Computers and Mathematics with Applications 60 (2010) 3088-3097

Contents lists available at ScienceDirect ~r~;--~-«ml-;; _s‘
Computers and Mathematics with Applications Z
journal homepage: www.elsevier.com/locate/camwa FE

Symmetry analysis of an integrable Ito coupled system

Hassan A. Zedan !
Department of Mathematics, Faculty of Science, Kafr El-Sheikh University, Egypt

ARTICLE INFO ABSTRACT

Artic{e history: In this paper, we study the invariance analysis, integrability properties and P-property of
Received 21 February 2010 the Ito coupled nonlinear partial differential equations. We explore several new solutions
Accepted 3 October 2010

for the Ito system through the Lie symmetry analysis. Moreover, this work has been devoted

to study the integrability aspects of the Ito system through higher order symmetries. We are

also investigating the existence of higher order symmetries for the Ito system. Interestingly
. . our investigations reveal a rich variety of particular solutions, which have not been reported

Truncated Painleve expansion . . .

symbolic computation in the literature, for this model.

Weiss—Kruskal simplification © 2010 Elsevier Ltd. All rights reserved.

Keywords:
Coupled evolution system

1. Introduction

For the past two decades, the Lie group method has been applied to solve a wide range of problems and to explore many
physically interesting solutions of nonlinear phenomena [1-4]. In recent years several extensions and modifications of the
classical Lie algorithm have been proposed in order to arrive at new solutions of partial differential equations (PDEs) [5].

Lie symmetry analysis is one of the most powerful methods to obtain particular solutions of differential equations [6]. It is
based on the study of their invariance with respect to one-parameter Lie group of point transformations whose infinitesimal
generators are represented as vector fields. Once the Lie groups that leave the differential equations invariant are known,
we can construct an exact solution called a group invariant solution which is invariant under the transformation.

In this paper, we investigate the invariance analysis and the Painleve analysis to the following Nonlinear Ito coupled
system

Ut = Uy,
vy = —2(Uxx +3Uvx +3vUy) — 12w wy,
Wi = Wyxx +3UWY . (1.1)

Let us consider a one-parameter Lie group of infinitesimal transformations of the form:
U=u+enx,t,u,v,w)),
V=v+enkt uv w),
W =w+ensx, t,u, v, w),
X =x4+¢es(x, t,u,v,w),
T=t+4+esHKx t,u,v,w), &Kl (1.2)

The functions 14, 12, 113, {1 and &, are the infinitesimal of transformations for the variables u, v, w, x and t respectively. In
order to find the infinitesimal we need to extend the group to calculate how derivative terms transform. The transformation
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(1.2), together with the transformations for the first, second, ..., derivatives, are called the first, second, ..., extensions.

s el . » M ) () () () (D) (D) (1) (2)
We denote the infinitesimal for u; , v, , Wy, Uy, Vx, Wy, Uy, Uy, Wy, Ug DY 07,75 0575 N3 N1y s Moy s Ny s Ny s N2y s oy > Mgt

respectively. Using these various extensions, the infinitesimal criterion for the invariance of (1.1) under group (1.2) admits
an infinitesimal generator of the form:

(1) (1)
1t = M

N5y = =215y + 3010 + 305U + 320, 4 3780 v) — 1203wy — 1275w,

NS = N + 3wy + 305, (13)

where nﬂ), 7);:)’ 1;;1), nﬁ}‘), ’751)7 ng‘), n%), ng,), ng), n%) are extending infinitesimal of transformations given by [1-4]. The
invariance of Eq. (1.1) under the infinitesimal transformations (1.2) leads to [9]:
N = —2au, 1, = —4av, N3 = —3aw, ¢y =ax+b, L =3at +c (1.4)
where @, b and c are arbitrary constants.
The associated Lie vector fields are

viexd 13l o d 4 3 V, = Vs =
TN T aw Caw " Vaw 27 0% 3T o0

The non-zero commutation relation between the vector fields are
[Vi, Vo] = =V, [Vi, V2] = —3Vs.
Solving the characteristic equation associated with the infinitesimal symmetries (1.4) one obtains
ax+b
(3at + c)% ’
wq, = (3at + c)%u,

wy, = (3at + c)%v,
w3 = (3at + c)w. (1.5)

We wish to note that while deriving the above similarity reductions under similarity transformation (1.5), one can reduce
the system of PDEs (1.1) to the system of ODEs of the form:

2wy + zw] + w) =0,
—4w, — zw), + 2d*w} + 6wiw, + 6w,w) + 12wsw} = 0,
3ws + zw} + d*wy — 3ww; =0 (1.6)

where prime denotes differentiation with respect to z.

