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Abstract

Let C be an integral projective curve in any characteristic. Given an invertible sheaf £ on C
of degree 1, form the corresponding Abel map A,:C — J, which maps C into its compactified
Jacobian, and form its pullback map A*E:Pic(} — J, which carries the connected component

of 0 in the Picard scheme back to the Jacobian. If C has, at worst, double points, then A*E is
known to be an isomorphism. We prove that Az always extends to a map between the natural

compactifications, Pic; — J, and that the extended map is an isomorphism if C has, at worst,

ordinary nodes and cusps.
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1. Introduction

Let C be an integral projective curve of arithmetic genus g, defined over an al-
gebraically closed field of any characteristic. Form its (generalized) Jacobian J, the
connected component of the identity of the Picard scheme of C. If C is singular, then
J is not projective. So for about forty years, numerous authors have studied a natural
compactification of J: the (fine) moduli space J of torsion-free sheaves of rank 1 and
degree 0 on C. It is called the compactified Jacobian.

Recently, the compactified Jacobian appeared in Laumon’s paper [10], where he
identified, up to homeomorphism, affine Springer fibers with coverings of compactified
Jacobians. For that identification, he used the autoduality of the compactified Jacobian,
a property established in [6] and explained next.

From now on, assume C has, at worst, points of multiplicity 2 (or double points).
For each invertible sheaf £ of degree 1 on C, form the Abel map Az:C — J, given
by P +— Mp ® L where Mp is the ideal sheaf of P; it is a closed embedding if C
is not of genus 0. Form the pullback map

A% Pich — U,

carrying the connected component of 0 in the Picard scheme back to the Jacobian.
Then A*L is an isomorphism and is independent of L; see [6, Theorem 2.1, p. 595].
Since the singularities are locally planar, J is integral by [1, (9), p. 8]. Hence, not
only does Pic’ exist, but also it admits a natural compactification: its closure Pic* in
the compactified Picard scheme Pic*, the (fine) moduli space of torsion-free sheaves

of rank 1 on J; see [3, Theorem 3.1, p. 28]. Does A*ﬁ extend to a map between the
compactifications? If so, then is the extension an isomorphism?

These questions were posed to the authors by Sawon. As mentioned in his intro-
duction to [11], his results on dual fibrations to fibrations by Abelian varieties, in the
“nicest” cases, depend on “extending autoduality to the compactifications.”

It is not true, for every map, that the pullback of a torsion-free sheaf is still torsion
free. But, for A, it is true! There are two basic reasons why: first, A7, is independent
of £; second, the maps A, can be bundled up into a smooth map C x J — J. Thus
there exists an extended pullback map

A’Z:Pic; — J;

this existence statement is the content of Theorem 2.6 below. (The statement and its
proof already appear on the web in the preliminary version of [6].)

Is the extended map A7 also an isomorphism? This question seems much harder.

From now on, assume that C has, at worst, ordinary nodes and cusps. Then the
extended map A*E is, indeed, an isomorphism, according to Theorem 4.1, our main
result. Here is a sketch of the proof.

First, recall the definition of the inverse f:J — Pic(;- from [6, Proposition 2.2, p.

595], or rather [6, Remark 2.4, p. 597]. Let Z be the universal sheaf on C x J,and P
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the determinant of cohomology of Z® £®¢~! with respect to the projection C x J — J.
The sheaf P~! has a canonical regular section, whose zero scheme we denote by ©
and call the theta divisor associated to L. Let pi:J x J — J be the projection, and
u:J x J — J the multiplication map. Form the invertible sheaf

T :=0j,,(W0 — pio).

Then 7 defines the map f:J — Picg-.
We need only show that f extends to a map piJ — Pic;, or that 7 extends to a

sheaf on J x J that is flat for p»:J x J — J and whose fibers are torsion-free rank-1.
In fact, as f§ is unique if it exists, we need only find a flat surjection {: W — J such
that the pullback 7; of T to J x (C_ll) extends to a torsion-free 7 on J x W/W.

To define {, let Co be the smooth locus, and Py, ..., P, the singular points of C.
Set C; := Co U {P;} for 1<i<m. Set

H, =C,x---xCiCC and W:=H,xJ.

Define {: W — J as the natural map given on a pair, consisting of an m-tuple of points
(Om, ..., Q1) of C and an invertible sheaf ' on C of degree 0, by

C(Qma"' 7Q19N) :MQm®®MQ1 ®N®£®m,

where My, is the ideal of Q; in C for i = 1,...,m. Since { is a composition of
base extensions of bigraded Abel maps, { is smooth by [5, Corollary 2.6, p. 5969].
It is also surjective, owing to our assumption on the singularities: since, at each local
ring Oc, p;, the singularity degree ¢ is 1, any torsion-free rank-1 module is either free
or isomorphic to the maximal ideal.

Next, we resolve the rational map uo(1x{): J x W — J by using the n-flag schemes
F, of T/(C x J)/J. The scheme F, is the (fine) moduli space parameterizing n-chains
of torsion rank-1 sheaves on C:

IhnCLyy C---CTI Cly,

where 7y is of degree 0 and where each quotient Z;_;/Z; is of length 1.

