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Abstract In this article, new extension of the generalized and improved (G’/G)-expansion method
is proposed for constructing more general and a rich class of new exact traveling wave solutions of
nonlinear evolution equations. To demonstrate the novelty and motivation of the proposed method,
we implement it to the Korteweg-de Vries (KdV) equation. The new method is oriented toward the
ease of utilize and capability of computer algebraic system and provides a more systematic, conve-
nient handling of the solution process of nonlinear equations. Further, obtained solutions disclose a
wider range of applicability for handling a large variety of nonlinear partial differential equations.
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1. Introduction

Nonlinear partial differential equations (PDEs) are widely
used as models to express many important physical phenom-
ena. The analytical solutions of nonlinear PDEs play an
important role in nonlinear science and engineering. In order
to understand better, as well as further applications in practi-
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cal life, it is important to generate exact traveling wave solu-
tions. In the recent past, a diverse group of scientists
presented a variety of methods to construct analytical and
numerical solutions. For instance, the Hirota’s bilinear trans-
formation method [1], the truncated Painleve expansion meth-
od [2], the Backlund transformation method [3], the Weirstrass
elliptic function method [4], the inverse scattering method [5],
the tanh-coth method [6,7], the Riccati equation method
[8-10], the Jacobi elliptic function expansion method [11], the
F-expansion method [12,13], the Exp-function method
[14—17], the sine-cosine method [18] and others [19-21].
Recently, Wang et al. [22] presented one of the powerful
methods and called the (G'/G)-expansion method for con-
structing traveling wave solutions of some nonlinear evolution
equations (NLEESs). In this method, they implemented the sec-
ond order linear ordinary differential equation (ODE)
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G" + 2G' + uG = 0, where 1 and u are arbitrary constants.
Afterward, many scientists applied the (G’/G)-expansion
method to study various NLEEs for obtaining traveling wave
solutions, can be found [23-27].

To express the applicability and effectiveness of the (G'/G)-
expansion method, further research has been accomplished by
a diverse group of researchers. For instance, Zhang et al. [28]
introduced the improved (G’/G)-expansion method to establish
many traveling wave solutions. In Ref. [22], Wang et al. pre-
sented u(¢) =1 ,a:(G'/G)', where a,#0 as the traveling
wave solutions. However, Zhang et al. [28] described the trav-
eling wave solutions in the form u(¢) = Y a:(G'/G)’, where
a_,, or a,, may be zero, but both a_,, and a,, cannot be zero at
the same time. Following Zhang et al. [28], many researchers
implemented the improved (G’/G) method to construct travel-
ing wave solutions of several nonlinear PDEs [29-32].

Very recently, Akbar et al. [33] introduced a powerful meth-
od for obtaining many new solutions of three nonlinear equa-
tions and called the generalized and improved (G'/G)-
expansion method. In this method, they also used the sec-
ond-order linear ODE as auxiliary equation, and the presenta-
tion of the solutions is: u(&) = 37,0, 7 &/ay Where either
e_,, or e, may be zero, but both e_,, and e, cannot be zero
simultaneously. After that, Naher et al. [34] investigated
higher-dimensional nonlinear equation via this method for
constructing new traveling wave solutions.

The importance of our present work is, in order to generate
many new and more general exact traveling wave solutions,
new extension of the generalized and improved (G’/G)-expan-
sion method is proposed. For illustration and to show the
advantages of the proposed method, the KdV equation has
been investigated and constructed a rich class of new traveling
wave solutions.

2. Description of new generalized and improved (G'/G)-
expansion method

Let us consider a general nonlinear PDE:
) =0, ()
where u = u(x, ) is an unknown function, S is a polynomial in

u(x, t) and its partial derivatives in which the highest order par-
tial derivatives and nonlinear terms are involved.