2. Painleve (P) analysis

In order to verify whether the reduced system of ODEs (1.6) is integrable or not we apply Ablowitz-Ramani-Segur (ARS)
algorithm [6-8] to the system of ODEs (1.6). Since the independent variable appeared explicitly in the above system of ODEs
(1.6), first let us rewrite Eq. (1.6) of the form:

2wy + Tw| + zow| + w), =0,

—4w; — Twh — Zow)y + 2a°wY + 6w w), + 6ww) + 12wsw}y = 0,

3ws + Twh + zowh + a’wy — 3wiws =0 (2.1)

where T = z — zg and z; is a movable singular point.
Now let us represent the solution to the system of ODEs (2.1) locally as a Laurent series and let the leading order be of
the form
wp = aot“, Wy = bofﬁ, w3 = Co'L'y (22)

where ag, by and ¢ are arbitrary constants and «, 8 and y are integers to be determined.
Substituting (2.2) into the system of ODEs (2.1) and balancing the dominant terms, we obtain, ¢« = §,8 — 3 =
B+a—1land B —3 =2y — 1.Thenae = B = y = —2. Now let us consider the Laurent expansion of the form

w1 = aeT 2 + B2, wy = bot 72 4 Bt 2, w3 = CoT 2 + B3 2. (2.3)
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Substituting the system of equations (2.3) into the system of ODEs (2.1) and balancing the most singular terms again, we
obtainr = —1, 2, 4, 6. Let us assume the Laurent series of the form

6 6 6
wy = E ajrffz, wy = E bjrﬁz, w3 = E cjrffz. (2.4)
=0 =0 =0

Substituting the system of equations (2.4) into the system of ODEs (2.1) and equating various powers of 7" and solving
the resultant equations, then we obtain

:CYO:OH:054:055:056:/30251:ﬂSZﬂGZVOZ)’l:V2:V3:V4:V5:V&3207

1Z 1 5 1, 5 2. B 1
oy = — ,a = -, = —_—— . = —2, = —_—— .
2= 370,043 = 50 P2 2% b3 0, P4 5

The Laurent series solution (2.4) is meromorphic ; consequently the similarity reduced system of ODEs (2.1) also
possesses the Painleve property. Even though the system of ODEs (1.6) is integrable in general it is very difficult to integrate it
explicitly and obtain a general solution. However, one can obtain a number of physically interesting solutions by considering
certain special choices of the infinitesimal symmetries (1.2) which we present, few of them, in the following sections.

Then we obtain the solution of the system of ODEs

1 1

wy = §Z, Wy = —522, w3 = 0
and hence the solution of the system of PDEs (1.1) are
ax+b a’x? + 2abx + b?
3(3at +¢) 2(3at + ¢)?

Generic subcases: Let us recall that in the derivation of the general similarity reductions we made an assumption that a # 0
and ¢ # 0. Now let us consider another cases and the possible similarity reductions.

2.1. Case 1: a = ¢ = 0, b is arbitrary

The similarity variables take the form:

z=t,

wi = U,

wy, = v,

w3 = w. (2.6)

The similarity reduced system of ODEs turns out to be
w; =0, wy, =0, wy = 0.
Thus the solution obtained will be stationary.

2.2. Case 2: a = b = 0, c is arbitrary

The similarity variables take the form:

z =X,

w = U,

wy, = v,

w3 = w. (2.7)

The similarity reduced system of ODEs turns out to be

w, =0,

2wy 4+ 6wiw) + 6ww) + 12wsw; =0,

wy — 3wwy = 0. (2.8)
ky—6w?

