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Abstract

Using the connection between translation spreads of the classical generalized hexagonH(q) and
the twisted cubic ofPG(3, q), established in [European J. Combin. 23 (2002) 367–376], we prove that
if qn ≡ 1(mod 3), q odd,q�4n2 − 8n+ 2 andn>2, thenH(qn) does not admit anFq -translation
spread.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

In [4] Cardinali et al. prove that each translation spread with respect to a line of the
generalized hexagonH(qn), with kernel containingFq , defines anFq -linear subsetS of
PG(3, qn) of rank 2n whose points belong to imaginary chords of a twisted cubicC of
PG(3, qn), and conversely. This connection has motivated the study ofFq -linear sets
of PG(3, qn) of rank 2n with the previous property.
In [4] the authors prove that, ifq ≡ 1(mod 3), then each imaginary axis ofC is an

Fq -linear set of rank 2 ofPG(3, q) whose points belong to imaginary chords of a twisted
cubicC of PG(3, q), obtaining new families of examples ofFq -translation spreads ofH(q)

for q even.

� Work supported by National Research ProjectStrutture geometriche,Combinatoria e loro applicazioniof the
ItalianMinistero dell’Università e della Ricerca Scientifica.

E-mail addresses:giovanna.bonoli@unina2.it(G. Bonoli),opolveri@unina.it, olga.polverino@unina2.it
(O. Polverino).

0012-365X/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2005.03.010

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/82819564?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/disc
mailto:giovanna.bonoli@unina2.it
mailto:opolveri@unina.it
mailto:olga.polverino@unina2.it


130 G. Bonoli, O. Polverino / Discrete Mathematics 296 (2005) 129–142

Next, in[9] Lunardon and Polverino show that a linel of PG(3, q) whose points belong
to imaginary chords of a twisted cubicC of PG(3, q) either is an imaginary chord ofC
or q ≡ 1(mod 3) and l is an imaginary axis ofC. Relying on this result, they extend
the classification of semiclassical spreads ofH(q) due to Bloemen et al.[3] to the even
characteristic case.
In this paper, we prove that ifqn ≡ 1(mod 3), qodd,q�4n2−8n+2 andn>2, then an

Fq -linear subset ofPG(3, qn) of rank 2n of PG(3, qn) whose points belong to imaginary
chords of a twisted cubicC of PG(3, qn) is anFqn -linear set and hence it is a line. As an
application we get that ifqn ≡ 1(mod 3), q odd,q�4n2 − 8n + 2 andn>2, thenH(qn)

does not admit anFq -translation spread with respect to a line.

2. Preliminaries and statement of the main results

The twisted cubicC of PG(3, q), q = pr , p prime, can be described as

C = {(f0(t), f1(t), f2(t), f3(t)) : t ∈ Fq ∪ {∞}},
wheref0(t), . . . , f3(t) are linearly independent cubic polynomials overFq . Let C̄ be the
twisted cubic ofPG(3,F) defined byC, whereF is the algebraic closure ofFq . A line of
PG(3, q) is achordofC if it contains two points of̄C. There are three possibilities: the two
points are distinct and belong toC, or they are coincident, or they are conjugate overFq2;
the line is called areal chord, a tangentor an imaginary chord, respectively. Every point
not belonging toC lies on exactly one chord (see e.g.[6, Theorem 21.1.9]). If p �= 3, the
tangents toC are self-polar lines of a non-singular symplectic polarity� of PG(3, q). An
axisofC is a linel ofPG(3, q)whose polar line with respect to� is a chord.We say thatl is
a real axis or an imaginary axis whenl� is a real chord or an imaginary chord, respectively
(for more details, see[6, Section 21]). If q ≡ 1(mod 3) andl is an imaginary axis, then all
points onl belong to some imaginary chord (see[4]). In [9] the following result has been
proved.

Theorem 2.1(Lunardon and Polverino[9] ). If l is a line of PG(3, q)whose points belong
to imaginary chords ofC, then either l is an imaginary chord orq ≡ 1(mod 3) and l is an
imaginary axis.

An Fq -linear set ofPG(r, qn) = PG(V ,Fqn) of rank k is a set of points ofPG(r, qn)
defined by the vectors of anFq -vector subspace ofV of dimensionk. We say that the pair
(q, n), q = ph, p an odd prime andn positive integer, satisfies Property (K) if

(K) there exists no subplane of orderq of PG(2, qn) contained in the set of the internal
points of an irreducible conic.

Property (K) can be reformulated in terms ofFq -linear sets:

(K) anyFq -linear setX of PG(2, qn), consisting of internal points of an irreducible conic,
is contained in a line.
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If n = 1,2, then Property (K) is always satisfied and the following result shows that for a
fixedn, all but a finite number of the pairs(q, n) satisfy Property (K).

