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This note contains a list of (0, k, h) difference sets in noncyclic groups, for 
k < 20. 

We begin with the usual definition of a cyclic difference set. In the cyclic 
group Z, of v elements, with the usual additive notation, a set D of k distinct 
elements from 2, is called a dz#erence set if each nonzero element of 2, 
occurs exactly X times in the set D - D = {di - dj : di , dj ED}. Since 
D - D contains k(k - 1) nonzero elements, a necessary condition for D to 
be a difference set is k(k - 1) = h(z, - 1). 

If instead of Z, we consider a group G with v elements (now written multi- 
plicatively), the condition for a set D of k distinct elements to be a difference 
set is that each nonidentity element of G occurs exactly X times in the set 
DD-l = {d&l : di , di E D}. We write n = k - A. 

If D is a difference set in G then the set E = Dg is also a difference set 
(for g E G) because EE-1 = {digg-ld9y1 : di , dj E D} = DD-I. Also if (Y is an 
automorphism of G then F = D” = (dim : di E D} is again a difference set 
since FF-l = {dia(dfa)-l : di , dj E D> = {(didyl)m : di , dj E D>. We say that 
two difference sets D, D’ are equivalent if there exists an automorphism 01 of 
G and an element g E G such that D’ = Deg. If for some pair (01, g) we have 
D = D”g then the pair is called a multiplier of the difference set. Clearly the 
multipliers of a fixed difference set form a group. 

While much is known about difference sets in the cyclic case [l], little 
systematic work has been done for noncyclic groups. 

A difference set gives rise, under translation by group elements, to a 
symmetric balanced incomplete block design [3]. By the theorem of Bruck 
et al, [3, p. 1071, such a design can exist only if (1) v is even and n is a square 
or (2) D is odd and z2 = nx2 + (- 1)(1’-1)/2 Xyz has a solution in integers 
s, y, z not all zero. 

It is shown in [2] that condition (l), each nonidentity element of G occurs 
exactly X times in DDpl, is equivalent to condition (2) each nonidentity 
element of G occurs exactly h times in D-ID. 
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In the same paper it is shown that if His a homomorphic image of G under 
8, [G : H] = w, and if for h E H we denote by N(h) the number of d E D 
such that de = h then we have 

and 

c N(h)2 = n + hw, 
h 

C N(h) N(gh) = hw for g # I. 
h 

With this theorem as our principal tool we have enumerated the noncyclic 
difference sets for k < 20. Some of our possible parameter sets were elimi- 
nated by [4]. 

The most interesting cases are (v, k, X) = (16, 6, 2) and (36, 15, 6), where 
the variety of groups available provides a wealth of examples. Aside from 
these two cases we have only the following examples: 

1. (21, 5, I) a’=bZ===I, ba=aZb 

2. (57, 8, 1) en’=b3=1, ba=a7b 

3. (57, 8, 1) &=b3=1, ba=a’b 
2, 3) @=b3= 1, ba=ab 

2, 3) a15=b3= 1, ba=ab 

3, 6) a3=b3==c3, abelian 

3, 6) ag=b3= 1, ba=a4b 

3, 6) ag=b3= 1, ba=a4b 

1 a a3 b a2b2 32 9, 
1 a a3 a8 b a4b a13b alab >Y,>Y > 2 
1 a a3 as b a5b2 a9b2 alab )>I) , , 
1: a2, a3, a4, a’, a12, b, a8b, a14b, b2, 
agb2, a13b2 

