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Abstract

A new class of non-linearO(3) models is introduced. It is shown that these systems lead to integrable submode
additional integrability condition (the generalized eikonal equation) is imposed. In the case of particular members of th
of the models the exact solutions describing toroidal solitons with a nontrivial value of the Hopf index are obtained. Mo
the generalized eikonal equation is analyzed in detail. Topological solutions describing torus knots are presented. M
configurations are found as well.
 2005 Elsevier B.V.Open access under CC BY license.
nal

in
in

ble.
.g.,
ly,
ub-
po-

e
mod-
ctor
eld
n

ing

in-

cal
os-
, is
n
-

ea
1. Introduction

It has been recently shown that the complex eiko
equation

(1)∂µu∂µu = 0

plays a prominent role in nonlinear field theories
higher dimensions. Such models, widely applied
many physical contexts, are, in general, not integra
As a consequence the spectrum of nontrivial (e
topological) solutions is scarcely known. Fortunate
the eikonal equation allows us to define integrable s
sectors for such models with not-empty set of the to
logical solutions[1–6].
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The nonlinearO(3) models in two and three spac
dimensions can serve as the best example. These
els, original based on an unit, three component ve
field, can be reformulated in terms of a complex fi
u by means of the standard stereographic projectio

(2)�n = 1

1+ |u|2
(
u + u∗,−i

(
u − u∗), |u|2 − 1

)
.

As the static, finite energy configurations are noth
else but maps from the compactifiedR2 or R3 on S2,
they can be classified by the pertinent topological
variant: the winding number or the Hopf indexQH , re-
spectively. As a result solutions describing topologi
vortices or knots can be obtained. The first model p
sessing the simplest knot soliton, i.e., the hopfion
referred as the Nicole model[7]. Moreover, it has bee
proved that this solution fulfills additionally an inte
grability condition, i.e., the eikonal equation. The id
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that hopfions can be quite easily found in integra
subsectors has enabled us to construct a family o
generalized Nicole models where hopfions with hig
topological charges have been reported[8]. Strictly
speaking, all these hopfions are identical to the eiko
knots[10,11] being solutions of the complex eikon
equation in toroidal coordinates1

x = ã

q
sinhη cosφ,

y = ã

q
sinhη sinφ,

(3)z = ã

q
sinξ,

whereq = coshξ − cosφ andã is a scale constant. I
fact it has been observed by Adam[10] that the fol-
lowing function

(4)u(η, ξ,φ) = f0(η)ei(mξ+kφ),

where

f0(η) = Asinh±|k| η

(5)× (|m|coshη +
√

k2 + m2 sinh2 η )±|m|

(|k|coshη +
√

k2 + m2 sinh2 η )±|k|
,

solves(1) and carries nonvanishing topological char

(6)QH = ±|mk|.
Herem,k are integer numbers andA is a complex con-
stant. Using the group of the target symmetries[9] one
can construct even more general solutions

(7)ũ = F(u),

whereF is an arbitrary holomorphic function[10,11].
It should be emphasized that the eikonal knots

not only solutions of the toy models but can a
find a physical application as approximate solutions
the Faddeev–Niemi effective model[13] for the low
energy gluodynamics[14]. They provide an analyti
cal framework in which qualitative (shape and top
ogy) as well as quantitative (energy) features of
Faddeev–Niemi hopfions can be captured[11,15].

1 The eikonal equation admits also other topological objects,
vortices, braided strings or hedgehogs[12].
The fact that the complex eikonal equation has
peared to be very helpful in deriving hopfions in t
Nicole-type models might indicate that in the case
other nonintegrableO(3) models a similar condition
might be introduced.

The main aim of the present Letter is to define
generalization of the eikonal equation which will e
able us to derive new integrable submodels, for wh
new analytical toroidal solitons might be found.

2. Generalized eikonal knots

The original eikonal equation appears in the cont
of the nonlinearO(3) model by the following vecto
quantity

(8)K(1)
µ = ∂µu.

