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Abstract

It is argued that a precise measurement of the transverse component of the muon spin in th€ deqgayy makes it
possible to obtain more stringent limits on CP-violating parameters of the leptoquark, SUSY and left-right symmetric models.
The results of the calculations of the CP-even transverse component of the muon spin in th& decayy due to the final-
state electrczmagnetic interactions are presented. The weighted average of the transverse component of the muon spin compris
~23x 1077,

0 2001 Elsevier Science B.¥pen access under CC BY license.

1. Introduction models—&qgg ~ 2.5 x 1073 [4]. To extract the value
of &ygq from the experimental data, one should know
The transverse component of the muon spin in the the value ofgm exactly.

decayk — pvy beyond the Standard Model is due It has long been known that [5] the transverse
to both the electromagnetic and CP- ahdiolating polarization of the muon can be accounted for by the
interactions: imaginary parts of the form factors parametrizing the

expression for the amplitude of the decay. In this work,
§ =&em + Sodds (1) we compute the contribution of the electromagnetic

FSI to the transverse component of the muon spin in
the decayk — pvy in the one-loop approximation
(to be certain, we consider the decEy” — utvy).
Our calculations are performed in the framework of
the Chiral Perturbation Theory (ChPT) [6].

It should be mentioned that some contributions to
&em were calculated in [8,9]. In contrast to the men-
tioned calculations, we take into account a complete
set of the diagrams contributing to the imaginary part
of the decay amplitude in the leading order of the
ChPT.

For the description of decaf " (pg) — ut (k) x
v(k)y(g), we use the following variablesMg =

E-mail address: rogalyov@mx.ihep.su (R.N. Rogalyov). 494 MeV andmn, = 106 MeV are the kaon and muon

whereégy is the contribution of the electromagnetic
Final-State Interactions (FSéhqq is the contribution
of the CP-odd interactions.

Current limitations on the CP-violation parameters
in various nonstandard models allow the transverse
component of the muon spin in the decky— uvy
to be rather large [1]: the left-right symmetric mod-
els based on the symmetry gro8p (2);, x SU(2)r x
U (1) p—1, with one doubletd and two tripletsAy, g of
Higgs bosons can givéydd~ 3.5 x 1073 [2], super-
symmetric models—£ogq~ 5 x 1072 [3], leptoquark
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masses;
_ 2pk-q _ 2pk -k
TTmE M2
K K
k_l—y—i—p _m_% _Fa
- X ) _Mlz{v _FV,
t=01A—-Mx+p, t=1—-Ar—r1,
V2 Mg 42 Mk (Lg+ L1o)
Fy=———, = ;7 (@)
8n4F F

Lg=6.94+07x103andLig=—-5.5+0.7x 1073
are the parameters of the(@) ChPT Lagrangian;
and F = 93 MeV. The relevant terms of the ChPT

Lagrangian [6,7] have the form
K—uvy _ +7—
Leppt” = FGEVusd K1,

—eﬁAM+ieAM3MK+K_

+iGreVisFK ™ALLY
GFeVLTs 1 v /3 + _

— T WEM < BMK aaAle

— 4/2iMy (Lo + L10)

x 0, Kt (0,A, — BUAM)>
- ZJ;LFeW“ﬁaMAvaaAﬁno
iGE

+—Vid, (KTa,7° — 7%,k ™), (3)

2
where Gg = 1.17 x 10~° GeV 2 is the Fermi con-
stant;a = ¢?/(47) = 7.3 x 1073, ¢ is the electron
charge;Vys = 0.22 is the element of the Cabibbo—
Kobayashi-Maskawa matri¥ *, 70, A, v andu are
the fields of thek * mesonz° meson, photon, anti-
neutrino, and muon, respectively; = fiys(1— y°)v;

Iy =vyp(L—y)u.