1, a2, a3, a’, ag, a12, b, a*b, ash, b2, 
a13b2 a14b2 

> 

1, a, a2, b, ab, b2, c, ac, bc, ac2, 
a2bcZ b2c2 a2b2c2 > , 

1, a, a2, a4, a5, a’, b, ab, a2b, a5b, 
a5b2 a6b2 a8b2 2 3 

1, a, a2, a4, a5, a’, b, a5b, ash, 
a2b2 a4b2 a5b2 a6b2 5 > 3 

I, a, a2, b, a3b, ab2, a3b2, a4b2, ab4, 
ab5 a2b5 ab6 a4b7 

1, a, i3, aio, ai6, a48, a5’, b, a8b, 
#18b a29b a17b2 .32b2 a44b2 > > 3 3 

1 a a3 a20 a26 99, 2 , a48, as7, b, a12b, 
#46b,#9b2 a17b2 

9 7 
a27b2 a38b2 

2 

a, b, a2b, a4b2, a’lb2, a5b4, al”b4, 
a4c, a9bc, al”bc, a2b2c, a6b2c, 
a1°b4c, a11b4c b3c2 b5c2 b6c2 3 3 3 

4. (45, 1 

5. (45, 1 

6. (27, 

7. (27, 

8. (27, 

9. (40, 13, 4) a5=b8=i, ba=a4b 

10. (183, 14, 1) d1=b3=1, ba=a13b 

Il. (183, 14, 1) a”‘=b3=I, ba=a13b, 

12. (273, 17, 1) a13=b7=c3=1, ba=ab, 
ca=a3c, cb=b2c 
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13. (273, 17, 1) a13=b7=c3=1, ba=ab a, b, azb, a4b2, a11b2, a5b4, a1°b4, 
ca=a% cb=bc 3 a4c, agbc, a12bc, a2b2c, a6b2c, 

a10b4c a11b4c b3c2 b5c2 bec2 , 3 9 7 

The multiplier group is trivial in example 4; it is 2, for examples 1, 2, 3, 7, 
8, 10, and 1 I ; for examples 9, 12, 13, and 5 it is Z, , Z, , Z, , and Z, , respec- 
tively. The multiplier group of example 6 is noncyclic of order 39. Examples 7 
and 8 are due to Alltop [9]; except for #13, the examples with h = 1 were 
given in [2, p. 4751. Example 6 is well known [2, p. 4801. Examples 4 and 5 
appear in [5, p. 91. 

THE (16,6,2) CASE 

There are 14 groups. The cyclic and dihedral groups have no difference set. 
The other groups with their difference sets are: 

(A) Abelian. a8 = b2 = 1 [7] 
1. 1, a, a2, a4, ab, ash 
2. 1, a, a2, a5, b, a6b 

(B) Abelian. a4 = b4 = 1 

3. 1, a, a2, 6, ab2, a2b3 [6, p. 68-69; 7, p. 3361 
4. 1, a, a2, b, b3, a3b2 
5 I a b a2b ab2 a2b2 * ,>, 7 7 

(C) Abelian. a4 = b2 = c2 = 1 
6. 1, a, a2, b, c, a3bc [5] 
7. 1, a, a2, ab, ac, a3bc [6, p. 68-69; 7, p. 3361 

(D) Abelian. a2 = b2 = c2 = d2 = I 

8. 1, a, b, c, d, abed [2] 

(E) a4=b2=c2= I,bab==a3,ac=ca,bc=cb 

9. 1, a, a2, b, ac, a2bc 
10. 1, a, b, a2b, c, a3c 

(F) a4=c2= 1,b2=a2,ba=a3b,ac=ca,bc==cb 
11. 1, a, a”, b, c, abc 
12. 1, a, a2, b, ac, a2bc 

(G) a4=1,b2=a2=c2,ba=a3b,ac=ca,bc=cb 

13. 1, a, a2, 6, ac, bc 
14. I, a, b, ab, c, a2c 
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(H) u4=b2= l,b~=ab,c~=b,ca=a~bc 

15. 1, a, a2, ab, c, a2bc 
16. I, Q, u2, ab, ac, dbc 
17. 1, a, b, db, UC, u3c 
18. I, a, u2, u3b, UC, abc 

