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a b s t r a c t

A thorough understanding on the mechanical properties of carbon nanotube (CNT) is essential in
extending the advanced applications of CNTbased systems. However, conducting experiments to estimate
mechanical properties at this scale is extremely challenging. Therefore, development of mechanistic
models to estimate the mechanical properties of CNTs along with the integration of existing continuum
mechanics concepts is critically important. This paper presents a comprehensive molecular dynamics
simulation study on the size dependency andpotential function influence ofmechanical properties of CNT.
Commonly used reactive bond order (REBO) and adaptive intermolecular reactive bond order (AIREBO)
potential functions were considered in this regard. Young’s modulus and shear modulus of CNTs are
derived by integrating classical continuum mechanics concepts with molecular dynamics simulations.
The results indicate that the potential function has a significant influence on the estimated mechanical
properties of CNTs, and the influence of potential field is much higher when studying the torsional
behaviour of CNTs than the tensile behaviour.

Crown Copyright© 2015 Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and
Applied Mechanics. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
s

Since the discovery by Iijima [1], carbon nanotubes (CNTs)
have attracted considerable attention due to their remarkable
mechanical, electrical and thermal properties. In particular, CNTs
have shown a broad range of applications in nanotechnology,
especially in the development of nanosensors, nanomechanical
resonators and as reinforcement in composite materials [2].
However, in order to further extend the CNT-based applications
of nanotechnology, experimental demonstrations of versatility of
CNTs have to be supported in parallel by theoretical/computational
models of CNT-based systems. In this regard, accurate knowledge
on constitutive properties such as Young’s modulus (E), shear
modulus (G), and Poisson’s ratio (ν) of CNT is essential to describe
their mechanical behaviour under different loading, boundary and
environmental conditions. However, the use of experiments at this
scale to measure constitutive properties is extremely challenging
and only few studies have been reported [2]. These limitations
of experimental investigations can be overcome by developing
mechanistic models to estimate the mechanical properties of
CNTs along with the integration of CNT mechanics with existing
continuummechanics concepts.
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Atomistic systems such as CNT can be accurately modelled by
using the first principles methods. However, due to high computa-
tional cost, the first principles methods are only applicable to sys-
tems with several hundreds of atoms. Continuummodelling is the
most computationally efficient method. Those are, however, un-
able to account for quantum effects of matter at nanoscale, and
also the discrete nature of matter at nanoscale [3]. Combination of
continuum concepts with properties derived using atomistic anal-
ysis provides an attractive method to analyse the systems at the
nanoscale [4–6]. In this regard, molecular dynamics (MD) plays an
important role in studying the nanoscale systems.

Many researchers have used atomistic modelling approaches
to determine tensile strength, elastic modulus, shear modulus,
and Poisson’s ratio by simulating tension and torsion tests of CNT
[7–9]. The general approach involves the determination of poten-
tial energy of a CNT using MD for different strain levels and then
computation of the stress–strain curve using numerical quadrature
methods. However, the properties of CNT reported in the litera-
ture indicate different ranges of values depending (0.8–1.2 TPa) on
the CNT diameter and methods of analysis [10–14]. The different
trends of size dependency of CNT’s shear moduli reported in the
literature are significant among these. For example, Yu et al. [7]
have reported that shear modulus substantially increases with
increasing diameter, whereas, experiments and several theoret-
ical models show an opposite trend [15,16]. Some authors have
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estimated the shear modulus of CNT from Young’s modulus and
Poisson’s ratio obtained from MD simulation of tension tests and
using the classical isotropic elasticity relationship between E, ν,
and G. These results differ from the shear modulus estimated
from MD simulation of a pure torsion test of CNT. Therefore, it is
important to examine the reasons for the different trends of size-
dependency of CNT moduli reported in the literature and differ-
ences in shear modulus values reported from different approaches
(i.e., tension vs. torsion). In our opinion, advancedmodelling of CNT
systems has limited value if the reasons for the above disagree-
ments are not well understood. Furthermore, accurate estimation
of elastic moduli is critical to the continuum analysis of CNT-based
systems and devices.

This paper investigates the size dependency and potential func-
tion influence on the mechanical properties of CNT derived from
MD simulations. Nanoscale MD simulations of CNTs subjected to
direct tension and torsion loading were used in this regard, where
the commonly used reactive bond order (REBO) and adaptive inter-
molecular reactive bond order (AIREBO) potential functions repre-
sent themolecular interaction.MDsimulationswere performed for
different chiralities and diameters to understand the influence of
potential field on the size dependency of the moduli. In addition,
the validity of common isotropic elastic relationship between E, ν,
and G was also examined. Also, the size and potential field depen-
dence of torsional strengths was investigated.