The scheme F,, comes equipped with two important maps. The first is the multipli-
cation map 7,: F, x J — J, which sends a pair consisting of a chain as above and an
invertible sheaf A/ on C of degree 0 to the tensor product Z, ® N'® L®". The second

is the resolution map z/ﬁ\(n): F, — J x C*", which sends a chain as above to the pair
consisting of the sheaf Zy and the n-tuple (Q,,..., Q1) € C*" such that Z; _/Z; is
supported on Q; for each i.
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Set I?m = @(’”))—1(]‘ X Hy,). Then we have the following diagram, in which the
right vertical map yu is only rational:

~i

~ "/
F,xJ —/-

ol

TxH,xJ —5 FxT.

Note that {~'(J) = Cy™ x J. It is not difficult to see that /l//\(m) restricts to an iso-
morphism over J x Coxm. Also, the composition po (1 x{)o @(m) x 1) is defined on

>(m)

(W

x DT x CS"") and agrees with y,,. Therefore, 7; extends to the sheaf

“(m)

H=05py(=i® @ W " x DOF . ;1,0),
where g1: J x W — J is the projection.

The delicate part is now to prove that H is flat over W with torsion-free rank-1 fibers.
It suffices to prove that ({ x 1)*H on W x W is flat over W with torsion-free rank-1
fibers. Now, there are base-change formulas for the determinant of cohomology and for
the direct image. As the corresponding base-change maps, we use the horizontal maps
in the following natural Cartesian square:

Fzme—>fme

él ll///\(m)xl
wxw —L Txw.

where I?zm = (/1/;(2’"))’1(] x Hy, x Hy,) and € is, up to switching factors, ;[Qm) x 1.

We now apply the technical, but essential, Lemma 3.3 to complete the proof.

All our results are, in fact, proved not just for an individual curve C, but for a flat
projective family of (geometrically) integral curves over an arbitrary base scheme. All
schemes are implicitly assumed to be locally Noetherian.

In short, in Section 2, we prove that the autoduality map A}, extends if the curves
have, at worst, double points. In Section 3, we study flag schemes. Finally, in Section
4, we prove that the extended map Az is an isomorphism if the curves have, at worst,
ordinary nodes and cusps.

2. Extension
2.1. The compactified Jacobian

By a flat projective family of integral curves C/S, let us mean that C is a flat and
projective S-scheme with geometrically integral fibers of dimension 1.
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Given such a family C/S and given an integer n, recall from [2—4] and [5] that there
exists a projective S-scheme J", or J_g /s> parameterizing the torsion-free rank-1 sheaves
of degree n on the fibers of C/S. And there exists an open subscheme J”, or Jg /s>
parameterizing those sheaves that are invertible. Furthermore, forming these schemes
commutes with changing the base S. For short, set J := J% and J := J°. Customarily, J
is called the (relative generalized) Jacobian of C/S, and J the compactified Jacobian.

More precisely, J” represents the étale sheaf associated to the functor whose T-points
are degree-n torsion-free rank-1 sheaves Z on C x T/T. Such an 7 is a 7-flat coherent
sheaf on C x T such that, for each point ¢ of 7, the fiber Z(¢) is torsion-free and of
generic rank 1 on the fiber C(¢) and also

1Z(®) = 1(Ocq)) =n.
2.2. Multiplication and translation

Let C/S be a flat projective family of integral curves. Let m and n be arbitrary
integers. Let U™™ C J" x J™ be the open subscheme that represents the étale sheaf
associated to the subfunctor whose 7T-points are the pairs of torsion-free rank-1 sheaves
(Z,J) on CxT/T such that Z is invertible where 7 is not. Define the multiplication
map

w: U™ — Jm by w(Z, J) =TI ® J.
For each invertible sheaf M of degree m on C/S, define the translation by M
fpg: J" = I by pg(T) =T @ M.

In other words, M defines a section g: § — J™, and uy := po(l x0); the composition
makes sense because U™ D J" x J™.

2.3. The (bigraded) Abel map

Let C/S be a flat projective family of integral curves. Let A C C x C be the diagonal.
Then its ideal defines a map 1: C — J 1.

Let m be an arbitrary integer. Let W” C C x J™+! be the inverse image of U ~1"+!
under 1 x 1. Define the bigraded Abel map to be the composition

A=po@x1): W — Jm

Let £ be an invertible sheaf of degree 1 on C/S, and ¢: S — J! be the corresponding
section. Define the Abel map associated to £ to be the composition

Ag::Ao(lxa):C—>J_;

the composition makes sense because C x J I wo,
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2.4. Autoduality

Let C/S be a flat projective family of integral curves. Assume that the curves (the
geometric fibers of C/S) are locally planar. Then the projective S-scheme J”" is flat,
and its geometric fibers are integral local complete intersections; see [1, (9), p. 8].
Hence, the Picard scheme Picj. ¢ exists, and is a disjoint union of quasi-projective
S-schemes; see [7, Théoréme 3.1, p. 232-06], and [4, Corollary 6.7(ii), p. 96]. Also,
by [3, Theorem 3.1, p. 28], there exists an S-scheme Pic?n $ the com;_)actiﬁed Picard
scheme, that parameterizes torsion-free rank-1 sheaves on the fibers of J"/S; moreover,
the connected components of Pic?n /s are proper over S.

