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We study weighted mean convergence properties of Hermite interpolation based
on the zeros of certain generalized Jacobi polynomials such as necessary and
sufficient conditions for such convergence for all continuously differentiable functions,
convergence with given order £, ,(f’)/n, and convergence of the differentiated
Hermite interpolation process.  © 1994 Academic Press, Inc.

1. INTRODUCTION

The main purpose of this paper is to investigate weighted L? (0 <p < o0)
convergence of Hermite interpolating processes based on the zeros of
generalized Jacobi polynomials and the rate of convergence as well. Let

=1 <X, (W) <X, a(W) < s <xg(W) < xpu(w) < (L1)

be the zeros of the generalized Jacobi polynomials p,(w) which are
orthonormal with respect to a generalized Jacobi weight w (we GJ). In this
paper, we write we GJ if

{g(X)(l —x)*(1+x)% x|,
wix)=

0, fx| > 1, (12)

where g>0, g’eLiplin [—1,1],and a> —1, 6> — 1. When g{x)=1, w
is called a Jacobi weight. Given a positive integer » and a bounded function
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/, the Hermite interpolating polynomial F,(w, f} is defined to be the unique
polynomial of degree at most 2n — 1 satisfying

Fo(w, £, Xin(W)) =f(x4n(w))  and
Fo(w.f, xin(W)) =" (xea(w)), k=12, 1.

In what follows, all the functions, weight functions, and spaces of
functions under consideration are defined in the interval [ —1, 1]. Given a
positive integer n and a function f, we denote by E (f)=E, ,.(f) the
degree of best uniform approximation of f by algebraic polynomials of
degree at most n.

Paper [18] deals with mean convergence of F,(w, f) in the very special
case of interpolation based on the zeros of the Chebyshev polynomials. It
is proved there that F,(w, f) converges in weighted L? norms to fe C' at
the rate of E,, _,(f')/n.

The Hermite—Fejér interpolating polynomial H,(w, /) is a polynomial of
degree at most 2n—1 that agrees with f at the interpolation points, and
whose first derivative vanishes there. It is closely related to the Hermite
interpolating polynomial F,(w, /). Weighted mean convergence of H,(w, )
was studied in detail in [14, 20, 7]. In [14], necessary and sufficient condi-
tions were found for weighted mean convergence of H,(w, /). Subsequently,
[20] gave sufficient conditions for the convergence of H,(w, f) in weighted
L? spaces at the Jackson rate. The latter conditions are also necessary as
shown in [7], where necessary conditions were proved for very general
weight functions. The relationship between H,(f) and F,(w, f) enables us
to apply the methods developed in [10,11] and the above mentioned
papers to investigate Hermite interpolation. Although our results show that
there is certain similarity between F,(w, /) and Lagrange interpolation, we
do not have to use Hilbert transforms (a technique developed in [10]) to
investigate F,(w,f) as done in [21]; weighted Bernstein—-Markov
inequalities of [12] are all that we need in this case.

In what follows, given a non-negative measurable function # and 0 <
p <%0, the weighted L” “norm” is defined by

(1.3)

1 1/p
171p=(] 00wy ar)

With this notation, the main results of this paper are as follows.

THEOREM 1. Let 0 <p< oo, weGlJ, and let u be an integrable Jacobi
weight. Then

(i) lm [F,(w, /) —fll,,=0 (WeC')e=(ii) (I—x*)u(x)<Cw(x)

Jfor some constant C>Q depending only on p, w, and u.
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Remark 1. Tt has been known for some time that, given we GJ and a
closed interval 4 (—1,1), we have' lim, _ , [|H,(w,f/)—fl, =0 for
all feC (cf. [15 Thm.22, p.80]), and then, using some technical
estimates such as [15, formula (4.23) in Lemma 4.6, p. 88] or Lemma 2.2
of this paper, lim,, . . |F,(w,f)—fl,, . =0 follows for all fe C"' as well.

THEOREM 2. Let 0<p< oo, we GY, w (x)=w(x) /1 —x?, and let u be
an integrable Jacobi weight. Then there is a constant K >0 depending only
on p, w, and u such that

(i) sup [n 1F.w. /) =Sl , ]S KEy, 5(f7) (Ve Cl)s=(il) wiuel'.

neN

Remark 2. Just as in the case of Hermite-Fejér interpolation, the
implication (i)=>(ii) in the above theorem holds for much more general
weights (cf. [7]). The proof of this fact also follows from the results in [7].
More precisely, the implication (i) = (ii) in Theorem 2 remains valid if we
replace we GJ by weight functions from either the Szegd class or from a
certain subset of the Erdds class (see [7] for the definitions). Unlike in
Remark 1, and with the notation of Remark 1, there does not seem to exist
a constant K> 0 such that the inequality sup,  [7 | F,(w, f)—fl1, 1<
K E,, ,(f) holds for all fe C'. According to (a hand corrected version of)
[2, formula (3.6) in Thm. 3.1, p. 114], inequality (i) in Theorem 2 holds for
more general functions u, namely, for ue (Llog™ L), though the argument
given on [2, p. 126] does not appear to be complete.