2. Expression for polarization of muon in terms of
helicity amplitudes

Experimentally, the transverse component of the
muon spin can be defined as follows:

Ny —N_
=T - 4
§ 2(N. +N_) “)

whereN, (N-) is the number of the produced muons

whose spin is directed along (against) a beforehand
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specified direction of polarization. We introduce vec-
tor o specifying such direction in the case under con-
sideration. In the kaon rest frame, it is orthogonal to
the vectors;, k, andk’ (in this frame, these three vec-
tors are linearly dependent):

2 -
——(q9 x k),
M,%x«/kg (q )
a positive value of implies that the projection of spin
of muon on vectob is positive:so > 0.

The respective 4-vector is defined as the unit vector
orthogonal to the vectogg, k, andk’: 1

0=

(®)

2
ot = ———e"PME kg, 6
MI%X\/E % qu ( )
or, to put it differently,
iz iz
i PR K) — ik K) @

i2 ’
where the vectors” (k, k') anda)i(k, k') are defined
by the relations

2 o
o4k, k) = —3L <kc}k’(1 -v°)
2Myg x /A
A 20xh
Kgk(1+ %) - 22 F),
R ) - )
ok k)= ————(kgk'(1+°
== oz M (t+77)
2pxh -
+k’qk(1—y5)—1'07xk’>. 8)
“x—,

The helicity amplitudes for the decaf ™ (p) —
ut(k)v(k)y(q) are defined as follows:

Mg = (s (VK ()| M|K (p)), 9)

wherer = =+ is the helicity of the photors, = =+ is the
helicity of the muon in the reference frame comoving
with the center of mass of the muon and neutrino, and
the amplitudeM is defined by

S=1-—@2m)%stk+k' +q— pM,

where S is the scattering matrix in the respective
channel.

1 Here and belowe0123= _1, TrySykyVy%y P = ajghvep
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The particles produced in the dec&y— uvy can
be described by the wave function

W) = S|K(p)
1
== / dP (M__|y—(@)u—(kvK))

+ Moy [y (@ps (v (k)

+ M|y @n- v ")

+ Myt |y (@uy (vKh)),  (10)
where I' is the decay width, and the element of the
phase space has the form
_ L %

T (2n)° 2ko 2k{ 290"
The operator of spin,, acts on fermion states as
follows:

dod Sk+k +q—p)

Yuy®
2
whereW,, is the Pauli-Lubanski vector arég is the
operator of the sign of energy. The average value of the
transverse component of spin in the staké is equal
to (W |(—sy - o) ¥).
Since

(i (k) |s" |- (k)

2o, (11)

1
——i(k, N)y"y°v(k, N)
4my,
NU

FAY 7 1 v,,5 _
(,u+(k)|s |,u,(k)) —4—mv(k, N)y 'y vk, —N)

_ %
--2
- - 1
(e (B) " |1+ (0)) = = g =0k, =N)y "y vk, =)
NV
=7 (12)

where spinow(k, N) describes the muon of momen-
tum k and vector of spinv,
_ (I—x—p)ky — 20k,

N
b me(l—x — p)

: (13)
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the expectation value of the transverse component of
the muon spin is determined by the relation

1
e

£= /\% =~ (M_M ~M_ M _
+ M M - M M), (14)
where\ is the normalization factor,

2 2.
NZ= " M 1%
i,j=%
Mps =M, +iM],

(this formula is readily obtained by isolating an
infinitesimal volume of the phase space of the particles
produced in the decay and employing formula (10)).

In the calculations of the helicity amplitudes, we use
the so-called diagonal spin basis [10-12] formed by
the vectorsw/y and light-like linear combinations of
the vectorsk andk’.