As is customary [7, p. 236-03], let Pic(;- /s denote the set-theoretic union of the

connected components of the identity O in the fibers of Picj /g, and let PicTJ- /s denote

the set of points of Picj,¢ that have a multiple in Pic(}- /s The set Picrj- /s 1S open;
give it the induced scheme structure. Then, by general principles, forming Pic; /s and
PicTJ- /s commutes with changing S.

Denote by Pic? s the schematic closure of Pic} ¢ in Picy, .. Note that forming
Pic; ¢ commutes with changing S via a flat map: it does so topologically because a
flat map is open; whence, it does so schematically because a flat map carries associated
points to associated points. If the fibers of C/S have, at worst, nodes and cusps, then
forming PicT . commutes with changing S via an arbitrary map, owing to Theorem
4.1, our main result, since forming J does so.

The Abel map A, induces an S-map,

A% Picj g — 1, J".

By [6, Theorem 2.1, p. 595], if the geometric fibers of C/S have, at worst, double

points, then Pic(} 5= Pic} /st Furthermore, the Abel map induces an isomorphism,

PO~
A*L'Plcj/s = J,

which is independent of the choice of the invertible sheaf £ of degree 1 on C/S; in fact,
the isomorphism exists whether or not any sheaf £ does. Let us call this isomorphism
the autoduality isomorphism.

Proposition 2.5. Let C/S be a flat projective family of integral curves, m and n inte-
gers, M an invertible sheaf of degree m on C/S. Suppose the curves have, at worst,
double points. Then the translation map a4 induces an isomorphism

0

% .0 ~ .
IVE P1cj-m+n/5 = Plcjn/s,

which is independent of M. If m = 0, then [ is equal to the identity.
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Proof. Note that Koe = 17.. And, if My is also an invertible sheaf on C, then

Hp 0 By = HMeM, -

So ppq is an isomorphism, whose inverse is p,-1. Hence '“j\/l is an isomorphism.

Moreover, if M is of degree m too, then M ® Ml_l is of degree 0, and it suffices
* — —
to prove that MM@MI’I = 1. Thus, we may assume m = 0.

To prove that iy, = 1, we may change the base via an étale covering, and so assume
that the smooth locus of C/S admits a section . Set L := Oc¢(a(S)). Then L is an
invertible sheaf on C. So,

HAL = Hpen © fiag © Hpen.

Hence, since L is of degree 1 on C/S, we may assume n = 0.
Note that ppg 0 Az = Apmge. Now, A% o~ = A7 and A7 is an isomorphism; see
(2.4). Thus ,uj\/[ =1, and the proof is complete. [J

Theorem 2.6. Let C/S be a flat projective family of integral curves with, at worst,
double points. Then the autoduallty isomorphism Plc 7/s —> J extends uniquely to a

map of compactifications Pic~ is - J.

Proof. Set U := Pic’, 7/s and U := Pic® i/s Since J/S is smooth and admits a section

(for example, the O-section), by [3, Theorem 3.4(iii), p. 40], JxU / U carries a
universal sheaf P, which is determined up to tensor product with the pullback of an
invertible sheaf on U.

The extension n: U — J of the _autoduality isomorphism is unique if it exists,
because U is schematically dense in U and J is separated. Hence, by descent theory,
it suffices to construct 5 after changing the base via an étale covering. So we may
assume that the smooth locus of C/S admits a section a. Set L := O¢(a(S)). Then L
is invertible of degree 1 on C/S. So the autoduality isomorphism is simply A7, and
it suffices to prove that (Az x 1)*P is torsion-free rank-1 on C x U / U.

Form the bigraded Abel map A: C x J! — J. It is smooth by [5, Corollary 2.6,
p. 5969]. Hence (A x 1)*P is torsion-free rank-1 on C x J! x U / U. Tt suffices
to prove that (A x 1)*P is torsion-free rank-1 on C x J!' x U/(J1 x U), since
(Ap x 1)*P is its fiber over the point of J! representing £. Now, (A x 1)*P is
flat over J! x U, by the local criterion, if its fiber is flat over the fiber J 1(u) for
each u € U.

Fix a u € U. Making a suitable faithfully flat base change S’/S, we may assume that
the field k(u) is equal to the field of the image of u in S. Set Z := P(u). It suffices
to prove that A(u)*Z is a torsion-free rank-1 sheaf on C(u) x J'(u)/J' ().
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Let M be an invertible sheaf of degree 0 on C/S. Then the translation map p 4
gives rise to the following commutative diagram:

0
J/s’
Ur@)*Z = 7. Now, the diagram is commutative; hence,

By Proposition 2.5, iy, is the identity on Pic so on its closure U too. Thus

(1 x g () AW)*T = Au)*T. 2.6.1)

Since J'(u) is integral, the lemma of generic flatness applies, and it implies that there
is a dense open subset W of J! (u) over which A(u)*Z is flat. Now, by Part (ii)(a) of [4,
Lemma (5.12), p. 85], it is an open condition on the base for a flat family of sheaves
to be torsion-free rank-1 provided they are supported on a family whose geometric
fibers are integral of the same dimension. Hence, since A(u)*Z is torsion-free rank-1
on C(u) x J'(u) / k(u), after shrinking W, we may assume the restriction of A(u)*Z
to Cx W / W is torsion-free rank-1. Fix an arbitrary point j; of W and one j, of
Jw).