THEOREM 3. Let 0<p < o0, we GJ, wy(x) = w(x)(1 —x?), and let u be a
Jacobi weight such that (1 —x?)"??ue L'. Then there is a constant K>0
depending only on p, w, and u such that

(i) sup [F,(w,f)—f'll., < KEs, H(f') (feC')y<=(ii) wy’uelL'.

neN

Remark 3. The first two theorems state that the conditions for the best
rate of convergence are stronger than those for just convergence. Inter-
estingly, condition (ii) in Theorem 2 is exactly the same as that for the
Hermite—Fejér interpolation (cf. [20, Thm. 2.1] and [7, Thm.1]), but
condition (ii) in Theorem 1 is slightly weaker than the corresponding
condition w "ue L' for Hermite-Fejér interpolation (cf. [14, Thm. 5,
p-55]). On the other hand, the conditions for the convergence of the
derivative of the Hermite interpolating polynomial and the conditions for

! Here and in what follows, the characteristic function of a set & is denoted by 1,.
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the best rate of convergence are the same. This is very much like the case
of the Lagrange interpolation (cf. [10, Thm. 6, p. 695]).

Since our intentions are to concentrate on proving conditions which
are simultaneously both necessary and sufficient, all our weights # in
[Fow,f)—fl. , and [|[F,(w,f)—f'l. , are (integrable) Jacobi weights.
We thank one of the referees for pointing out that generalizations of
the implications (i) <= (ii) in Theorems 2 and 3 for weights u of the form
u(x)=TT7_, |x—t,|™ have been discussed in (a hand corrected version of)
[2]

For the proof of Theorem 3, we will need the following theorem which
we state and prove in a more general setting. As before and in what
follows, the characteristic function of a set & is denoted by 1,.

THEOREM 4. Let
Ux)=[] [x—ypel™ (1.4)
k=1

and?

Wix)=g(x) TT Ix—yil™, (1.5)
k=1

where y,e[—1,1], A,> —1, B,> —1, and g is a non-negative function. If
either (i) r=20, p21, and 0<c, <g(x)<c,<w for xe[—1,1], or (ii)
r=0,p>00<c,<g(x)<c, <0 for xe[—~1,1], and [jo(g, 1)t dt <
o0, then there is a constant C >0 such that?

1 1,(x) U(x)dx
'[wl W(x)(r+p)/’2 (1 _x2)(r-+-3p)/4

1
< Clim inf;:—p'f |2 AW, )" 1 pu(W, x)|7 1 4(x) U(x) dx (1.6)
) —1

n—

Jor every interval A< [ —1,1].
A weaker version of Theorem 4 is given in [13, formula (6.3)].

2 The weight function w in (1.2) is a special case of W in (1.5). Frequently, but not in this
paper, the latter are also called generalized Jacobi weights.

3 Here @ denotes the modulus of continuity of g.

* Here p,{ W) denote the orthonormal polynomials associated with W.
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2. LEMMAS

The Hermite interpolating polynomial (1.3) is given by

Fn(w»f; ."C) = Hn(w’f; X) + Gn(w’fl’ x)

Z (X (W) By (W, x Z (Xin(W)) Ern(ws x)  (2.1)

with

)“;(ws xkn(w)

An(Ws XpalW)) NP
7w, () xkn("))] Liea(W, X) (2.2)

hk,,(w,x)=[1 +

and
Bien(W, X) = (X = X, (W)} L, (w0, X) (2.3)
(cf. [5, p. 113]) where

P8 0) s, sygoe)) L
7.00) X~ Xual)

L (w, x)= (2.4)

An(w) is the nth Christoffel function, 4,,(w)=A4,(w, x,,(w)), and y,(w) is
the leading coefficient of p,(w) (cf. [14, p.43]). If P is a polynomial of
degree at most 2n — 1, then

P=H,(w, P)+G,(w, P). (2.5)

Given a positive integer n and a function f, the Lagrange interpolating
polynomial L, (w,f) is defined to be the unique polynomial of degree at
most n— 1 that agrees with f at the points x,,(w) for k=1, 2, ..., n. Hence,

Lw,f,x)= 3 f(xen(W)) Liy(0, X). (26)

k=1

Throughout this paper, N denotes the set of positive integers. Further-
more, K denotes positive constants which are independent of variables and
indices under consideration. We write 4 ~ Bif |47 'B|*' < K. We will omit
w in many formulas when it is clear what the weight function is in the given
context .