With the use of this basis, the helicity amplitude
M, s can be represented in a manifestly covariant
form:

(r,s==%)

M, =ik )Mok, k', q)ea(r)v(k, sN)

=TrMyk, k', q)eq (r)vk, sN)a(k'), (15)

where the expression faM,(k, k', ¢) is given by
the Feynman diagrams, the polarization vectors of the
photon are equal to

N
+)=— | —xAk 1- 0k
€, (%) ZMKxN< XMk + x( )M
—A-p—x)qu
2i
+ M—I%f?kk’q,l), (16)

and the quantities(k, s N)iz(k") can be brought in the
form

vu(k,—N)ﬁu(k')=M(l+V5),
2MgJ/1—x—p
_ Mz(l—x—p)—mglg
k, N)it, (k') = —& —&_
vy ( iy (k) T 10}
x(1+7/5). (17)

The leading contribution to the real part of the decay
amplitude is given by the tree diagrams corresponding
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Fig. 1. Diagrams describing the deca — uvy in the tree
approximation.

to Lagrangian (3) [7] (see Fig. 1). The helicity ampli-
tudes for the decak ™ — p vy in the tree approxi-
mation have the form

N
l—-x—p

(\/EF(l—p) FV_FA>
X - K 5
x2(1—2) 2

M__=2iGreVjignix

XA
J1—x—p
X | meF 20 —FV_FA
Cxa—n 2

AL
1—-x—p
V2(l—x—p)  Fy+Fa

X (F 210 + > MK),
(Fy + Fa)x
J1—x—p
where the first index in the left-hand side denotes
the polarization of the photon and the second—
the polarization of the muon in the reference frame
comoving with the center-of-mass of the lepton pair.
The calculation of the imaginary parts of the helicity
amplitudes is considered in the following section.

M-+ == —2iGF€VJ<S

M,%(l—m),

My_ =2iGpeVignix

M =iGpeV M2¢, (18)
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The differential probability for the decay is deter-
mined by the matrix element squared

2
Y IMPP=|GreVy
polariz
Fy + F4)?
x <m§F2|B+ i LY
2M2
Fy — Fa)2 Fy +F
MSD_ ,WFMH\M
2M V2Mg
~|—mgF AINT_ ) (19)
«/— Mg
where
8
T x2(1-2)
2p(1—
x (x2~|—2(1—x)(1_p)_ M)’
1-2
D, =2MEx?(1 - ),
SD_ = 2M %A ((1—x)x + p),
8MZmyx
|NT+=K7W ,
1-2
8M2myh
INT_ = —— K™% 5 4k —p). (20)

1-A

3. Contribution of FSI toimaginary part of decay
amplitude

The imaginary part of the amplitude for the decay
K — pvy in the leading order of the perturbation
theory is described by the diagrams in Fig. 2. We take
into account the diagrams in Figs. 2g and 2h omitted
by the authors of [8] in spite of the fact that they are of
the same order of magnitude.

We employ the Cutkosky rules [13] to replace the
propagators with thé functions. Thus we obtain the
expression for the imaginary part of the amplitude in
terms of the integrals:

F
M = a—GFeVLTS dr

(k" (1+y°
o i (k) (1+y°)
(21)
whereN; is the product of the remaining propagators
in the respective diagram ariy are the respective
tensor structures (label specifies the diagram in

A
Ni(r-q,r-k)
x Ti(r,k, k', q, €)v(k),
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(b) (©

@) Q)

Fig. 2. Diagrams giving a contribution to the imaginary part of the amplitude of the d€cayuvy .

Fig. 2, i = a-i); in the case of the diagrams a-h x (M'B 4+ M+ MTu, k), (22)

in Fig. 2, A = §(r2 — m?)8((k + ¢ — r)?) whereas,

for the diagram in Fig. 2iA = 8((r + q)?> — M?) x where

8((k —r)?—m?) (M = 135 MeV—is the mass of the

7% meson). _ o e ZreF Z Bg (23)
The computations of the diagrams in Fig. 2 are K =

made with theREDUCE package. These diagrams are

calculated exactly, no approximation is used. is the contribution of the diagrams in Figs. 2a, 2b, 2c,
The calculated imaginary part of the amplitude of 2d, 2g and 2h;

the decayk — pvy takes the form

4

MN

GreVis._
o ity (K'Y (1+ y°)
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is the contribution of the diagrams in Figs. 2e and 2f ¢f =/,
and