(I) u4=b4=1,bu=u3b 

19 I uu2bub2a2b3 . ,,,, > 
20 I a u2 b b3 u3b2 . ,,?2, 
21 1 ubu2bb2a3b2 * ,,9 >, 

(J) a*= l,b2=a2,bu=u5b 

22. 1, a, a2, a5, ab, u7b 
23. 1, a, u3, u4, b, u2b 

(K) u8=1,b2=u4,ba=a3b 

24. I, a, a2, d, b, a2b 
25. 1, a, u3, a4, ub, u3b 

(L) a8=l,b2=a4,bu=u7b 

26. I, a, u2, a5, b, a2b 
27. 1, a, 2, d, b, a2b 

The multiplier groups of these sets are: Z2 , set 1; Z, @ Z, , sets 2, 13, 24, 
25, 26, 27; Z, 0 Z, @ Z2, sets 6, 9, 15, 16, 19, 20, 21, 22, 23; Z, @ octic, 
sets 3, 10, 12, 17, 18; Z, @ Z,, sets 11, 14; Z, @S, , set 7; S, , set 8. The 
multiplier group G of set 4 is of order 24 generated by a6 = b6 = 1, a3 = ba, 
ab = b2a2. The multiplier group of set 5 is G + Gc with c2 = 1, cu = u5c, 
cb = u2bc. 

The block designs generated by these sets are nearly all isomorphic. The 
only exceptions are set 1 which is distinct from all the others and the iso- 
morphic pair of set I1 and set 14. Thus all three (16, 6, 2) designs are gene- 
rated by appropriate difference sets. 

THE (36, 15, 6) CASE 

There are 14 groups. Of these, five have cyclic 3-Sylow subgroups and no 
difference set. The nine groups having noncyclic 3-Sylow subgroups with 
their difference sets are: 
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(I) cyclic 2-Sylow subgroup: a3 = b3 = c4 = 1, ab = ba 

(A) ca = ac, cb = bc [7] 

1. I, a, a2, 6, ab, a2b, c, bc, b2c, c2, abc2, a2b2c2, c3, a2bc3, ab2c3 
2. 1, a, a2, b, ab, a2b, c, bc, b2c, c2, abc2, a2b2c2, ac3, bc3, a2b2c3 
3. 1, a, a2, b, ab, a2b, c, bc, b2c, c2, abc2, a2b2c2, a2c3, abc3, b2c3 
4. I, a, a2, b, ab, a2b, c, bc, b2c, ac2, a2bc2, b2c2, azc3, abc3, b2c3 

09 ca = ac, cb = b2c 

5. 1, a, us, b, ab, a2b, c, abc, a2b2c, d, bd, b2d, cd, a2bcd, ab2cd 
6. 1, a, a2, b, ab, a2b, c, abc, a2b2c, d, bd, b2d, acd, bed, a2b2cd 
7. 1, a, b, ab, b2, ab2, c, abc, a2b2c, d, ad, a2d, cd, a2bcd, ab2cd 
8. I, a, 6, ab, b2, ab2, c, abc, a2b2c, d, ad, a2d, acd, bed, a2b2cd 
9. I, a, b, a2b, ab2, a2b2, c, ac, a2c, d, ubd, a2b2d, cd, bed, b”cd 

10. I, a, b, a2b, ab2, a2b2, c, ac, a2c, d, abd, a2b2d, acd, abed, ab2cd 

63 ca = a2c, cb = b2c 

11. I, a, a2, b, ab, a2b, a2c, bc, ab?, c2, bc2, b2c2, c3, a2bc3, ab2c3 

(D) ca = bc, cb ~= u2c 

12. 1, a, a2, b, ab, a2b, a2c, bc, ab2c, c2, bc2, b2c2, c3, a2bc3, ab2c3 
13. I, a, a2, b, ab, a2b, a%, bc, ab2c, cl, bc2, b2c2, ac3, bc3, a2b2c3 
14. 1, a, a2, b, ab, a2b, a2c, bc, ab2c, c2, bc2, b2c2, a2c3, abc3, b2c3 
15. I, a, a2, b, ab, a2b, a2c, be, ab2c, ac2, abc2, ab2c2, c3, a2bc3, ab2c3 
16. I, a, a2, b, ab, a2b, a2c, abc, b2c, c2, bc2, b2c2, c3, abc3, a2b2c3 

