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ABSTRACT The angular function for elements of the Mueller matrix for polarized light scattering from suspensions of
microorganisms is known to be reproducible for different growths of a given bacterial strain in the log (or exponential) phase
of growth. The reason for this, the stability of the size and shape distribution for cells, is briefly discussed. Experiments were
performed using suspensions of two different strains of Escherichia coli cells in log phase and measuring the angular
dependence of the Mueller matrix ratio S34/S1 1. Calculations were then performed using the coupled dipole approximation
to model electromagnetic scattering from particles where the shape of an individual cell was approximated by a cylinder
capped with hemispheres of the same radius as the cylinder. Using previously measured values for the length distribution and
index of refraction of the cells, the calculated scattering curve was found to fit the measured curve very well. The values
obtained for the cell diameters were quite close to diameters previously measured by optical microscopy. Thus this method
provides a rapid and convenient method for monitoring bacterial diameters in vivo even when there is an appreciable
distribution of bacterial lengths in the population.

INTRODUCTION

The Stokes four-vector (I, Q, U, V) completely describes
the state of a beam of polarized, unpolarized, or partially
polarized light. The matrix connecting the incoming Stokes
vector with the scattered vector in a scattering experiment is
called the Mueller (Bohren and Huffman, 1983) or Stokes
matrix. It became feasible to measure all elements of this
matrix by carrying over from astronomy the technique of
photoelastic modulation (Hunt and Huffman, 1973, 1974).
Soon after this, the technique was shown to be applicable to
biological cells in water suspension (Bickel et al., 1976).

During the past several years we have been looking at the
angular dependence of various elements of the Mueller
matrix for scattering of polarized light from suspensions of
microorganisms. The matrix element Si 1 corresponds to the
scattering function for the intensity of unpolarized light. It
has long been known that the angular variation of Sll is
dependent on particle size, with larger size particles show-
ing more scattering in the forward direction.
The matrix element S34 is sensitive to relative phase

changes of the components of scattered polarized light
arising from interaction of the scattering light with the
scatterer (e.g., microorganism or other particle). We have
found it to be particularly sensitive to the growth conditions
of microorganisms. We have concentrated our measure-
ments on this matrix element with the actual measurements
made on the ratio

(S34/S11)* = (S34 + 513)1(S11 + S14) (1)
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The notation of Eq. 1 is used to indicate that for a spheri-
cally symmetric ensemble of scattering particles as is the
case for randomly oriented cylindrically symmetric bacte-
ria, the elements S13 and S14 may be neglected in this ratio
(i.e., they are 0 if the symmetries are exact. We made
measurements (not shown) that demonstrated these ele-
ments to be negligible for Escherichia coli bacteria.) Hence-
forth we refer to value of the ratio simply as S34/Si 1.

Using this ratio takes us into a range of values which, in
our experiments, varies in magnitude between 0 and 3 %.
This range is easier to deal with experimentally than the
changes of several orders of magnitude that take place for
the separate values of numerator and denominator as one
varies angles between near forward and near back scatter-
ing. In previous presentations, we have shown that the
measurements of this ratio are quantitatively reproducible
(Van De Merwe et al., 1989) for a given strain of bacteria
under carefully controlled growth conditions. For measure-
ments on bacteria suspended in water, the ratio behaves as
an oscillating function with increasing numbers of oscilla-
tions occurring as the size of the scattering particles in-
creases. The main size dependence turns out to be strongly
correlated with the diameter for rod-like cells (Bronk et al.,
1992b) such as E. coli. We showed that this dependence
could be qualitatively modeled using Mie scattering calcu-
lations from a distribution of spheres (Bronk et al., 1992a).
In that case, a collection of spheres with a Gaussian distri-
bution of diameters gave oscillating graphs with maxima
and minima, which had similar locations to the experimen-
tal graphs; however, the shapes of the graphs differ some-
what from those obtained experimentally. In the present
work we improve the correspondence between theory and
experiment by using the coupled dipole calculation to model
scattering from hemispherically capped cylinders, which
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In Vivo Bacterial Diameters

closely resemble the microscopically observed shape of E.
coli cells. In this case both the shapes of the calculated
graphs and their peak locations correspond very closely to
those obtained experimentally.