In order to guarantee the existence of an integra
submodel this object must obey two conditions[3],

(9)K(i)
µ ∂µu = 0

and

(10)Im
(
K(i)

µ ∂µu∗) = 0,

where i = 1,2, . . . (see below). It is straightforwar
to notice that Eq.(9) gives the eikonal equation. Us
ing K

(1)
µ one can construct a dynamical (but no

integrable) model, i.e., the Nicole model[7]

(11)L = 1

(1+ |u|2)3

(
K(1)

µ ∂µu∗)3/2
,

where the power 3/2 is chosen to omit the Derick sca
ing argument for the nonexistence of the topologi
solitons. Now, Eq.(9) is an integrability condition for
the model (for details see[7,8]).

This procedure, that is defining a quantityK(i)
µ

which fulfills (9), (10) and proposing a scale invar
ant Lagrangian built of it, can be repeated in
more complicated cases. Namely, Aratyn, Ferreira
Zimerman[3] have introduced

(12)K(2)
µ = (∂νu)2∂µu∗ + α

(
∂νu∂νu∗)∂µu.

Now, two cases are possible. Ifα �= −1 then the inte-
grability condition(9) leads to trivial solutions. Oth
erwise, forα = −1 the condition is always, ident
cally satisfied. Thus, any model based onK

(2) with
µ
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α = −1 is integrable. It is in contradiction to th
Nicole-type models where Eq.(9) determines the inte
grable (essentially restricted) submodel. The pertin
Lagrangian reads

(13)L = 1

(1+ |u|2)3

(
K(2)

µ ∂µu∗)3/4
.

It has been checked that this model possesses infin
many toroidal solitons with arbitrary Hopf charge[3]
(for some generalization see[16]).

In our work we would like to focus on the next po
sible form ofKµ. We assume it as follows,

K(3)
µ = α

(
∂νu∂νu∗)2

∂µu + β(∂νu)2(∂νu∂νu∗)∂µu∗

(14)+ γ (∂νu)2(∂νu
∗)2

∂µu,

whereα,β, γ are real constants. The second condit
(10) is immediately fulfilled whereas the first one(9)
leads to an interesting formula. Indeed, inserting(14)
into (9) we get

(15)

(∂νu)2[γ (∂νu)2(∂νu
∗)2 + (α + β)

(
∂νu∂νu∗)2] = 0.

It is not an identity unlessα = −β andγ = 0. How-
ever, in this situationK(3)

µ is proportional toK(2)
µ and

our problem can be reduced to the previously d
cussed model. Thus, from now we assume thatα �=
−β andγ �= 0 (for simplicity we assume thatγ = 1).
Then condition(15)can be rewritten in two parts

(16)(∂u)2 = 0

or

(17)(∂νu)2(∂νu
∗)2 + (α + β)

(
∂νu∂νu∗)2 = 0.

The first possibility is just the eikonal equation a
does not lead to new integrable submodels. Howe
the second equation(17) (we called it generalized
eikonal equation) provides a new integrability con
tion for models based onK(3)

µ .
Let us now solve the generalized eikonal equati

Due to the fact that we are mainly interested in obta
ing of knotted configurations with a nontrivial value
the Hopf index we introduce the toroidal coordina
(3) and assume the following ansatz:

(18)u(η, ξ,φ) = f (η)ei(mξ+nφ).
Then formula(17)gives[
f ′2 −

(
m2 + n2

sinh2 η

)
f 2

]2

(19)+ (α + β)

[
f ′2 +

(
m2 + n2

sinh2 η

)
f 2

]2

= 0,

where the prime denotes differentiation with respec
theη variable andf is a real shape function yet to b
determined. The last equation can be rewritten as

f ′4 − 2
(α + β − 1)

(α + β + 1)
f ′2f 2

(
m2 + n2

sinh2 η

)

(20)+ f 4
(

m2 + n2

sinh2 η

)2

= 0

and possesses the following roots

(21)f ′2 = a2(α,β)

(
m2 + n2

sinh2 η

)
f 2,

where

(22)a2(α,β) = (1− α − β)

(1+ α + β)
±

√
(1− α − β)2

(1+ α + β)2
− 1.

