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1. Introduction

The distance between two vertices in a connected graph G is the number of edges in a shortest path between them. This
concept has been known for a very long time and recently has received considerable attention as a subject of its own. One
of the concepts related to distance in graphs is the Wiener index. It is not only an early index which correlates well with
many physico-chemical properties of organic compounds but also a subject that has been studied by many mathematicians
and chemists. The Wiener index is the sum of distances between all vertex pairs in a connected graph:

1
W(G) == d(u, v|G),

2 (u,v)E;G:)XV(G)
where d(u, v|G) is the distance between vertices u and v of graph G, and V(G) is the set of vertices of G. Mathematical
properties and chemical applications of the Wiener index have been intensively studied over the past thirty years. For more
information about the Wiener index in chemistry and mathematics see [8] and [1-5,7,9,10,12], respectively. Gutman and
Yeh examined in [11] operations on a connected graph that have been studied by Weigen Yan et al. in [13]. In this paper we
introduce four new operations on graphs and study the Wiener indices of the resulting graphs. At the end we give a new
proof of a result of Dobrynin on the Wiener index of hexagonal chains.

2. New sums of graphs

The sum of two connected graphs G; and G,, which is denoted by G; + G, is a graph such that the set of vertices is
V(Gy) x V(G,) and two vertices u = (uy,u) and v = (vq, vy) of Gy + G, are adjacent if and only if [u; = v; and
(uz, v12) € E(Gy)]or [u; = vy and (uy, v1) € E(Gy)], where E(G) is the set of edges of a graph G. Note that G; + G, has
|V (G,)| copies of Gy, and we may label these copies by vertices of V(G;). Now two vertices with the same name in different
copies are adjacent in G; + G; if and only if their corresponding labels are adjacent in G,.

We are interested in giving new sums of graphs such that (E(G1) UV (G;)) x V(G,) is the set of vertices. For this purpose
we first recall some operations on graphs.
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A graph G

The graph S(G)

The graph R(G)

The graph Q(G)

The graph T(G)

Fig. 1. A graph G and S(G), R(G), Q(G) and T(G).

Definition 2.1. For a connected graph G, define four related graphs as follows (see Fig. 1):

(a) S(G) is the graph obtained by inserting an additional vertex in each edge of G. Equivalently, each edge of G is replaced
by a path of length 2.

(b) R(G) is obtained from G by adding a new vertex corresponding to each edge of G, then joining each new vertex to the
end vertices of the corresponding edge.

(c) Q(G) is obtained from G by inserting a new vertex into each edge of G, then joining with edges those pairs of new
vertices on adjacent edges of G.

(d) T(G) has as its vertices the edges and vertices of G. Adjacency in T(G) is defined as adjacency or incidence for the
corresponding elements of G.

The graphs S(G) and T(G) are called the subdivision and total graph of G, respectively. For more details on these operations
we refer the reader to [3]. Yan, Yang and Yeh in [13] studied the Wiener indices of S(G), R(G) and Q (G). They proved that

W(S(G)) = 2W(T(G)) — mn;
W(R(G)) = W(T(G)) + m(m — 1)/2;
W(Q(G)) = W(T(G)) +n(n—1)/2,
where n and m are the numbers of vertices and edges of G, respectively.

Suppose that G; and G, are two connected graphs. Throughout the paper we denote V(G;) and E(G;) by V; and E;, i = 1, 2,
respectively. We consider the following operation on these graphs:

Definition 2.2. Let F be one of the symbols S, R, Q, or T. The F-sum G; +f G, is a graph with the set of vertices V(G +r G;) =
(V1 UE7) x V, and two vertices (uq, uy) and (vq, v2) of Gy +r¢ G, are adjacent if and only if [u; = vy € Vy and (u3, v2) € E5]
or [u; = vp and (us, v1) € E(F(G))].

Note that Gy +r G, has |V | copies of the graph F (G;), and we may label these copies by vertices of G,. The vertices in each
copy have two situations: The vertices in V; (we refer to these vertices as black vertices) and the vertices in E; (we refer to
these vertices as white vertices). Now we join only black vertices with the same name in F(G) in which their corresponding
labels are adjacent in G,. We illustrate this definition in Fig. 2.