The following lemma is a summary of some properties of generalized
Jacobi polynomials which will be used to prove our main results.
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LEMMma 2.1, Let weGlJ, and let x,,(w)=cosf,,(w) with 0<0,,<n
where x,,=1 and x,,, ,= —1. Then

kst (W) = Op(w)~n ™! (2.7)
uniformly for ne N and 0< k<n (c¢f. [11, Thm.9.22, p. 166]),
A W)~ 17 W(x,) /1= X2, (28)
uniformly for ne N and 1 <k <n (c¢f. [11, Thm. 6.3.28, p. 120]),
| Pna (W X)) ~ W) ™12 (1= )1 (2.9)

uniformly for neN and 1 <k<n (¢f. [11, Thm.9.31, p. 170]). For every
fixed 0<o <1,

[pa(w, x) S K[w(x) /1 —x*]"12 x| <1 —an? (2.10)

uniformly for neN (this follows from Korous’ theorem and well-known
estimates for the Jacobi polynomials, cf. [17, Thm.7.13, p. 162, and
Thm.7.32.2, p. 1691), and

nx = Xy [R(x)(1 = X712 —14x, <2x<14x,,
| pa(w, X) ~ </ Iw(t —n~2)] 2, I +X,<2x<2
Jnw(=14n"2)]17172, —2<2x< —1+x,,
(2.11)

uniformly for ne N, where m is the index of that zero x,, (k=1,2, .., n)
which is (one of ) the closest to x (cf. [11, Thm. 9.33, p. 171]). In addition,

0< lim 27", (w)< o0 (2.12)

n-— 0

(ef [17, Thm. 12.7.1, p. 309]).

LeMMA 2.2. Let weGJ, and let 0<o <1 be fixed Then there is a
constant K> 0 such that

logn —— 1
[X — X g, (W)l [fm(w’)c)<K[ " \/l~x +m], (2.13)

uniformly for n=2,3, .. and |x| <1 —on2

RagE

k=1
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The sharp estimate in this inequality is significant for our purpose
(cf. (14, Lemma 4, p.40] for a weaker form), and, therefore, we will give
a brief proof even though it goes along routine estimates.

Proof of Lemma 2.2. In what follows we assume 0<x<1—on"2
Write x = cos 8 and x,,, = cos 6, where 8, 8,,,¢ [0, n]. By (2.4), (2.8), (2.9),
and (2.12), we have

pi(x)
lx - xkn|

~!><

Z "C—xkn”kn(x Z WX 40 ) l—xk,.)m
k=1 =

Let m be the index of that zero x,, (k=1, 2, .., n) which is (one of) the
closest to x. By (2.7) and (2.11) we have

_palx)

I_mnl

1 . K
;W(xmn)(l—Xf,,,,)3’2 SKlx—x,, <> 1—x2

Write now w(x)=g(x)(1 —x)* (1 + x)*. Then

1 _ 312 Pi(x)
nz kgm (xkn)(l Yl‘n) IX“Xk,,\

3/2

Koo wlu-x,)

n2 M’( mn)(l _x )1/2 |x—xkn]

<
k#m

[(n-'-zr:n)/Z] <k>2a+l %

—

[N}

m |k —mi |k +m|

=

k=1
k#m

o =kt 1
+ Z mia+1 .n2b72a+4
k=[(n+m)/2]

=1 +1,.

Splitting /,, into three sums with corresponding index sets given by
1<k<[m/2], [m/2]<k#m<2m, and 2m<k<[(m+n)/2], we can
estimate these sums individually to obtain

1 2a+ 1 l 1
11~Tilogm+—<—’i) <K|:ogn\/1—x2+———::l.
n ni\m n nw()c)\/l—x2

In addition,

n2b+4 1/n 2a+1<
I~ 2h—2a+4 , da+1 -\ =

n m n\m

K
nw(x)\/l —x%
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Putting these two estimates together, (2.13) follows when 0 < x <1 —an~2
For —1+4+0n ?<x<0, the proof of (2.13) is analogous. |

LemMMa 23. Let weGlJ, and let 0<o<1 be fixed Then there is a
constant K> 0 such that

- logn 1 ]
h(x) <K| 1 2.14
kgnl o) [ * now(x)/1—x? ( )

uniformly for n=2,3, .. and |x| <1—on2

For Jacobi weights, this lemma has been proved in [19, Lemma 3.2,
p. 3747, and it can be proved similarly to Lemma 2.2, provided that one
uses the estimate of A}, as given in [14, p. 36].

The following result is a special case of a more general theorem proved
in [10, Thm. 1, p. 680].

LEMMA 24. Let weGJ and O<p<oo. Let u be a Jacobi weight such
that wPue L*. Then there is a constant K> 0 such that for every bounded
function f,

WL FYwi P, <KMo n=12,.,

3/4

where F and w, are given by F(x)=f(x)w"?(x)(1 —x*)¥* and w(x)=

w(x) /1 — x2, respectively.

