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Abstract

Let M be a nilpotent CW-complex with finitely generated fundamental group. We give necessary
and sufficient cohomological dimension theory conditions for a finite-dimensional metric compactum
X so that every mapg — M, whereA is a closed subset &f can be extended to a map— M.

This is a generalization of a result by Dranishnikov [Mat. Sh. 182 (1991)] where such conditions
were found for simply-connected CW-complexi&s and Cencelj and Dranishnikov forthcoming
paper [Cannad. Bull. Math.] where such conditions were found for nilpotent CW-compl&xeith
finitely generated homotopy groups.
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We generalize the main theorem of [4] and Theorem 7 of [2] to obtain the following
theorem. We use the Kuratowski notati®m M for the case every map from a closed subset
of X to M can be extended over all of. We recall that the cohomological dimension
of a spaceX can be defined in these notations as follows: glixh< » iff and only if
XtK(G,n), whereK (G, n) is an Eilenberg—MacLane complex.

Theorem 1. For any nilpotent CW-complex M with finitely generated fundamental group
and finite-dimensional metric compactum X, the following are equivalent:

(1) XM,

(2) XTSP*M,;

* Corresponding author. Supported in part by NSF grant DMS-997109.

E-mail addresses: matija.cencelj@uni-lj.si (M. Cencelj), dranish@math.ufl.edu (A.N. Dranishnikov).

lSuppor‘ced in part by the Ministry of Science and Technology of Slovenia, Research Grant No. J1-0885-0101-
98.

0166-8641/01/$ — see front matté 2001 Elsevier Science B.V. All rights reserved.
Pll: S0166-8641(01)00239-5


https://core.ac.uk/display/82822677?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

78 M. Cencelj, A.N. Dranishnikov / Topology and its Applications 124 (2002) 77-83

(3) dimg, ) X < i for everyi > 0;
(4) dimy, ) X < i for everyi > 0.

We recall that a groug® is called nilpotent if its lower central seriesz = I''G >
I'’G>--->TI'*G > r**1G =1 has a finite lengttt called the nilpotency class .

Here I'’G =[G, G] and I''G = [G, I''~1G]. The main examples of nilpotent groups
are upper triangular matrix groups. The action of an upper triangular matrix group on a
corresponding vector space suggest a definition mf@otent action. An actiona: G —

Aut H is called nilpotent if there is &-invariant normal stratificatioldd = H;1 O --- D

H; O --- D> H, = % such thatH;/H;, is abelian and the induced action éh/H; 1 is

trivial for all i. A topological space is calledlIpotent if 71 (X) is a nilpotent group and the
action ofrr1(X) on the higher dimensional homotopy groups is nilpotent.

As opposed to [2, Theorem 7] we do not assuMig¢o have all the homotopy groups
finitely generated. The requirement that has finitely generated fundamental group,
however, seems to be necessary in view of [8, Example 5.2]. It can be dropped if the
fundamental group is abelian.

In order to prove this theorem we first prove two propositions and a lemma.

Proposition 2. The following conditions for an abelian group G are equivalent:
(1) G is p-divisible;
(2) ExXt(Zp~, G) =0;
(3) Ext(Zp=, G) is p-divisible.

Proof. This is a direct consequence of the short exact sequence
0— lim*Hom(Zn, G) — Ex(Zpx, G) = G, — O,
whereap =lim G/p"G is the p-adic completion. O

Proposition 3. Let G bea nilpotent group such that the abelianization Ab G is p-divisible.
Then Ext(Zp~, G) =0.