(II) noncyclic 2-Sylow subgroup: a3 = b3 = c2 = d2 = 1, ab = ba, 
cd = dc 

(A) ca = UC, da = ad, cb = bc, db = bd [7] 

17. 1, a, a2, c, a2c, bc, a2bc, b2c, a2b2c, ad, a2bd, b2d, acd, bed, a2b2cd 
18. 1, a, a2, c, a2c, bc, a2bc, b2c, a2b2c, a2d, abd, b2d, cd, abed, a2b2cd 
19. 1, a, a2, c, a2c, abc, a2bc, b2c, ab2c, d, bd, b2d, cd, abed, a2b2cd 

(B) da = ad, db = bd, ca = a2c, cb = b2c 

20. 1, a, a2, 6, ab, a2b, c, bc, b2c, d, abd, a2b2d, cd, a2bcd, ab2cd 

(C) ca = a2c, cb = be, da = ad, db = bd. 

21. 1, a, a2, b, ab, a2b, c, abc, a2b2c, d, bd, b2d, cd, a2bcd, ab2cd 
22. 1, a, a2, b, ab, a2b, c, abc, a2b2c, d, bd, b2d, acd, bed, a2b2cd 
23. 1, a, b, ab, b2, ab2, c, abc, a2b2c, d, ad, a2d, cd, a2bcd, ab2cd 
24. 1, a, b, ab, b2, ab2, c, abc, a2b2c, d, ad, a2d, acd, bed, a2b2cd 
25. 1, a, b, a2b, ab2, a2b2, c, ac, a2c, d, abd, a2b2d, cd, bed, b2cd 
26. I, a, 6, a2b, ab2, a2b2, c, ac, a2c, a2d, bd, ab2d, cd, bed, b2cd 
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(D) ca = a%, cb = bc, da = ad, db = b2d 

27. 1, a, a2, 6, ab, a2b, c, abc, a2b2c, d, a2bd, ab2d, cd, bed, b2cd 

28. 1, a, a2, b, ab, a2b, c, abc, a2b2c, d, a2bd, ab2d, a2cd, a2bcd, a2b2cd 
29. 1, a, b, a2b, ab2, a2b2, c, ac, a2c, d, bd, b2d, cd, abed, a2b2cd 
30. 1, a, b, a2b, ab2, a2b2, c, ac, a2c, a2d, a2bd, a2b2d, cd, abed, a2b2cd [8] 
31. 1, a, b, a2b, ab2, a2b2, c, be, b2c, d, ad, a2d, cd, abed, a2b2cd 
32. 1, a, 6, a2b, ab2, a2b2, c, bc, b2c, d, ad, a2d, acd, a”bcd, b2cd 

(E) cb = bc, db = bd, da = ac, cda = ad 

33. 1, c, d, cd, a, ca, da2, cb, cab, cdab, cda2b, cb2, cab2, dab2, a”b2 
34. 1, c, d, a, cda, ca2, cda2, ab, dab, ca2b, da2b, ab2, cab2, a2b2, ca2b2 

Sets 2, 9, 25 have trivial multiplier group; sets 1, 3, 6, 7, IO, 18, 21, 24, 26 
have group Z,; sets 27 and 33 have Z,; sets 4,5,8,11,16,20,22,23 have group 
Z, @ Z, ; sets 29 and 32 have Z,; sets 19, 28, 34 have S3 ; the multiplier 
group of sets 17, 30, 31 is dihedral of order 12; that of set 14 is Z, @ Z, ; of 
sets 12 and 13 is Z, @ S, ; the group of set I5 is of order 36, generated by 
A3 = B” = C” = D2 = 1 with BA = AB, CA = BC, DA = B2D, CB = AC, 
DB = A2D, DC = CD (group I1.D above). 

There are nine nonisomorphic block designs generated by these difference 
sets. 
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