From the first equation of the system of ODEs (2.8) we obtain w, = k; and from the second one we obtain w; = o

When we substitute w1 into the third equation and integrate it twice we obtain

ks ky 1
L= ket —ws 4 ——w? — —wi.
Ws \/ 4+t k] ws + 2](] w3 2]{] W3
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2.2.1. Subcase 1: k, = k3 = 0, kq and k4 are arbitrary
we obtain

w = 3
\/\fz
and
/2sn ( Y Z"j:—lk“x, I) k4
u=— ,
Vki
V= kL

2.2.2. Subcase 2: ks = k4 = 0, ky and k, are arbitrary
we obtain

2’(1’(2 —x2
w=,———,
2’(1

_ —5kik; + 3x?
- 6k3

and

)

V= k]_

2.2.3. Subcase 3: k3 = 0, kq, k, and k4 are arbitrary

we obtain
1| ka3 rkod,
2sn (A1x, R A e
w = )
_k—-Ay
k] k4
and
2
4k1kg+k2+kyA
12sn [ Arx, 5,/ ———7A—= | ks
1ka
1(2
u= + )
2k1 kz — Az
v = ](1'

where A; = 7”1‘;(J‘kl;@ and Ay = ,/8kiks + k3.

If we use the Painleve analysis we obtain

1,
u= —, V= —=-Cp, w= —.
X5 2 X

2.3. Case 3: b = ¢ = 0, ais arbitrary

The similarity variables take the form:

X
= 1>
t3
2
wp =t3u,
4
wy =t3v,

3091

(2.9)

(2.10)
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The similarity reduced system of ODEs turns out to be

2wy + zw) + 3wy, =0,
—4w, — zwy + 6w’ + 18wy w) + 18w, w] + 36wsw; = 0,

3ws + zw; + 3wy — 9ww; =0

where prime denotes differentiation with respect to z.

(2.11)

In order to verify whether the reduced system of ODEs (2.9) is integrable or not we apply Ablowitz-Ramani-Segur (ARS)
algorithm [6-8] to the system of ODEs (2.9). Since the independent variable appeared explicitly in the above system of ODEs

(2.9) first let us rewrite the system of ODEs (2.9) of the form:
2wy + Tw] + Zow) + 3w, =0,
—4w, — Twy — Zowy + 6wy + 18wiw, + 18wyw) + 36wsw; =0,
3ws + Tws + Zow; + 3ws — wiw; =0
where T = z — zy and zg is a movable singular point.
Then we obtain
1 1, 0
w; = -z, Wy = ——2°, w3 =
'T 9 BT ’
and hence the solution of the system of PDEs (1.1) are

2

X X
u= —, w=0.

vV=——"7,
9t 18t2

2.4. Case 4: a = 0, b and c are arbitrary (leads travelling wave solution)

The similarity variables take the form:

Z=cx — bt,
wp =1u,
wy =10,
w3 = W.

The similarity reduced system of ODEs turns out to be

bw] + cw) = 0,
—bw), + 2c*wY + 6cwiw) + 6cw,w) + 12cwsw}y = 0,

l 3.,/ r
bw; + w3 — 3cwiw; =0

where prime denotes differentiation with respect to z.
Let us assume the Laurent series of the form

6 6 6
wy = E ajrffz, wy = E bjrﬁz, w3 = E erﬁz.
=0 =0 =0

Then, we obtain the solution of the system of PDEs (1.1) are

y 2¢3 ta 2bc b(—6ca, + b) .
= - . V= —_ N w =
(cx — bt)? 2 (cx — bt)? 62 2
or
4¢3 b 4bc b* — 6c,+4/6bcc 2+/6bcc

’ )

v= (cx — bt)? + 3¢ T (x—bt)? 6c2 w= (cx — bt)?

+C2.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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2.5. Case 5: b = 0, a and c are arbitrary

The similarity variables and similarity functions take the form
ax
zZ=—7,
Bat +¢)3

w1 = (3at + c)%u,
wy, = (3at + C)gv,
w3 = (3at + c)w. (2.19)

We wish to note that while deriving the above similarity reductions under similarity transformation (2.19), one can
reduce the system of PDEs (1.1) to the system of ODEs of the form:

2wy +zw] + wy =0,

G

—4w; — zwh + 22w} + 6wiw) + 6waw) + 12wswh = 0,
3ws + zwj + d*wy — 3wiw; =0 (2.20)
where prime denotes differentiation with respect to z.
In order to verify whether the reduced system of ODEs (2.20) is integrable or not we apply Ablowitz-Ramani-Segur
(ARS) algorithm [6-8] to the system of ODEs (2.20). Since the independent variable appeared explicitly in the above system
of ODEs (2.20) first let us rewrite the system of ODEs (2.20) of the form:

2wy + Tw] + zow| + wy =0,
—4w; — Twh — Zow)y + 2a°wY + 6w w), + 6ww) + 12wsw} = 0,

3ws + twh + zowh + a’wy — 3wiwh =0 (2.21)

where T = z — zg and zg is a movable singular point.
Let us assume the Laurent series of the form

6 6
wy = E ajrjfz, wy = E bjrffz, w3 = E cj‘L']*Z. (2.22)
=0 =0 =0

Then we obtain

1 1,
UJ1:§Z, U)z:—iz, w3:0
and hence the solution of the system of PDEs (1.1) are
ax a’x?
u=————  v=—— " w=0. (2.23)
3(3at +¢) 2(3at + c)?