S(u7 Upy Uy Upgy UsUnexy - -

Step 1. We suppose that the combination of real variables x
and ¢ by a complex variable ¢

u(x,t) =u(f), <=x=xV1, (2)

where V' is the speed of the traveling wave. Now using Eq.
(2), Eq. (1) is converted into an ordinary differential equa-
tion for u = u(&):

Q(u’ u,7u”’u,”7"') = 07 (3)

where the superscripts indicate the ordinary derivatives
with respect to &.

Step 2. According to possibility, Eq. (3) can be integrated
term by term one or more times, yields constant(s) of inte-
gration. The integral constant may be zero, for simplicity.
Step 3. Suppose that the traveling wave solution of Eq. (3)
can be expressed as follows:

N

u(@) = > epld+ HY + 3 fuld+H)", @)

g=—N g=1

where either e_y or ey or fy may be zero, but these e_y, ex
and fy cannot be zero at a time, el(g = 0, £1, £2,...,
£N), fo(g = 1,2,..., N) and d are arbitrary constants to
be determined later and H(¢) is

H(¢) = (G'/G), (5)

where G = G(&) satisfies the following nonlinear ordinary
differential equation (ODE) [35]:

AGG" — BGG' — C(G')’ — EG* =0, (6)

where the primes denote derivatives with respect to £ and A4,
B, C, E are real parameters.

Step 4. To determine the positive integer N, taking the
homogeneous balance between the highest order nonlinear
terms and the highest order derivatives appearing in Eq. (3).
Step 5. Substituting Egs. (4) and (6) including Eq. (5) into
Eq. (3) with the value of N obtained in Step 4, we obtain
polynomials in (d+ HM(N=0,+1,+2,...) and
(d+ H™™(N =1,2,3,...). Then, we collect each coeffi-
cient of the resulted polynomials to zero, yields a set of
algebraic equations for el g =0, =1, £2,..., £N),
Jg=1,2,...,N),dand V.

Step 6. Suppose that the value of the constants e,
(g=0,%1,£2,...,xN), folg=1,2,...,N), d and V
can be found by solving the algebraic equations which are
obtained in step 5. Since the general solution of Eq. (6) is
well known to wus, substituting the values of e,
(g=0,=%1,£2,...,xN), f, (g¢=1,2,...,N),d and V
into Eq. (4), we can obtain more general type and new exact
traveling wave solutions of the nonlinear partial differential
Eq. (1). Following Naher and Abdullah [35], we have the
following solutions of Eq. (5), using the general solutions
of Eq. (6):

Family 1. When B#0, ¥ = A — Cand Q = B* + 4E(4 —
) >0,

B VA C, sinh (‘{*.?f) + Cycosh <Tf‘§’2 6)
=59t ow C, cosh (g g) + G, sinh <2—f$ 5)

(™)

Family 2. When B#0, ¥ = 4 — Cand Q = B*> + 4F(4 —
0 <0,

1) (Gl) B . v=a -G sin (%é) + C, cos (%5)
G 2¥ 2% ¢ cos (%é) + Gy sin ( 2 5)
(8)
Family 3. When B#0, ¥ = A — Cand Q = B* + 4E(4 —
0 =0,
G B C,
H)= 2=y "2
© (G) TGN

N

©)



392

H. Naher, F.A. Abdullah

Family 4. When B=0,%Y = A—Cand 4 = YE > 0,

(G _\/KQ sinh(%é)—i-czcosh(‘/—l;ﬁ)

H(¢) = (6) R C, cosh (J_Ef) + C,sinh (VT/Z&) (10)
Family 5. B=0, %Y = A— Cand 4 = YE < 0,

HE) = (%’) _ V=A —Cisin (%f) + G, cos (%cf) )

¥ C| cos (%é) + C, sin (%f)

3. Application of the method

In this section, we apply proposed method to study the KdV
equation.

3.1. The KdV equation

Let us consider the KdV equation
Uy 4wty + Ot = 0. (12)

Now, we use the wave transformation ¢ = x — V¢ into the
Eq. (12), which yields:

V' + w4+ ou" = 0. (13)

Eq. (13) is integrable, therefore, integrating with respect &
once yields:

1
K—Vu+§u2+5u”:0, (14)

where K is an integral constant which is to be determined.