MATERIALS AND METHODS

We describe the experimental procedures elsewhere (Van De Merwe et al.,
1989; Bronk et al., 1991, 1992a), so only a brief summary is given here.
The main biological feature is to allow a pure strain of bacteria to grow for
multiple generations at low density (optical density <0.1) in the given
medium with aeration at 37°C so that a good approximation to an ideal log
phase (i.e., exponential growth) size distribution is achieved. Cells were
then prepared for the scattering experiment by spinning them down and
then resuspending them at low density in 0.9% saline. Microscopic mea-
surements giving the log phase length distribution and average diameters
were made following the same preparation. The microscopic measurements
were made by photographing the cells in saline through Zeiss phase
contrast optics (Carl Zeiss, Oberkochen, Germany) with a 63X oil immer-
sion lens with a 1.4 numerical aperture (Bronk et al., 1992b). Two different
media were used in the present experiments. LB medium was used for
growth of the E. coli K12 strain (American Type Culture Collection
(ATCC, Rockville, MD) no. 49539), and Ml was used for growth of the E.
coli B/r strain (ATCC 12407). The recipes for these media are standard
(e.g., Bronk et al., 1992b).

The scattering measurements were made with a slight modification to
the procedure previously described (Bronk et al., 1992a) in which various
optical elements were used to obtain the desired combination of Mueller
matrix elements. A lock-in amplifier is coupled with a photoelastic mod-
ulator that varies the polarization of the incoming light to improve signal-
to-noise ratio for the rather small values measured. The photoelastic
modulator consists of a mechanically vibrating optical element (a crystal
acting as a variable retarder), which is resonant with the vibrations of a
piezoelectric transducer at 50 kHz. The retardation varies as Asin(t)
where w is 27T times the resonant frequency and A is chosen as the first zero
of the zeroth order Bessel function (see Bohren and Huffman, 1983,
p. 418). This retardation causes the polarization of the beam to vary
(approximately) between left and right circular polarization at the same
frequency. Additional optical elements between the scatterer and the pho-
totube cause a portion of the light signal to vary in phase with the
polarization and proportionally to particular Mueller matrix elements. The
lock-in amplifier is tuned to the signal and acts as a narrow pass filter
measuring the AC (50 kHz) part of the signal coming from the photomul-
tiplier tube, and converts it into a DC output. This output is digitized (e.g.,
as the Y input), as is the scattering angle (i.e., the angle of the arm to the
phototube with the forward direction of the laser). A detailed description
and diagram of the apparatus and the physics involved, as well as listings
of papers pioneering the method by Hunt, Huffman and collaborators are
given in the Bohren and Huffman book (1983) and in the chapter by Bronk
et al. (1992a).

The only modifications made for the present experiments were to
digitize measurements and to immerse the cuvette in a larger diameter
vessel (-7 cm), which was filled with water to provide a somewhat closer
match to the refractive index of the cuvette and the buffer inside. This
makes it easier to eliminate undesired reflections from the cuvette and to
image the output scattered light on a pinhole near the phototube. Measure-
ments were taken at 10 intervals, and the angular resolution is slightly
better than 10. (Mineral oil could be used to give an even better match of
refractive indices with the glass, but we found water was adequate and
more convenient). A photomultiplier tube is rotated around the cuvette
containing the scatterers at a distance of -30 cm from the center, and the
signal is recorded at various angles with a time average taken over 1 s at
each measurement point. A diode laser (Melles Griot) emitting at 670 nm
with -2 mm diameter beam through the cuvette provided the scattering
light. About 2-4 ml sample suspension was held in a circular quartz
cuvette with a 5 mm flat face toward the laser. We focused the scattered

light from -1.5 mm diameter, giving an active volume of about 3.5 X
10-3 ml. Our suspensions had -2-5 X 106 bacteria/ml so that scattering
from 1-2 X 104 bacteria was averaged during each second-long measure-
ment. Because the bacteria were immersed in water, a wavelength of 502.6
nm was used for the calculations. A relative refractive index of 1.03, which
is typical for these bacteria (Barer, 1956), was used. Absorption, which is
extremely small at this wavelength, was ignored. All scattering experi-
ments were performed with optical density <0.1 at 600 nm. Previous
experiments indicated that only single scattering occurs at this density (Van
De Merwe et al., 1989; Bronk et al., 1992a).

