diffusion law in (6) and the Fourier heat transport law, it is possible
to define two characteristic lengths, lT and lw, defining the zone in
which combined effects of diffusion (of heat or moisture) and ASR
occur.

lT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DTslat TC; Sw;Cð Þ

q
; lw ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DwðSw;CÞslat TC; Sw;Cð Þ

q
ð26Þ

where Dw is the permeability defined by (7), TC and Sw;C are the
temperature and the degree of saturation applied to the plane C.
Fig. 12. Simultaneous influence of temperature and degree of saturation on the
temperature and moisture characteristic lengths lT and lw .
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Fig. 12 shows the characteristic lengths as functions of temperature
and degree of saturation (each vertical segment, at fixed T, corre-
sponds to Sw varying from 0 to 1). As shown in Fig. 12, with the dif-
fusivity parameters of concrete, the heat characteristic length lT is
two orders of magnitude higher than the moisture characteristic
length lw. In massive structures (as gravity dams), where the dimen-
sions are of the same order of magnitude of the temperature char-
acteristic length and much bigger than the moisture characteristic
length, non-uniform temperature boundary conditions cause tem-
perature gradients in the whole structure, bringing to differential
ASR expansion, while varying moisture boundary conditions can af-
fect only the superficial layer of the structure, so that the overall
behavior of the structure is governed by the initial humidity condi-
tion in the body of the structure. This aspect will be further dis-
cussed in Section 3.2. On the contrary humidity gradients can be
important in slender structures, where the structural dimensions
are comparable with the moisture characteristic length lw.
3. Structural analysis of damage induced by the alkali–silica
reaction

3.1. Reactive plain and reinforced concrete beams submitted to
moisture gradients

The proposed model has been validated by simulating the
experimental tests performed by Multon and Toutlemonde
(2010) on reactive plain and reinforced concrete beams. In that
experimental campaign, aimed to investigate the effects of varying
humidity conditions on the ASR development, after curing under
aluminium sealing, the lower face of the beams was immersed in
water, while the upper face was dried with air at 30% RH for
14 months and then submitted to a delayed water supply for 9
months (see Fig. 13).

The constitutive model developed in the present work has been
implemented in the commercial finite-element code Abaqus
through Fortran user’s subroutines. The mesh dependence due to
the strain localization typical of damageable materials has been
prevented adopting a so called ‘‘fracture energy regularization’’
as in Comi et al. (2009). For the numerical simulation of the beams
we have employed a three-dimensional mesh with twenty nodes
brick elements. Exploiting symmetries only one quarter of the
beams has been modeled.

The elastic parameters and the permeability parameters used in
this simulation are reported in Table 1, the parameters for the ASR
model are those calibrated in Section 2.4 and reported in Table 2.

First of all a moisture diffusion analysis has been performed to
compute the history of the degree of saturation and the corre-
sponding reaction extent history at each point. The formal analogy
between the non-linear transport law for moisture in its liquid
form (6) and the Fourier equation commonly used for the heat
Fig. 13. Moisture conditions of the beams tested by Multon and Toutlemonde
(2010).
transport permits to use the standard Abaqus heat transfer analysis
both for the heat and moisture diffusion analyses, by introducing a
non-linear conductivity coefficient in the second case.

Fig. 14 shows the computed patterns of degree of saturation and
reaction extent after 14 and 23 months respectively. The reaction
starts in the lower part of the beam, where humidity is higher,
and then, after water supply, develops in the upper part. Then a
chemo-mechanical analysis has been performed with the proposed
model. Fig. 15 shows the contour plot of damage in the plain beam
(a) and in the reinforced beam (b). The presence of reinforcement
reduces the achieved damage level.

The comparison between experimental results and numerical
analysis is shown in Fig. 16 for the plain beam in terms of vertical
(a) and transversal (b) strain evolution at different depths of the
beam, as indicated on the section of the beam in the same figure.
A good qualitative agreement is observed except for the upper
point considered. Indeed at 0.08 m from the top of the beam the
model does not predict any swelling in the first drying phase, while
the experimental data show a limited expansion which seems to
indicate that ASR is not completely stopped. This discrepancy can
be attributed to the lack of information about the exact initial
humidity field inside the beam and hence to an uncorrect estimate
of the initial field of the degree of saturation.