Proof. We apply induction on the nilpotency clas®f G. If k =1, G is an abelian group

and the result follows from Proposition 2. Now assume thas of classk, i.e., (k + 1)st

group I'**1G of the lower central series is trivial. Then the groGpI'*G is of class

k — 1. Every short exact sequence of nilpotent groups defines the six term exact sequence
for Hom and Ext (see [1]). Then the exact sequence

EXU(Zpoo, I*G) — EXUZpoe, G) — EXY(Zpe, G/T*G)
and the induction hypothesis imply that EZ,~, G) =0. O
We recall that for every abelian grodpthere exists a Bockstein famiby(G) of abelian
groups [4] such that for every metric compactiimwe have

dimgX = max dimgX.
Heo (G)
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The family o(G) is a subfamily of the familyo = Q U (Up op), Where o, =
{Zp, Zp>, Zp)}. HereZp~ is the direct limit of the group& « andZ,) = {m/n; n not
divisible by p} is the p-localization of the integers. The family(G) is defined by the
following rule: Z,) € o(G) if and only if F(G) is not p-divisible; Z, € o(G) if and
only if the groupG, is not p-divisible; Z,~ € o(G) if and only if G, # 0 andG,, is
p-divisible; andQ € o (G) if F(G) # 0. HereG,, is the p-torsion subgroup otz and
F(G) =G/Tor(G).

The proof of the following lemma is based on the propertiepafompletion and
Bockstein’s inequalities. First, we recall the Bockstein inequalities:

(BI1) dimg . X <dimg, X,

(BI2) dimz, X <dimgz ., X +1,

(BI3) dimz, X <dimg, X,

(Bl4) dimg X <dimz, X,

(BI5) dimgz, , X < maxdimg X, dimZpoo X +1},

(BI6) dimZpoo X <maxdimg X, dimz, X —1}.

The p-completion of a complex is a Z,-complete spaca’/?,, together with a map
M — M, which induces an isomorphism of homologis(M; Z,) — H.(M; Z,).

Lemma4. Let M bea connected nilpotent CW-complex with finitely generated fundamen-
tal group and let X be a finite-dimensional metric compactum. If

dimg, ) X <i foreveryi > 1,
then

dimy,n X <i foreveryi > 1.

Proof. Let n, = 7, (M) and H, = H,(M). We prove dim,k X < n by induction onn.
As it was shown in [2], Theorem 1, dignX = dimap X for a finitely generated nilpotent
groupG, whereAbG is the abelianization af;. SinceH1 (M) = Abrr1 (M), the claim holds
forn =1.

Let dimy,(x) X < i hold for alli < n. For the groupr, (n > 2) there is a short exact
sequence

0— ( @ G’;) — m, = F(m,) — 0,
p prime
whereG’, is the Sylowp-subgroup ofr, and F (r,) is torsion-free. Therefore it suffices
to show diny(,,) X <n and dint;»;) X <n.

Let us first show thaF (7,,) # O implies diny X < n. If 7;, i < n, are torsion groups, the
Hurewicz theorem modulo the generalized Serre class of torsion groups iAph&s # 0
and hence dig X < n. If, however, at least one of the groupsis not a torsion group,
then by the same Hurewicz theorem we obt&i(¥;) # O for some; < n. Therefore,
Qeo(F(Hj)) and dinp X <dimy; X < j <n.

Let p be a prime number. We consider the case whén,,) is not p-divisible. In that
caseZ, € o (F(my,)). We show that dir@(p) X <n.
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The Bockstein inequalities imply the following alternative [6]:

either diny, , X =dimg X ordimy, , X = dimzpw X +1.

We may assume that all grougd, 1 < i < n, are p-divisible without p-torsions.
Otherwise,Z, € o(H;) or Z,~ € o(H;) and we have dirzle <dimg, X <i <nor
dimzpw < dimg, X <i < n. In view of the inequality (BI2), in both cases we have
dimz . +1 < n. Then the inequality digg X < n and the above alternative imply that
dimZ(p) X <n.

Because of induction assumption, similarly we may assume that all greups i < n,
are p-divisible and withoutp-torsions.

SinceM is a nilpotent CW-complex it$-completion1\7l,, exists [1]. Our assumptions,
the propositions and the exact sequence

0— EXUZpee, 1) — 71 (M) — HOM(Z poo, ;1) — O

imply n,-(l\?,,) = 0fori < n. Here we used the fact that H¢#,~, 1) = 0 which follows
from the equalityG[l7 = 0. The latter follows from the absence pftorsions inH; and a
property of nilpotent groups (see [2, Proposition 2]).