Bacterial populations

The scattering function (S34/S1 1) is quite sensitive to small changes in size
of the scattering particles, and the bacteria in a growing population are
distributed over a substantial range of sizes. Nevertheless, in an earlier
study (Van De Merwe et al., 1989), we were able to show that the angular
graph of S34/S11 for a particular bacterial strain is quite reproducible when
a carefully prepared log phase population is utilized for the experiments.
Those experiments were done for separate growths of the same bacteria in
separate labs with the measurements made on somewhat different instru-
ments. The reason for this reproducibility is the well known, but still
remarkable fact that the size distribution for cells growing at low density in
log phase suspension is quite stable and reproducible for specified growth
conditions. We therefore give a brief heuristic discussion of the origin of
this stable size distribution.

In any bacterial population growing freely for several generations, the
measurable parameters of individual cells vary broadly. Consider the
relatively simple case of cell volumes. It is known that the interdivision
time (Kubitschek, 1962) and the relative size (Trueba et al., 1982) of two
daughter cells after mitosis both have random character. Hence, even if an
ensemble of cells were somehow selected to have nearly uniform values for
volume and age-in-cycle (age), the cell parameters would again be distrib-
uted rather broadly between a maximum and minimum value after just a
few generations (Bronk et al., 1968). However, with a little care, conditions
can be achieved such that the distribution of ages and hence size quickly
approach a reproducible asymptotic function (Bronk, 1980; Bronk et al.,
1968, 1974).

Many types of bacteria may be grown with a well defined and identical
environment for every cell of the population. The genetic material deter-
mining response to given conditions is identical (except for rare mutations)
for each cell of a clone. After several generations of growth under such
well defined conditions, it is a reasonable hypothesis that the values for any
measurable parameter of the living cells will approach some quantitatively
reproducible distribution. The conditions of growth can most easily be kept
essentially identical for many generations when the individual cells are
well separated spatially as in a dilute suspension (or under crowded
conditions in a chemostat). This hypothesis has been verified theoretically
for the age distribution (Bronk et al., 1968) and experimentally for the
volume distribution of some bacteria (Trueba et al., 1982).

It is straightforward to show that the age distribution for log-phase cells
will approach

g(z) = exp(-az)(l - F(z)) (2)

with z the age of a cell since it appeared at division, a = ln(2)/Tc, with Tc
the mean time between divisions and

Fz

F(zz)= f(z')dZ (3)

wheref(z') dz' is the probability that a newly divided cell will divide again
after a time in the interval near z'. Kubitschek (1962) gave strong evidence
that the distribution of division rates (i.e., the reciprocal of division times)
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is well described by a Gaussian. In this case, the probability for a cell to
have division time near z is given by

f(z) dz = (C/z2)exp(-(z - zo)2/2(o-Kzoz)2) dz (4)

with C the normalization constant. While the distribution given by Eq. 4
does not possess a well defined mean or variance, it is easy to see specific
examples in which the resulting age distribution is hardly distinguishable
from one that results from a Gaussian distribution of interdivision times.
We may relate the size of a cell to its age as follows. Define P(vlz) as

the probability that a cell of age in cycle z is of volume v; then it follows
that

P(v)= P(v|z) g(z) dz

a 40:
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(5)
1 0

is the probability density function for an individual cell to have volume in the
neighborhood of volume, v. If the physical conditions of growth are precisely
defined and identical for each cell, then P(v) is a unique function for a
particular strain of bacteria brought to log phase under those growth condi-
tions. These idealized conditions are well approximated when the bacteria have
been growing in log phase at low density for many generations.

For some time it has been known that E. coli cells grow primarily by
extending their length with very little change in diameter under constant
growth conditions (Marr et al., 1966). Our microscope measurements (not
shown) corroborate this and show clearly that there is little significant
correlation of diameter with length changes during the cell cycle for these
bacteria under the conditions of these experiments. (It is likely that most of
the observed variation in diameter is due to the experimental error caused
by limitations of light microscopy.) Electron microscopy (EM) provides
orders of magnitude better resolution; however, it requires extensive prep-
aration during which bacterial volumes are known to shrink by as much as
50%, so that the uncertainties for EM measurements are even greater than
those for optical microscopy.