Theorem 2.2(Ball et al. [2] ). Let (q, n) be a pair of positive integers withq = ph, p odd
prime. Ifq�4n2 − 8n + 2, then(q, n) satisfies Property(K).

Property (K) is connected to the existence of translation ovoids ofQ(4, q) and semifield
flocks of the quadratic cone ofPG(3, qn) (for more details see[8,14]).
The only known examples of pairs not satisfying Property (K) are the pairs(3, n) with

n>2 (see, e.g.,[3]).
In this paper we generalize the problem studied in Theorem 2.1 toFq -linear sets of

PG(3, qn) of rank 2n, proving the following:

Theorem 2.3. LetS be anFq -linear set of PG(3, qn) of rank2n whose points belong to
imaginary chords ofC. If qn ≡ 1(mod 3) and the pair(q, n) satisfies Property(K) with
n>2, thenS is anFqn -linear set and eitherS is an imaginary chord orS is an imaginary
axis ofC.

From Theorems 2.2 and 2.3 we get the following corollary.

Corollary 2.4. LetS be anFq -linear set of PG(3, qn) of rank2n whose points belong to
imaginary chords ofC. If qn ≡ 1(mod 3), q odd, q�4n2 − 8n + 2 andn>2, then either
S is an imaginary chord orS is an imaginary axis ofC.

3. Application to translation spreads ofH(q)

Theorem 2.3 can be used to study translation spreads with respect to a line of the gener-
alized hexagonH(q).
Tits [17] defines the generalized hexagonH(q) as follows. LetQ(6, q) be the parabolic

quadratic ofPG(6, q) with equationX2
3 =X0X4+X1X5+X2X6. The points ofH(q) are

all the points ofQ(6, q). The lines ofH(q) are those lines ofQ(6, q) whose Grassmann
coordinates satisfy the equationsp34 = p12, p35 = p20, p36 = p01, p03 = p56, p13 = p64
andp23=p45. Two elements ofH(q) areoppositeif they are at distance 6 in the incidence
graph ofH(q).A spreadofH(q) is a set ofq3+1mutually opposite lines ofH(q). LetL be
a fixed line ofH(q) and denote byEL the group of the automorphisms ofH(q) generated
by all the collineations fixingL pointwise and stabilizing all the lines through some point of
L. The groupEL has orderq5 and acts regularly on the set of the lines ofH(q) at distance
6 from L (see, e.g.,[1] or [18]). A spreadS of H(q) containingL is a translation spread
with respect toL, if for eachx ∈ L there is a subgroup ofEL which preservesS and acts
transitively on the lines ofS at distance 4 fromM, for all linesM of H(q) incident withx
and different fromL (see[3]). By [12] it is possible to associate with any translation spread
S with respect to a line ofH(q) a subfield ofFq , called thekernelof S.
Using the construction ofH(qn) as a coset geometry (see[1]) in [4] it is proved that each

translation spreadS with respect to a line ofH(qn) with kernelFq defines anFq -linear
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setS of PG(3, qn) of rank 2n whose points belong to imaginary chords of the twisted
cubicC of PG(3, qn) havingFq as the maximal subfield of linearity, and conversely. IfS

is a translation spread ofH(qn) with kernelFq , we say thatS is anFq -translation spread
of H(qn). The known examples ofFq -translation spreads ofH(q) with respect to a line
are thehermitian spreads[13], which correspond toS being an imaginary chord ofC [4,
Theorem 5], the spreadsS[9] constructed in[3] for q ≡ 1(mod 3), q odd, and the spreads
Sl constructed, independently, in[4,12] for q ≡ 1(mod 3), q even. The only knownFq -
translation spreads ofH(qn)with respect to a line, withFq a proper subfield ofFqn , are the
spreadsS� ofH(3h), h>1, constructed in[3]. The hermitian spreads, the spreadsS[9] and
Sl , up to isomorphism, are the onlyFq -translation spreads ofH(q).This classification result
is due to Bloemen–Thas–Van Maldeghem[3] for q odd (they classified thesemiclassical
spreads, which is equivalent by[12]), and to Lunardon–Polverino[9] for qeven. In[11] it is
proved that a spreadS ofH(3h)which is a translation spread with respect to a line is either
hermitianor anS�. If q is even thenby[4,Corollary 1]all translation spreadsofH(q)areFq -
translation spreads and, hence, they are classified. In summary, the following results hold:

(a) [4, Corollary 3]S is anFq -translation spread ofH(q) with respect to a line if and only
if S is a line ofPG(3, q) whose points belong to imaginary chords ofC.

(b) [4, Theorem 5]S is a hermitian spread ofH(q) if and only ifS is an imaginary chord
of C.