5x2(1— 1)2
MO =Y (e, L De 25 CQ:CZVH(_( - (3 ) _p2>F5
= m( 2+¢y 4) (25)
is the contribution of the diagram in Fig. 2i. Tensor +p(x —xk—p)Fe+ TF7>v
structurest; have the form 4 v
€3 =3
Er=M2mx[(L— Mk e — Ak -€], 1
1= Micmex| e ] ef =ef + 5(—x@A=n(r + 21~ 0)F5
Er=M2 |:k-ec} - —Kx(l—k)é],
2 +4px(1— 1) Fs + 3t F7), (28)
M2
53=M12<|:k/-66}— —KXX€:|, 5
2 () 1 9<x K + 2K,0>
C = —_—
Ea=M2Zmga, (26) 2 T AMZx2(1— )2 15
and the coefficients in the above expressions are given % 4 Sat (xz(l —a)2— ©)
by x(1—2A)
CEBZ—W(GS—(1+1’)G2+,0(F1—F2)), X( T +2)+x71-4) )
4p 1 K+ +/2xp
1B ()
—(1— S ———] (T N B
cy = a7 (2G1+(1+ 1)G2— (1-1)G3 cy 4M12{x2(1—)»)2 (x 11 >
— (t+ p)F1) + 2F5p, (KZ(Zr +0)
o[22l A
B=4p(-F2— G, @
2 x(1—A
P = (1 75 (Ca— G2=pF2) = 2G2+ 261~ Fy) + ((xz(l— 22— px)< - ) +3)
—x(1—») S
S M (26G1+G - - =
(1—k)x ( 1+ G2 3/<(x(1 A)+r))2r), (29)
—(1-1)G3— pF3) where
_ _ M?2
+ - A)( TP+ pF3) — Fa+ Fsp,  (27) = M_g; (30)
K
v 1 6 function in formula (29) isolates the kinematic
cp = <§x(1 — 1) - 27) Fs+ (4 p)Fs, domain in which the imaginary part of the diagram in
1 Fig. 2i does not vanish;
c:‘z/=é(r(l—l—ST—14p)—p(1—3p+xk))F5 - x
A+ S1=In|1+ ,
Ax +20)Fo+ (1— 1) Fy — — Fg, . p
+pAx+20)Fe+ (1 —1)F7 a7 8 S, = In[p].
V= x(1- x)(f+3)F5—fF7+F8, ngln'l—xx+p+\/ﬁ}
1 [ 1-ix+p—+VR ’
CX:E(x(x(l—k)2+r(3—2k))F5 Sain] AP = A= Rx+ ) + 20T )
T @ x k= A= x =) +2p |’

+x(1—x—A+ix+p(3r—4))Fe

1 1
+(1—‘C)F7), Fozm(l——-i—r(Sl-i—SZ))
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1 1-Xx+p
Fl=—F>—(-25— S5+ —"—7L5§
! 4M12(x§( ! 2 VR 3
20 >
S — ]
L-MVR
oL <2k o E7h
2T amZiag\1—7 " 1-1 7
L—A+x >
-2 TS,
Nl
F ! S
3= 3
2M2(1—)xvV/R

1

Fi=— (L= Mx —pS1),
4 M,%(l—x)zxz(( )x — pS1)
e 1

5_ZMIZ(?,'Z’

1 ( S1 1>
MZx(1-2)\x(1—-2) )’
—x(1—21)

F :7X—X)\+3 N
7 6MZ 3 ( 0)
— X142
S (x XAt p51_2>, 32)
Mzx(1—x)\ x(1-2)
Gr— 1 ( 2X ( rz)S
YamZiac\d-o '
1—2x
+—(1—2p—x—rx+t2)S2
1-1
+(1—x)\/ﬁsg),
1
Go= E( AoF3+20G1— (1—1)Fo),
1
G3= E( pF3+2G1 — Fp),
1
Ga= E(—ch +1(G2— F1) + p(F3 — F1)). (33)