In Fig. 1 we present histograms summarizing microscopic measure-
ments of length for log phase populations of the two strains of E. coli used
in the present study. Each strain was measured in a steady state log phase
growth in its respective medium as indicated in the figure caption (Bronk
et al., 1992a,b). Since growth of an individual cell is achieved by increas-
ing its length, we expect that the histogram is a good approximation of a
histogram calculated from the ideal function P(v) from Eq. 5 and the
assumption that P(L) P(v). It appears similar to the "universal" graph
obtained experimentally (Trueba et al., 1982) for several strains of E. coli.

Since the histograms of Fig. 1 were obtained under the same conditions
as the scattering graphs to be studied, we made the assumption that the
population percents for each size class are a sufficiently precise represen-
tation for the actual values in the scattering experiment (i.e., these are the
values used in our model calculations).
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FIGURE 1 Histograms showing frequency of length of individual cells
obtained from optical micrographs of bacteria grown in Ml minimal
medium (B/r) or LB broth (K12). See Bronk et al. (1991).Calculations

Calculations of electromagnetic scattering from particles of arbitrary shape
may be accurately performed using the coupled dipole model (CDM).
Scattering from a variety of targets has been studied with this model
(Devoe, 1964, 1965; Purcell and Pennypacker, 1973; Druger et al., 1979;
Draine, 1988). Recently Draine and collaborators extensively studied the
properties of the model (Draine and Flatau, 1994; Flatau et al., 1993) in
order to apply it to determine the effect of interstellar dust grains on
celestial radiation.

The method models a dielectric particle in an applied incident field as
an array of polarizable components (i.e., point electric dipoles) each with
a polarizability a. The local field at each point dipole is the sum of the field
of the incident applied field and the field of each of the other dipoles. We
choose the points to lie on a simple cubic lattice. With N points used to fill

the shape of the particle, this produces 3N linear equations for the three
local field components at each dipole. The equations for the ith dipole are

Pi= aEi

Ei = E0e. exp(ikzi) + E [exp(ikrij)/rj'3]' [kA(r1j x Pj)
jpl

(6)

X rij + [(1 -ikrjj)rjj][3Pj * r -jrij-rij2pj] ]

where Ei and Pi are the vector field and polarizability at the ith dipole.
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The polarizability, a, of the dipoles is determined in the present case
from the dielectric constant or equivalently the known index of refraction
relative to the medium (i.e., water in the present case) by means of the
Clausius Mossotti relation,

(47T/3)pa = (E - 1)/(E + 2) (7)

with p the density of the dipoles.
The shape of E. coli cells as may be seen in many photographs is

well represented by a cylinder capped on both ends by hemispheres of
the same radius as the cylinder. A single representative size is specified
by two parameters, length (L) and diameter (D). From these parameters
we obtain the volume of the cell, and we next specify a desired
approximate number of dipoles to be used in a particular calculation.
From this and the cell volume, we obtain a volume per dipole and in
turn an approximate length between dipoles placed at the vertices of a
cubic lattice. We then align the cylinder axis along the (0,0,1) axis
within the lattice. This assures a uniform effective diameter for the
cylinder. We then test each dipole to see whether it was inside the
capped cylinder, discarding those that are not. We readjust the lattice
spacing, if necessary, to be consistent with the dimensioning of the
program. For a typical case we start with 1000 dipoles to model a
bacterium with L = 2.5 ,um, D = 1 ,um, and wavelength of the
scattering light = -500 nm. The spacing between dipoles will be
-0.12 ,um. This gives an uncertainty at the edge of the shape approx-
imated of -0.06 ,Am. The model was tested against a calculation based
on the exact Mie formula for a sphere and gave a good approximation
for S34/S11 for a 1 Am sphere for 0 < -140°C when 739 dipoles were
used in the model calculation (results not shown). The bacteria are
assumed to be randomly oriented in the suspension used for the scat-
tering experiments. Thus the scattering calculation must be averaged
over random orientations of the capped cylinders. The z direction is
defined as the propagation direction for the incoming laser light, the
positive y direction is at 90°C in a horizontal plane formed by it and the
z axis. The axes are right-handed with x pointing up. 0 is defined as the
angle from z in the zy plane. After a 0 rotation of the cylinder about the
laboratory x axis, (A defines a further rotation about the laboratory z
axis. A third rotation about the body axis of the cylinder is neglected,
since cylindrical symmetry is approached as the number of dipoles