2.6. Case6: c = 0, a and b are arbitrary

ax+b
= 7] s
t3
2
wyp =t3u,
4
wy =t3v,
w3 = tw. (2.24)

We wish to note that while deriving the above similarity reductions under similarity transformation (2.24) one can reduce
the system of PDEs (1.1) to the system of ODEs of the form:

2wy +zw) + 3w, =0,
—4w, — zw), + 6a’w)y + 18w w) + 18w,w) + 36wsw} = 0,
n

3ws + zw) + d*w) — 3wiw; =0 (2.25)

where prime denotes differentiation with respect to z.
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In order to verify whether the reduced system of ODEs (2.25) is integrable or not we apply Ablowitz—Ramani-Segur
(ARS) algorithm [6-8] to the system of ODEs (2.25). Since the independent variable appeared explicitly in the above system
of ODEs (2.25) then we can rewrite the system of ODEs (2.25) in the form:

2wy + tw) +zow) + 3w, =0,
—4w, — Twh — Zow) + 6a’w}y + 18wiw) + 18wyw] + 36wsw}; = 0,

3wy + Twh + zowh + w?” — 3wyw, =0 (2.26)
3 3 3 3

where t = z — zy and zg is a movable singular point.
Let us assume the Laurent series of the form

6 6 6
wp, = Zajl’j_z, Wy = ijfj_z, w3 = ZCjTj_z. (227)
j=0 j=0 Jj=0
Then we obtain
1 1,
U)1=§Z, U}2=—ﬁl, IU3=O

and hence the solution of the system of PDEs (1.1) are

ax+b ax + b)?
u= + s v:—g, w = 0. (2.28)
ot 18t2

3. Painleve (P) analysis for the original PDE:

Methodology: Consider a system of M polynomial differential equations

Fu@),u@),u"@),...,u™@)=0, i=1,2,...,M. (3.1)
Step 1 (Determine the dominant behavior). It is sufficient to substitute

ui(z) = xg%2), i=1,2,...,M,

where x; is a constant, into (3.1) to determine the leading exponents «;. In the resulting polynomial system, equating every
two or more possible lowest exponents of g(z) in each equation gives a linear system for ;. The linear system is then solved
for «;, and each solution branch is investigated. The traditional Painleve test requires that all the «;’s are integers and that
at least one is negative. An alternative approach is to use the “weak” Painleve test, which allows certain rational ¢;’s and
resonances; see [ 10-12] for more information on the weak Painleve test.

If one or more exponents ¢; remain undetermined, we assign integer values to the free «; so that every equation in (3.1)
has at least two different terms with equal lowest exponents.

For each solution «; we substitute

ui(z) = uio(2)g"(2), i=12,....,M,
into (3.1). We then solve the (typically) nonlinear equation for u; o(z), which is found by balancing the leading terms. By
leading terms, we mean those terms with the lowest exponent of g(z).

Step 2 (Determine the resonances). For each «; and u; ¢(z), we calculate ther; <r, <r3 <.-- <y for which u;¢(z) is an
arbitrary function in

o0
ui(2) =g°(@) Y uirn@)g"@), i=1,2,....M.
k=0
To do this, we substitute u;(z) = u;0(2)g% (z) + u;r(2)g%*" () into (3.1), and keep only the lowest order terms in g(z)
that are linear in u; ;. This is carried out by computing the solutions for r of det(Q,) = 0, where the M x M matrix Q; satisfies

Qu, =0,u = (ul,r Uy Uzyp--- uM,r)T-
If any of the resonances are non-integer, then the Laurent series solutions of (3.1) have a movable algebraic branch point
and the algorithm terminates. If r;,, is not a positive integer, then the algorithm terminates.