LEMMA 2.5 [14, Thm. 5, p. 55]. Let we GJ, O0<p< o0, and let u be an
integrable Jacobi weight such that w "ue L'. Then there is a constant K> 0
such that

IH (O p <K flle, n=12,.,
holds for every bounded function f.

In what follows we will need that for every O <p< oo and for every
integrable Jacobi weight », there exists a constant 0 <o =0(p, u) <1 such
that for every polynomial R,, of degree at most 2n

1 1—on-2

[ IRuIPun <2 Ray(0)7 () dr (2.15)

—l4+aon—

(cf. [11, Thm. 6.3.14, p. 113])°

’ As a matter of fact, o in (2.15) can be an arbitrary positive constant but then the constant
2 in front of the right-hand side integral may need to be increased (cf. [3, Thm. 8.4.8, p. 108;
4, Thm. 9, p. 247]).
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LEmMma 2.6. Let weGJ, O<p< oo, and let u be an integrable Jacobi
weight such that (1 — x*) u(x) < Cw?(x) for some constant C > 0. Then there
is a constant K> 0 such that

ML p<Klogn [ fl +1f101  n=12, ., (2.16)

for every differentiable function f.

Proof. Using (2.15) for the polynomial G,(f') and applying Lemma
2.2, it follows that

1GNZ, <KL [ 7 L el 10 | ut

k=1
2

<K||f’”go{(l£§£)pfl»a”7 (I—XZ)P/‘Z u(x)dx

—1+on"?

+<1>Pj«l—an x)\/l 2] -p x)dx}

h 1+aon”

Since (1 — x?) u(x) < Cw?(x), we have

-2

f”n D) ST= X217 ulx) dx

1—an?
<KJ (1 =x?)~ D=1 dx < Kn?,

—l+an-?

and, therefore,

1 14
iGNz, <K i1 {(<E8) s ib <k,

Next, using (2.15) for the polynomial H,(f), it follows from Lemma 2.3
that

1—on2 ] P
iz, <k |7 [ (2B p TR |t e

1+on~

14
<k [ 1+(E2) e | < kdtog ) 1112

Now (2.16) follows from (2.1) and the inequalities in the last two displayed
formulas. ||
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LemMma 2.7. Let weGl, 0<p< oo, and let u be an_integrable Jacobi
weight such that w Pue L' where w,(x)=w(x)./1~x" Then there is a
constant K> 0 such that

|
VE, SK(HfH ot ||f'uw), n=1,2, .,

Sfor every differentiable function f.

Proof. Since w;?ue L' implies w Pue L', in view of Lemma 2.5 and
(2.1) we need to estimate |G,(f'). , only. By (2.3) and (2.4),

G S X) =222 S £) Dan 1 (Xan) Pl ) LenlX). (217)

A

/'n k=1

By (2.8), (2.9), and (2.12), we have

Yn—1

n

'%knpn\ l(xkn) = CknnA lwl/z(xkn)(l - xin)BMy

where ¢,, are certain constants uniformly bounded for neN and k=
1,2,..,n Given neN, define the continuous function ¢, such that
colxi)=cpn for k=1,2,.,n and c,(x) is uniformly bounded for
x €[ —1, 1] independently of n. If the function g, is defined by ¢,=¢, f'/n,
then

gl <Kn U f ., (2.18)

and, according to (2.6), formula (2.17) can be rewritten as G,(f')=
p.L.(vq,) where v(x)=w'?(x)(1 — x?)¥*. Hence, by (2.10) and (2.15),

2

1GNL, <K [ 7 1L, X)17 wy 72(x) u(x) d

—1+on~
<KL (vg,) w217

u, p?

and, therefore, by Lemma 2.4 and (2.18),

1G.(NE <K lgullo <Kn =] .
The proof of Lemma 2.7 is complete. |

We will also use the following Bernstein-Markov type inequality proved
in [12, Thm. $, p. 242].

640/77/3-5
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LEMMA 2.8. Given 0 <p < oo and u an integrable Jacobi weight, there is
a constant K> 0 such that given ne N, the inequality

IR, /1~ %, S KR IR,

holds for every polynomial R,, of degree at most n.

The following result played an important role in establishing necessary
conditions for mean convergence of Lagrange interpolation in [11] and
Hermite—Fejér interpolation in [7] (cf. [11, the proof of Lemma 9.9,
p. 159; 7, Lemma 5, p. 322]).