REBO potential (also called Tersoff–Brenner potential) was
originally developed to simulate chemical vapour deposition of
diamond [17], and later was modified to provide more accurate
treatment of the energetic, elastic and vibration properties of solid
carbon and small hydrocarbons (second generation potential) [18].

In REBO potential, the energy stored in the bond between atom
i and atom j (EREBO

ij ) is given as

EREBO
ij = f


rij

 
V R
ij + bijV A

ij


, (1)

where bij is the bond order termwhichmodifies the strength of the
bond depending on the local bonding environment, VR

ij and V A
ij are

repulsive and attractive potentials, respectively, r ij is the distance
between atoms i and j, and f


rij


is called the cut-off function.

The purpose of the cut-off function is to limit the interatomic
interactions to the nearest neighbours [18].

Even though REBO potential is successful in describing the in-
termolecular interactions in carbon and hydrogen materials [17],
it is not appropriate for every hydrocarbon system due to its in-
ability to explicitly capture non-bonded interactions and torsional
interactions. By addressing these shortcomings of REBO potential,
AIREBO potential has been developed [19], which is an extension
of the REBO potential

EAIREBO
ij = EREBO

ij + ELJ
ij + ETORS

ijkl , (2)

where EAIREBO
ij is the total potential energy of a bond between atoms

i and j, indices k and l also refer to individual atoms, EREBO is the
REBO part, which is explained above, ELJ is the Lennard-Jones po-
tential that considers the non-bonded interactions between atoms,
and ETORS includes the torsional interactions between atoms into
the total energy.

The original cut-off function for the REBO potential is given by

f (r) =


1, r < R(1),

1 + cos


π


r − R(1)


R(2) − R(1)


, R(1) < r < R(2),

0, r > R(2),

(3)

where R(1) and R(2) are the cut-off radii, which have the values
of 1.7 Å (1 Å = 10−10 m) and 2 Å, respectively. The values of
Fig. 1. Stress–strain curves of the (10,10) CNT.

cut-off radii are defined based on the first and second nearest
neighbouring distances of hydrocarbons.

It has been observed that the cut-off function could cause
non-physical strain hardening in stress–strain curves of carbon
nanostructures [20,21] whereas experiments [22] and ab-initio
calculations [23] do not show any strain hardening. Therefore,
researchers have modified the cut-off radii ranging from 1.9 Å
to 2.2 Å [24,25] to eliminate this non-physical strain hardening.
However, none of the previous studies have given much insight
into the effect of cut-off function on the stress–strain relation,
and this non-physical behaviour continues to prevail in recent
simulation studies [21,26].

To fully understand the influence of the cut-off function, and
also to identify the best cut-off radii, a set of uniaxial tensile test
was performed in this study on a 4.8 nm long (10,10) CNT using
LAMMPSMD simulator [27]. The stress–strain curve obtainedwith
default cut-off function (given in Eq. (3)) indicates strain hardening
at strain value around 0.16 as shown in Fig. 1. In order to remove
this non-physical behaviour, various modified cut-off functions
were tested [6]. The results show that a modified cut-off function,
fm(r) given in Eq. (4) eliminates the strain hardeningwhen the cut-
off radius (R) is 2 Å.

fm(r) =


1, r < R,
0, r > R. (4)

Fig. 1 also shows a stress–strain curve based on the modified
cut-off function, which qualitatively agrees with the behaviour
observed in experiments [20] and ab-initio calculations [23]. In
order to obtain further insight into the effect of cut-off function
on fracture of an individual bond, the force–strain curve of the
carbon–carbon (C–C) bond between atoms 1 and 2 in Fig. 2 was
studied by increasing the bond length r . The positions of other
atoms, relative to atoms 1 and 2, were kept unchanged. As shown
in Fig. 2, the strain hardening of the force–strain curve disappears
when both cut-off radii are equal to 2 Å, since bond breaking takes
place before bond length reaches 2 Å. It should be noted that the
modified cut-off function in Eq. (4) is not continuous as opposed to
the original cut-off function in Eq. (3). However, this discontinuity
does not affect the simulation results since C–C bond length does
not reach the cut-off radius of the modified function (i.e., 2 Å).
Therefore, the modified cut-off function given in Eq. (4) was used
in the ensuing MD simulations.
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Fig. 2. Force–strain curves of the C–C bond between atoms 1 and 2 shown in inset
(arrows indicate the strain direction).