3. The Wiener index of F-sums of graphs

Firstly we prove a key lemma on the distances of vertices in G; +f G,. To determine the distance between vertices of the
graph Gy +r G, we distinguish the following three cases:
(a) The distance between black vertices and other vertices,

(b) The distance between white vertices in different copies,
(c) The distance between white vertices in the same copy.
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Fig. 2. Graphs Gand H and G +¢ H.
Lemma 3.1. Let Gy and G, be two connected graphs and v = (vq, v2) be a vertex of Gy +r G,. Then:
(a) If v{ € Eq (thatis v is a black vertex), then for all u = (uy, u;) € V(G +r G3) we have
d(u, v|Gy +r Gy) = d(uy, v1|F(Gy)) + d(uz, v2|Gy).

(b) If vy € Ey, then for allu = (uy, up) € V(Gy +F Ga), with uy # vy, u; = ulv] € Ey and ul, v] € V (that is v and u are
white vertices in different copies of F(Gy)), we have

d(u, v|Gy +5 Gy) = 1+ d(uz, v2]G,) 4+ min{d(uy, v1|F(Gy)), d(vy, v1|F(G1))}.

(c) If v1 € Eq (thatis v and u are white vertices in the same copy), then for all u = (uy, uy) € V(G +f G), where u, = v, and
u, € Eq, we have

d(u, v|Gy +r Gz) = d(uy, v1|F(Gy)) + d(uz, v2|G2) = d(uyq, v1[F(Gy)).

Proof. (a) Since v; ¢ E1, we have v; € Vj. Let
P:u= (u,uz) = (pg, pg) = (p1,0}) = -+ = (03, P7) = (V1,v3) = v

be a shortest path of length d between u and v in Gy + G,. Since (p/, p?) and (p}, ,, p?, ;) are adjacent in Gy +5 G,, we have
either [p} = p!,; € Viand (p?, p?.;) € E(Gy)]or [p? = pf,; and (p}, p,,) € E(F(Gy))].fori=0,1,...,d.

Replacing consecutive vertices of the form w, w, ..., w by w in the sequence u; = p(l), p}, e p‘f = v of vertices in
F(G,), we obtain a path of length s; between u; and vq in F(Gy). So sy > dq, where d; = d(uy, v1|F(Gy)). Similarly replacing
consecutive vertices of the form w, w, ..., w by w in the sequence u, = pg, R pﬁ = v, of vertices in G,, we obtain a path

of length s, between u, and v, in G,. Thus s, > d,, where d; = d(u;, v;|G,). By the definition of the adjacency in Gy +f G,
we have d = s; + s,. Therefore d = s; + s, > d; + d5, and so

d(u, v|Gy +F Gp) = d(uy, v1|F(Gy)) + d(uz, v2|Ga). (M
To prove the reverse inequality in (1), suppose that

Py u1:q8—>q{—>---—>q}l1:v1

Py: Up=r15 1> > =0

are the shortest paths between uy, vq in F(Gy) and uy, v, in G, respectively. Using the path P; and walking from u; in the
copy corresponding to u; = rg we can reach the vertex v, in this copy. Since v, is a vertex, using the path P, and walking
along the copies corresponding to this vertex, we reach v. That is we have the following path between u and v in G; +f G;:

u=(ur, ) = (Gg, 10) = (@1.79) = -+ = (@}, 10) = (W1, 1) = (W1,17) > -+ = (v1,717) = (v1, v2) = .

The length of this path is dy 4 d5, so that d(u, v|G; +r G2) = d < dy 4 d; and the equality holds in (1).