Eq. (21) admits a real solution only ifa2 � 0. Hence,
we have a restriction for the parametersα and β in
K

(3)
µ ,

(23)−1< α + β � 0.

Finally we are able to solve(21). One can find that

f (±) = Asinh±a|k| η

(24)

× (|m|coshη +
√

k2 + m2 sinh2 η )±a|m|

(|k|coshη +
√

k2 + m2 sinh2 η )±a|k|
.

In other words, we have obtained a solution of the g
eralized eikonal equation

u(η, ξ,φ) = Asinh±a|k| η

× (|m|coshη +
√

k2 + m2 sinh2 η )±a|m|

(|k|coshη +
√

k2 + m2 sinh2 η )±a|k|

(25)× ei(mξ+nφ).

As the shape function smoothly interpolates from
to ∞ (or from ∞ to 0) this configuration carrie
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the Hopf topological chargeQH = ±|mk|. It is
clearly visible that the difference between the st
dard eikonal knots and the generalized solutions(25)
emerges from the modified form of the shape functi
The original shape functionf0 in Eq.(4) is replaced by
f a

0 giving, depending on the value of the model pa
metersα andβ, squeezed or stretched configuratio

The generalized eikonal equation has similar sy
metries as its standard counterpart. As a consequ
other solutions may be obtained by a simple algeb
transformation

(26)ũ = F(u),

whereF , exactly as for the eikonal equation, is a ho
morphic function. Due to that, assuming thatF is a
polynomial, we are able to construct multi-knot co
figurations. Namely,

u(η, ξ,φ)

=
N∑

j=1

Aj sinh±a|kj | η

×
(|mj |coshη +

√
k2
j + m2

j sinh2 η )±a|mj |

(|kj |coshη +
√

k2
j + m2

j sinh2 η )±a|kj |

(27)× ei(mj ξ+nj φ) + c0,

whereAj andc0 are complex constants and the integ
parameters must obey the relation

(28)
mj

kj

= const.

Analogously as in the standard case, such a multi-k
solution possesses the following topological cha
(for configurations with ‘–’ sign)[11]

(29)QH = −max{mjkj , j = 1, . . . ,N}.
Because of the fact that topological properties of
generalized and standard eikonal knots do not di
drastically, the detailed geometrical analysis of th
solutions can be found in[11].

3. Integrable subsystems

Let us now introduce a new class of models ba
on the previously defined quantityK(3)

µ for which in-
tegrable subsystems can be determined by the
eralized eikonal equation. Moreover, we will sho
that some members of the family possess genera
eikonal knots as solutions of the dynamical equati
of motion.

The pertinent model reads

(30)S =
∫

d4x G
(|u|)(K(3)

µ ∂µu∗)1/2
,

whereG is an arbitrary function of|u| (sometimes
called ‘dielectric function’).

Then the field equation is

∂µ

[
G

(|u|)(K(3)
µ ∂µu∗)−1/2Lµ

]
(31)− ∂u∗G

(|u|)(K(3)
µ ∂µu∗)1/2 = 0,

where

Lµ = (1+ β)(∂u)2[2(
∂u∂u∗)∂µu∗ + (

∂u∗)2
∂µu

]
(32)+ 3α

(
∂u∂u∗)2

∂µu.

One can notice that

(33)Lµ∂µu∗ = 3K(3)
µ ∂µu∗

and

Lµ∂µu = (∂u)2[(2(1+ β) + 3α
)(

∂u∂u∗)2

(34)+ (1+ β)(∂u)2(∂u∗)2]
.

In order to obtain an integrable submodel of(30) we
impose the additional (integrability) condition[3]

(35)Lµ∂µu = 0,

which leads to the generalized eikonal equation. Th
the remaining equation of motion takes the followi
form

(36)∂µ

[
G1/3(|u|)(K(3)

µ ∂µu∗)−1/2Lµ
] = 0.

In can be rewritten in the more compact form

(37)∂µKµ = 0,

where

(38)Kµ = G1/3(|u|)(K(3)
µ ∂µu∗)−1/2Lµ.

