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Abstract

This paper is devoted to homogenization and minimization problems for variational functionals in the framework of Sobolev
spaces with continuous variable exponents. We assume that the sequence of exponents converges in the uniform metric and that
the Lagrangian has a periodic microstructure. Then under natural coerciveness assumptions we prove a I"-convergence result and,
as a consequence, the convergence of minimizers (solutions to the corresponding Euler equations).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is devoted to homogenization and I”-convergence problems for variational functionals in the framework
of Sobolev spaces with variable exponents. More precisely, we study the asymptotic behaviour of functionals

Jf[u]zf ! a<f>;w(x)|”f(")dx+/< 1 b<5>|u(x)|”f(")—f(x)u(x)>dx, (1.1)
pe(x) \¢ J pe(x) \ &

2

as ¢ — 0; here p;(x) > 1 is a continuous function whose modulo of continuity satisfies some technical conditions
described below in Section 2, a(y) and b(y) are periodic positive functions. Under the assumptions that p.(x) con-
verges in the uniform metric to a function pg(x), we prove that the family J¢ I"-converges to a limit functional with a
convex Lagrangian of po(x)-growth. This convex Lagrangian coincides with the effective Lagrangian of the periodic
functional with frozen exponent pg(x).
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This I'-convergence result allows us to study the corresponding variational problem and to prove the convergence
of the minimums and of the minimizers.

In recent years functionals with variable exponents and the corresponding Sobolev spaces were widely studied
in the mathematical literature, see [1-3,6,7,9,11,13,19]. In particular, the conditions under which C§° functions are
dense in W!-PO) have been found. Also, Meyers estimates which are used a lot in the present work, have been obtained
in [1,19]. Let us mention that such equations arise in many engineering disciplines, such as electrorheological fluids,
non-Newtonian fluids with thermo-convective effects, and nonlinear Darcy flow of compressible fluids in heteroge-
neous porous media (see for instance [2]).

I'’-convergence and minimization problems for functionals with periodic and locally periodic rapidly oscillating
Lagrangians of p-growth with a constant p are well understood by now, see for instance [4,5] and the bibliography
therein.

The works [10,15—18] (see also [14]) focus on variational functionals with non-standard growth conditions. In par-
ticular, the homogenization and I"-convergence problems for Lagrangians with variable rapidly oscillating exponents
p(x) were considered in [16,17]. It was shown that the energy minimums and the homogenized Lagrangians in the
spaces W 1" might depend on the value of r (so-called Lavrentiev phenomenon). For example, such a behaviour can
be observed for the Lagrangian |Vu|?*/%) with a periodic “chess-board” exponent p(y) and a small parameter & > 0.

Another interesting example of Lagrangian with rapidly oscillating exponent was considered in [10]. Namely, for
functionals

Telul = / [Vu|PEE) gy

with a smooth periodic exponent p(y) such that p(x) > 1, it was shown that, contrary to our case, the limit functional
is bounded on a Sobolev—Orlicz space of functions with gradient in an L* log-space where « is the fiber percolation
level of p(x).

Variational functionals with non-standard growth conditions have also been considered in [4]. Chapter 21 of this
book focuses on the I"-convergence of such functionals in L? spaces, but with different conditions on p, than ours.

Regarding the technique we have utilized, it is worth to mention one trick used in the paper. In order to prove
the I"-liminf inequality we first replace the original exponent p,(x) by a new one . (x) = min(p(x), po(x)), and
consider the corresponding family of auxiliary variational functionals. This family is equi-continuous in the space
W1-Po®) and thus it is sufficient to prove the I'-liminf inequality for the dense set of piecewise affine functions. This
is done in Section 3.1. Then it is not difficult to show that the I"-liminf functional for the auxiliary family estimates
from below the I"-liminf functional for the original problem.

