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Abstract

A famous unsolved conjecture of P. Bsland J.L. Selfridge states that there does not exist a
covering systemas (modns)}f:1 with the moduliny, ..., n; odd, distinct and greater than one.
In this paper we show that if such a covering syst{riam(modns)}’S‘:1 exists withnq, ..., n; all
square-free, then the least common multiplegf. . ., n; has at least 22 prime divisors.

0 2005 Elsevier Inc. All rights reserved.

1. Introduction
Fora e Z andn € {1, 2,3, ...}, we simply leta(n) denote the residue class
a (modn) ={a +nx: x € Z}.

In the early 1930s P. E&d called a finite system
k
A= {as(ns)}sz1 (%)
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of residue classes@vering system if U’;:las (ng) = 7Z. Clearly (x) is a covering system
if and only if it covers Q1,..., N4 — 1 whereNy = [n1, ..., nt] is the least common
multiple of the moduliny, ..., ny.

Here are two covering systems with distinct moduli constructed b$<€rd

{0(2), 03), 1(4), 5(6). 7(12)},
{0(2), 0(3), 0(5), 1(6), 0(7), 1(10), 1(14), 2(15), 2(21), 23(30), 4(35),
5(42), 59(70), 104(105)}.
Covering systems have been investigated by various number theorists and combina-
torists, and many surprising applications have been found. (See [3,4,7].)

A covering system with odd moduli is said to be aald covering system. Here is a
well-known open problem in the field (cf. [3]).

Erdés-Selfridge Conjecture. There does not exist an odd covering systemwith the moduli
distinct and greater than one.

In 1986-1987, by a lattice-geometric method, M.A. Berger, A. Felzenbaum and
A.S. Fraenkel [1,2] obtained some necessary conditions for systetn be an odd cover-
ing system with 1< n1 < - -- < ng, one of which is the inequality

-1 1
1—[191 Z_Z 2>2’
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whereps, ..., p, are the distinct prime divisors @df 4. They also showed that () is an
odd covering system with, ..., n; square-free, distinct and greater than one, then the
above inequality can be improved as follows:

r pt r 1
E —1_Zp,—122

_1 Pt 1

and consequently > 11. This was also deduced by the second author [6] in a simple way.
In 1991, by a complicated sieve method, R.J. Simpson and D. Zeilberger [5] proved that
if (%) is an odd covering system with,, ..., n; square-free, distinct and greater than one,
thenN4 has at least 18 prime divisors.
In this paper we obtain further improvement in this direction by a direct argument.

Theorem 1. Suppose that (x) isan odd covering systemwith 1l <ng < --- <ng. If Ny =
[n1,...,ni] issquare-free, then it has at least 22 prime divisors.

In contrast with the Ertis—Selfridge conjecture, recently the second author [8] showed
that if (%) is a covering system with & n; < --- < ng then it cannot cover every integer
an odd number of times.
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2. Proof of Theorem 1

For convenience, in this section we [et b] = {x € Z: a <x < b} foranya, b € Z.
AssumethatV = N4 = p1--- p, Wherep1 < --- < p, are distinct odd primes. For each

t e[1,r], we set
3
d[ = Lg(l‘ - l)J

(where|-] is the greatest integer function), and define

_ {(pip:: 1<i <ds}) if

81
t_{{l’ipz:1<i<dt}U{P1P2Pt,PlP3Pt} ifr>9

t<
t>9.

Note thatd, = do = 0 and hencé/f1 = Mo = (.
Fors € [1, k] let

n = {pz if ny € M, for somer,

s | n, otherwise.

Sincen/, | ng, we haveu(ny) C as(n),). ThusA'={a; (n;)}’;zl is also an odd covering sys-
tem. Let

r
=1

Then

r

Uastot) 2108~ 1\ U Uor) = (107 - 2\ U}

sel t=1sel; t=1 sel;

For eachr € [1,r], clearly |I;| < d; + 1 < p; if t <8, and|I;| < d; + 3 otherwise.
Observe thatl, < 3(p; — 1)/5 < p, — 3 if t > 9. So there is a subs&; of [0, p, — 1]
satisfying the following conditions:

@ [Ril=pr —1—d,ift <8,and|R;|=p; —3—d; if t > 9;
(b) x # as; (modp;) for anyx € R, ands € I,.