These both equations: dynamical equation(36)and the
condition (35) define the integrable submodel. He
integrability is understood as the existence of an
finite family of the conserved current. In fact, usi
the results of[3] one can show that such currents a
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given by the expression

(39)Jµ = Kµ

∂H

∂u
−K∗

µ

∂H

∂u∗ ,

whereH is an arbitrary function ofu andu∗.
Now, we will prove that the existence of these c

rents can result in the appearance of soliton solut
with a nontrivial value of the Hopf index. At the be
ginning we specify a particular form of the ‘dielectr
function’ in the Lagrangian which allows us to obta
toroidal solitons in the exact form. We take

(40)Gm,a

(|u|) =
( |u| 1−am

am

1+ |u| 2
am

)3

.

Taking into account ansatz(18)we get

(41)Gm,a(f ) =
(

f
1−am
am

1+ f
2

am

)3

.

Then the equation of motion(36) reads

∂η

[
G1/3I0c+f ′] − G1/3I0c−f

(
m2 + k2

sinh2 η

)

(42)+ G1/3I0c+f ′ coshη

sinhη
= 0,

where the following abbreviations have been made

(43)I0 = [(
(1+ β)ω2− + αω2+

)
ω+

]−1/2
,

(44)c± = ±2(1+ β)ω−ω+ + (1+ β)ω2− + 3αω2+
and

(45)ω± = f ′2 ±
(

m2 + k2

sinh2 η

)
f 2.

Of course, one should keep in mind that solutions
(42) must obey the generalized eikonal equation
well. Hence

(46)ω± = f ′2
(

1± 1

a2

)
≡ λ±f ′2,

where

(47)a2 = −3α − β − 1

3(α + β + 1)
±

√(
3α + β + 1

3(α + β + 1)

)2

− 1.

Then

c± = [±2(1+ β)λ−λ+ + (1+ β)λ2− + 3αλ2+
]
f ′4

(48)≡ σ±f ′4
and

(49)I0 = const× f ′−3.

Inserting(44)–(49)into (42)one obtains

∂η ln
(
G1/3f ′2) − σ−

σ+
f

f ′

(
m2 + k2

sinh2 η

)
(50)+ ∂η ln sinhη = 0,

or equivalently

(51)

∂η ln
(
G1/3f ′2) − σ−

a2σ+
∂η lnf + ∂η ln sinhη = 0.

Moreover, one can calculate that

(52)
σ−
σ+

= a2.

Thus finally, Eq.(51)can be integrated and we obta

(53)G1/3f ′2f −1 = const

sinhη
.

It can be checked that this equation is solved by
following function

(54)f =
(

1

sinhη

)am

.

Since it also satisfies the generalized eikonal eq
tion and corresponds via(18) to the configuration with
the nontrivial topological chargeQH = −m2, we have
proved that the spectrum of soliton solutions of the
tegrable submodel is not empty.

In order to complete the investigation of the gen
alized eikonal hopfions we calculate their total ener
It can be performed in the case of the hopfions
which the pertinent Lagrangian has been establis
In other words, we do it for solutions(54), i.e., for
knots withm = k.

Then, the energy of the static configurations rea

(55)E =
∫

d3x G
(|u|)( �K(3) · �∇u∗)1/2

.

Taking into account that all solitons obey also the g
eralized eikonal equation we obtain that

E = (2π)2
√

λ+
[
(1+ β)λ2− + αλ+

]

(56)×
∞∫

0

dη sinhη

(
f

1−am
am

1+ f
2

am

)3

f ′3,
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E = (2π)2
√

λ+
[
(1+ β)λ2− + αλ+

]
a3m3

(57)×
∞∫

0

dη
cosh3 η

sinh2 η

(
f

1
am

1+ f
2

am

)3

.

Finally, after inserting(54) into this formula we find

(58)E = 2π2
√

λ+
[
(1+ β)λ2− + αλ+

]
a3m3.

As solutions(54)possess the Hopf indexQH = −m2,
the energy depends on the topological charge i
rather nontrivial manner, i.e.,

(59)E = 2π2
√

λ+
[
(1+ β)λ2− + αλ+

]
a3|QH |3/2.