LemMMA 29.5 For every positive Borel measure o supported in [—1,1]
we have’

2n—4
2 \ Z A2 () p2 (0 xpn()), n=273,...
n'}’n ( k=1
Now we construct a certain cubic Hermite spline function s, defined in

[—1, 1] which will assist us in proving the necessary conditions in our
theorems. Let x,, denote the zeros of p,(w) for k=1,2, .., n and let
X0 ,=1and x,,,,=—1. Given neN, define s, as a cubic polynomial
on each interval [x,,, ,,x] for k=0,1,2,.,n which is uniquely
determined by the conditions

S.(x;,) =0 and s(xp)=1,  j=kk+1. (2.19)
It is easy to write s, explicitly on each [x, . ,, X4,] as

(X = X)X = X4 11, )

Sn(x)_‘ [2X (xkn+xk+l,n)]’ xe[xk+l,n5xkn]'
(xk+1,n—xkn)
From this formula we get
—~3/2 K
Isa () 3772 [ Xp 4 10— Xl < ST —1<x<l, (2.20)
and
[sp(x) <1, —1<x<L (2.21)

© A stronger version of this lemma can be found in [16, Thm. 5].

" Here p,(«) denotes the orthonormal polynomial associated with «, y,(«) is its leading coef-
ficient, {x,,(x)};_, are its zeros, and {4,,(«)};_, are the corresponding Cotes numbers. We
realize the mistake in using simultaneously the notations p,(w) (with weights) and p,(«) {with
measures), and we hope that this is not going to confuse the reader. Apparently, both nota-
tions have happily coexisted in the past despite occasional objections.
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We also need the following inequalities concerning simultaneous
approximation according to which for every continuously differentiable
function fin [—1, 1] and for every ne N there exists a polynomial R,, ,
of degree at most 2n — 1 such that

E ’
IRy 1 —fllo <K En-all) gpg

n (2.22)
Ry 1 =S oo S KEq, _o(f)

with a suitable constant K independent of fand » (cf. (6, Thm. 2, p. 172]).

3. PROOF OF THEOREM 4

In this section « is a positive Borel measure with finite moments and
infinite support, and then p,(«) denote the corresponding orthonormal
polynomials. First we need two lemmas.

LemMma 3.1, Let supp(a)=[—1,1] and let a'(x)>0 ae. in [—1,1].
Let {f,}7_, be a bounded and almost everywhere convergent sequence of
Lebesgue-measurable functions in [ —1, 1], and let f=1lim,_,  f,. Then

1 1 ! d
iim [0 s 0a0a=z{ % (a.1)

Remark. This lemma generalizes [9, formula (11.4) in Thm. 11.1,
p.- 2717 where the case f, = f was proved. The proof of this lemma is based
on results from [9].

Proof of Lemma 3.1, Fix 0 <g< 1. Define 2, by

Q, (o, x)=p(at, x) — 2xp (2, X) p,_ (2 x)+ p2_ (2, x).

Then®
(1—x%) pia, x) <Q, (2, x), xe(—1,1), (3.2)
and
i 2
lim j (2, /()= JT=F| di=0 (3.3)
n-— oo —1

8 To see (3.2), complete the square,
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(cf. [9, Thm. 10.1 and formula (10.3), p. 2687]). By (3.2) and (3.3)

J‘l;i [ f(0)—f(2)] p,zx(fx, t)o'(r) de

sfu "ﬁ_(;)i{ﬂgn(a, 0 o'(r) dt
1

|
<5 [ 01012 00 di

1 1 2
< sup {lf,,(r)l+lf(t)|}8—zf ‘Qn(a,t)a'(r)—;\/l—zz dt
] -1

te[—1,1
2 oo TR
7[82 1 n
so that
1—¢
lim [ 10—/ P D 2(2) di=0,
n— X Y —1+g
On the other hand,

.[l <<t Lf:8) = £(O] pala, 8) &'(2) dt

< sp {010 | Pl ) o (1) dr,

—es <]

re[—1.1}

(3.4)

and by [9, formula(11.4) in Thm.11.1, p.271] applied with the

characteristic function of the set {#: 1 —e<|7| <1} we obtain

lim sup | 6= SO P2 1) /(1) dt

n— o l-eglri g1

dt

) 1
< sup {|fn(,)l+|j(t)|};~(l ,~<|r|<l\/m'

re[—1,1] RS

(3.5)

Since 0 <e< 1 can be made arbitrarily small, we can combine (3.4) and

(3.5) to obtain

1
lim L £t —£(0)] p2(a, 1) a'(£) de =0,

Therefore, Lemma 3.1 follows from the previously proved case of f, = f (cf.

[9, formula (11.4) in Thm. 11.1, p. 271]). 1§
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LEMMA 3.2, Let supp(a)=[—1,1], 2'(x})>0 ae. in [—1,1], and
let 0<p<co. Then for every sequence {f,} of non-negative Lebesgue-
measurable functions in [ —1, 1],

U‘ (lim inf,, _, f,,(t))"dr]“”
-\ Jay S1=12

1 1/p
S\/EZ‘““"{“/’”*“"'Z"O}liminf“ |f,,(t)p,,(oz,t)|"dt]. (3.6)

n— occ

In particular, if liminf, _  [{', |/(t) pa(a, 1)|]” dt]'? =0 then lim inf, _, £,
=0 ae.