Taking homogeneous balance between u*> and u” in Eq.
(14), we obtain N = 2.
Therefore, the solution of Eq. (14) is of the form:
u(é) = e+ ei(d+ H) + es(d+ H)* + (e
A+ H) "+ (en +fo)(d+ H) (15)

where e_», e_i, ey, €1, €, f1, /> and d are constants to be
determined.

Substituting Eq. (15) together with Egs. (5) and (6) into Eq.
(14), the left-hand side is converted into polynomials in
d+ DN =0 +1,+2,..) and @+ H VWN=12,
3,...). We collect each coefficient of these resulted polynomi-
als to zero, yields a set of simultaneous algebraic equations
(for simplicity, which are not presented) for e_,, e_;, e, €,
ez f1, f>, d, K and V. Solving these algebraic equations with
the help of algebraic software Maple, we obtain following.

Case 1:
120¥(B + 2d¥
ey =—fre 1 =—f,e0 = e, e :¥a
A
. —126%?
2 = 2 ;
A (16)

(A%ey + 6B?) +45¥(3d(d¥V + B) — 2E)
V= e ,
d=d K= PitPtPs

244 ’

where P, = egA*(egA> + 20B%) + 85eqA*Y (3d(B + d¥) —

2E)

P, =485°dV* (3 2¥B+d(A+ C)*) — 4(E(B+d¥) +3dAC)),

Py =28 (2d" AC(288AC(d* — 1) — 25dBY) + 12¥(B*(dB — 1)
+Y(2E: + 74 BY))),

Y =A-C, ey fi, f>, A, B, C and E are free parameters.
Case 2:

—120(d" ¥ (W + 2(dB — E)) + (dB — E)*)
e_r, = A2
7Af2560 = €0, = 0762 = 07
_ 126(d'Y(2d”¥ + 3dB — 2E) + B(dB — E))
— -
(A%ey + OB) + 45¥(3d(B + d¥) — 2E)
A? ’

_ﬁ7d:d7

V=

K:P] +1”24+P37
24

(17)
where P, = egA*(egA® + 26B%) + 8eqA*Y (3d(B + d¥) —
2E)
P, =485°dV* (3 (2¥B+d(A + C)*) — 4(E(B+d¥) 4 3dAC)),
Py =28 (2d" AC(288AC(d* — 1) — 25dBY) + 12¥(B*(dB— 1)

+¥(2E2 +7d"B))),
Y =A4-C, ey f1, f>, A, B, C and E are free parameters.
Case 3:

o —35(8A(2A + B*) + B*)
2 =

_f.27efl = _ﬁ7eO = €p,61 = 07

447P°
=129 "B
€ = T’ o
K A'el — 45(4A(A%ey + 66(2A + B*) + B*(Aeq + 30B%)))

24* '

(A%eq — 20B%) — 80A
V= - :
(18)

where ¥ = A —C, 4 = YE, ey, f1, />, A, B, C and E are free

parameters.
Case 4:
—36(8A(2A+ B*) + B
€= ( (4A2II,2 ) )7f’27671:7.f1760:€0761:07
—-B
ey = 07 d= ﬁ,
Ko A%e? — 45(4A(A%ey + 65(2A + B?) + B*(A%e) + 36B%)))
B 24* ’
Ve (A%ey — 26B%) — 85A
= e ,
(19)

where ¥ = A4 — C, 4 = YE, ey, f1, />, A, B, C and E are free
parameters.