Making a suitable faithfully flat base change S’/S, we may assume that each of
j1 and jp lies in the image of a section of J!/S. These sections represent invertible
sheaves M and M of degree 1 on C/S; set M := M; ®./\/l2_1. Eq. (2.6.1) implies
that A(u)*Z is torsion-free rank-1 over pj, (u)~'W as well. Now, j, is an arbitrary
point of JY(u). Hence A(u)*Z is torsion-free rank-1 on C(u) x Jl(u)/Jl(u), and the
proof is complete. [

3. Flag schemes

Lemma 3.1. Let X be a scheme, and F a coherent Ox-module. Assume F is invertible
at each associated point of X, and is everywhere locally generated by two sections.
Set W := P(F), and let w: W — X be the structure map. Then Serre’s graded
Ox-algebra homomorphism o. is an isomorphism:

o Sym(F) = @ wyOw (n).

n=0

Proof. The question is local on X, and F is locally generated by two sections. So,
setting £ := (’)%2, we may assume there is a short exact sequence of the form:

0N L Foo,
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This sequence induces a short exact sequence of graded Sym(E)-modules:
0= N®SymE)[—-1]— Sym(&) — Sym(F) — 0. (3.1.1)

A priori, the sequence is only right exact. However, since ¢ is injective, every associated
point of A is an associated point P of X; so we need only check for left exactness
at such a P. By hypothesis, F is invertible at P; whence, A is too. Therefore, left
exactness holds at P, so everywhere.

Set V := P(€), and let v: V — X be the structure map. Then ¢ induces a closed
embedding 1: W < V such that w = vo1. Moreover, applying the exact functor “tilde”
to (3.1.1), we obtain the following short exact sequence on V:

0= V’’N®Oy(-1) - Oy - Oy — 0,

in which Oy — Oy is the comorphism of 1.
For convenience, given a coherent Ox-module G and integer i, set

R(G.D) = R'v,(v*G ® Oy (i),
and let b(G, i) denote the following natural map:

b(G,i): G® Sym; () — v, (v*G ® Oy (i)).
For every i >0, consider the natural commutative diagram:

0 —— N®Symj_1() —— Symj(§) —— Sym;(F) —— 0

b(N,ifl)l b(OV,i)l J/

0 —— (VN ®Ox(i — 1) —— 1,0y(i) —— wOy(i) —— RWN,i—1).

Since & is free, b(Oy, i) is an isomorphism by Serre’s computation. Therefore, to
prove the lemma, it is enough to prove that R(N, i — 1) =0 and that b(N, i — 1) is
an isomorphism.

Fix i > — 1. Given a short exact sequence of coherent Ox-modules

0>G —>G—->G"—>0 (3.1.2)
consider the following induced diagram:

0 —— g ®Symi(€) —— GRSym(§) —— G'®Symi(§) —— 0
b(g’,wl b(g,nl b(g”,nl

0 —— v:(V*G'QOY (i) —— V(V*GROY (i) — vx(V*G'®Oy (i) —— R(G', ).
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Since £ is free, the upper sequence is exact. Since v is flat, (3.1.2) pulls back to a
short exact sequence on V; whence, the lower sequence is exact.

If R(G',i) =0 and if b(G',i) and b(G",i) are isomorphisms, then b(G, i) is one
too. If, in addition, R(G”,i) =0, then also R(G,i) = 0.

On the other hand, if b(G,i) and b(G",i) are isomorphisms, then b(G’,i) is one
too, and R(G’,i) € R(G,i). If, in addition, R(G,i) = 0, then also R(G’,i) = 0.

Since N C (’)@2, there is a short exact sequence

0->Z—-N—->J—0,

where Z € Ox and J C Oy. It is, therefore, enough to prove that R(G,i) = 0 and
that b(G, i) is an isomorphism when G C Oy.

Finally, suppose G C Oy, and let Y € X be the subscheme defined by G. By Serre’s
computation, b(Oyx,i) and b(Oy,i) are isomorphisms. Also, R(Ox,i) = 0. Hence,
R(G,i) =0, and b(G, i) is an isomorphism. The proof is now complete. [J

3.2. Flag schemes
Let f: X — T be a map of (locally Noetherian) schemes, and Z a coherent sheaf
on X. For each (locally Noetherian) 7-scheme U, set Xy := X x U, and let Zy denote

the pullback of Z to Xy. Fix m>0. By a m-flag of Zy /Xy /U, let us mean a chain
of coherent sheaves,

Im CLy—1 C---CTIy C1y:=1y,
such that, for 1<i<m, the ith quotient Z;_1/Z; is U-flat of relative length 1. Denote
the set of all these m-flags by F,, (U).
Since the quotients are flat, for each U-scheme V, the m-flag pulls back to a m-flag
of Zy /Xy /V. So, as U varies, the [F,,(U) form a contravariant functor [F,,.