M. Eliasi, B. Taeri / Discrete Applied Mathematics 157 (2009) 794-803 797

(b) Let d(u%, U]|F(G])) = kl, d(U}, U1|F(G1)) = kz, d(uz, U2|Gz) = dz, and d = d(u, U|G1 +r G2) Ifu} = q(l) — q} —
- = q, = viandv] =15 — r — --- = 1 = v are the shortest paths between uj, vy and v;, vy in F(Gy),

respectively, and u, = rg — rl2 — = rﬁz = v, is a shortest path between u; and v, in G,, then we can consider the
following paths in G +r G;:

u= (U, ) = (uj, ug) = (Ug, 1) = -+ = (U}, 13,) = (g, v2) = (@1, v2) = -+ = (g, v2) = (1, 02) = v
U= (uy, ug) > (v, ) = (v1,17) = -+ = (], 15) = (15, v2) = (1{,v3) = -+ = (1, V) = (v1,v2) = V.
The length of the first pathis 1 4+ d; + k; and sod < 1+ d; + ky. The length of the second pathis 1 + d, + k3. So
d(u, v|Gy +r Gy) =d < 1+ d, + min{ky, k;}
1+ d(uy, v3|Gy) + min{kq, k»}. (2)

To prove the reverse inequality in (2), suppose that

P: u=(u1,up) = (g, pg) = (P1.p}) = -+ = (P pg) = (v1,v2) = v
is a shortest path between u and v in Gy +f G,. Since (uq, u;) and (p}, pf) are adjacent in Gy +r G,, we have [(u;, p%) €
E(Gy), p} € Vilor [(pl,u1) € F(Gy) , p? = uy]. By assumption u; ¢ Vy.So p? = u, and pl, u; are adjacent in F(G;). We
consider two cases.
Case 1.1f p; € V1, then by the definition of S, R, T and Q, p; is one of the end points of u; = u}v]. This means that p; = u]
or p; = v]. Suppose that p; = u] (in the case p; = v the argument is similar). Then the (p], p3)-(v1, v) section of P is a
path of length d — 1in G +F G».

Replacing consecutive vertices of the form w, w, ..., w by w in the sequence u; = p},p,,...,p; = v; of vertices
in F(G1), we obtain a path of length s; between u; and vy in F(Gy). So sy > ky = d(u}, v1|F(Gy)). Similarly from the
sequence u; = p%, p%, R pﬁ = v, of vertices in F(G;), we can obtain a path of length s; between u, and v, in G,. So
Sy > dy = d(uy, v12|Gy). Henced — 1 = s1 + s, > k; + d, and so

d >1 +k1 +d2 > ]+d2 +mirl{l(],l{2}

= 1+ d(uz, v2|Gy) + min{d(uj, v1|F(Gy)), d(v], v1|F(G1))}.

Thus in this case the equality holds in (2).

Case 2. pr} € E;. Since p; and u, are adjacent in F(Gy) and u, € E; (thatis (p}, u,) and (uq, uy) are white), by the definition
of S and R, they cannot be adjacent in Gy +f G, if F = S or F = R. Therefore in this case F # S and F # R.

Now since ulv] = pl and u; are adjacent, they have a common end point, say u}. Since (ul, uy) is a black vertex, by case
(a), we have

A = d((u}, uz), (v1, v2)|Gy +£ G) = d(uz, v2|Gy) + d(uj, vy).

By adding the adjacent vertices (uq, u;) and (u}, ;) to the beginning of any path from (u}, uy) to (v, v1) we obtain a path
between (u1, uy) and (v1, vq). Thus

d < d((u], u), (v1, 12)|G1 +£ G) = 1+ A.
Since u, = p3 = p? and uy, p} are adjacent in F(Gy), we can replace (ug, u) by (u}, u»), in P, and obtain the path
(u}, 1) = (U3, p§) = @1.p}) = -+ = (3. p3) = (v1,v2) = v

of length d in G; +f G;. Therefore A <dandsoA <d <1+ A.Hence A =dorA+1=d.
If A+ 1 = d, then equality (2) holds. We prove that the case A = d cannot happen. Suppose, to the contrary, that A = d.
Let

u}:q8—>q}—>---—>q,11 =wv; and u2:r§—>r12—>--~—>r§2:v2
be the shortest paths between u}, vy in F(Gy) and uy, v, in G,, respectively. As in case (a) we can show that the path
Q:  (ujup) = (ug,13) > Uy, 1) = -+ — Uy, 73)
= (qu UZ) = (Q(l), UZ) - (q}v vz) — > (qzli UZ) = (U], Uz)s
in Gy +r G, is a shortest path between (u}, u,) and (vq, v2). The length of this pathis A = (d, — 1) + (k; — 1).