Step 3 (Find the constants of integration and check compatibility conditions). For the system to possess the Painleve property,
the arbitrariness of u; ;(z) must be verified up to the highest resonance level. This is carried out by substituting

u(z) = g4(2) Y uin@)g" @)

k=0

into (3.1), where ry;, is the largest positive integer resonance. To simplify step 3, we can use Weiss-Kruskal simplification.
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The manifold defined by g(z) = 0 is noncharacteristic, that means g;(z) # 0 for some [ on the manifold g(z) = 0. By the
implicit function theorem, we can then locally solve g(z) = 0 for z, so that

g@)=z—-hz,....,2-1, 241, - -, ZN)

for some arbitrary function h.
Now we apply the method into our problem (the Ito coupled system).
Let

u=up(pk, )",  v=19(pK, 1), w = wo(p(x, £))* (32)
where ug, vg and wyq are functions in x, t then system (1.1) becomes

a1 0900 —a”" (0%, D) + avo(p(x, D)1 22& D
at 0xX
1 00050

at
s dpx, t 9 L (39, 0\’
—2*(¢<x 1) — 6a; :20 (p(x. t))”‘zj% —60%%«0(& D)2 <M>

0x
vy w1 [0k, 1) vy s (B0, )\
b ax (b ™ ( ox? 62 ax (i, ) ax

9 Dol o
~ 2ot a4 “) ~untpin 0t (M0 ) (TERD)

3 3
+6uo(p(x, 1) e (MX’ t)> — 2up(p(x, 1) etz <M>

3110 o
E(w(x, )" + g (p(x, t))

31)0
5 (P )% + aavo(@(x, 1)

ox 9x3
2 3
6t ) o (P ) (TERD) (om0 (450

0x 0x2 0x
dp(x, t) )
Vo

ox
dvg dp(x, t
— 6t (p(x, )12 = — Bug(p(x, )*1% gay e 1)
ox 0x

0 Jt
— 12we(p(x, 1)) 20 T~ 1205 (e, ) (“’;’;))

<%> (@(x, ) + azwo(x, D (p(x, )7 (%)

3 2
= <78 Lo, t)) ((x, ) + 3a3 (78 ol ”) (p(x, )" (L’("’ t))

ax3 ox2 0x

2 2
+ 302 (Bwo(x t)) (0t 1)) 52 (8(/)()(, t)) 4 30, <8w0(x, t)) (ox, )= (8 (X, t))

3
B 5%((“& £)*11*2 vy — 6ug(g(x, £))17*2 oy (

(3.4)

a 0x 0x ax?

3
— 303 (%)( (x, )72 <3(ﬂgx f)) + 3w (x, ) (p(x, £)B 73 <%>

2 3
+ 3t 0o 0 (D) (FERD) —sauote e oy (20

) 0x
2
+ aswo(x, (g, )™ (a v, ”) ~ Baux, ) (p(x, ) (a o, ”) (3")("’ 2 )

ox2 0x

dp(x, t) dwo(x, t))

+ 2a3w0(xa t)(‘P(Xa t))a373 ( ax

— 3up(x, 1) (p(x, £))*1F (

dp(x, t

— 3orstp(x, Hwo(x, t) (p(x, t))¥1 a1 <$> .
X

From Eq. (3.3) we obtain iy = «; and from Eq. (3.4) we obtain o, — 3 = + oy — 1. Hence iy = a0 = —2.

From Eq. (3.4) we obtain oy — 3 = 23 — 1. Hence a3 = —2.
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Substituting o = a, = a3 = —2 into Egs. (3.3)-(3.5) and then requiring the leading terms (of (¢(x, t))~> in Eq. (3.5))

) 2
balance, give uy = —4 (%) , from leading terms (of (¢(x, t))~> in Eq. (3.3)) balance and substituting about uy, gives
v = —4 (%) (%) and from leading terms (of (¢(x, t)) > in Eq. (3.3)) balance and substituting about uy and vy,

3
: _ dp(x,t) Y2 [dg(x.t)
gives wy = +2/21 (T) v e

3 3
We have two cases first when wg = 2321 (%) : N "("(X Y and the second one when wo = —2[1 ("‘”(" t)) : +/ %

ax
we will study these two cases.

Substituting
o (x, £)\?
u(x, t) = —4 ( <p§; )) (P, )72 + ur(x, ) (@(x, )2,
v(x, ) = —4 (a“’;"’ t)) (a“’("’ t)) (@, 1) + v, (x, (@ (x, )2
X ot
and

w(x, r)=i2ﬁ1<a¢§: ”)2,/8“’? D (0%, )2 + wr (x, D@, )2

into (1.1) and equating the coefficient of (¢(x, £))"~> in Eq. (3.4) we obtain the following characteristic equation for the
resonances

8(—8 4 1)(—6 + 1) (4 + ) (=3 + 1) (=2 + 1)1 + )2 +71) (a“’;’; ”) (a‘”;’; t)) —o.