Clearly, Fo is representable by 7. Suppose [F,,—1 is representable by a T-scheme
F,,—1, and consider the universal (m — 1)-flag:

Kn-1 CKp—aC---C Ky CKo:=7Ip,,.
Then, clearly, F,, is representable by the Quot scheme
Fy = QUOtéICm,l/Xme,l/Fm,l);
furthermore, the universal m-flag on X x F,, is the chain
In CIn—1C---Ch CI:=1If,

where J; is the pullback of KC; for 0<i < m and where 7, is the universal subsheaf
of Jn—1. Call F,, the m-flag scheme of Z/X/T.
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According to [9, Proposition (2.2), p. 109], we have F,, = P(IC,,—1); furthermore,
if (¢, Tm): Fy — X X Fp—1 denotes the structure map, then, on X x F,,, we have

jm—l/jm = (d)m» 1)*OE,1(1)

And there are natural maps,

lﬁ(m’n): Fp ——— XX Fy_1 —— XxX(XxF;,_2) X" X Fypp.

Set tj; := Tiy1,....,7j; whence, 7;;: Fj — Fj. Set zp(’“) = lp('"””); whence,
lp“"): Fp — XXM, Set ; := ¢; o 1,,;; whence, ¥;: F,, — X. Then ¥,, = ¢,, and
w(”’) =Wy, -..,¥p). Let gi: X x F; — F; denote the projection.

Lemma 3.3. Under the conditions of Section 3.2, assume that f: X — T is a flat
projective family of integral curves that are locally planar, and assume that T is
invertible. Let p; and p; ; be the projections of X*™ onto the indicated factors, and
let p be its structure map. Let X be the ideal of the diagonal A of X x X. Set

H =y (D, (Tw)") and F:=DpT)",

where D, and Dy mean determinant of cohomology. Let Xy, ..., X,;, C X be open
subschemes such that the intersection X; N X ; N Xy is T-smooth for all distinct i, j, k.
Set H .= X,;;;, X --- X X1. Then

HI|H= <<®p;fjx> ® <®p71) ®p*f) l H.

i<j

Proof. The additivity of the determinant of cohomology yields

Dy, (Tn) " = (® Dy, (Ji_l/x»)) ® Dy, (Tr,) "

i=1

Set M; := ‘c:”OFi(l). Then J;—1/J; = (¢;, D« M;. So D, (Ji—1/Ti) = M;. Now,

forming the determinant commutes with changing the base; so

Dy, (Zr,) " = (P ™)' D@~ = (Y™) p*F.
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Since F is invertible, we may apply the projection formula to p*F and wfk’"). We
therefore have to prove that

yim <(§ M,-> ‘ H = ((@ p;’ij) ® <® p;"I>> ‘ H. (3.3.1)

i<j

Since F; = P(Z) and 7 is invertible, F; = X and M; = Z and ¢ = 1. So (3.3.1)
holds when m = 1. We proceed by induction on m.

Suppose m >2. Set N; := r:‘n_lyiOp,.(l) fori =1,...,m—1. Let u; and u; ; be
the projections of X*("~D onto the indicated factors. Set

Gg:= (®“1*]X) ® <®u;"I> and G := X1 X --- X X1.

i<j i

Then the induction hypothesis yields

m—1
i=1
Since M; = ‘5;71/\/1' fori =1,...,m — 1, the projection formula yields
m m—1
(G rm>*<® M-) =4y (®M-) ® (b <O, (). (333)
i=1 i=1
Fori=0,...,m—1, set

i
G = <® PT,m—jHX) ® piZ.

j=1

For i > 0, set 5,'_1 ‘= (Um—i, D*Gi_1 and H; := (um—i, 1) ' H. Now, 7 is invertible.
Since u,—; (H;) € X, N X; and since X, N X; N X is T-smooth for each j < i, the
pullback 51-,1 is invertible.

Set G := (lk(m*]))_lG C Fpy_yand Gy := X,y x G. Fori = 1,...,m — 1, set
Vi = 1X Y, 1,580 9,0 X X Fy—1 — X x X. Let us prove that

Ki|Gi = ((@ ij) ®IF,”_1> ‘ e (3.3.4)
j=1
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by induction on i >0. First off, Ko = Zf, ,. So suppose (3.3.4) holds for i — 1. Let
I'i € X x Fjy—1 be the image of F,_; under (,,_;;,1). Then I'; = yi_lA, where
A C X x X is the diagonal. Since A/X is flat, forming its ideal X commutes with
changing the base. Hence y7 X’ is the ideal of I’;.