let Ty = {u} = q5,qj,-.-.q, = vi}and T, = {u, = 13, r{,....r5 = vy}. Then the length of the path

Qisd = 4 =] =D+ (-1 = (Tl =1 + (] — 1. Now put Ty = {u},pj,pj,....pj = vi} and
T, := {uy = p3, p?, ..., p2 = vp}. Then the length of P is d = (|T;| — 1) + (|T2| — 1). Therefore

ITi| + || = [Ty + T (3)
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Wil

Fig. 3.

Replacing consecutive vertices of the form w, w, ..., w by w in the vertices in T;, we can obtain a path between u} and v4
inF(Gy).So |T;| — 1 > |Ty| — 1and |T;| > |Ty| > 0. By a similar argument we have |T| > |T,| > 0. Therefore by (3) we
have |Tj| = |Tj|,i=1, 2. _

Now since |Ty| = [T, there exist x;, X{, ..., x € Ty, such that

R R 1 1 _
Qi: Up=2Xg—=>X = > X, =1

is a shortest path, between u} and v;. Since u; # vy, not all consecutive vertices in T, are edges of Gy. Suppose i is the least
integer such that x! € E; and x],; € V. We consider two cases:
(1) Suppose that F = Q. By the definition of Q, x , must be an element of E;. Replacing x — x,+1 l+2 by x — X1+2

in the path Q;, we obtain a path from u} to vy whose length is smaller than the length of Q; (see Fig. 3(a)), which is a
contradiction.

(2)Suppose that F = T.Lett be the least integer such thatx/,, € Vyandx/, ., € Ey.Putw;; = xl+]xl+]+1,] =1,2,.
which are elements of Ey. Replacing x! — x!,; — -+ — x!,, > x! . by x| = wip1 > wipr > -+ = Wig—1 — XMJrl

in the path Q;, we obtain a path from u} to v; whose length is smaller than the length of Q; (see Fig. 3(b)), which is a
contradiction.
(c) By the argument given in (a) we can see that

d = d((u1, uz), (v1, v2)|G1 +£ G2) < d(ur, vi[F(G1)) + d(u2, v2/Gz)
= d(uy, v1|F(Gy)).

On the other hand, from every shortest path between (uq, u;) and (vq, v2) we can find a path between u; and v; in F(G)
with length at most d. So d > d(uy, v1|F(G;)) and this completes the proof. O

Now we explore condition (b) in Lemma 3.1, more precisely. In fact in the following two lemmas we find the distances
between vertices of G; +r G, without the “min” condition, stated in Lemma 3.1(b). At first we consider the case F = R or
F=S.

Lemma 3.2. Let G, and G, be two connected graphs, ui, vy € Ej, U3, v, € Vo, and F = S or R Then for u = (uq, uy) and
v = (vq, v2) in V(Gq +f Gy), with uy # vy, we have

2+ d(uy, v2]Gy) ifuy =y

d, viCr +r G2) = {d(ul, WIF(G) + duz, 12[Gy) i uy # vy,

Proof. Since u; € E;, we have u; = ujv], for some u}, v] € V;. First suppose that u; = vy. Thus d(u], u;|F(Gy)) = 1 =
d(v{, u1|F(Gy)) and by Lemma 3.1(b) we have

d(u, v|Gy +r G2) = 1+ d(uz, v2|Gy) + min{d(u}, u1|F(G1)), d(v], u1|F(G))}
=2+ d(uZ, U2|Gz).

Now suppose that u; = u! v1 # vy. Letuy = qo — q1 B q}h = v; be a shortest path between uy, vq in F(G;). Then
since F = S or F = R, we have g} = ul or g} = v]. Therefore

min{d(u;, v1|F(G1)), d(v{, v1|F(G1))} = d(uy, v1|F(G)) — 1.
Hence by Lemma 3.1(b), we have

d(u, v|Gy +5 Gp) = 1+ d(uz, v2|Gy) + min{d(u}, u1|F(G1)), d(v], u1F(G))}
= d(uz, 12]Gp) + d(uy, v1|F(Gy)).