Remark. This lemma generalizes [8, Thm. 2, p.317] where the case
f. =1 was proved. That theorem plays a crucial role in proving this lemma.
The best constant in (3.6) is still unknown, even for the case f, =/ The
second part of Lemma 3.2 is probably true under much more general
conditions (cf. [16, Coro. 8]).

Proof of Lemma3.2. Without loss of generality we can assume that
0 <p< oo since once (3.6) is proved for 0 <p < co then the case p=
follows by letting p 1 co.

A second assumption we can make is that lim, _ _ f,(x)=f(x) exists
almost everywhere. Whether or not {f,} converges, we can first prove the
lemma for F,=inf, ., {f,}. Since F,(x)<f,(x) for every xe[—1, 1], we
have

lim infUl |F,(t) p,(a, 1)]” dz] Wslim inf Ul | £.,(0) pala, 1)]7 dt} ’
1 —1

n— oxr n — oc

On the other hand, lim,_  F,(x)=liminf,  _ f.(x) ae in [—1,1].
Therefore, it is sufficient to prove the lemma for convergent sequences.
In addition, we can also assume that there is a constant M such that

Sa(x) Jax)

<M and S ——s<M forae. xe[—1,1].
2 (x) /1 — x> [a'(x)]7?

(3.7)

Otherwise, we can set

S, ) = min{ f(x), M m, Mo'(x)7'?},

and then once (3.6) is proved for the sequence {f, ,}, the general case
follows by applying (3.6) with {f, »} and f, ,=lim,_ _ f, », and

640,77/3-6
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by letting M1 oo while using f,, ,1f ae. in [—1,1] and Lebesgue’s
Monotone Convergence Theorem on the left-hand side of (3.6).
The following arguments are valid if all three above assumptions hold.
If 0 <p <2 then by Holder’s inequality

fil alt) =S | pale, 0)(” dt

p /2
<212 D; (%,%)—I)Z/ pla, 1) a’'(2) dtJ /

so that by (3.7) and Lemma 3.1

. 1

lim [ 17,00 =/(0)] | palar 117 de =0.
Hence, by (3.6) applied with f, =/, that is by [8, Thm.2, p.317] the
lemma follows for 0 < p < 2.

The case when 2 <p < co is reduced to the case p=2 by using Holder’s
inequality to obtain

! Sal1) )” 2 . 3
—e ) pXa, t)a'(t) ST — 12 dt
J‘—‘( a'(t)S1—1?

=Jl (‘—"i"“@““)pzfi(t) pa(e 1) dt
-\ /() ST=1
1 100 )p ](pz)/p
< | dt
[fl(,/oc’(t)\/l—tz
1 2/p
<[ 10 e ai|” (38)

In view of (3.7) and by Lebesgue’s Dominated Convergence Theorem, for
the first term on the right-hand side of (3.8) we have

lim [Jl ( fn(t) )pdz:](p—Z)/p
ree L\ () ST 1
=[J~1 ( fn(t) )pdt](p—l)/p'
~1 a'{t) 1 -2

Therefore, applying Lemma 3.1 to the left-hand side of (3.8), inequality
(3.6) follows immediately. J
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Proof of Theorem4. In what follows, for the sake of simplicity in the
notations, we will write p, for p,(W). Let {x,,}7_, denote the zeros of p,
in decreasing order, and let x,,=1 and x,,, ,= —1. Then

xkn_xk+1,n

+1
, k
e [((\/1 i+ <1/n2)] =

(cf. {11, Thm. 9.22, p. 166]). Let U, be defined by

=0,1,.,n (39)

1 Ak 1 Ak
Udx)= [] [ix—ykl+;] x 1] [Ix—yk|+;} . (3.10)

|3yl <1 Iyl =1

Given a > 0, define the set &,(a) by

a@=1-110| U [n-2n+2]|

|vel <1

u[—1,—1+%]u[1—%,1]}. (3.11)

Then, by (3.9), for every sufficiently small 0 < a < ay=ay(U)

U(x) ]i‘ l:U,.(X)]
su <oo and su — |<o0.  (3.12
.xed‘f?al |:Un(x) X, ) E [.r;”l_l::, Xk-1,n] Un(y) )

In what follows we fix 0 <a <1 so that (3.12) holds. Even though it is
natural to assume that 4, > —1 for k=1,2,..,m, in (1.4), the proof of
(1.6) does not require this condition. As a matter of fact, in Part (ii) we will
temporarily relax this assumption.