Set Or; (1) := (W1 1).N;. Then K; is the kernel of the composition

Ki_i —> Ol",- QI = Ol“,-(l)~ (3.3.5)

The kernel of the first surjection is the ideal-module product (y7X’) - K;_;. Hence
(FX) - Ki1 € Ki. Now, Ii NG| € (X, N X;) x G. Also, Ki—1|(X x G) is the
structure sheaf, whence invertible, off the union of the X; x G for j =1,...,i — L.
Since, by hypothesis, X,, N X; N X; is T-smooth for j =1,...,i — 1, the restriction

IC,-_1|(1"i N G1p) is invertible. Thus the second surjection in (3.3.5) is an isomorphism
on Gi, and hence (y7X - K;_1)|G| = K;|G1. In addition,

FX @ Ki—1)IG1 = (yfX - Ki—1I|G1,
and therefore
Ki|Gi = (fX ® Ki—1)|G1.

Combining the expression above with (3.3.4) for i — 1, we get (3.3.4) for i.
Since "~V = Wm—1m—1+-+++¥m—1.1)» Formula (3.3.4) is equivalent to

Ki|Gi = (1 x y"")*G)IG1. (3.3.6)

Fori=1,...,m—1, set ﬁi = Wp—1.» D~Y(G)). As the second map in (3.3.5) is
an isomorphism on G, we have (Y, ;, )*Ki—1|H; = N;|H;. Now, note that

Ax "™ Dy o (g i 1) = (s 1) o™ Y; (3.3.7)
whence (" ~")"'H; = H;. Therefore, (3.3.6) yields
NilH; = (™ D)*G, 1| H;. (3.3.8)

Consider a geometric point x of a fiber of H/G, and view x as well as a point of
Xm. Suppose, at x, the ideal py . X is not invertible. Then x € X, N X;. And
pT’m_ y 41<¥ is generated by two elements owing to Nakayama’s Lemma, since the
fibers of X/T are locally planar. Furthermore, x ¢ X,, N X for any k # j, m since
X N X ;N Xy is T-smooth by hypothesis; whence pi"’m_k 41<¢ 1s invertible at x. Now,
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7 is invertible. Therefore, it follows from (3.3.6) that IC;|G is everywhere locally
generated by two sections.
Since F,,, = P(KC;,—1), Lemma 3.1 yields

(s T)OF, (DG = Ku-1|G1.

Therefore, it follows from (3.3.3) that

m m—1
(¢mvfn1)*<®Mi) ‘ G = (61:11<®N1> ®’Cm—1> ‘ Gi.
i=1 i=1

Let r: X*™ — X*"~1 be the projection onto the product of the last factors. To
complete the proof, it is now enough to prove that

m—1
(1 Wml))*(él;’;_l(@/%) ® le> ‘ H=0"G®G) | H (3.3.9)
i=1
for k =0,...,m — 1. Again, we proceed by induction.

First off, Ko = Zr

m—17?

and 7 is invertible. So the projection formula yields

m—1 m—1

(1x lﬂ(ml))*<q;;_1<®/\/i) ®]C0> ‘ H = (PTI@)V*%:"])(@M)) ‘ H.
i=1 i=1

But Go := pjZ. Thus (3.3.2) yields (3.3.9) when k = 0.
Suppose (3.3.9) holds for k—1 with k < m. Now, owing to the discussion surrounding
(3.3.5), the exact sequence

0— Gi|H = Gi1|H = (Gi—1 ® pl s 1O8)|H = 0
pulls back under 1 x YD 1o the exact sequence
0 — K¢|G1 — Kx—1|G1 — Or,(D)|G; — 0.

Hence (3.3.9) for k follows from (3.3.9) for kK — 1 provided

m—1

(1 x W‘”)*(q;;] (®M-) ® Ork(1)> ' H=("G®Gt—1 ® P} y_i108) | H.

i=1
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Here, the right-hand side is equal to (¢, —k, 1)«(G ®§k_ 1)|H . On the other hand, since
Or, (1) := (Y, 1 x> DNk, the left-hand side is equal to

m—1

(A YD) i 1)*<<®M) ®Nk) ‘ H.

i=1
or because of (3.3.7), to

m—1

(. 1>*zpim—1><<®M> ®Nk) ' H

i=1

Finally, observe that

m—1
xﬁi’”‘”((@f\@) ®M) ’ H, = (g®§k—1)|Hk‘
i=1

Indeed, this formula results from (3.3.8) and from the projection formula, since, as
noted above, Gi_ ]Hk is invertible. The proof is now complete. []

4. Isomorphism

Theorem 4.1. Let C/S be a flat projective family of integral curves with, at worst,
ordinary nodes and cusps. Then the autoduality map Pic(} = J extends uniquely to

an isomorphism of compactifications Pic~ i/s - J.

/S

Proof. Set U := Pic 7/s and U := Pic* i/s By Theorem 2.6, the autoduality isomorphism

extends uniquely to a map, say n: U — J. By descent theory, it suffices to prove 7
is an isomorphism after a faithfully flat base change. So we may assume the smooth
locus of C/S admits a section a. Set L := O¢(a(S)). Then the autoduality isomorphism
is simply A%.. Also, C x J/J carries a universal sheaf Z, which is of degree 0 and
rigidified along . Finally, we may assume as well that S is the spectrum of a Henselian
local ring with algebraically closed residue field.