This completes the proof. O

Now we consider thecase F = Q or F = T.
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Lemma 3.3. Let Gy and G, be two connected graphs, u{, v1 € Eq, up, v, € Vo and F = Q or T. Then for u = (uq, uy) and
v = (v1, v2) in V(Gq +f Gy) such that u, # v, we have

2 +d(uz, v21G) if uy =

A, vlCr +r C2) = {1 + d(ur, viIF(G) + d(uz, v20G2)  if iy # vi, Uy # v

Proof. Suppose that u; = ujv}, uj, v] € Vi.Ifu; = vy, thend(uj, u1|F(Gy)) = 1 = d(v{, u1|F(Gy)) and by Lemma 3.1(b)
we have

d(u, |Gy +r Gp) = 1+ d(uz, v2]Gz) + min{d(u}, u1|F(Gy)), d(v], us|F(G1))}
= 2+ d(uz, v12]Gy).
Now suppose that u; # vq. Letu; = q}) — q} — .. = q‘}1 = v; be a shortest path between uq, v; in F(Gy). Suppose
d(ul, v1|F(Gy)) < d(v{, v1|F(Gy)). Thensince F = Q or F = T, the pathu} — q} — -+ — q}il = v, is a shortest path
between u} and v;. Therefore min{d(u}, v1|F(Gy)), d(v}, v1|F(G1))} = d(uy, v1|F(G;)) and hence by Lemma 3.1(b), we have
d(u, v|Gy +F G) = 1+ d(uz, v2|Gp) + min{d(uj, u1|F(Gy)), d(vy, usF(G))}
= 1+ d(uy, v2|Ga) + d(uy, v1|F(G1))-
This completes the proof. O

Now we are ready to compute the Wiener index of G; +r G,. First we compute the Wiener index of G; +¢ G, in terms of
Wiener indices of F(Gy) and G,, where F = Ror S.

Theorem 3.4. Let G, and G, be two connected graphs and F = S or R. Then
W (G +£ G) = [VaPW(F(G1)) + (IVa| + [E1)* W(Gy) + |E4[IVal(IVa| = ).

Proof. To compute the Wiener index of G; +f G,, we need to compute the sum of distances between vertices u and v.
According to the colors of u and v we must consider three cases:

Case 1. Suppose that u = (uq, u) and v = (vq, vy) are black, thatis u, v € V; x V,. By Lemma 3.1(a),
d((uy, uz), (v1, v2)|Gy +¢ Gz) = d(uy, vV1|F(Gy)) + d(uz, v21Gy).

Therefore the summation of distances between black vertices is

1
A= 3 Z {d((u1, up), (v1, v2)|Gy +£ G) : (ug, up), (v1, v2) € Vi x V,}
1
== Y dwL,ulFG)+ Y duz,vlG)

(ug,u),(v1,v2) (uy,uz),(v1,v2)

=% o d(u1,v1|F(G1))+% YooY dw Gy

uy,v1€Vy up,vpeVs uq,v1€Vy up, 1€V
1
=SVl ) dwn wilFG)) + ViPW(Gy).
2
uy,v1eVy

Case 2. Suppose that u = (u1, u) and v = (v1, vy) have different colors, thatis [u € E; x Vo, andv € V; x V]or[u € Vi x V,
and v € E; x V,]. In this case, by Lemma 3.1(a),

d((uy, up), (v1, 12)|Gqy +¢ Gp) = d(uy, vV1|F(Gy)) + d(uz, v21Gy).