(c) [4] If q ≡ 1(mod 3) andS is an imaginary axisl ofC, thenS defines anFq -translation
spreadSl of H(q) with respect to a line. Ifq is odd, thenSl = S[9], and ifq is even,
then this is the same as the spreadSl mentioned above.

As an application of Theorem 2.3, Corollary 2.4 and Results (a), (b) and (c) we have the
following theorems:

Theorem 3.1. If qn ≡ 1(mod 3), n>2and(q, n) satisfies Property(K), thenH(qn) does
not admit anFq -translation spread.

Theorem 3.2. If qn ≡ 1(mod 3), q odd, n>2 andq�4n2− 8n+ 2, thenH(qn) does not
admit anFq -translation spread.

4. Fq -linear sets

Let PG(r, qn)=PG(V ,Fqn) and letX be a set of points ofPG(r, qn). X is anFq -linear
setof PG(r, qn) if there is a subsetW of V which is anFq -vector subspace ofV such that
X = {〈w〉 : w ∈ W ∗}. If dimFq

W = t , we say thatX hasrank t (see[10]). If X is an
Fq -linear set ofPG(r, qn), then it is easy to see that|X| ≡ 1(modq). Also, if L is a
projective subspace ofPG(r, qn) such thatX ∩ L �= ∅, thenX ∩ L is anFq -linear set ofL
and hence|X ∩ L| ≡ 1(modq).

Property 4.1. Let X be anFq -linear set of PG(r, qn) of rank2n. If there exists a point P
of PG(r, qn) such that rankFq

(X ∩ P) = n, then X is the union of s lines through P and
s ≡ 1(modq).
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Proof. LetQ be a point ofX different fromP and letl be the line throughP andQ. Since
rankFq

(X ∩ P) = n andrankFq
(X ∩ Q)�1, we haverankFq

(X ∩ l)�n + 1. This implies
that rankFq

(X ∩ R)�1 for each pointR ∈ l, i.e. l ⊆ X. So,X is a union of a certain
numbers of lines throughP. Now, letH be a hyperplane ofPG(r, qn) not containingP;
then|H ∩ X| = s, hences ≡ 1(modq). �

LetX be anFq -linear set of rank 2n of PG(2, qn) disjoint from an irreducible conic, say
C, of PG(2, qn). Looking at these objects over the fieldFq , the planePG(2, qn) becomes
a (3n − 1)-dimensional projective space, the conicC becomes apseudo-ovalO [15] and
theFq -linear setX defines a(2n − 1)-projective subspace ofPG(3n − 1, q) skew to the
elements ofO. Dualizing inPG(3n−1, q)with respect to the polarity⊥ defined byO, from
Xwe get an(n− 1)-dimensional subspace ofPG(3n− 1, q) skew to all the tangent spaces
toO and such a subspace defines anFq -linear set, sayX⊥, ofPG(2, qn) of rankncontained
in the set of internal points ofC. If (q, n) satisfies Property (K), thenX⊥ is contained in
a line l of PG(2, qn), i.e. rankFq

(X⊥ ∩ l) = n. This implies thatrankFq
(X ∩ l⊥) = n and

hence, by Property 4.1,X is a union of lines through the pointl⊥. Therefore we have proved
the following:

Proposition 4.2. Let X be anFq -linear set of PG(2, qn) of rank2n disjoint from an irre-
ducible conic C of PG(2, qn). If the pair (q, n) satisfies Property(K), then there exists a
point P of PG(2, qn) such that rankFq

(X ∩ P) = n and X is a union of lines through the
point P.

5. Preliminary results

The following theorem of Carlitz plays a crucial role in proving the main Theorem 2.3:

Theorem 5.1(Carlitz [5] ). Let� be themultiplicative character of order two onFq ,where
q = pn, with p an odd prime. Let f be a polynomial overFq such that

�(f (x) − f (y)) = ��(x − y)

for all x, y ∈ Fq , where� = ±1 is fixed. Then we havef (x) = axp
j + b for some j in the

range0�j <n, with a, b ∈ Fq and�(a) = �.

Let f (x) be anFq -linear map fromFqn to itself. Thenf (x) can be represented by a
unique polynomial overFqn of the form

f (x) =
n−1∑
i=0

aix
qi .

Such a polynomial is called aq-polynomial[7, Chapter 3]. A consequence of Theorem 5.1
onq-polynomials is the following.
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Corollary 5.2. Letf (x) be a q-polynomial overFqn and suppose that for a fixed choice of
� = ±1

� (f (x)) = ��(x)

for all x ∈ Fqn . Thenf (x) = axq
t
for some0� t < n anda ∈ Fqn with �(a) = �.

The following lemmas will be used in the next section.