The I"-convergence results of the paper admit the following generalization. Let ¥ (y, u, i—‘) be a function defined
foryeY,ueRand é € R" periodic in y, convex in é and satisfies the following conditions:

c1lE| S ¥ (y.u. &) < cal€| + |ul + C. W (.11, &) = W (v, u2. §)| < Clur — ua,

with 0 < ¢ < ¢ < 400, C > 0, and suppose that p.(x) and po(x) are the same as in (1.1). Then the above mentioned
I'-convergence results are also valid for functionals

x Pe(x)
js[u]=f<l1/(g,u(x),Vu(x)>) dx.
2

The paper is organized as follows. In Section 2 we state the problem and formulate the main result. This result is
proved in three steps in Section 3. On the first step (Section 3.1) we derive the “lim inf”-inequality. Section 3.2 is
devoted to obtaining the “lim sup”-inequality. Finally, in Section 3.3 we prove the convergence of minimizers.

2. Problem setup and the main result

Let £2 be a bounded domain in R” (rn > 2) with a sufficiently smooth boundary, and denote Y = (0, 1)". We assume
that a family of continuous functions p, = p.(x), & > 0, is defined in £2 and satisfies the following conditions:

(A1) the functions p. are bounded from below and from above:

l<p~ pg—mlnpg(x) Pe(x) <max pe(x) = pf <p" in£2; 2.1)

xesf2
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(A2) forany x,y € §2 and any ¢ > 0, the inequality holds

L 1
|pe@) = pe()| < we(lx —yl)  with Thﬂ)%(r)h(;) < 4005 (2.2)
(A3) the functions pg converge to a function po uniformly in §2, i.e.,
tim [[p: = poll @) = 0. 23)

where the limit function pq satisfies the condition:

_ 1
|Po(x) — po)| < wo(lx — yl)  with Tim wo(7) ln<;) < 4o0. (2.4)

We also suppose that

(A4) a=a(y), b=>b(y) are Y-periodic measurable functions such that
O0<ao<a(y) <ar, 0<bo<b(y) <bi; (2.5)
(AS5) feC($2).

For notational convenience we set

e = B = p(* 26
“f’f(x)_pm)“(?)’ P W=00 (E> 20

In what follows we refer to [7,9,11,13] for the properties of Sobolev spaces with variable exponents. Following
[7,9,11,13], for any ¢ > 0, we introduce the Sobolev space WwLPe()(£2) with a variable exponent p, defined by

whreO(2) = {¢p e LV (2): |Vp| € LP=V(2)}]. 2.7

Here by LP:)(§2) we denote the space of measurable functions ¢ in §2 such that

Ap.()(@) = /|¢(x) Pe™) gy < +oo. (2.8)
2

This space equipped with the norm

18l ey = inf{k S 0: Ay (%) < 1} 2.9)

becomes a Banach space.
On the space LP¢() (£2) we define the functionals J¢ : LP¢()(2) — R:

Jolas, )1 VulPe® 4 b5 ()[ulPe™ — f(x)utdx, ifueWhPO();

(2.10)
+00, otherwise.

Jou]= {

We study the asymptotic behaviour of J¢ and their minimizers as ¢ — 0. Our analysis relies on the I"-convergence
approach in Sobolev spaces with variable exponent. Notice that under assumptions (2.2), (2.4), the spaces W 1700 (£2)
and WP (£2) are separable and reflexive. Moreover, C;°(£2) is dense in these spaces. We also recall the definition
of I"-convergence (see, e.g., [4,5,8] and the bibliography therein). In our case this definition takes the following form.

Definition 2.1 (I, -convergence). The functionals 7° : LP:O)(2) — R U {oo} are said to Iy, ()-converge to a func-
tional 7 : LP°0)(£2) — R U {oo} if

(@) (“lim inf-inequality) for any u € LPC)(£2) and any sequence {u®} C LP0)(£2) which converges to the function
u strongly in the space L7 (£2) we have:
lim 7°[u®] > I{ul;

e—0



B. Amaziane et al. / J. Math. Anal. Appl. 342 (2008) 1192—-1202 1195

(b) (“lim sup”-inequality) for any u € LP00)(£2) there exists a sequence {w®} C LP?O)(§2) such that {w®} converges
to the function u(-) strongly in the space LPoO)(2), and

lim 7°[w®] < I{u].
e—0
The main result of the paper is the following:
Theorem 2.2. Let assumptions (A1)—(AS) be fulfilled. Then

(C.1) The functionals J® defined in (2.10), I'j(.)-converge to the functional Jyon : LP0O)(2) — R U {400} given by

Joo[u] = { Jo (TG, Vi) + Bp ()P — fyu}dx,  ifue Wh (), @.11)
o +00, otherwise,
where
IR 1 21 po(x X
T(x,g)=inf{m/a(y)|Vv(y)+"§|p0( Vdy: ve Wyl )(Y)} 2.12)
Y
and
1
B =~ [ by, 2.13)
po(x) J

(C.2) Minimizers u® of the functionals J¢ converge to a minimizer u of the functional Jyom strongly in the space
LPoO) ().