FIGURE 2 Calculations compar-
ing graph of S34/S11 versus angle
obtained from Mie solution with
those obtained from the CDM. All
calculations are for single sphere
with radius = 0.5 ,um, refractive in-
dex = 1.03 + O.Oi and scattering
wavelength = 633 nm.

increases. This is verified for our calculation by the fact that the graph
of S34/S11 is a good approximation of the graph of (S34/S11)Y. We
believe that departures from cylindrical symmetry due to the discrete-
ness of the model are smoothed over since we further average over -16
different sizes, which should randomly average over departures from
that symmetry. The angular averages are made over -50 different
orientations spread uniformly over 4 IT steradians and were checked in
particular cases with averages over many more orientations. The aver-
aging is done with a Simpson's rule integration over 0 and 4).

RESULTS

The results of two calculations using the CDM for a single
sphere are compared with the numerical calculation using
the exact Mie solution in Fig. 2. The graph of S34/S11
versus angle obtained with the CDM is quite similar to that
obtained with the exact solution. The sharp extrema are
features that other calculations determined to be washed out
when the scattering was from an ensemble of spheres of
different sizes.

In Fig. 3 we present the results of a calculation made for
three single orientations of a capped cylinder with its pa-
rameters close to those that are appropriate for one of our
experiments. These graphs are not very similar to those
obtained with random orientations and a distribution of
different bacterial sizes as in the experimental observations
(see below). The graphs of Fig. 3 have much more detailed
structure with sharper and higher individual peaks,
which suggest future experiments with oriented rod-shaped
bacteria.

In another set of calculations we compared graphs of
S34/S11 obtained from the CDM calculations for capped
cylinders of three different lengths, 4.0, 6.0, and 8.0 gm, but

TX * ~~~~~~~~~~~~~~Miesolution

e____*_ 389 dipoles
l 739 dipoles

4- Xt-1--

__ I---- __-
1-'''''''''''-''''''''''""''"''''- -------- --------- -- ----l -------- ------1 -

.-1

.1.~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~---------

0 20 40 60 80 100

ANGLE
120 140 160 180

Bronk et al. 1173

4



Volume 69 September 1995

m 160
* 161
* 164

FIGURE 3 S34/S11 graph calcu-
lated with CDM for capped cylinder
of length 2.25 ,um and diameter 0.9
,um, and various fixed orientations
with respect to the incoming laser
light. (O) Run 160; 0 = 45°, 4 = 00.
(*) Run 161; 0 = 450, 4) = 450. (@)
Run 164; 0 = 900, 4) = 450. Wave-
length used for calculations is 502.6
nm as in the experiments.

cn

0 20 40 60 80 100 120 140 160 180
ANGLE

of the same diameter, 1.73 ,um. The three graphs obtained
after averaging over the entire 4-n sphere of orientation
angles are shown in Fig. 4. We note that there is some
difference in shape between the graphs for different length
bacteria, but that the locations of maxima and minima
obtained for different lengths are about the same for angles
<1200. This is in agreement with earlier experimental re-
sults (Bronk et al., 1992b), which showed a strong correla-

FIGURE 4 Rotationally averaged
graph of S34/S11 for single-sized
capped cylindrical bacteria of lengths
4,0, 6.0, and 8.0 ,um but all of diam-
eter 1.34 ,um calculated with the
CDM. Scattering wavelength is 633
nm.

tion of peak location with diameter of rod-shaped bacteria,
but no correlation of peak location with average length of
the cells.
The shapes of the graphs of Fig. 4 still have sharp

triangular peaks, unlike what is observed experimentally,
and reach significantly higher peaks than in the experimen-
tal case. This is because a single size was used for each
graph, whereas in the experiments we used a distribution of

0 20 40 60 80 100
ANGLE

120 140 160 180
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sizes. When size averaging was performed with the results
of the CDM model calculations we obtained smoothed
graphs resembling the experimental results.
We used the following procedure to apply the model to

experimental data. First we constructed individual graphs
from an average over angles for a given size capped cylin-
der. These graphs were then averaged over the four most
important categories in the appropriate length histogram
shown in Fig. 1. This was done for various diameters in size
steps of 0.05 jam. Then we studied graphs obtained using
various combinations of diameters for the closest match to
the experimental data. The resultant fits to data are shown in
Fig. 5 for the two different bacterial strains. We used a
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FIGURE 5 (a) S34/S11 versus an-
gle for experimental data from log-
phase E. coli B/r. (O) Data; (@)
Model. (b) Same for E. coli K12.
Scattering wavelength is 502.6 nm.