Lemma 5.3. Letg(y) be a q-polynomial ofFqn [y]which is not linear overFqn and suppose
that

g�(y) + Ag(y) + By� + Cy = 0 ∀y ∈ Fqn , (*)

g�(y) + Āg(y) + B̄y� + C̄y = 0 ∀y ∈ Fqn , (**)

where� = qh, � = qh
′
, 0<h, h′ <n, A, Ā, B, B̄, C, C̄ ∈ Fqn , andA, Ā �= 0. Then, the

following holds:

(i) If � = �, then eitherA= Ā, B = B̄, C = C̄ or g(y)= [(B̄ − B)/(A− Ā)]y� + [(C̄ −
C)/(A − Ā)]y andn = 2h.

(ii) If � �= �, thenA�Ā − AĀ� = 0, B̄A� − C� = 0 andC̄� − BĀ� = 0.Also, if �� �= 1,
thenB� = B̄� andC̄A� − Ā�C = 0.

Proof. If � = � then by subtracting (**) from (*) we get that eitherA= Ā, B = B̄, C = C̄

or g(y)= [(B̄ −B)/(A− Ā)]y� + [(C̄ −C)/(A− Ā)]y. In the latter case, substituting in
(*), sinceg(y) is not linear overFqn , we get�2 = 1, i.e.n = 2h.
Now, suppose� �= �. From equalities (*) and (**), we get

A�(∗∗) − [(∗)� − (∗ ∗ )�] − Ā�(∗) = 0,

i.e.

(A�Ā − AĀ�)g(y) + (B̄A� − C�)y� − (B� − B̄�)y�� + (C̄� − BĀ�)y�

+ (C̄A� − Ā�C)y = 0 (1)

for eachy ∈ Fqn . If A�Ā − AĀ� �= 0, from (1) we obtain

g(y) = ay + by� + cy� + dy��, (2)

wherea = (CĀ� − C̄A�)/(A�Ā − AĀ�), b = (BĀ� − C̄�)/(A�Ā − AĀ�), c = (C� −
B̄A�)/(A�Ā − AĀ�) andd = (B� − B̄�)/(A�Ā − AĀ�). Substituting in (*) and (**), we
get, respectively,

d�y�2� +(c� +Ad)y�� +b�y�2 +(a� +Ab+B)y� +Acy� +(Aa+C)y = 0 (3)

d�y��2 +(b� +Ād)y�� +c�y�2 +(a� +Āc+B̄)y� +Āby� +(Āa+C̄)y = 0. (4)

If �� = 1, since� �= � andg(y) is not linear overFqn , from (3) we get�2 = �−1. In this

case, from (3) and (4) we obtain, respectively,Ac+ b� = 0 andĀb+ c�2 = 0, which imply
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b(A�2Ā − 1) = 0 andc(Ā�A − 1) = 0. SinceA�Ā − AĀ� �= 0, we haveb = c = 0, i.e.
g(y) is linear overFqn : a contradiction. Now, suppose�� �= 1. If d = 0, from (3) and (4)
we getb = c = 0, i.e.g(y) is linear overFqn : a contradiction. Henced �= 0. In this case,
from (3) we have either�2 = 1 or�2� = 1 and from (4) we have either�2 = 1 or��2 = 1.
From these conditions, since� �= �, we obtain either�4 = 1 and� = �2 or �4 = 1 and
� = �2. In the first case, equating the coefficients of (3) and (4) to 0, in particular we get
c� + Ad = 0, b�2 + Ād = 0 andb� + Ac = 0 from which we haveĀ = −A�+1, which
impliesA�Ā − AĀ� = 0: a contradiction. In the second case, in a similar way, we again
get a contradiction. Hence, we always haveA�Ā−AĀ� = 0 and, in this case, from (1) we
easily get (ii). �

As an application of Corollary 5.2 we get the following:

Lemma 5.4. Let qn ≡ 1(mod 3), where q is a power of a primep �= 2, and let X be an
Fq -linear set of PG(2, qn) of rank n contained in the set of internal points of the irreducible
conic C with equation−3Y 2

1 + 4Y2Y0 = 0.Also, suppose that X is contained in a line l of
PG(2, qn). Then the following holds:

(1) If l is an external line to C, then X is a point.
(2) If X = {(x, f (x), g(x)) : x ∈ F∗

qn} and(0,0,1) ∈ l, then

X =
{(

x, �x,
m

4
x� + 3

4
�2x

)
: x ∈ F∗

qn

}
,

where� ∈ Fqn , � = qh
′
, 0�h′ <n and m is a non-square inFqn .