From the Hurewicz theorem we obta;im(l\'/\I,,) = Hn(ﬂp). This group iSnn(A?,,) =
EX(Z po<, ,) and its p-divisibility would imply that it is the trivial group. Sincé ' (rr,,) is
not p-divisible and the grouﬁ(nn) = EXU(Zp, F(m,)) is without torsion, the exactness
property of Ext and Hom [1, p. 169], implies that E&}~, ,) = nn(ﬂp) is not a p-
torsion group.

ThereforeH, (M) ®Z = # 0 and by the universal coefficient theoréi(M ; Z =) #
0.

One of the main properties of thg-completion M +— A7Ip is that it induces an
isomorphism of homology with coefficients i, . With exact sequences

0— Zpk —)Zkarl—)Zp—) 0

and induction we can prove that tlpecompletion induces an isomorphism in homology
with coefficients inZ,» for arbitraryn. Since the tensor product and homology commute
with the direct limit the p-completion induces also an isomorphism in homology with
coefficients inZ .

ThereforeH, (M; Z,~) # 0. SinceH,,_1 has nop-torsion this impliesH, ® Z,~ # 0.
Thus and dir@m X <n.

Thus, we proved the inequality dif), X < n for all p for which F (rr,) is p-divisible.
Since the Bockstein family (F (r,,)) consists of all suclp’s, we proved the inequality
dimp(ﬂn) X <n.

To perform the induction step we still have to prove the inequalitiesz;gim< n for
all p. WhenF () is not p-divisible we have shown dim;) X < dimZp X < dimZ(p) X <n.

Assume nowF (ir,,) is p-divisible. We consider two cases:

(1) G’ is not p-divisible. In this case (G))) = {Z,} and we have to show the inequality
dimz, X <n. Like above we can assume that all groups H;, 1 <i <n — 1, have no
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p-torsion and arg-divisible and thatr; and H1 are torsion groups, but withogttorsion.
From the exact sequence

0— EXU(Zpe, ;) — 7 (M) — HOM(Z oo, ;1) — O

and Propositions 2 and 3 we obtavir(l\?p) =0for 0<i <n. SinceG', is not p-divisible
Proposition 2 and the exactness property imply that the group

7 (M) = EXUZ oo, ) = EXY(Zpoe, G1)

is not trivial and is nofp-divisible.

Thus the Hurewicz theorem impligg (M,) = 0 for 0< i < n and the groupd, (M)
is not p-divisible. ThereforeH,,(M,,) ® Zp, # 0 and H,,(A’/],,; Zp) # 0. From the main
properties of thep-completion we obtairH, (M; Z,) # 0 and sinceH,,_1 is without p-
torsion, H, ® Z, # 0. ThereforeZ, € o (H,) or Z,) € o (H,). In both cases we have
dimZp X <nand dim;; X <n.

(2) G, # Ois p-divisible. Then the group, is p-divisible.
Sinceo(G’[’,) = {Z,>}, we have to show that dimw X < n. We obtain this directly ifH,,
hasp-torsion elements, so assurflg has nop-torsion. Again we can assume also that all
the groupsr;, H;, 1 <i <n — 1, are withoutp-torsion. Therefore the exact sequence

0— EXUZpee, 1) — 71 (M) — HOM(Z poo, ;1) — O

implies, (M,) = 0 and the groupr,1(M,) maps epimorphically onto Hot# ,, 7,,).
The latter group includes thg-adic integer<Z, = lim . Z,» since HOMZ s, Z o) =
2,,. Therefore HonZ ,~, ) is not a p-torsion group and sincé&,~ is divisible, the
group HomZ e, mr,) contains HoniZ ,, Z ) which is not p-divisible, as a direct
summand. Thus the grOan,,+1(A7p) = Hn+1(1\7,,) is neither ap-torsion group nor
p-divisible. ThereforeH,,+1(A7,,) ® Zp~ # 0 and H,,+1(1\7,,; Zp=) # 0. This implies
H,+1(M; Z ) # 0 and since by assumptidi, has nop-torsion elements the universal
coefficient theorem giveH,, 11 ® Zp~ # 0 which in turn implies dim, X <n + 1.