Define
X ={x [0, N —1]: the remainder of modp; lies in R, for eachr € 1, r]}.
Then|X| =[T];_; |R:| by the Chinese Remainder Theorem, also

Xc Q([o, N -1\ Jas (n;)) < Jas(ny) =Jas ()

sel; sel sel
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and henceX = J,_, X;, where

seJ
X;=XNayny) and J={sel: X;#0}

For eachs € J, the setX; consists of those € [0, N — 1] for which x = a; (modp;) if
p: | ng, andx = r, (modp,) for somer, € R, if p, t ns. Thus, by the Chinese Remainder
Theorem,

1X,| = ]_[ IR, = |X| ]_[ |R,|™1 forallseJ.
1<e<r 1<e<r
piing prlng

Letag € X, ng = p1p2 andXg = X Nap(np). Again by the Chinese Remainder Theo-
rem,

Xol= [T IRI=1xI [T IRIT

2<t<r 1<
ptlno

Let j =0if ng ¢ {ns: s € J}, and letj be the unique element of with n; = ng if ng e
{ns: s € J}. SetJop={s € J: (ng,no) =1}. Then

U x|< Y Ixl+

1X| =

x;u Y X,

seJU{j} seJ\(JoU{j} seldo
<Y X HIXG+ Y IXAX
seJ\(JoU{j}H seJo
= ) IXIH X+ Y (X - 1X N X1
seJ\(JoU{jh s€Jo

and so

X< Y0 X =) IX N Xl

seJU{j} seJo

If s € Jo, thenX; N X; consists of those € [0, N — 1] for whichx = a; (modn;), x =
as (modny), andx = r, (modp;) for somer; € R; if p; {n;ny, therefore

XnXjl= [[ IRI=1xI [T IRIT

1<r<r 1<e<r
pitnjng prlnons

Set

D1=(d>1: d|N}\<{p1,...,pr}uUM,),

=1
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and
D2={ns: seJU{j}} and D3={de D1 (d, no)=1}.
If s € J, thenn) # p, for anyr € [1, r], and thus:; = n), € D1. Sincedz = 0, we also have
nj = p1p2 € D1. ThereforeD, C Dy, and soD»> N D3 coincides withD4 = {n;: s € Jo}.
Let

x=|R|t<1 forr=1,....r

I(d)={1<t<r: p;|d} forany positive diviso/ of N.

Observe that
> MMu-we ¥ [l
deD1\D; tel(d) deD3\Dyg tel(d)
= > [[ x+@-xx2» > ] x>0
deD1\(D2UD3) tel(d) deD3\Dyg tel(d)
Thus

IXI< ) IXl= ) 1% N X

seJU{j} s€Jo

= Z | X]| H Xr — Z | X|x1x2 1_[ Xt

deDo tel(d) deDy tel(d)

<xi( X [T w-mey I =)

deD1 tel(d) deD3 tel(d)

Sinced; = d> = 0 andd; < 3 fort < 6, by the above we have

,
1< Y [Tw =20 D0 xim— ) (raxox +xixax)

IC[1,r] tel t=11<i<d; 9<I<r
[7]>1
cae( X [[o- XY )
IC[3,r] tel 3<r<r 3<i<d;
[I]>1
r r ro d
= 1_[(1+ x)—1-— Zm - Z inxt - Z (x1x2x; + X1X3%;)
t=1 =1 =3 i=1 9r<r
r r rod
SR CERIEEED 3D 9) 32
t=3 t=3 t=6 i=3
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It follows that £ (x1, ..., x,) > 2, where

fx, ..., x) = (1+x1+x2)1—[(1+xt) — th + x1x2 — ZZx,xt

=3 =1 t=3i=1

,
+x1xz2xt — X1X3 Z Xt +x1szZx,x,

9<r<r =6 i=3
can be written in the formy ;. ¢i; ,-rxil -+ x¥ with Ciy,...i, = 0.
Letgy=3<---<gq, be the flrstr odd primes. For eache [1, r], asp; > g; we have
x; < x;, where

,,,,,

o = (¢ —dy =171 if1<r<8,
g —d -3t if9<r<r.

Thus

f(xi,...,x;) > flxn, ..., x) =2
By computation through computer we find that
f(xi, .. .,xél) =10995... <2,

thereforer £ 21. (This is why we defing; and M, in a somewhat curious way.)
In the case < 21, we letp, 11 < --- < p21 be distinct primes greater than, and then

A = {al(nl)v ey ak(nk)v O(Pr+1)v ey O(PZl)}

forms an odd covering system witfi 4 square-free and having exactly 21 distinct prime
divisors. This is impossible by the above.
Now we can conclude that> 22 and this completes the proof.
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