(3) If X = {(f̄ (x), ḡ(x), x) : x ∈ F∗
qn} and(1,0,0) ∈ l, then

X =
{(

3

4
�2x + m′

4
x�,�x, x

)
: x ∈ F∗

qn

}
,

where� = qh, 0�h<n, � ∈ Fqn andm′ is a non-square inFqn .
(4) If X = {(f̄ (x), ḡ(x), x) : x ∈ F∗

qn} and(1,0,0) /∈ l, then

X = {(	ḡ(x) + �x, ḡ(x), x) : x ∈ F∗
qn},

where	,� ∈ Fqn , 
 = 	2 + 3� is a non-zero square ofFqn and ḡ(x) satisfies equality

(*) of Lemma5.3with A = (	 + √

)2�+2/3m′√


�+1
, B = −2(	 + √


)�/3, C =
2�(	 + √


)2�+1/3m′√

�+1

, � = qh, 0�h<n andm′ a non-square inFqn .

Proof. If l is an external line toC, thenX defines a dual semifield flockF of the quadratic
coneK of PG(3, qn) whose planes all contain a common interior point ofK (see, e.g.,
[8,16]). Then by[14, Section 1.5.6]F is a linear flock and henceX is a point ofPG(2, qn).
So, from now on, suppose thatl is a secant line ofC. SinceX is anFq -linear set of rank

n, we can write

X = {(H0(x),H1(x),H2(x)) : x ∈ F∗
qn},
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whereH0(x), H1(x) andH2(x) areFq -linear operators onFqn . Also, sinceX is a set of
internal points ofC and−3 is a square inFqn , we have that−3H1(x)

2+ 4H0(x)H2(x) is a
non-square for allx �= 0. This implies thatH0(x) andH2(x) are bijective maps and, hence,
we can write eitherX = {(x, f (x), g(x)) : x ∈ F∗

qn} orX = {(f̄ (x), ḡ(x), x) : x ∈ F∗
qn}

for suitableFq -linear operatorsf, g, f̄ andḡ on Fqn . If X = {(x, f (x), g(x)) : x ∈ F∗
qn}

and(0,0,1) ∈ l, thenl has equationY1 = �Y0, where� ∈ Fqn , and hencef (x) = �x and
−3�2x2 + 4xg(x) is a non-square for allx ∈ F∗

qn , i.e.

�(x) �(−3�2x + 4g(x)) = �(−3�2x + 4g(x))

�(x)
= −1

for eachx ∈ F∗
qn . Applying Corollary 5.2, we getg(x) = (m/4)x� + (3/4)�2x where

� = qh
′
, 0�h′ <n, andm is a non-square inFqn . If X = {(f̄ (x), ḡ(x), x) : x ∈ F∗

qn} and
(1,0,0) ∈ l, using the same arguments as in the previous case we get(3). Finally, suppose
thatX={(f̄ (x), ḡ(x), x) : x ∈ F∗

qn} and(1,0,0) /∈ l. In this case,l has equationY0=	Y1+
�Y2 where	,� ∈ Fqn andf̄ (x) = 	ḡ(x) + �x. Sincel is a secant line ofC, 
 = 	2 + 3�
is a non-zero square inFqn andl ∩ C = {P1, P2}, whereP1 = ((	 + √


)2,2(	 + √

),3)

andP2= ((	−√

)2,2(	−√


),3). The linear transformation�c of PG(2, qn), mapping
the point(y0, y1, y2) into the point(y0,2cy0 + y1,3c2y0 + 3cy1 + y2), fixes the conicC

for eachc ∈ Fqn and, if c̄ = −1/(	 + √

), thenP

�
c

1 = (1,0,0). So,X�c is anFq -linear
set of rankn of internal points ofC contained in the linel�c and(1,0,0) ∈ l�c . Hence, if
X�c = {(F (x′),G(x′), x′) : x′ ∈ Fqn}, by Case(3) we getF(x′)= (3/4)�2x′ + (m′/4)x′�
andG(x′)=�x′, where�=qh, 0�h<n, � ∈ Fqn andm′ is a non-square inFqn . Applying
�c̄ to l andX, respectively, we obtain� = −�/

√

 and

F(x′) = 3

4
�2x′ + m′

4
x′� = 	ḡ(x) + �x,

G(x′) = �x′ = (2c	 + 1)ḡ(x) + 2c�x,

x′ = (3c2	 + 3c)ḡ(x) + (3c2� + 1)x.

From the first and the third equations of the above system we get

ḡ�(x) + Aḡ(x) + Bx� + Cx = 0, (5)

for eachx ∈ Fqn , whereA= (	+√

)2�+2/3m′√


�+1
, B=−2(	+√


)�/3,C=2�(	+√

)2�+1/3m′√


�+1
.

If A = 0, then	 + √

 = 0 and this implies	 = � = 0: a contradiction. So,A �= 0 and

henceḡ(x) satisfies equality (*) of Lemma 5.3.�

Remark 5.5. Note that, in Cases (2), (3) and (4) of Lemma 5.4 if either� = 1 or � = 1 or
ḡ(y) is linear overFqn , thenX is a point ofPG(2, qn).