Let f: J — U be the inverse of A%, and set U~ := Pic~ 75 It suffices to extend f
to a map f: J — U=. Indeed, J is the schematic closure of J; so § factors through
U C U=. Also, 17/3|] =1, so 11[3 = 1. And [317|U = 1; so ﬁn = 1. Hence 75 is an
isomorphism. Thus, it suffices to construct [_)’: J— U=,

First, recall from [6, Proposition 2.2, p. 595], or rather from [6, Remark 2.4, p.
597], the definition of f: J — U. Let g1 and ¢» be the projections of C x J onto the
indicated factors. Form the product K := 7 ®q*£®<g D on € x J and its determinant
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of cohomology P := D, (K) on J.Letri: JxJ — J be the projection, u: J xJ — J
the multiplication map. Set

T:=rfPuP "

Then 7 is invertible and defines f.

(Note that there are two canceling sign errors in [6, Remark 2.4, p. 597]: first, the
theta divisor is the zero scheme of the canonical regular section of P~!, not P; second,
there 7 1is the inverse of what it should be. With these corrections, the discussion in
[6, Remark 2.4] goes through.)

Let Cyp € C be the smooth locus of C/S. Set Z := C — Cp and equip Z with its
induced reduced subscheme structure. Let s € S be the closed point, Pi,..., Py €
C(s) the singularities. F0r~i =1,...,m, there~exists, by [8, IV4 18.5.11, p. 130], a
decomposition Z = Z; U Z; in which Z; and Z; are disjoint closed subschemes such
that one of them, say Z;, meets C(s) only in P;.

Set C; :=C—Z; fori =1,...,m. Then C; is open, and C; D Cy. Also P; € C;. So
the closed fiber C(s) is covered by the C;; whence, C = CiU---UC,,. If i # j, then
C;NC; does not contain any point of Z in the closed fiber C(s); whence, C;NC; C Cy.
Therefore, C; N C; = Cy.

Regard the bigraded Abel map as a rational map A: C x J — J 1. Set v:= pp0A.
Viewing C*0+D as €7 x C, form (1 x v): C*0+D x J — €/ x J and

CM"xJ—>C" I x]—>...5CxJ—J.

By [5, Corollary (2.6), p. 5969], the rational map A is smooth where A is defined;
whence, the composition is smooth where it is defined. Set

H, =Cux--xCyxCicC* and W:=H, xJ.

Then the composition is defined on W because C; N C; = Co if i # j. Thus, there is
a well-defined smooth map {: W — J. Again since C; N C; = Cp if i # j, it follows
that {17 = CJ™ x J.

Not only is {: W — J smooth, but also surjective. Indeed, since Pi,..., P, are
ordinary nodes or cusps, every torsion-free rank-1 sheaf on C(s) is of the form J ® L,
where L is invertible and J is the ideal of a reduced subscheme of | J P;; hence,

(W) D J(s). But { is smooth, so open. Therefore, {(W) = J.

Below, we construct a torsion-free rank-1 sheaf Q on J x W / W such that Q coincides
with (1 x {)**P~! on J x Cy™ x J. Using Q, we can complete the proof as follows.
First, let 71: J x W — J denote the projection, and set Ty := P ® Q. Then Te
is also a torsion-free rank-1 sheaf on J x W/W So T¢ 1nduces a map [3 W —
U=. But T; and (1 x {)*T coincide on J x Cy™ x J. Hence [)’ and f o { coincide
on CX’" x J.



500 E. Esteves, S. Kleiman/Advances in Mathematics 198 (2005) 484—503

Set V := W x; W, and let {; and {, be the projections. Set Vy := CI_IZ_I(J).
Then Vy = CEIC_I(J). So ﬁ/oc_“,1|V0 =Fo§2‘V0. Now, ( is flat, and J D Ass(J); so
Vo D Ass(V). Hence F ol = F o {5. Therefore, descent theory yields a unique map
B: J — U= such that F = f o (. Since

Bol|CmxT=F|CimxT=pol|Ci"xJ,

and ( is faithfully flat, §|J = . Thus, f is the desired extension of f.

It remains to construct Q. To lighten the notation, given S-schemes U and V and
coherent sheaves G; and G, on C x U and C x V, denote by G;XI G, the tensor product
on C x U x V of the pulled-back sheaves. Let X denote the ideal of the diagonal of
CxC,and foreachn >0and i =1,...,n, set

(n) .
51'” = pT,n7i+2,..‘,n+1(‘){&'"IXX)’

where p1,—i42... n+1: cntl 5 it s the projection onto _the _indicated factors.
Given any n >0, let F,, be the n-flag scheme of Z/(C x J)/J, and let

W™ oo I =Tk

n

be the universal flag. Form the natural map w(”): F, — C*" x J, and set

F) = ")~ her < 0.

Also, let 1: C*" x J — J x C*" be the switch map, and set x///\(n) =10y,
Note that w(”)|F,: is an isomorphism, whose inverse is defined by the n-flag

EWIC x C"YRI C--- C(EIC x C™) BT CT, e

this flag is well defined since X is invertible on Cp x Co.

Set N := Z|(C x J). Then Z\" K N K L£®" is a torsion-free rank-1 sheaf on
CxF, xJ/Fn x J; so it defines a map y,: F,, x J — J.