Assuming (8‘”(" t)) # 0 and (3“’(" ”) # 0, then

r=-2, r=-—1, r=2, r=3, r =4, r =06, r=38.

We now substitute

8

u=(px )Y ux ek ),
0
8

v=(p(x, )7 Y ulx, ) (pk, 1),
0

8
w = (p&x )72 Y wilx, (@, 1) (3.6)
0

into (1.1) and use the Weiss-Kruskal simplification [13,14] (i.e. ¢ (x, t) = x — h(t)) we obtain
Uy = —4, vg = 4h;, wy = 2\/51\/ —h'(t), u; =0, v =0, wy =0,
LJ/—=R (£)((W (1))* + 2v2)

1
Uy = —Eh/(f), vy = (%, t), wy =

2421 ()
u3 = G(x,t),  v3= %(—h”(t) 3 (Ous),  ws = _Im;h;%;/z)]Zh/(t)uB)
ug =00, vg= %(uat — 2K ()ug),  wy= _I\/sz(tm’
Us = W((h/(t))zh”(t) 40K (D — 20 (Ovar + 301 (6)2ts + 61 (6)vy + 60K (D).
vs = —m((h'(t))zh”(t) —16H (Dtag — 21 ()var + 30K (£)) 315 + 6H” (£)vy + 60K (£)1130,).
ws = —m (I/T(D(S(h/(t))zh”(t) 4 32K ()ttag + 4K ()vay + 24(H ())%us + 20 (v

+48h/(t)u3v2)),
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1
us = C4(x, 1),  ve= —W(—h/(t)fh/”(t) — 30(H'(£)) s,

+ 40K (t)h" (t)uge — 40(H (1)) *tgee — 8N ()N () v2e + 2(H (£))*V2ee
—30(H ()1 (t)us — 60(H' (£))*vaeus + 672(H (1)) us + 12(h" (1))’ vz
— 6 ()N (t)vy — 60(H (t))?usr v, + 60K (OR” (t)u3v,,

1
we = —m <I\/—h/(t)(h”(t))2 — 21 (K" (t) — 24K (t))%uz — 6K (O (D)us
+72(H (1)*u3 + 288(h/(t))2u6>,
1 1
U7 = ﬂ(uu — 12u3ly), v = ﬁ(—%/(f)un + 24ug + 601 (H)uzus),
1
T = 0080 300 <I\/—h’(r)(—30<h/(t)>4h”<t) + 70(H (t))*usee — 360(h' (1)) use + 1344(H ()’ g

— 45K (t))3var + 45(H (t))°us + 1260(H (t))2usus — 560(H (£))2h" (t)us — 1680(H'(t))3usuy
—30(H (£))*h (t)vy + 120 (t)ugevy — 90K (t)vyevy + 180(H (£)) uzv, + 60" (t)v2 + 180h’(t)u3v§)>,

1
ug = Cs(x, t), vg = m(—144ush,(f) — 12u4u3; — 12U3ls4t + Usgr),
1
wg = ————— [/ =W (t)79212v, (W (£))? + 100812 (K (t))> + 4032ug (' (t))>
i 8064ﬁ(h’(t))3< o ! :

+396u3(H' (£))* + 108usvh ()R (t) + 30us(h'(£))>h" () + 6v (' (£))* — 2(H (£))*(h" (D))?
— 20,1 (DR (£) — 5(0'(£))° R (t) — 48va(h'(£))*use — 24(H'(£))*us,

+528us(h'(£))?uuar + 36h' (O)h" (O)uae — 24u3 (W (£)*var — W' (O (E)vyr — 32(H (1)) ttare — 4(h’(t))2vzn),

where ¢ (x, t), ca(x, t), c3(x, t), ca4(x, t) and cs(x, t) are arbitrary functions, then we establish u, v, w by substituting into
(3.6) from the two cases.

4. Conclusion

In this paper we have explored only Lie point symmetries. However, in recent years several works have been devoted
to study the integrability aspects of coupled systems (1.1) through higher order symmetries [15]. Presently, we are also
investigating the existence of higher order symmetries for the nonlinear Ito coupled system.
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