For case 1, substituting Eq. (16) into Eq. (15), along with
Eq. (7) and simplifying, yields following traveling wave solu-
tions (if C; = 0 but C, #0; C, = 0 but Cy #0) respectively:
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~ Qeoth’ (¥£) ) + 4a¥/(B+ d¥) ),
— Qtanh’ (2?/ g)) +4dY(B+ d‘P)),
substituting Eq. (16) into Eq. (15), along with Eq. (8) and sim-

plifying, our exact solutions become (if C; = 0 but C,#0;
C, = 0 but C;#0) respectively:

uly(&) = e+ 2 ((BZ + Qcot? (ﬁf)) F4dP(B + dlp)),
uly(€) = e +32 (B + Quan? (G2¢) ) +4a¥ (B + ),

substituting Eq. (16) into Eq. (15), together with Eq. (9) and
simplifying, our obtained solution becomes:

38 5 290, 1\’

substituting Eq. (16) into Eq. (15), along with Eq. (10) and
simplifying, we obtain following traveling wave solutions (if
C, = 0 but C,#0; C, = 0 but C20) respectively:

1(&) = 0o +122 (dlI/(Ber‘I’) + \/K(Bcoth (Vvﬁc) —V/Acoth’ (VTZ@)))
uls (&) = ey +12 (d‘P(BerW) + \/Z(Btanh (%g) — V/Atanh? (%5)))
substituting Eq. (16) into Eq. (15), together with Eq. (11) and

simplifying, our obtained exact solutions become (if C; = 0
but C, #0; C, = 0 but C; #0) respectively:

ulg(E) =eo+12 (d‘P(B-i-d‘l’)-i-\/_(chot (‘/—A “>+\/Z¢0t2<ﬂ )))7
- () (52)

(Aep+0B? )+4r>‘1'(3d(d‘1’+8) 2F)

where ¢ = x — t.

Similarly, for case 2, substltutmg Eq. (17) into Eq. (15),
along with Egs. (7)—(11) and simplifying, our traveling wave
solutions become (if C; = 0 but C,#0; C, = 0 but C; #0,
for 1st two solutions, again these conditions for u2; and u24,
also same conditions could be applied for solutions u24 and
u24, moreover, mentioned conditions are implemented to solu-
tions u2g and u29) respectively:

u21(8) = e+ (et +.1) (d+ &+ 48 coth (¥¢) )

u25(8) = ey + (e + /1) <d+ 64 Y0 tanh <{§¢))_1

u25(8) = e + (et + i)

u24(8) = eo + (e1 + /1) <d+% Qtan(ff@)il—f—(az—}—fz)([{ B (L8
u25(&) = o+ (et +.4) (d+ 5 +Cl+(zf)_' tlea+f)(d+d+

126(&) = e + ey + £i)(d+ 7 coth (43 Aé))fﬁ(e 2+f2)(d+fcoth
u25(&) = e+ (et + i) (d -+ tanh (@5))71

w24(8) = e+ (et + 1) (d 455 cot (G36)) "+ (e 2+f2)<d+

u29(&) = eg + (e +f1)<d— “.;7 tan

(A%eg+0B?)+40P (3d(d¥P+B)—2E) /
A2 )

Similarly, for case 3, substituting Eq. (18) into Eq. (15),

along with Egs. (7)-(11) and simplifying, the analytical solu-

where £ = x —

+ (e +/2) <d+ B+ Y2 coth (%

+ (e, +f2)(d—0— Z 4+ Y2 tanh (ﬁ 5) .

tions become (if C; = 0 but C,#0; C, = 0 but C, #0, for
Ist two solutions, again these conditions for ©3; and u34, also
same conditions could be applied for solutions u3¢ and u3-,
furthermore, mentioned conditions have been executed to
solutions u3g and u3) respectively:

u3(&) = ey — 3"?COthz (w g) +(es + )42 42 onh? (\2/_—&>
u32(8) = e — B2 tanh’ (Y£) + 42 coth? (Y2 ¢),
u35(€) = e + 2 cot? <\/27? é) 4 75/,) tan? < = _)7
w34(9) )

= oo + 2 tan? (GRE) - Hea e otz(‘/?i
B5(8) = e0 — B8 (%) + (e 1) (5%)
u3g(&) = e — 2L ( +8 coth (ff))