b

'-4
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CO)

ctCl)

simple four-category Gaussian-like distribution of diame-
ters to obtain the calculated graph. The diameter distribu-
tions used are shown in Fig. 6. We allowed only one other
free parameter; a scaling factor of -½/2 was applied to make
the calculated graph more closely resemble the experimen-
tally measured one. Other calculations (not shown) indi-
cated that averaging over more size categories reduces the
size of the peaks. The requirement for a scaling factor
indicates simply that a distribution with a larger number of
size categories more closely approximates the experimental
population.

In Table 1 we give a comparison of diameters (D) ob-
tained from the present scattering measurements with in
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FIGURE 6 Histograms showing distribution of diameters of individual
cells assumed to obtain fit of Fig. 5, (a) for E. coli B/r, and (b) for E. coli
K12

TABLE 1

E. coli strain

Parameters B/r K12

D scattering 0.92 ± 0.04 1.055 ± 0.07
D microscopy 0.78 ± 0.11 1.15 ± 0.10

D, diameter.

vivo microscopic measurements made under the same con-
ditions. Comparing figures in the column for each strain
shows that a very satisfactory agreement of the results has
been achieved with the two very different measurements.
The errors indicated are standard deviations of the micro-
scopic measurements or of the histograms used in the fit to
scattering. A more conservative estimate of the uncertainty
for the present state of the model is -0.1 p,m in the diameter
because of the limitation on the accuracy of "stuffing" the
cell shape with dipoles. This is at least as good as what is
available from optical microscopy. Necessary deformation
of the cells during preparation for EM would lead to even
larger errors. The sensitivity of the scattering measurements
at this point is somewhat better than 50 nm. We could model
to this sensitivity by increasing the number of dipoles by a
factor of -8-10, but this would increase the time of the
calculation by a large factor.

CONCLUSIONS

It is satisfying that most of the complicated qualitative and
quantitative features of the experimental data are repro-
duced quite satisfactorily for angles <1300. As is well
known, back scattering is much more sensitive to details of
the model and further refinement of the model would be
required to establish its applicability for larger angles. Po-
tential sources of error for Mueller matrix measurements
have been analyzed to some extent by Johnston et al.
(1988). Error analysis of the instrumentation can be quite
complicated when electro-optic elements are utilized for the
measurements as in this study. Our conclusion is that it is
more useful to estimate the uncertainty by comparing the
results of measurements with those obtained from com-
pletely independent measurements with the same particles
as was done here for bacterial diameters. The present mea-
surements indicate agreement to about 10% with the micro-
scopic studies. Other measurements (not shown) comparing
diameters of latex beads calibrated with EM with those
obtained with the methods used here indicate at least as
good an agreement.
The angular variation of the Si 1 Mueller matrix element

for light scattering has been utilized elsewhere to measure
size and refractive index of bacteria and spores, which can
be modeled by spheres (Wyatt, 1975; Ulanowski, 1987).
The advantages of the present method are that the diameter
for a population of rod-shaped cells can be measured rapidly
in real time and in vivo with an average over many cells,
and the diameter measurement can be separated from the
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length measurement. This allows one to follow changes in
average diameter of the cells during the course of an exper-
iment.

There is a lively interest in microbiology in determining
how bacteria are able to rapidly adjust their physical pa-
rameters to changing growth conditions. The bacteria start
growing larger (Woldringh et al., 1980; Kubitschek, 1990)
or smaller (Zaritsky and Helmstetter, 1992; Zaritsky et al.,
1993) within a few minutes of a shift to a richer or poorer
medium. The size measurements for such shift experiments
are usually made either with optical microscopy, EM, or
with a Coulter type counter sensitive to volume changes.
Although cell length is measured very satisfactorily with
optical microscopy, each of the methods is rather limited
with respect to cell diameter, a very important parameter in
the measurements. We believe that adding the present type
of scattering measurement, along with its modeling, to the
other measurements will stimulate many additional interest-
ing experiments in which changes in diameter play an
important role.
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