To study the effects of potential field on the mechanical
properties obtained from MD simulations, armchair (10,10) and
zigzag (17,0) CNTs were subjected to tension and torsion tests.
The simulations were repeatedly done using REBO and AIREBO
potential fields. Initial investigations of the effect of aspect ratio
(length to diameter ratio) for the simulations revealed that the
effect is negligible if the aspect ratio is greater than 12. Therefore,
considering the computational efficiency, CNTs with aspect ratio
of 15 were used for the ensuing simulations. Tensile and torsional
loadings were applied on CNTs by changing the coordinates of
atoms accordingly. Atoms at the two edges were fixed in position
for both tensile and torsional simulations. For tensile loading,
extension was applied at an interval of 1.25 Å (length of CNT is
∼200 Å), and CNTs are allowed to reach equilibrium over 40000
time steps (20 ps). During torsion test simulations, a rotation angle
of 5° was applied at a step, and then allowed to reach equilibrium
over 80000 time steps (40 ps). The equilibrium potential energy
was obtained by averaging the energy over 10000 time steps (5 ps),
after reaching the equilibrium configuration. Fig. 3 shows (10,10)
and (17,0) CNTs subjected to 50° rotation. The first 30 Å of CNTs
from the fixed edge is shown. Only half of CNTs are shown for
clarity. The axes of CNTs are along y-direction.

Variations of strain energy per atom of (10,10) and (17,0)
CNTs subject to tension and torsion are shown in Figs. 4 and 5,
Fig. 4. Variation of potential energywith axial strain for CNTs subjected to uniaxial
tensile test.

respectively. It can be seen that irrespective of the chirality,
potential energy obtained using AIREBO potential is higher than
that of REBO potential in tensile test. As opposed to the REBO, the
AIREBO potential considers energy from non-bonded interactions
and also energy from torsional interactions. Therefore, the energy
given by AIREBO potential is higher compared to the energy given
by REBO. Change in strain energy of CNTs due to torsional (shear)
strain does not have considerable effect from potential field used
for the simulation. However, a predominant effect was noted
after the initiation of torsional buckling (which can be identified
from the point of inflection of the graph), as shown in Fig. 5, the
rate of strain energy change reduced with the AIREBO potential,
whereas, it was constant with the REBO potential. The torque and
shear strain variation, which was derived from the energy–strain
variation, is shown in Fig. 6.

The torque–strain curves show that irrespective of the chirality,
torsional buckling of CNT occurred earlier with the AIREBO
potential than REBO potential. This may be due to the ability
of AIREBO potential to capture the change in energy due to
torsional deformations, which gives ability to estimate energy
corresponding to initiation of buckling accurately compared to
REBO. Further, it was noticed that for the CNT of same diameter,
armchair CNTs are subjected to torsional buckling earlier than the
armchair CNT (see Fig. 6). Also, AIREBO potential indicated slightly
higher torsional strength for zigzag CNTs than that of armchair,
whereas REBO potential indicated the opposite trend.
Fig. 3. (10,10) and (17,0) CNTs after been subjected to 50° rotation.



170 K.G.S. Dilrukshi et al. / Theoretical and Applied Mechanics Letters 5 (2015) 167–172
Fig. 5. Variation of potential energy with shear strain for CNTs subjected to torsion
test.

Fig. 6. Variation of torque with shear strain of CNTs.

The relationships between the strain energy and the modulus
values, defined in structural mechanics, were used to estimate
both elastic and shear moduli of CNTs. Since the wall thickness of
CNTs is not accurately known (researchers have used various wall
thicknesses ranging from 0.06 nm to 6 nm), the surface modulus
values were considered.

The relationship between strain energy (U) and axial strain
(ε) for a thin cylindrical shell of radius (a), length (L), and wall
thickness (t) can be expressed as

U
πa2tL

=
E
2
ε2, (5)

where E is the elasticmodulus. It should be noted that even though
CNTs are nonlinear, the behaviour at small strains (up to ∼0.04)
can be approximated as linear [20,21]. Therefore, U–ε relationship
up to the axial strain of 0.04 was conceded in estimating elastic
modulus values in the study.

Also, for a CNT subjected to tensile loading, Poisson’s ratio can
also be defined as

ν =
(r0 − rε) /r0

ε
, (6)
Fig. 7. Variation of v2 with strain.

where r0 and rε are the initial radius and radius under axial strain
of ε. This relation was used to study the strain dependency of
Poisson’s ratio (ν). The value of ν is calculated at the strains where
potential energies are obtained in the uniaxial tensile test of CNTs.
The value of r0 is obtained at themiddle length of CNTs (6 nm from
edges) after allowing CNTs to relax over 15 ps. Initial radius (r0)
of (10,10) and (17,0) CNTs are 6.68 nm and 6.58 nm, respectively.
Also, the variation of r0 with potential field was negligible. Similar
method was used to calculate the values of rε . Fig. 7 shows the
variation of ν with strain. It can be observed in the figure that
ν value of (10,10) CNT reduces with increasing strain, whereas
the value of (17,0) CNT increases with strain. Also, Poisson’s ratio
values obtained by AIREBO potential are always higher than the of
REBO potential.