Figs. 17 and 18 respectively compare the experimental and the
computed values of the longitudinal strain, with reference to the
depth of 23 cm from the top of the beam, and the maximum deflec-
tion both for the plain and the reinforced beam. The presence of
reinforcement constrains the concrete swelling and significantly
reduces the overall structural effect of ASR. This effect is correctly
reproduced by the proposed model.

The quantitative discrepancy between experimental data and
model results, in particular the delay of the expansion in the re-
wetting phase, could be partially caused by the difference between
the moisture pattern obtained with the theoretical diffusion law in
(25) and the real adsorption–desorption behavior of the beam. This
aspect is evidenced in Fig. 19 which compares the experimental re-
sults with the model predictions in terms of mass variation along
the beam depth. Fig. 19a shows the advancement of the wet and
drying front respectively in the lower and upper parts of the beams
at the end of the first phase of the humidity history, Fig. 19b shows
the advancement of the wet front both in the lower and the upper
part due to the delayed wetting of the beams (the last 9 months):
even though there is an overall qualitative agreement, point wise
there are significant quantitative differences. A careful calibration
of the permeability parameters could improve the results but it
would require experimental measures of specimens drainage and
imbibition for the concrete under examination. Since these exper-
imental data were not available, we have used the permeability
parameters reported in the literature for concrete, as explained
in Section 2.2.

3.2. Concrete gravity dam

The proposed model has been also employed to simulate the
behavior of a gravity dam, subjected to service loading and affected
by the ASR. Reference was made to the right gravity dam of the
Beauharnois power plant (Québec, Canada). The construction of
the plant begun in 1932 and the right gravity dam was completed
in 1941. This dam displayed cracks due to ASR and the grouting of
cracks started in 1947, only six years after the construction (Bérubé
et al., 2000). Afterwards several retrofitting provisions were taken
including the adoptions of post-tension cables and the repair of
surface concrete, and some expansion slots were cut in the struc-
ture to release the eigenstress state. According to measurements
which had been taken since early 1970’s and reported in Kladek
et al. (1995), despite these provisions the displacements rates



Fig. 14. Patterns of (a) degree of saturation and (b) reaction extent after 14 and 23 months.

Fig. 15. Patterns of the damage level in the (a) plain and (b) reinforced beams after 14 and 23 months.
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where constant over two decades and equal to 2.2 mm/year in the
horizontal upstream direction for a particular section and equal to
0.6 mm/year for another section of the dam. Mechanical experi-
mental tests conducted on drilled specimens between 1985 and
1988, about 45 years after the construction, when the dam was al-
ready seriously damaged, gave a compressive stress around
44 MPa, a Young’s modulus of 18 GPa and a splitting strength rang-
ing from 1.6 to 3.4 MPa, as reported in Raphael et al. (1989).
The geometry and the loads assumed in the numerical analysis
are shown in Fig. 20 (see Huang and Pietruszczak (1999)). A period
of 60 years after the construction is considered in the analysis.

The chemical and mechanical properties of concrete are as-
sumed homogeneously distributed in the body of the dam. The ini-
tial mechanical properties of the concrete to be used in the analysis
are estimated as follows. Since various experimental campaigns on
reactive specimen show that the reduction of compressive strength



Fig. 16. Vertical (a) and transversal (b) strains of reactive beams measured at four
depths (0.08, 0.17, 0.27, 0.37 m from the upper face): experimental points from
Multon and Toutlemonde (2010) and model prediction.

Fig. 17. Longitudinal strain for plain and reinforced beams: experimental evolution
from Multon and Toutlemonde (2010) and model results.

Fig. 18. Deflection for plain and reinforced beams: experimental evolution from
Multon and Toutlemonde (2010) and model results.