Throughout the paper C, C1, C», etc. are generic constants independent of ¢.
3. Proof of Theorem 2.2

The proof of the statement (C.1) of Theorem 2.2 is given below in Sections 3.1 and 3.2.
The statement (C.2) of Theorem 2.2 is then a consequence of the statement (C.1) of this theorem, as proved in
Section 3.3.

3.1. Proof of the “lim inf”-inequality

The proof of the “lim inf”-inequality is performed in two main steps. First we introduce auxiliary functionals JE
and prove the “lim inf”-inequality for these functionals. Then, at the second step, we show that the “lim inf’-inequality
for the auxiliary functionals J¢ implies the “lim inf”-inequality for J¢.

Step 1. An auxiliary inequality.
We denote

7o (x) = min{ pe (x), po(x)}
and on the space L™ () (£2) define the functional Je: L70(2) > R:

Jatas, )1 Vul™® + b5 ()|ulP™ — f(xuldx, ifueWhm0(@2);
+00, otherwise.

Teul = { 3.1
In what follows we make use of Holder’s inequality for Sobolev spaces with variable exponents. Let ¢ € LPO) (£2),
¥ € LIO(£2) with

1 1

+——=1, 1<p <px)<pt<+oo, 1<q <q@x)<q" <+oo,
p(x) ax)
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then

/ | ¥|dx g2||¢||Lp(-)(g)||¢||Lq(‘>((z)- 3.2)
2

We also make use of the following results from the theory of Sobolev spaces with a variable exponent p = p(x). Let
p(x) satisfy the inequality 1 < p™ = info p(x) < p(x) < supg p(x) = pT < +oo, and suppose that |p(x) — p(y)| <
w(|lx —y|) forall x,y € £2, with lim;_,ow (1) ln(%) < +00. Then the following inequalities hold:

: p~ pt p~ pt
min(I G120, ) 1015 e ) < Apr @) < Max(UD 1] iy 5 1115 61 )

. 1/p~ 1/p* 1/p~ 1/pt
min(AJ5 (9), AP (@) <116l 1p0 o) <max(A,5 (). A (@),

where Ap(.)(¢) is defined in (2.8).
Without loss of generality, we assume that meas £2 > 1. Then using (3.2), (3.3) and the definition of the functions
ajy, ., bj, , one can obtain the following inequality:

(3.3)

~ ~ 1/ay
|J€[M] — JS[U]| < ||M — v||W],]Tg(4)(Q) </(1 + |M| + |VM| + |U| + |VU|)7TE(X)dx> , (34)
2

which implies the uniform in ¢ continuity of the functional J¢ in the space W70 ().
Denote by A($2) the class of piecewise affine functions defined in the domain £2. First, we prove the inequality

lim J[u®] > Jhomlul Vu € A(£2). (3.5)

e—0

Consider an arbitrary function u € A(£2). It can be represented as follows:
ux)=Ajx+B; inf2;, j=12,...,M, (3.6)

with §2; such that 2 = ij: 1 £2;. Let {u®} be a sequence which converges to u strongly in LP20)(£2) and such that

Jé[uf] < C. In order to prove inequality (3.5) we introduce a covering of the domain §2 by cubes with edge length A
(0 <e < h<k1). Denote
h h]"
Khzl:—z,z} . K]?:Kh+ha, an",

and K, = {K}, o € Z"™}. Without loss of generality, we assume that % is an integer multiplier of . Then we denote:

) _p2n
m,=Rr"\ | J (ha+[—h Zh ,h zh } ) (3.7)

aeZl

Making a translation of the cubic structure C;, with a vector y and varying this vector over K, one can show that
there exists y such that
Fr, (x, u®, Vus) dx <Ch (3.8)
(T +y)N$2
and
{|Vur | 4 Jus [} dx < Ch. (3.9)
T +3)N$2

We keep for the shifted cubes the same notation K’ and denote their centers by x®, that is x* = ha 4 y. Notice that y
might depend on ¢. However, this dependence is of no importance for us, and we will not indicate it explicitly.
Using the notation

Frr, (1, Vi) = af, (x)|Vau|™ @ + b5, () [ul ™ — f(x)u, (3.10)
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2 ={U, Kj; K € 2} and S~2h = 2\ §2;, one can represent JNS[u*’] as follows

fs[ue] = / Fr, (x, u®, Vus) dx + / Fr, (x, ut, Vug) dx. (3.11)
2 2
It is clear that
meas 2, = O(h) as h — 0. (3.12)

Using (3.12) and the fact that {u#®} converges strongly to u € A(£2) in LPoO (), one can easily show that the
second term on the right-hand side of (3.11) admits the estimate

lim lim [ Fg, (x, u®, Vug) dx > 0. (3.13)

7050

2

We proceed with the first term on the right-hand side of (3.11). Denoting

M
I = ( Uafz,) ak?;
j=1

and letting §21 be the set of the cubes K} C §2;, such that K}’ N I, # ), we obtain

meas 2 = O(h), ash— 0, (3.14)
and

lim lim | Fg,(x,u®, Vu®)dx > lim lim Fr, (x, u®, Vu®) dx, (3.15)

h—=0¢0 h—=0,0

25 n,.r

where

2nr =24\ 2r. (3.16)
Then from (3.13) and (3.15) we get:

Jim lim  Fr, (x.u, Vuf)dx > lim tim - | Fr, (x, u®, Vu®)dx. (3.17)

nr

Consider now an arbitrary cube K C §2; r. Denote by (pg the cut-off function in K}’ such that: 0 < (pg x) <1
(pg(x) =0forx ¢ K;; pu(x) =1 for x € K \ (IT, N K}); Vg (x)] < Ch~2%. We extend <pg to the whole space
h-periodically, the notation ¢ stands for the extended function. Denote for brevity ¢¢(x) = u® (x) — u(x) and rewrite
u® as follows:

Ut (x) = u(x) + ¢" ()¢ () + (1 — 9" (1)) (x) = uf (x) + (1 — 9" (1)) 8 (x).

Then we have

f Fr, (x, ut, Vug) dx — / Fr, (x, uj, Vufl) dx
n.r n,r

Indeed by (3.8) and (3.9), the following inequality holds

‘/Fﬂg(x,us,Vug)dx— / Fr, (x. uj, Vuj,) dx
Ln,r 2

lim
e—0

< Ch. (3.18)

h,I"

< / }Fns(x,ug,vu€)|dx+ / |Fn£(x,ufl,Vufl)|dx
N2, r N2 r

<Ch+C f {1+|§6

N2 r

7 (x) e (X)

1
&
hzﬂs(x) |{

+|v¢e

+ ng(x)+|§€|}dx.
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By the definition of ¢?,
: RENE) U e e _
i [l e e fax =
n,Ne, r

Then considering (3.9) we get

/ (14 Ve [“©) ax < Ch.
N2, r

This yields (3.18).
Inequalities (3.17) and (3.18) imply that

lim; Fﬂg(x,us,Vug)de lim an(x,ufl,Vuf,)dx—Ch

e—>0 e—>0
h.r h.Ir
= lim ) f Fr. (x, u§, Vu§) dx — Ch. (3.19)
e—0 ",
KﬁCQh,r

Since uj converges strongly to the function u in the space L™ (£2) and Vu = Aj, then, for any K} C £2;, 1, we
have:

lim | Fr (x,uf, Vuj)dx > lim [ af (x)|A; + V((phgs)|”8(x) dx

e—0 ; e—0 ;
h Kh
+ / [B,(Ou?® — f(x)u}dx. (3.20)
Ky
Denote
7 = min m(y),  pf = max pe(y). (3.21)
yekKy yeKy