Calculated elastic modulus and Poisson’s ratio can be used to
estimate the shear modulus by

G =
E

2(1 + ν)
. (7)

Torsional test results were also used to estimate shear modulus
values. In this case, the potential energy variation of CNTs
before the initiation torsional buckling was used. The relationship
between potential energy (U), twisting angle (φ), and torsional
stiffness (K) can be expressed as

K (φ) =
d2U(φ)

dφ2
. (8)

The torsional stiffness for a thin cylindrical shell of radius a, length
L, wall thickness t , and shear modulus G is defined by K =

2πa3Gh/L. Hence, surface shear modulus (Gt) can be obtained as

Gt =
L

2πa3
d2U(φ)

dφ2
. (9)

Values calculated for surface elastic modulus, Poisson’s ratio and
surface shear modulus for CNTs using two potential functions for
(17,0) and (10,10) CNTs are given in Table 1.

It can be seen that, irrespective of chirality surface elasticmodu-
lus (Et) aswell as the surface shearmodulus values (G1t) estimated
using REBO potential are higher than the values estimated using
AIREBO potential. The effect is significant for (17,0) CNTs with re-
spect to surface elastic modulus and for the armchair CNTs with
respect to surface shear modulus. However, the effect is higher
for surface shear modulus. This can be attributed to the different
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Table 1
Poisson’s ratio estimated from REBO and AIREBO potentials.

CNT type Surface elastic modulus
(Et) (GPa · nm)

Average Poisson’s ratio Surface shear modulus
(G1t) (GPa · nm)

Surface shear modulus
(G2t) (GPa · nm)

REBO AIREBO REBO AIREBO REBO AIREBO REBO AIREBO

(10,10) 290.0 284.6 0.12 0.17 134.80 126.76 129.46 121.62
(17,0) 333.1 323.1 0.09 0.17 127.80 125.33 152.80 138.08
Table 2
Variation of elastic and shear moduli with diameter.

Armchair Zigzag
Chirality Diameter (nm) Et (GPa · nm) Gt (GPa · nm) Chirality Diameter (nm) Et (GPa · nm) Gt (GPa · nm)

(6,6) 0.81 292.0 139.92 10,0 0.78 325.8 135.86
(7,7) 0.95 291.0 136.56 12,0 0.94 324.5 135.03
(8,8) 1.08 286.8 133.51 14,0 1.10 322.5 130.50
(10,10) 1.36 284.6 126.76 17,0 1.33 323.1 125.33
(12,12) 1.63 282.9 113.21 21,0 1.64 322.7 122.30
geometric variations related to the CNTs of different chirality un-
der tensile and torsional strains and ability of capturing the energy
variation with respect to them by the two potential functions.

Average Poisson’s ratio values obtained for CNTs subjected to
axial strain up to 0.04 during the tensile test simulations are
given in Table 1. It can be noted that the potential field also
has significant effect on Poisson’s ratio. The effect for (17,0) CNT
(represents zigzag) is higher than that of (10,10) CNT (represents
armchair). The values obtained for Poisson’s ratio were further
used to calculate surface shearmodulus values using the structural
mechanics relationship as per Eq. (7) (G2t). As seen in Table 1, the
difference between two values (G1t and G2t) is considerably less
with AIREBO than the REBO.

Values for elastic modulus and shear modulus were estimated
for CNT’s with different diameters and variations are shown in
Fig. 8. AIREBO potential is used for the simulations. The summary
of the results is given in Table 2.

It can be seen that the value of the shear modulus decreases
with the increase of the diameter, which is similar to the
experimental observations of Salvetat et al. [15]. Also, elastic
moduli of CNTs do not show a significant variation with the
diameter if the diameter is greater than 1 nm. Irrespective of the
potential field, the values of shear modulus of zigzag and armchair
tubes are almost similar at particular diameter, whereas elastic
moduli of zigzag CNTs are higher than that of armchair.

In conclusion, the influence of potential field on the estimated
mechanical properties is much higher when studying the torsional
behaviour of CNTs than the tensile behaviour.When estimating the
torsional strength and also studying the torsional behaviour after
the initiation of torsional buckling, the effect of potential field is
considerable, and the AIREBO potential can produce more realistic
results than the REBO potential. This should be attributed to the
ability of AIREBO potential to compute the torsional interactions
between atoms, which is included into the total energy. Geometry
(or chirality) of the CNT also plays a key role in this regard. How-
ever, irrespective of chirality surface elasticmodulus (Et) as well as
the surface shear modulus values (G1t) estimated using REBO po-
tential are higher than the values estimated using AIREBOpotential
and effect seems higher with shear modulus. Also, if the structural
mechanics relationships are used to estimate shear modulus using
known values of shearmodulus and Poisson’s ratio, AIREBO poten-
tial can producemore accurate results (close to the values obtained
by direct energy method) than the REBO potential.
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