Part (i). First assume that r >0, p> 1, and 0<¢, <g(x)< e, < w0 for
xe[—1, 1]. Then, since p, vanishes at x,,, we have

|pn(x)|”"””<]<1 +§) [ 1pa0N 7 1530 e

Xin

<(1+2) [ iptor 1puto e
p

Xk+lon

for xe [ X4, 1 ns Xk—1.n)s k=1, 2, .., n. Thus, by Holder’s inequality

1+ (r/p) r 1y Tt ’ Up
< (145 b= [ o o]

Xkt ln
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where (1/p)+(1/g)=1; that is,

lpn(x)l'“’[xk1,,,~xk+1,n]"’<(1+1§> [ ool 1m0l de

Xk+ln

for all x,,, ,<x<x,_, ,. Therefore, multiplying both sides by U, and
using the second inequality in (3.12), we obtain

[pa ()2 Upy(x)[ x4 - Ln ™ X+ 1,;.]1 o7

<G [ IpueN 1N U1 de (3.13)

Xk+1ln

for all x, ,, ,<x<x,_,, where C,=C(r, p, U). Now, by (3.9),

(X o= e 1] 12.(x)]"" 7 Un(x)
T LU/ T =) + (1n))P

<[ 0N 10N U1 di (3.14)

Xk+1n

forall x, ., ,<x<x,_, , where C,=C,(r, p, U, W). Integrating the latter
over [x,,, ., X4 »], We obtain

[ |Pal)" 7 U(x) dx

senn (1= x2)n) + (1/n2)]7

<Co [ PO 10N Ur) de (3.15)

Xk+1.n

for k=1, 2, ., n Let 1, denote the characteristic function of the set &, let
Ac [ —1,1] be a fixed interval, and let D,(a) be the set defined by

Dn(a)= U {[xk-#l,n’xkfl,n] : [xk+l,n’xkvl,n]gévn(a)}'

Then, adding together the inequalities (3.15) for all k& such that
{xx_1ms Xk41,n ) E D, (@) 4, we obtain

J‘ [2aX)" 7 1 pyaynalx) Unlx) dx

[((/1=x%)/n) + (1/n*)]"

<sz |2AD1" | Po()]7 U, (2) dt. (3.16)

Dyla)yn d
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Since D, (a) < &,(a), we can use the first relation in (3.12) to replace U, by
U in the right-hand side of (3.16). Therefore,

f 1PN 1 p oy alx) Un(x) dx

-1 [/ T=x%)/n) +(1/n?)]?

1
<G f_l (DA [ P()Z 14y Ulr) d, (3.17)

where C; = C,(r, p, U, W). Note that

i Louenal®) Unlx) _ 140) U(x)

new [JT—x24 107 (1=x*)P?

Hence, by (3.17) and Lemma 3.2, inequality (1.6) follows when r >0, p>1,
and O0<c¢, <g(x)<c,<0 forxe[—1,1].

forae. xef[—1,1]

Part (ii). If r20, p>0, 0<c;<g(x)<ecy< 0 for xe[~-1,1], and
o wl(g, )t~ dt < o0, then the proof goes along the same lines except that
one also needs a pointwise estimate for p, which requires the assumption
concerning the modulus of continuity of g in (1.5). We start with (3.13)
applied with p =1, that is, with

1P U< C | Ip 0l U0y de (318)

for all x, ., ,<x<x,_,,, k=1,2,..,n, where C,=Cy(r, U). Given 0<
p <1, the next step is to apply (3.18) with U* instead of U where

U*(x) = U(x)(1 — x4 W(x) =212,

As mentioned before in Part (i), at this point it is not necessary to assume
U*e L,([—1,1]). We obtain

1PN U< C [ p a0 1) o0 =7 Uy e (3.19)

for all x,,, ,<x<x,_,, k=1,2,..,n Now we eliminate |p,()|' 7 in
(3.19) by using the estimate

o' P U< Con' PUL(8),  —1<1<], (3.20)

where Cs= Cs(p, W). Inequality (3.20) follows from Badkov's pointwise
estimates for generalized Jacobi polynomials [1, Thm. 1.1, p. 226] (cf. [11,
Lemma 9.29 and Thm. 3.33, p. 170-171]) and from some weighted
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Bernstein—Markov type inequalities for generalized Jacobi weights (cf. [11,
Thm. 9.19, p. 164]). Applying (3.20) to (3.19) leads to

Xk—1n
[palx) ! U;"(x)<C6ﬂ"”f |27 1 PR(0)1F U (1) dt (321)
Xk+1,n

for all X, , SxX< x4, k=1,2,.,n where Cq = C4(r, U, W).
Inequality (3.21) is analogous to (3.13) except that this time O<p<1 as
opposed to p=1 in (3.13). For the case 0 <p <1 the rest of the proof is
now completely analogous to how we proved (1.6) from (3.13)for p>1 in
Part (i). We do not elaborate on the details. |}

4. PrROOFs OF THEOREMS 1-3

Proof of Theorem 1. First we will prove (i1)= (i). Let R,, , be the
polynomial of degree at most 2n — 1 that satisfies (2.22). Then

HFn(f)—f”u,pszl/p "Fn(f— RZn—l)l)u,p+21/p "RZn—l_f”u,p'

In view of Lemma 2.6, we get
”Fn(f— Ranl)“u,psKlogn ”f—RZn—l“oo +K“f/_R,2n-l”oc

|
<K<_9§;’1+1)E2n~2(f/)~——)0

n-+»

which gives (i).