+es +f2)( 52+ Y3 coth (7’35)) ’
u37(&) = ¢ — 128 (zq, +¥3 tanh (% 5))2

e +£) (3 B+*/—tanh<,1,§
_ 12092 ( + J_ cot (\/_é>

AZ

(-2 +5) (58 + Y58 cot (“_é))fz,

u38(cf) = €

+e- ﬁﬁ)(—tﬂtan “Eé))fz,

v0—26B)—
wheref:xf“ e ZozB) 80A

Similarly, for caseA4, substituting Eq. (19) into Eq. (15), along
with Egs. (7)-(11) and simplifying, our solutions become (if
Ci=0but C,#0; C, = 0 but C; 20, for 1st two solutions,
and same conditions applied for u4; and ud,, again these condi-
tions are implemented for solutions u4¢ and u4,, moreover, men-
tioned conditions are employed to solutions wudg and udy)
respectively:

[e)
Ay
~——

—1 -2
d+ B+ 358 cot (GEE)) +(e,2+ﬁ)(d+£+%cot(2—ff))

—
N
ﬁb
[Ty

N——

~—

-2
C|+(2L) !
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iy (&) = g — DN 2 (4
M42 (é) =€y — —SB(SA(ZjZfZ)JrB‘t) COth2 \z/—gé

(&) = e 4 AP o2 (420 )

2
wha(£) = o+ o (¢ ),

35(8A(2A+B%)+ B -2
hs() = g~ BCRI (LG )

ZWsinh((\/Z/'P)é)

. 33(8AQA+B*)+BY)
uds(S) = eo Bsinh ((v/A/¥)¢)~2v/Acosh

4479

ww)s))z’

( <
2 2%cosh ((VA/¥)¢ 2
i (8) = g — P <3cosh ((\/Z/'P)i)(—(%/Zsinhc() (\/Z/W)g)) )

u4s(f) —ep— 30(8A2A+B*)+BY)

2wsin ((V=4/%)¢)
44792 S

Bsin ( (ﬁ/'{’)i) ~2v/=Aco!

)

V) >)2

V=a/v)e) |
u49(f) —ep— 36(8AQA+B)+B*) - ,

2¥cos ((\/—_A/Y‘)
44292 n

(
)
Bcos ( (ﬂ/'{’)é) —2v/=Asi ((
(A%eg—20B*)—85A ‘

A% '

where ¢ = x —
4. Discussions

The advantages and validity of the proposed method over the
generalized and improved (G'/G)-expansion method are
explained in the following.

4.1. Advantages

The vital advantage of proposed method over the generalized
and improved (G'/G)-expansion method is that this method
provides new and more general type exact traveling wave solu-
tions with many real parameters. The traveling wave solutions
of NLEEs have its significant to reveal the internal mechanism
of the physical phenomena.

4.2. Validity

Akbar et al. [33] used linear ordinary differential equation as
auxiliary equation and the solutions presented in the form
ul@=>"r W(ZW’ where either e_,, or ¢,, may be zero,
but both ¢_,, and e, cannot be zero simultaneously. On the
contrary, we implement nonlinear ordinary differential equa-
tion with four real parameters in proposed method and pre-
senting traveling wave solutions, u(¢) = ZQ’:_ yee(d+ H)*+
S feld+ H) ™, where H(é) = (G'/G).

It is important to point out that some of our solutions are
identical with already published results, if parameters taken
particular values which validates our proposed method.
Furthermore, In Ref. [33] Akbar et al. implemented the gener-
alized and improved (G'/G)-expansion method to the cele-
brated KdV equation and obtained ten solutions. Despite the
fact, we have generated thirty six solutions via the proposed
method (solutions u1;—u4o).

5. Conclusions

In this article, new extension of the generalized and improved
(G'/G)-expansion method has been first proposed. In order to
demonstrate the effectiveness and advantages of the algorithm,

we apply it to the KdV equation. Further, a rich class of solu-
tions consisting of the hyperbolic functions, the trigonometric
functions and the rational forms have been generated. More-
over, this study shows that, the proposed method can also be
applied to deal with the higher-dimensional, higher-order
and variable coefficients nonlinear evolution equations for
obtaining various solutions.
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