Then the first term on the right-hand side of (3.20) satisfies the estimate

lim [ a (0|4, + V(e"¢")|™ dx > lim iaa<f)|A,-+v(<p";€)|”’7 dx. (3.22)
s—>0Ka ) 8—>0Ka Dh €
h h

Since ¢"¢% =0 on 0K}, the integral on the right-hand side of the last inequality can be estimated as follows

1 a 1 o
/?a<§>|Aj+V((ph§8)|”h dx > min /—aa<§)|Aj+Vv|”n dx
. P

1,7%
Ke veWw, h(KZ‘)Kﬁ Ph

h" . a
=2 min  [amfa;+vem)Tay.
Ph yey, ™ )y

the last equality here follows from the convexity of the integrand. Denote
L(p,E)= min /a(y)|§ + Vo) |’ dy.

veW, P () e

Let us prove that this function is continuous in p.
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Lemma 3.1. For allg € R” the function L(p, 5) is a continuous function of the variable p on the interval (1, 400).
Proof. The statement of the lemma is a direct consequence of the Meyers estimate (see, e.g., [12]). O

Combining now (3.19), (3.20), (3.22), the statement of Lemma 3.1 and the fact that 7r; and pj; converge to po(x)
as ¢ — 0 and then 7 — 0, we conclude that

lim [ Fg, (x, u®, Vus) dx > lim Fr. (x, u®, Vus) dx
e—0 e—0
2 n,r

if ﬁL(mm,vu)Wﬂ/ By (olul™) — f(u) dx = (b,
h,I" h,I"

where « (h) tends to zero as h — 0. Considering now the definition of T(x, é ), estimates (3.12) and (3.14) and the
properties of the limit Lagrangian, we obtain

lim [ Fr, (x,u®, Vu®)dx = Jhomlu] — k1 (h),

e—0

where k1(h) tends to zero, as & — 0. Since the left-hand side and the first term on the right-hand side of the last
inequality do not depend on #, this yields the desired estimate (3.5).

By the definition of 7, (x) we have 7. (x) < po(x). Therefore, the family JE [#] is uniformly, in &, continuous in
W1-PoO) (£2) topology, and the fact that (3.5) holds for all u € A(£2) implies that (3.5) holds for all u € W70 (2).
This completes the proof of the “lim inf”-inequality for JE [u].

Finally, the “lim inf”-inequality for the functionals J¢[u] is a consequence of the following inequality: for any
sequence u® that converges in L?0)(£2) it holds

lim | Fp, (x, u®, Vu‘?) dx > lim | Fp, (x, ut, Vug) dx.

e—0 e—0
2

3.2. Proof of the “lim sup’-inequality

Since the limit functional Jhom[#] is continuous in W1Po®) norm and piecewise affine functions are dense
in WhPoW () it suffices to prove the “lim sup”-inequality only for piecewise affine functions u. Let K} be a

periodic cubic grid in R” with period (2 — h?), and denote by {x®} the periodic set of points being the centers of the
cubes K. We associate with this covering a partition of unity {¢s}: 0 < @y (x) < 1; o (x) =0forx ¢ Kj'; pu(x) =1

forx € KjY \ Uﬁ?ﬁa Kf; Yoo Pa(x)=1forx € 2; |V, (x)| < Ch~2.

Denote by U, (y) a minimizer in (2.12) with x = x¢, § = Vu(x%), Uy (y) is a Y -periodic function. In the domain £2
we define

X

w (x) = u(x) +8;Ua(g>(pa(x). (3.23)
From the Meyers estimate (see [1]) it follows that there exist § > 0 and Ay > 0 such that

| willwineorss @y <C (3.24)
forall & < hgo and & < hZ2. Indeed, by [1] the functions Uy (y) admit the bound

| Uq ||W1.p0<x“)+25(y) <C
for some 8 > 0. Since po(x) is uniformly continuous in £2, there is o > 0 such that

I1Uallwrpsspy < C

for all 4 < hg; here and later on p®* = max K% PO (x). This implies the inequality

u(x)+eZUa(§>¢a(x>

Under the assumption that & < i the last estimate yields the bound (3.24).