Now we will prove (i) = (ii}. Let s, be the cubic spline function defined
by (2.19). By the uniform boundedness principle, it follows from (i), (2.20),
and (2.21) that

sup | Fo(s. )M, < K< 0.

neN

By (2.1), (2.3), and (2.19),

1Fas M, p = NG (s M, =

Z (X—‘ xkn) lkn(x)z
k=1

u, p

Therefore, according to formula (74) in the proof of [14, Theorem 3,
p- 52], Lemma 2.9, and (2.12), we get

P
u(x)dx < K< oo,

! pi(x)
n

sup
neN Y0+ x102
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so that by (2.11)
1

sup w(l—n‘z)“’j u(x) dx < K < co.
neN (1 + x1,)/2

Writing w(x)=g(x)(1 —x)* (1 +x)® and u(x)=(1—x)° (1 +x)% by (2.7)
the above inequality is equivalent to n¥*¥ - <" YK for n=1,2, .., so that
(1 — xH) u(x) < Kw?(x) for xe [0, 1. The proof of the latter inequality for
xe[—1,0] is analogous. f

Proof of Theorem?2. First we will prove (ii)=>(i). Obviously, we
only need to consider |F,(f— R,,_)ll,., where R,,_, satisfies (2.22). By
Lemma 2.7, we have

K K
IFlf = R M p S KIS = Ron il + 2 IS = Ra il < B oS

Now we will prove (i)=>(ii). Let s, be the cubic spline function defined
by (2.19), and let f;(x)=x. Then by (i), (2.20) and (2.21),

”len(Sn)-Fn(flsn)“u,p
2N f[i(Fulsn) = Sl p + 27 N f150 = Fo f152) N

K N, K N Ko K ,
<= Epu_o(s0) +— Exn o((f15,) ) S~ lisull o + = 1(/f15.) 1l
n n n n
K K K
S lsalle +=lIshllo<—,  neN.
n n n
Hence, by (2.1) and (2.3), we have

T (x—xen) 12,(x)

k=1

and, by (2.4) and (2.12),

= ”len(Sn)_Fn(flsn)uu.pg

u, p

K
-, neN,
n

n
Supn Hpinu,p Z '{Izmprzr-l(xkn)gK< 0.
nelN k=1

By Lemma 2.9, sup, . 221l , <K, and the integrability of w?u follows
from [8, Thm. 2, p. 317] (or, equivalently, from Lemma 3.2 applied with

=71

9 Since the results in [7, 8] hold for more general weights, this also justifies the remark
following Theorem 2.
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Proof of Theorem 3. First we will prove (ii)= (i). By Lemmas 2.8 and
2.7 applied with (1 — x?)"??u in place of u, we have

IE A Moy SKn IF(O =) 2, < Kn | fllo + K1 fle, neN.
Therefore, choosing R,, _, as in (2.22),
NEAf = Ron WM p SEn /=Ry il + KIS —Ro o
SKEZnAZ(f'L VIEN,

and (i) follows.
Now we will prove (i)=>(ii). Let s, be again given by (2.19), and let
f1(x)=x. Then by (2.1) and (2.3),

fl(x) F,,(S,,, x)—Fn(flSn’ x)= Z (x-xkn)z lin(x),
k=1

so that by (2.4)

_,}2 n

S1(X) Fol5ns X) = Fol £y X) = %pi(x) Y 2202 (%)

k=1
Differentiating this formula, we obtain
F,,(S", x) +f1(x) F::(sns x) - F:z(fl Shns )C)

2
’})nfl

=2 42 Pa(X) Pu(x) 3 AP - 1(Xkn)- (4.1)
n k=1

Let Ac(—1,1) be a fixed closed interval. Since, by Lemma 2.2, F,(s,)
converges uniformly to 0 on 4, we have

lim |1 ,F,(s.))., ,=0. (42)

n— x

Condition (i) in Theorem 3 and Eq. (2.21) imply that

lim sup 110/ Fosn) = Folfis0]l, <K (43)
with a constant K independent of 4. By Lemma 2.9 and (2.12),

liminfn Y A2,p2 (x,)>0. (4.4)
k=1

n— 0
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Putting together the pieces (4.1)-(4.4), we obtain

limsupn~' |1 ,p,p,ll. , <K,

n—

so that by Theorem 4,

”ldw2_p”u.p<K

with a constant K independent of 4. Applying this with 4=4, =[ -1+

m

!, 1~m~'] and letting m — oo, the integrability of w; 7u follows from

Fatou’s Lemma. |

10.
11.
12.
13.

14.
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