Lemma 5.6. Let h(y) and k(y) be q-polynomials overFqn and suppose thath(y) is a
permutation polynomial. Let

O = {(x, ax + h(y), bx� + cx + k(y)) : x, y ∈ Fqn}



G. Bonoli, O. Polverino / Discrete Mathematics 296 (2005) 129–142 137

beanFq -linear set of PG(2, qn)of rank2nwitha, b, c ∈ Fqn ,b �= 0,and�=qh
′
, 0<h′ <n.

Suppose that there exists a point R of PG(2, qn) such that rankFq
(R ∩ O) = n. Then there

exists(x0, y0) ∈ (Fqn × Fqn)
∗ such thath(y) andk(y) satisfy the following identity:

k(y) = − bx�
0

h(y0)
� h(y)

� + bx�
0 + k(y0)

h(y0)
h(y). (6)

Proof. Since rankFq
(R ∩ O) = n, there exists(x0, y0) ∈ (Fqn × Fqn)

∗ such thatR =
(x0, ax0 + h(y0), bx

�
0 + cx0 + k(y0)) and

�x0 = x,

�(ax0 + h(y0)) = ax + h(y),

�(bx�
0 + cx0 + k(y0)) = bx� + cx + k(y),

�
�x0 = x,

�h(y0) = h(y),

�(bx�
0 + k(y0)) = bx� + k(y), (7)

for each� ∈ F∗
qn . If h(y0) = 0, theny0 = 0, y = 0 and from (7) we get� = �� for

each� ∈ Fqn : a contradiction since� �= 1. Henceh(y0) �= 0 and from the first and second
equationsof (7)wegetx=(x0/h(y0))h(y). Now, substituting in the third equationweobtain
identity (6). �

6. Proof of Theorem 2.3

Fix the twisted cubic ofPG(3, qn), q = ps , p prime, in the canonical formC = {Pt =
(t3, t2, t,1) : t ∈ Fqn} ∪ {P∞ = (1,0,0,0)}. Let �t andlt be, respectively, the osculating
plane and the tangent line toC at the pointPt with t ∈ Fqn ∪{∞}. The points on the tangents
toC form a quartic surface� with equation

F(X0, X1, X2, X3) = X2
3X

2
0 − 3X2

2X
2
1 − 6X0X1X2X3 + 4X3X

3
1 + 4X3

2X0 = 0

(see, e.g.,[6, p. 240]). For each osculating plane�t , the curve�∩�t of degree four contains
lt with multiplicity two and a conicCt through the pointPt .
A pointP of PG(3, qn), p �= 2, belongs to an imaginary chord ofC if and only ifP lies

on a line with coordinate vector(	22, 	1	2, 	
2
1− 	2, 	2, 	2,−	1,1) where	1, 	2 ∈ Fqn and

	21 − 4	2 is a non-square inFqn (see[6, Section 21, p. 231]). Now, by Lemma 15.2.3 of
[6], we easily get thatP = (a0, a1, a2, a3) belongs to an imaginary chord ofC if and only
if F(a0, a1, a2, a3) is a non-square inFqn .
Let S be anFq -linear set ofPG(3, qn) of rank 2n whose points belong to imaginary

chords ofC and suppose thatFq is the maximal subfield ofFqn with respect to which
S is a linear subset. If(a0, a1, a2, a3) and(a0, a′

1, a
′
2, a3) are distinct points ofS, then

(0, a1−a′
1, a2−a′

2,0) ∈ S and henceF(0, a1−a′
1, a2−a′

2,0)=−3(a2−a′
2)
2(a1−a′

1)
2

is a non-square inFqn . Therefore, if−3 is a square inFqn , i.e. if qn ≡ 1(mod 3), there
are no distinct points ofS of type (a0, a1, a2, a3) and(a0, a′

1, a
′
2, a3). This implies that,
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if qn ≡ 1(mod 3), there exist twoFq -linear functionsf (x, y), g(x, y):Fqn × Fqn → Fqn

such that

S = {(x, f (x, y), g(x, y), y) : (x, y) ∈ (Fqn × Fqn)
∗}.

Note thatFq is the maximal subfield ofFqn with respect to whichf andg are both linear.
Also, if p �= 2, since the points ofS belong to imaginary chords ofC, we have that

F (x, f (x, y), g(x, y), y) is a non-square for all(x, y) �= (0,0). (8)

LetS∞ = S ∩ �∞ and letf1(x) = f (x,0) andg1(x) = g(x,0). Since�∞ has equation
X3 = 0, we can write

S∞ = {(x, f1(x), g1(x),0) : x ∈ F∗
qn}.