<C(1+eh™?).
WLpe()+3(82)
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Denote by §2, the set §2;, 1 \ I1j,, where the sets §2; - and IT; have been defined in (3.16) and (3.7), respectively.
Letting & = &'/% and considering the structure of wj,, we conclude that

||w 174 ”W1 Pe@)(£2) <G, ” w§1/4 ||W1‘P0(x)+6(9) <C, (3.25)
/ P tx)‘I(E) [Vt dx < e, (3.26)
&
I 14
e (x) )
‘ f Pe(x) <8)|Vw a1 e = Z / po(xa) <8>|Vw a0 dx| S ieae), (3.27)
971/4 25 ]/4 1/4

where k> (&) converges to zero as ¢ — 0. Since T(x, £) is a continuous function of x, we have

‘ / T(x, Vu(x)) dx — Z [ T(x"‘, Vu(x)) dx

99_1/4 95_1/401(;11/4

< k3(e), (3.28)

where k3 (g) also converges to zero as ¢ — 0. Taking into account the relation

/ po(lxa)a(;_c) |Vw§1/4 |p0(xa) dx = / T(x"‘, Vu(x)) dx

'Qe_l/4mK:1/4 ‘Qg_l/4ﬂK:1/4

and combining (3.25)—(3.28), we deduce the estimate
al 2)|vuws, | Pdax - | T(x, Vu)d
(x) . W14 x x,Vu(x))dx
1/4

0"
with x4 (¢) vanishing as ¢ — 0. It remains to notice that

el/4
1 x .
/ pg(x)a<;>|vwél/4 + ’ / T(x,Vu(x)) dx

Q\981/4 9\951/4

< k4(8)

pg(X)dx <C81/4,

and that

/( l(s>|wel/1
Pe(vf) &
2

and the desired “lim sup”’-inequality follows. This completes the proof of the statement (C.1) of Theorem 2.2.

Pt _ f(X)w§1/4> dx o0 /(ﬂp(x)|u|p0(x) — f(u)dx
2

3.3. Convergence of minimizers

Consider the variational problem corresponding to the functional J#:
Je[uf] — inf, u® e WhPO(2). (3.29)

It is known from [1-3,6] that, for each & > 0, there exists a unique solution u® € w0 (82) of problem (3.12). From
(3.3), (2.10), and the assumption (AS5) on the function f, we have that

||u8||W1,pa(-)(Q)<C and  Ap,)(u°) <C. (3.30)

Now it follows from assumption (A3), (3.30), and Meyers’ estimates in Sobolev spaces with variable exponents (see,
e.g., [1]) that

|| 1.00) 2y < C- (3.31)
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This means that {1°} is a weakly compact set in W1 700)(£2). Hence, one can extract a subsequence {u®, & = g — 0}
that converges to a function u € WO (2) weakly in wLro®)(2) and strongly in the space LPoO) (). Let us show
that u = u(x) is a solution of the variational problem

Jhom[u] = inf, ue WhPO (), (3.32)
First, since u® is the solution of the variational problem (3.29), then

S < 7]
for any sequence w?. For any w € W!'P00)(£2), consider a sequence w® which converges to w, as & — 0, in LP(£2)
and satisfies the I"-limsup inequality. Taking into account also the “lim inf”-inequality, we get

Jhom[u] < lim J[uf] < lim J[ut] < lim J°[w"] < Jhom[w]. (3.33)

e=gr—0 e=g;—>0 e=gr—0
The last inequality implies that u is a solution to problem (3.32). Letting w = u in the last relation yields

Jhomlul = lim J°[u®]= Tlim J°[u®]. (3.34)

e=er—0 e=e—0

Since the limit problem (3.32) has a unique solution, then the whole sequence {u#°} converges weakly in whro®)(2)
and strongly in LP°)(£2) to the function u, as ¢ — 0. This completes the proof of Theorem 2.2.

Remark 1. The above mentioned results may be proved in the same way for more general functionals

Je[u]zf( ! a(f>|vbt(x) ”E(X)+#b<f)|u(x)|"s<)‘) —f(x)u(x)) dx,
De(X) &

o.(x) \e
Q

with

npe(x)
n— pe(x)
satisfying the conditions (2.2)—(2.4).

l<o®) <o.(x) < o <
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