Fig. 19. Mass variation (a) immediately before (400 days) and (b) after (480, 550,
700 days) the re-wetting of the beam: experimental points from Multon and
Toutlemonde (2010) and model prediction.
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due to ASR is limited and often only counterbalance the increase
due to continued hydration, we assumed the measured value re-
ported in Raphael et al. (1989) as representative of the strength
at 28 days so that the concrete can be classified according to the
model code CEB as a C40 concrete grade (see CEB (1990)). The ini-
tial Young’s modulus and the tensile strength are then given in this
code, namely E = 36 GPa � 0.7 = 25 GPa (the coefficient 0.7 ac-
counts for the aggregate type, sandstone for the Beauharnois
dam) and rt=3.5 MPa. These initial values are reasonably corre-
lated with the ones measured after 45 years from the construction
on the concrete specimens deteriorate by ASR (a reduction of 28%
for the Young’s modulus and a reduction in the range 3–50% for the
tensile strength). Fracture energy in tension and compression
typical of a concrete characterized by large aggregate size have
been assumed: Gft = 0.3 Nmm�1 and Gfc = 30 Nmm�1 respectively.
Since the value of the asymptotic expansion �1ASR is not available
in the literature for the concrete used in the Beauharnois dam, var-
ious analyses have been made, comparing different values of the
asymptotic axial ASR expansion, taken in a reasonable range for
reactive concrete (0:0015� 0:002). Moreover longer values of both
the latency and the characteristic times in saturated conditions
(slatðT;1Þ = 80 days and schðT;1Þ = 150 days) and a smaller value
for the coefficient b (b = 0.018) have been used, in order to com-
pare the results with the few available real data. The material
parameters are collected in Table 4. A plane-strain mesh with tri-
angular elements with one Gauss point has been employed.

Since the ASR is driven by the history of temperature and
humidity, the mechanical analysis has been preceded by a heat
transport analysis governed by the Fourier equation and a
humidity diffusion analysis governed by the equation (6). Dirichlet



Fig. 20. Beauharnois gravity dam: geometry and loading conditions.

Table 4
Elastic parameters and parameters for the ASR model used for the simulation of the
Beauharnois dam.

Parameter Value Unit Parameter Value Unit

E 25000 MPa slatðT;1Þ 80 days
m – – slatðT;0Þ 200 days
rt 3.5 MPa schðT;1Þ 150 days
rc 44 MPa schðT;0Þ 300 days
Gft 0.3 Nmm�1 �1ASR 0.0045 –
Gfc 30 Nmm�1
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conditions are imposed everywhere along the dam boundary. The
minimum and maximum temperature of air, soil and water (the
latter varying with the reservoir depth as shown in Fig. 20) re-
ported in Huang and Pietruszczak (1999) are adopted and an har-
monic variation with a period of one year is assumed, as shown in
Fig. 21. The humidity history is assumed in phase with the seasonal
oscillation of the reservoir water level and in opposition of phase
Fig. 21. Temperature and humidity variable boundary conditions.
with the environmental temperatures, which are lower in winter
and higher during the summer (Fig. 21). The points of the upstream
surface of the dam are subject to temperature and humidity chang-
ing between the air and the water temperature and humidity pro-
files, according to the reservoir water level oscillation.

In order to reduce the computing time of the transient analysis
necessary to obtain the periodic stabilization of the temperature
and the humidity oscillations, the stationary temperature T0 and
humidity Sw0 fields have been computed preliminary, by imposing
along the dam boundary the mean values of temperature and
humidity histories. By assuming the stationary temperature and
humidity fields as initial condition at t ¼ 0 , the transient heat-con-
duction and moisture-diffusion problems are solved with the peri-
odic boundary conditions shown in Fig. 21. The thermal
parameters are assumed constant while the permeability Dw is a
function of the degree of saturation as in Eq. (7). The solution of
the heat and moisture diffusion problem is the input for the
chemo-mechanical problem.

Fig. 22 reports the histories of temperature, humidity and reac-
tion extent at three different points of the dam and shows the pre-
valent effect of the humidity on the final reaction extent and the
predominant effect of the temperature on the reaction kinetic in
the first 1000 weeks. Fig. 23 displays the final patterns of degree
of saturation and temperature in winter. Since the structural
dimensions are comparable with the heat characteristic length
but are much bigger then the humidity characteristic length (both
defined in Eq. (26)), an important temperature gradient can be ob-
served, while, on the contrary, the moisture diffusive process af-
fects the external boundary of the structure only for a depth of
about 40 cm and the degree of saturation is constant elsewhere,
equal to the imposed initial value of 0.93.

Fig. 24 shows the reaction extent and the damage at three dif-
ferent time steps. At the beginning the damage appears only on
the external skin of the structure, the only one affected by the
external humidity conditions. The first macroscopic crack in the
body of the dam and visible on the surface of the structure appears
six years after the construction, in accordance with the data re-
ported in Bérubé et al. (2000). Fig. 25 shows the horizontal crest
displacements for different values of the asymptotic axial ASR
expansion. The constant displacement rate predicted by the model
after the first decade is between 0.5 and 0.8 mm/years. These val-
ues well compare with the displacement rate measured on the dam
in the twenty years period of monitoring, highlighted in the
zoomed view in Fig. 25.