Proposition 6.1. If qn ≡ 1(mod 3) and(q, n) satisfies Property(K), then eitherS∞ is a
point or, without loss of generality, we can suppose

S∞ =
{(

x, �x,
m

4
x� + 3

4
�2x,0

)
: x ∈ F∗

qn

}
,

where� ∈ Fqn , � = qh
′
, 0�h′ <n and m is a non-square inFqn .

Proof. The conicC∞ has equations−3X2
1 +4X0X2=X3=0, and hence, sincep �= 2,3,

C∞ is an irreducible conic of�∞. From (8) we get that−3f 2
1 (x)+4xg1(x) is a non-square

for all x ∈ F∗
qn and, sinceq

n ≡ 1(mod 3), the above condition implies thatS∞ is an
Fq -linear set of rankn of internal points ofC∞. By Property (K),S∞ is contained in a
line r of �∞ and, applying Lemma 5.4, we have that eitherS∞ is a point orr is a secant
line toC∞. In this case, since the stabilizerGP∞ of the full automorphism groupG of C
acts transitively onC∞\{P∞}, we can suppose, without loss of generality, that the point
(0,0,1,0) of C∞ belongs to the liner. Hence, by (2) of Lemma 5.4, we can write

S∞ =
{(

x, �x,
m

4
x� + 3

4
�2x,0

)
: x ∈ F∗

qn

}
,

where� ∈ Fqn , � = qh
′
, 0�h′ <n andm is a non-square inFqn . �

LetS0 = S ∩ �0 and letf2(y) = f (0, y) andg2(y) = g(0, y). Since�0 has equation
X0 = 0, we can write

S0 = {(0, f2(y), g2(y), y) : y ∈ F∗
qn}.

Proposition 6.2. If qn ≡ 1(mod 3) and (q, n) satisfies Property(K), then one of the
following occurs:

(1) S0 is a point, i.e.f2(y) andg2(y) are linear overFqn .
(2) S0 = {(0, (3/4)�2y + (m′/4)y�,�y, y) : y ∈ Fqn} where� = qh, 0�h<n, � ∈ Fqn

andm′ is a non-square inFqn .
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(3) S0={(0, 	g2(y)+�y, g2(y), y) : y ∈ Fqn},where
=	2+3� is a non-zero square of

Fqn andg2(y) satisfies equality(*) of Lemma5.3withA= (	+√

)2�+2/3m′√


�+1
,

B = −2(	 + √

)�/3, C = 2�(	 + √


)2�+1/3m′√

�+1

, � = qh, 0�h<n andm′ a
non-square inFqn .

Proof. The conicC0 has equations−3X2
2 + 4X3X1 =X0 = 0, and hence, sincep �= 2,3,

C0 is an irreducible conic of�0. By (8) we get that

−3g22(y) + 4yf 2(y) is a non-square for ally ∈ F∗
qn . (9)

As in the previous case, sinceqn ≡ 1(mod 3), from the above condition we get that
S0 is anFq -linear set of rankn of internal points ofC0. Hence, by Property (K),S0 is
contained in a linel of �0. Now, applying Lemma 5.4 to theFq -linear setS0, we obtain (1),
(2) and (3). �

If S∞ (resp.S0) is a point, then, by Property 4.1,S is union ofs lines throughS∞
(resp.S0) ands ≡ 1(modq). By Theorem 2.1, each of these lines is either an imaginary
chord or an imaginary axis. But, since every point not belonging toC lies on exactly one
chord andexactly one axis, wehaves=1.Hence, ifqn ≡ 1(mod 3), (q, n) satisfiesProperty
(K) andS is not a line, then from Propositions 6.1 and 6.2 we have thatS is one of the
following:

(a) S = {(x, �x + (3/4)�2y + (m′/4)y�, (m/4)x� + (3/4)�2x + �y, y) : x, y ∈ Fqn},
(b) S = {(x, �x + 	g2(y) + �y, (m/4)x� + (3/4)�2x + g2(y), y) : x, y ∈ Fqn},
whereg2(y) is a polynomial satisfying equality (*) of Lemma 5.3. Also, sinceS is not a
line,S0 andS∞ are not points and henceg2(y) is not linear onFqn and�, � �= 1 (see
Remark 5.5).
ProjectingS andC from the pointPt = (t3, t2, t,1) onto the plane�∞ we get, respec-

tively, theFq -linear set of rank 2n

Ot = {(x − t3y, f (x, y) − t2y, g(x, y) − ty,0) : x, y ∈ Fqn}
and the irreducible conict with equationst2X2

2 +X2
1 − tX1X2 −X0X2 =X3 = 0. Since

the points ofS belong to imaginary chords ofC, theFq -linear setOt and the irreducible
conict are disjoint for eacht ∈ Fqn .
If the pair (q, n) satisfies Property (K), then by Proposition 4.2 for eacht ∈ Fqn there

exists a pointRt ∈ �∞ such thatrankFq
(Rt ∩ Ot )= n. By using this condition for suitable

values oft, we can exclude Cases (a) and (b).