Take n = m. Set Fy, := (J")"'(H,, x J) and F/ := (y")~'(W). Note that
lﬁ(m)|l7,;, is an isomorphism, whose inverse is defined by the m-flag

(EWVIC x Hp) BN C oo C (E"I(C x Hp)) BN C Ty

this flag is well defined since N is invertible and C; N C; = Cy if i # j.
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Next, let us see that the following square is commutative:

‘m =

F) xJ — s

’W\(m)XIl uT
_ x( _

Indeed, here ,l;(m) x 1 is an isomorphism; in addition, 7,, o (’J(m) x 1)~ and po (1 x0)
coincide, because they are defined by the same sheaf, namely,

IR EMCxC™) BN KLY on € x J x CF™ x J.

Since the square is commutative and J('") x 1 is an isomorphism, (1 x {)**P~! and
™ 1).y5P~! coincide on J x CJ™ x J C J x W. So set

W
Q=" x Dy P | T x W (4.1.1)

It remains to show that Q is torsion-free rank-1 on J x W / W. Since ( is faithfully

flat, it suffices to form the map { x 1: W x W — J x W and show that ({ x 1)*Q is
torsion-free rank-1 on W x W / w.
Given any p, g >0, take n := p + ¢, and let us construct the following square:

Fy —— F,

rn,,,l lw, (4.1.2)

Fq;l)).l_.

Here 7,4 and 7, are the maps defined in (3.2). Let 0 be defined by the p-flag
VR L% C - C TR L

on C x F, x J /F, x J; here I(g") X £%4 is torsion-free, rank-1, and of degree 0 since
I(g") is so, since each quotient Il.(f)l /Il.(") is flat of relative length 1, and since L is
invertible of degree 1. Let w be defined by the torsion-free, rank-1, and degree-0 sheaf

Iéq) X £®4. Clearly, the square is Cartesian.
Note that the following square is commutative:

Fy —

FP
l//(mp)l lw(ﬂ)
Ixw

C*P x Fy —— C*P x J.

It follows formally that this square is Cartesian since (4.1.2) is so.
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Take p = g := m. Recall that xp(’”) restricts to the isomorphism F), F'' = W. Set
Fom = (Y= 1(H x W). Then the preceding square yields this one:

~

~ 0
Py —

l//(Zm)l J',#(m)

1" —
meW—Xé>meJ.

Interchange the two factors in the lower left and right corners of this square, and
multiply on the right by J. The result is the following Cartesian square:

Fzme&)F x J

él l@“’”xl
W x W Ll) Jx W,
which introduces &. In fact, F>,, x J can be viewed as the 2m-flag scheme of
ZRN)/CxJxJ]JxJ,
and ¢ is, up to interchanging factors, the restriction of the natural map F, x J —

C*¥ x J x J over Hy x Hy x J x J.
Since the lower map { x 1 in the preceding square is flat, Eq. (4.1.1) yields

x D*Q =&, x P!

So it remains to show &, (0 x 1)*y,’§177_1 is torsion-free rank-1 on W x W/W.
Recall P :=D,,(K) where K := IX L28E=D Now, on C x F, x J, we have

(1% 0x D*(1 x 3, C=T0" ®N K L,

Let g23: C x Fapy x J — F2, x J be the projection. Since forming the determinant
of cohomology commutes with changing the base, it remains to see that

EDyy (T BN R L82) | (Fom x J)

is torsion-free rank-1 on W x W /W.

But apply Lemma 3.3 with C x J x J/J x J for X/ T, with N'KIN K £®>" for Z, and
with X; ;= C;xJxJ fori=1,... , mand X; .= Ci_,xJxJ fori =m+1,...,2m.
Then the sheaf in question is the tensor product of invertible sheaves with the pullback
to H, x J x H, x J of

H = Q) pi X | (Hn x Hy).

i<j
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where the maps p; ; are the projections of C *2m onto the indicated factors. Since
CiNC; = Cy for i # j, each pullback p /.X restricts to an invertible sheaf on
H,, x Hy,, unless j =i +m. So H is the tensor product of an invertible sheaf with

m
H = Q) piimX | (Hn x Hp).

i=1

It remains to prove that H’ is torsion-free rank-1 on H,, x H,, / H,.

Given a map p: B — Hy, for each i = 1,... ,m denote by p,: B — C the
composition of p with the inclusion H,, — C*™ and the projection onto the ith factor
of C*™. Also, let I'; C C x B denote the graph of p;, and Z; the ideal of I';. Then

(Lp)*H' =17y XTI, K- K T, | (Hu x B).

Since p;(B) € Cjy41—; for each i, and since C; N C; = Cy for i # j, at each point
of H, x B, at most one of the factors yielding (1, p)*H’ in the above expression
is not invertible. Thus, (1, p)*H' is an ideal of H, x B. Since this holds for any
map p: B — Hy,, the sheaf H' is itself an ideal of H,, x H,, and defines a closed
subscheme that is flat under the projection to the second factor. So H’ is torsion-free
rank-1 on H,, x H,, / H,,, as was to be proved. [
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