Therefore the summation of distances between vertices u and v, where u is black and v is white, is

1
3 Z {d((uq, uz), (U1, v2)|G1 +£ G2) : (U1, Up) € Vq X Va, (v1, v2) € E; x Va}

=% Z Z Z d(U],Ul|F(Gl))+% Z Z Z d(uZ,U2|Gz)

up,vpeVy uyeVy viekq uy€Eq u1eVy up,vpeVy
1
_ 2
=SVl D 3 d(wn, vilFG) + BV W (Go).
vi€Eq uevy

The summation of distances between vertices with different colors is twice the above quantity, that is

Bi=[Val> D Y d(ur, vilF(G1)) + 2IE: V4| W (Gy).

vi€Eq u1eVy
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Case 3. Suppose that u = (uq, uy) and v = (vq, v2) are white, thatisu € E; x Vo and v € E; x V5. Let

1
Ci= 5 D, w), 01, 12)[Gr+r Go) & (W, 1), (v1, ) € By X Vo).

We break down this summation into two sums C = C; + C,, where

1
G 3 Z {d((u1, up), (v1, 12)|G1 +r Gy) : (U1, w2), (v1, v2) € Ey X Vo, uy = vy, Uy # 02}

1
G= 3 Z{d((uh Uy), (v1, v2)|G1 +£ G2) = (g, U2), (v1, V2) € Ey X Va, uq # v},

By Lemma 3.2, we have

SY Y 24wl

uj€Eq up,v2€Vaiup#vy

%Z 2. ), ) d<uz’vzle>+%IVzl2 Y dn,nlFG))

uj€Ey up,vy€Viup#vy u1€Ey uy, vy €Vaiup#vy uy,v1€E1;ur#£v,

G

and

G = % Z Z Z d(uy, v1|F(G1)) +% Z Z Z d(uz, v2|G2)

upeVy vp€Vy ug,v1€EqiugF#v up,v1€EqsurF#vg upeVy vpeV;
2
= (IE11> = |E1]) W(Gy).
Using the above result we can compute the Wiener index of G; +r G,:

1
= —|V,|? d(uq, v1|F(G ViPW (G
SWal? 3 3 d(wn, vilFGa) + ViPW(G2)

ujeVi v1€eVy

+1Val? Y7 D d(ur, vilF(G1) + 2[E1| V4 |[W(Gp)

vi€E; u1eVy

SYOY Y Y dwmwie

uy€Eq up,vpeVriup#uy ug€Eq up,vpeVhiup#uvy

1
+ §|Vz|2 Z d(uy, v1IF(G1)) + (IE1]* — |Eq|) W(G2)

uy,v1€E;u1#0g
= [V, PW(F(G1)) + (V] + |E1)> W(Gy) + |Ex| (IVal® — |Val) .
This completes the proof. O

Now we compute the Wiener index of G; +r G, in terms of Wiener indices of F(G;) and G,, where F = Q or T.

Theorem 3.5. Let G and G, be two connected graphs and F = Q or T. Then

1
W (Gt +r Gy) = V2 PW(F(G) + (IVa] + |E1)* W(Gy) + 2 (IV2]* = Vo) (IE1|* + |Eq]) .

Proof. Let A, B and C be as in the proof of the Theorem 3.4. The values of A and B do not change here. So we must only
compute the value of C. Let

1
Ci= 5 D Ad(@r, ), 01, v2)[Gr +7 o) = (W, ), (v1, v2) € Ey x Vo

We break down this summation into two sums C = C; + C; + C3, where

1

G = > Z{d((uh Uz), (v1, V2)|G1 +£ G2) : (U1, U2), (V1, v2) € Ey X Vo, Uy = vy, Uy # v2}
1

G = 3 Z{d((ul» Uy), (v1, 12)|G1 +£ G2) : (g, Up), (v1, V2) € Ey X Va, Uy # vy, Uy = vy}
1

G= 3 Z{d((uu uy), (v1, 12)|G1 +r G2) 1 (U1, U2), (v1, V2) € Ey X Vo, uq # vy, Uy # 2}
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By Lemma 3.3, we have

1
G=5) > @+dwwnlG)
u1€E1 up,vpeVriup#vy
1 1
SEDEDIRRTE DI SR 0
uq1€Eq up,vp€Va;up#vy uy€E1 up,v2€Voiur#vy
= |E1| (IVa]* = [Val) + 2|E1 [W(Gy).
Also by Lemma 3.3