Several comments on the dam structural analysis are worth-
while. (i) In the above analysis we have not simulated the retrofit-
ting provisions that were taken during the life of the dam,



Fig. 22. Simultaneous influence of temperature and degree of saturation on the reaction extent: histories of temperature, degree of saturation and reaction extent at three
different points.

Fig. 23. Patterns of (a) degree of saturation and (b) temperature in K at the end of the analysis.
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therefore the performed analysis is not representative of the real
behavior of the dam, but is intended to show the applicability of
the proposed model and analysis strategy to structural problems.
(ii) The material parameters defining the mechanical behavior
and the reaction development have been fixed using the few avail-
able experimental information. To correctly predict the behavior of
a very complex structure such as a dam along various decades one
should probably couple the proposed analysis with structural mon-
itoring data in order to properly identify the material parameters
on the basis of the past structural response. (iii) Since in a gravity
dam the degree of saturation is close to one in the whole body dam,
as expected in the case of gravity dams, the influence of the mois-
ture is very limited and the overall behavior could be well approx-
imated considering the temperature influence only. However the
gradient of moisture near the downstream surface allow to
reproduce the crack pattern which is experimental observed. This
cracking, appearing after some years from the construction, is the
first manifestation of ASR development. Moreover in other struc-
tures such as buttress dams or bridges, where the structural
dimensions are comparable with the moisture diffusion length,
the effect of moisture gradients can be important, as pointed out
by Ulm et al. (2000) and shown in the present work with the exam-
ple of beams subject to moisture gradient in Section 3.1. (iv) The
hypothesis of isotropic damage at the material point level allows
to simplify the model; the anysotropy of the cracked pattern is
recovered at the structural level by oriented band of severely dam-
aged material (as in Fig. 24). The assumption of an anisotropic
model, as proposed e.g. in Comi and Perego (2011), allowing for
a better description of the material behavior pointwise, would
introduce additional parameters difficult to be identified. (v) Since
the ASR develops during several decades of service life, other long
term effects such as creep should be properly described.



Fig. 24. Patterns of the reaction extent and damage after (a) 3, (b) 6 and (c) 60 years.

Fig. 25. Horizontal crest displacements for different values of the asymptotic axial ASR expansion.
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4. Conclusions

A mathematical formulation has been developed for modeling
the mechanical effects of the ASR in the presence of simultaneous
temperature and moisture variations.

The constitutive relations have been formulated within the
framework of the Biot’s theory of multi-phase materials. The pro-
gressive expansion of the alkali–silica gel is described by a phe-
nomenological internal variable. The swelling of the gel in the
presence of moisture is resisted by concrete skeleton and causes
the development of pressure which can damage the concrete sur-
rounding the reactive sites. Both the effects of temperature and
humidity on the kinetic of the chemical reaction and on the final
value of the consequent expansion are included in the proposed
model. A relatively simple model for the kinetics of ASR is pro-
posed, in which temperature and humidity affect the latency and
the characteristic time of the reaction.

Possible moisture and temperature gradients due to variable
boundary conditions are taken into account through a heat trans-
port analysis and a diffusion analysis of moisture in its liquid form.
The different role of moisture and temperature in slender and
massive structures affected by ASR has been discussed.

These diffusion analyses are firstly carried out, then the chemo-
mechanical analysis is performed starting from the values of tem-
perature and humidity preliminary calculated. The model has been
validated by comparing the results numerically obtained by the
proposed formulation with the experimental results reported in
literature for reactive specimens and plain and reinforced beams.
A good agreement is observed both in the case of homogeneous
moisture conditions and in the presence of humidity gradients.
In the latter case the model is capable to qualitatively catch the dif-
ferent behavior that beams subjected to moisture gradients show
in different directions. A structural simulation of a gravity dam
aimed at assessing the extent of structural damage caused by the
reaction is also presented. In spite of the scarce informations on
the real behavior of the dam, the model is able to qualitatively
reproduce the structural consequences of ASR.

The enhancement of the model, in order to include other long
term phenomena such as creep, is currently under development.
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