If all the groupsr;, 1< i < n—1, are torsion groups, the Hurewicz theorem modulo the
generalized Serre class of nilpotent torsion groups withetdrsion implies thatd,, has
p-torsion and thus dimpoo X < n. If, however,F (rr;) # 0 for somei, 1 <i <n—1, we
obtain dinp X <i < n — 1. Bockstein’s inequality (BI6) then implies dZT,Lo X<n. O

The nilpotency ofM is essential in Lemma 4. If one takes a non nilpotent spdce
R P2, the hypothesis of the lemma turns into the inequalityzlixi < 1 but the conclusion
turns into sequence of inequalities dinX < 1, dimz X < 2,. ..,dimﬂn(sz) X<n,....
Since for alln there are:-dimensional compact spac&swith dimz, X < 1 (see [6]), the
hypothesis of the lemma does not imply the conclusion.

The requirement that, (M) is finitely generated can be dropped when the fundamental
group r1(M) is abelian. The general case is less clear because of the existence of a
nilpotent groupN with AbN =Q @ Q and[N, N] = Z,~ (see [7, p. 28]). This group
seems to give a counterexample to the implicationgitnX < 1= dimy X < 1.

We recall that the Postnikov tower for a nilpotent spaée{7] is an inverse system
E1 <« Ey <« --- < E, < --- with bonding mapsp,+1: E,+1 — E, whose fibers
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are K (m,+1(M),n + 1) together with mapsy,: M — E, such thatp,tio,+1 = oy,
o, induces an isomorphism of homotopy groupSM) — w;(E,) for i < n, E1 =
K (71(M), 1) and every map,+1: E,+1 — E, is the composite of principal fibrations

qc q1
Enp1=Y— Y,y — - > Y1—Yo=E,,

where the fibre of; is an Eilenberg—MacLane spak€G;, k) andg; is induced by a map
ki Yi_1— K(G;, k+ 1), where

Gi=T''m(M)/ T (M)

comes from the stratification af, (M) under the nilpotent action of1 (M) on i (M).

Recall that the Eilenberg—MaclLane complEXG;, k) is the free abelian topological
group G = FA(M(G;, k)) generated by the Moore spadé(G;, k) [3]. Hence we may
assume thak (G, k + 1) = BGis the Milnor classifying space for the topological graiip
and the map; is induced by the universal locally triviél-bundlev : EG — BG. Therefore
we may assume that all spacggin the Postnikov tower are CW complexes and all maps
Pn+1 are projections of fibre bundles.

The following is proved in [5, Assertion 7].

Proposition 5. Let f: E — B be a locally trivial fibration with a fiber F, and assume
that F, B are CW complexes. Supposethat Xt B and Xt F for some compactum X. Then
XtE.

Proof of theorem. The implications
XtM = XtSP'M = dimy, ) X < i for everyi > 1

are provedin [4] without any assumptionen(M). Our lemma proves that digan X < i,
Vi > 1= dim;on X <i, Vi > 1.

Let K(m1,1) < Eo < --- < E, < --- be the Postnikov tower o#1. By definition
dim;, X <i meansXtK (r;, i). Every map in the Postnikov tower #f is a composition
of principal fibre bundle projections therefore by induction, Proposition 5 and conditions
XtK (m;, i) it follows Xt E, for everyn. Let dimX =m and letN,, be the CW-complex
homotopy equivalent t&,, which is obtained fromM by attaching cells of dimension
> m+ 2. ThenXt E,, implies Xt N,, by the Homotopy Extension Theorem. Since every
map f:X — B* of an m-dimensional space to thiedimensional ballk > m, can be
pushed to the boundary, i.e., there is a rpa — 8 B* with 8l 1988 = [l 158k, the
propertyXt N,, implies the propertyt M for a compacin-dimensional spac¥. O
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