G = d(uy, v1|F(Gy))
> X

up,v1€E U1 F#vg Up=12€V;

=[Val ). du, nilFG),

uy,v1€E13 U170y

and
G= ) > (+dr, vilF(G) + d(uz, 1]Gy))
uy,v1€E1;U1 £V Up, V2 €V U F# V)
- ¥ oo+ Y Y. L vnlFG)
uy,v1€E1; U £V Up, V2 €V U F V) Uup,v2 €V U #vy uq,v1€E1 U1 F V1
+ > Do du, Gy
uy,v1€E1; U AV Up,v2€VR U F# V)
= (B = [Ed]) V2l = Val) + Vol = Val) D) d(ur, wilF(G) + 2 (Eal® — |Eal) W(Gy).
up,v1€Eur £y
Therefore

C=G+G+G
= |Ed[|Val? + [E1PIVi® = [Exl?|Val = [Ex|Va > + 2W(GIEs > + V2> Y d(uy, vi|F(Gy).

up,v1€E U £y
Now we can compute the Wiener index of G; +f G;:
WG +rGy) =A+B+C

2
= 'V;' (Z D dw, vilFG))+ Y D dw, wlFG) + Y d(ul,vnml)))

ureVy v1eVy uj€E] u1evy uq,v1€Esu1#0

1
+ (V11> 4+ 21l [E1| + |E1*) W(G) + [Ef|(IVal* — [Va]) + 2 (IE1* = |Eq]) (IV2]? = |Va])

1
= [VaPW(F(G1)) + (V1| + [E1)* W(Gy) + 2 (IV2l* = Vo) (IE1* + |E4l) -

This completes the proof. 0O

4. Corollaries and examples
We recall the following result of Yan et al. (see Corollary 4.2. in [13]).

Lemma 4.1. For a tree G with n vertices,
W((G)) = 8W(G) — 2n(n — 1);
W(Q(G)) = 4W(G);

W(R(G)) =4W(G) —n+1;
nn—1)
W(T(G)) = 4W(G) — —

Let P, denote a path with n vertices. Then W (P,)) = W, and so by the above one can see that

2n2n—1)(n—1)

W(S(Py)) = 3

801
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CAL 2K XK D
CAL 2K 2K D
CAL 2K 2K D
CAL 2K XK D

Py+qPs .

P7+rPg Pq+1Pg
Fig. 4. The graphs P; +f Ps.

2(n+ Hnn — 1)

W(@Q(P)) = S E—

_ 2 _
WREP,)) = (n 1)(2n3+ 2n 3)7
W(T(P,)) = w

Hence by Theorems 3.4 and 3.5 we have:
Corollary 4.2. Let n > 1 and m > 1 be two integers. Then
1 3 2 2.2 2 2 2
WP, +s Pp) = 6m(8mn — 12mn® + 10mn + 4m“n° —4m“n+ m* — 4n“ — 2n+5 — 6m),
1 3 2.2 2 2 2 2
WP, +q Pn) = gm(4mn —7nm+4mn° —7n° —4m‘n+7n+m° +3n“m— 1),
1 3 2.2 2 2 2
WPy +g Pn) = 6m(4mn —4mn+4m°n° —4m°n+m” — 4n° — 2n + 5),

! 3 2.2 2 2 2
W(Pn—l—er)zém(mn —4mn+4m°n® —7n" —4mn+7n+m° —1).
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Fig. 5. The chain L, withn = 8.

As a corollary of our results we compute the Wiener index of hexagonal chains (see Fig. 5). This formula was already obtained
by Dobrynin [6].

Corollary 4.3. Let n be an integer. Then the Wiener index of hexagonal chains with n hexagonal, L,, is

16n3 + 36n® +26n+ 1
3 )

W(L,) =

Proof. It is easy to see that L, = P41 +s P,. So by Corollary 4.2(4) (See Fig. 4) we have

16n® + 36n® +26n+ 1
W(L;) = Ppy1+sPy = 3 ,

completing the proof. O
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