One can notice that it resembles the energy-cha
relation in the modified Nicole models[8]. This is
not surprising since the Nicole-type models can
achieved from the dynamical systems introduced h
in the limit a = 1.

Such overlinear dependence found for many (g
eralized) eikonal hopfions is rather puzzling and un
pected if we compare it with the famous Vakulenk
Kapitansky energy-charge inequality for the Fadde
Niemi model[17], whereE � c|QH |3/4. Moreover, it
has been proved that this sublinear dependence is
also for the soliton solutions of the Aratyn–Ferreir
Zimerman model[3].

Of course, it must to be emphasized that the ov
linear behavior is still only a conjecture. It is due
the fact that each soliton (generalized eikonal hopfi
has been derived in a different model. Thus, it is
known whether for a fixed model (i.e., fixed values
the parameters in(32) and (40)) the topological so-
lutions obey this relation. At this stage it would b
hazardous to claim that all introduced models m
lead to an overlinear dependence.

4. Further models

The construction introduced and analyzed in
previous section can be easily adapted to the m
complicated (with a higher number of derivative
K

(i).
µ
For example, let us focus on the next possibility a
take

K(4)
µ = α(∂u)2(∂u∗)2(

∂u∂u∗)∂µu + β
(
∂u∂u∗)3

∂µu

+ γ (∂u)2(∂u∂u∗)2
∂µu∗

(60)+ δ(∂u)4(∂u∗)2
∂µu∗,

whereα,β, γ, δ are real constants.
The scale invariant action based on this quantit

given as follows

(61)S =
∫

d4x G̃
(|u|)(K(4)

µ ∂µu∗)3/8
,

whereG̃ is any function of|u|. The corresponding in
tegrable submodel can be found, in an analogous
as for(30), by imposing two conditions(9) and(10).
Since(10) is always fulfilled let us turn to the firs
formula. One can show that, depending on the p
meters of the model, this equation leads to two ca
If α = −δ andβ = −γ then the condition is identi
cally satisfied. It is identical to the Aratyn–Ferreir
Zimerman model and no new solutions can be
tained. Otherwise, we get an equation which is sol
by generalized eikonal knots. Thus, the integrable s
system of(61), though it exists, does not provide a
new hopfions.

This feature appears to be quite general and one
observe it in the more complicated examples.

5. Conclusions

Let us briefly summarize the obtained resu
A generalization of the standard complex eiko
equation has been proposed. This equation poss
various topologically nontrivial solutions. In particu
lar, knotted configurations carrying arbitrary value
the Hopf charge have been explicitly derived. Th
appear to be deformed (squeezed or stretched)
dard eikonal knots. Moreover, using the symmetry
the generalized eikonal equation, it is possible to c
struct multi-knot solutions (linked knots).

It has also been shown that this equation ena
us to define a new class of integrable models, wh
integrability is understood as the existence of an
finite family of conserved currents. Then, the gen
alized eikonal equation is just the integrability con
tion. Additionally, we have proved that the integrab
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ity may lead to the appearance of soliton solutions
the case of particular members of the family of mo
els analysed here, we have found that the spectru
solutions is not empty but consists of the generali
eikonal knots. Such Hopf solitons, i.e., hopfions, ha
finite energy which depends on the topological cha
in a very nontrivial way.

There are several directions in which one co
continue the present work. First of all, one sho
check whether, after fixing the model parameters
(32), (40), the energy of other hopfions is also pr
portional to |QH |3/2. The validity of this conjecture
(which could be tested at least by some numer
methods) might be very important in understand
of the interaction of Hopf solitons. Such a overline
dependence might suggest that, in these models,
fions with higher topological charges would decay in
a collection of the simplest solitons, each with the u
Hopf index. It would be in contradiction to the sta
dard clustering phenomena observed in the Fadde
Niemi model, where, due to the sublinear behav
a separated multi-soliton configuration tends to fo
a clustered, really knotted state[18,19].

Secondly, the generalized eikonal knots might
helpful in the construction of new approximate
analytical solutions of the Faddeev–Niemi hopfio
(known only in the numeric form[20–22]), which
could provide better accuracy in the approximation
the energy.
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