Substituting expressions (22)—(29) in formula (14),
we represent the transverse muon polarization in the

form

EEM —ch n/ Z |Mr,s|27

(34)
r,s=%

where
CH—ZGFeVUS<2F |B+«/—MK( VFV c;fFA)
K
Mg
+4 2F Cn )’ (35)
Y, =ﬁ(k’)(1+y )6’,‘;‘
X (EJ(q)(ML,fij(k) - M__v_(k))
+ed (@) (M _vy k) — Mﬁr&v,(k))),
(36)

v+ (k) = v(k, =N). Since the imaginary parts of the
amplitudes under consideration are much less than the
respective real parts\{t;’; < M; ), the denominator

of expression (34) is determmed by (19). The coeffi-
cientsclB, ¢V, ¢4, ¢5, andcy” are given in formulas

27)-(29)icy” = ¢ = 0; and

GreVign M2 /23
1—A
x (Mgx*(L=2)((Fy — FA)(L—x = p)
+2Fa¢) — 2v/2Fp)),
_ GFEVJ‘SmeMI?;m
1—A
x (Mgx®A(1—2)(Fy — Fa)
+2V2F(—¢ + 1p)),
_ GFEVJ‘SmeMI?;m
1—x
x (Mgx®A(1— ) (Fa — Fy)
+2v2FA(1— p)),
_ GreVign M3 /23
1—x
x (2Mgx*1 (1= 1) (Fa — Fy) — 4/2F 1p).
(37)

Y11=

4. Discussion of results and conclusion

The transverse component of the muon spin in
the decayK — pvy is plotted in Figs. 3 and 4 as
a function of the kinematic variablesandy. As is
seen, it varies through the range(67) x 10~% and
the the weighted average is equal to (the notation see
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Yy = QEM/ZWK
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Fig. 3. Contour plot for the transverse spégkym. Curve A
gem = —2.5 x 10~%4; curveB: &gy = —5 x 1074,

in formula (14),

B meindxfdyE
Jendx [dyN?

where the lower limit of the integration with respect to
x, xmin = 0.1, corresponds to the cutoff energy of the
photon~ 25 MeV. The accuracy of the result 20%

is determined by the accuracy of the ChPT in order
O(p*) at these energies. Note thity is negative in
sign over all Dalitz plot (positive direction is given by
the vectow introduced in Section 2).

The values of the parameteffg andF4 used in our
plots areF4 = 0.042 andFy = 0.095; these values
predicted by CHPT coincide with those used in [8,17].

The range of variation of the transverse polarization
(which is twice the muon spin) agree with the results
presented recently [17] and disagree with [8] and [9].
The point is that the authors of [8,9] took into
account only a part of the diagrams contributing to
the transverse polarization of the muon. Our results
show that the diagram estimated in [9] does not give
a leading contribution to the imaginary part of the
amplitude and the maximum value of the transverse
polarization of the muon is overestimated in [8] by an
order of magnitude. However, it should be emphasized
that our results sustantiate the conclusion made in [9]:
“An experimental evidence aPy = 2¢ at the level of
102 would be a clear signal of physics beyond the
SM,"—in spite of the fact that the analysis performed

~23x 1074,

(em) (38)
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Fig. 4. The electromagnetic contribution to the transverse compo-
nent of the muon spin over the Dalitz plot for the deday> uvy.

in [9] is incomplete. Our results contradict to the
conclusion of [8].

And, finally, we note that our average value of
& at the cutoff energy of the photon 25 MeV
agrees well with that presented in [17] despite the
spectra are slightly different. The difference between
the spectra may be due to instabilities in the computer
program used by the authors of [17] for numerical
computations.

Thus an observation of the transverse spin of the
muon of the order 10° in the experiments [14-16]
would signal CP and’" violation because the back-
ground CP-even effect does not exceed Z0~4 and
its average value is not overs310~4. Experiments
of this sort can be a good tool for testing the above-
mentioned nonstandard models.
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