Proposition 6.3. If qn ≡ 1(mod 3) and (q, n) satisfies Property(K) with n>2, then
Case(a)does not occur.

Proof. Suppose Case (a) occurs and lett = 0. In this case, we can write

O0 =
{(

x, �x + 3

4
�2y + m′

4
y�,

m

4
x� + 3

4
�2x + �y,0

)
: x, y ∈ Fqn

}
.
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SinceFq is the maximal subfield with respect to whichf (x, y) andg(x, y) are both linear,
wehaveg.c.d.(n, h, h′)=1.Also, as previously noted, byProposition 4.2 there exists a point
R0 ∈ �∞ such thatrankFq

(R0∩O0)=n. Therefore, sincef2(y)= (3/4)�2y+ (m′/4)y� is
a permutation polynomial, we can apply Lemma 5.6 to theFq -linear setO0, i.e. there exists
(x0, y0) ∈ (Fqn × Fqn)

∗ such that

�y = −m

4

x�
0

f2(y0)
�

(
3

4
�2�y� + m′�

4
y��

)
+

m
4 x

�
0 + �y0
f2(y0)

(
3

4
�2y + m′

4
y�

)
(10)

for eachy ∈ Fqn . If x0 �= 0, from (10) we get�� = 1 and� = �, i.e. n = 2 since
g.c.d.(n, h, h′)=1. Hence, ifn>2, thenx0=0 and from (10) it follows�=0. In this case,
asO0 ∩ 0 = ∅, we have

m′2

16
y2� + �

m′

2
xy� −

(
m

4
x�+1 − �2

4
x2

)
�= 0

for eachx, y ∈ Fqn with (x, y) �= (0,0). This implies that(m′2m/16)x�+1+(3�2m′2/16)x2
is a non-square for allx ∈ F∗

qn and, fromCorollary 5.2, we have�=0. Therefore,�=�=0.
Now, let t̄ be an element ofF∗

qn such thatt̄3�+1 �= m′/m and t̄�−1 �= 16/mm′� and let
z = x − t̄3y; we can write

Ot̄ =
{(

z,
m′

4
y� − t̄2y,

m

4
z� + m

4
t̄3�y� − t̄y,0

)
: y, z ∈ Fqn

}
,

and, applying Lemma 5.6 toOt̄ , there exists(z0, y0) ∈ (
Fqn × Fqn

)∗ such that

m

4
t̄3�y�−t̄y = −m

4

z�0

h(y0)
�

(
m′�

4
y��−t̄2�y�

)
+mz�0+4k(y0)

4h(y0)

(
m′

4
y�−t̄2y

)
, (11)

for eachy ∈ Fqn , whereh(y)= (m′/4)y� − t̄2y andk(y)= (m/4)t̄3�y� − t̄y. If z0= 0, we
get�=� andt̄3�+1=m′/m, which contradicts our assumption. Ifz0 �= 0, we obtain��=1.
If � = �, thenn = 2. If � �= �, then from (11) we get̄t�−1 = 16/mm′�: a contradiction.
Hence, Case (a) does not occur.�

Proposition 6.4. If qn ≡ 1(mod 3) and(q, n) satisfies Property(K)withn>2, then Case
(b) does not occur.

Proof. Suppose Case (b) occurs. Then

Ot =
{(

x − t3y, �x + 	g2(y) + �y − t2y,

m

4
x� + 3

4
�2x + g2(y) − ty,0

)
: x, y ∈ Fqn

}
.

From (9) we easily get thatf2(y) = 	g2(y) + �y is a permutation polynomial. So we can
apply Lemma 5.6 to theFq -linear setO0, i.e. there exists(x0, y0) ∈ (Fqn × Fqn)

∗ such that

g2(y) = −m

4

x�
0

f2(y0)
� (	g2(y) + �y)� +

(
mx�

0 + 4g2(y0)

4f2(y0)

)
(	g2(y) + �y)
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for eachy ∈ Fqn . If 	 = 0, theng2(y) = −(m/4)(x�
0�

�/f2(y0)
�)y� + ((mx�

0 + 4g2(y0))/
4f2(y0))�y. This implies thatg.c.d.(h, h′, n)=1 and, substituting in (*), we either get that
g2(y) is linear overFqn or n = 2: a contradiction. Hence	 �= 0, andg2(y) satisfies the
equality

g�
2(y) + Āg2(y) + B̄y� + C̄y = 0, (12)

where Ā = [(4�y0 − m	x�
0)/mx�

0	
�]f2(y0)�−1, B̄ = (�/	)�, C̄ = −[(mx�

0 + 4g2(y0))

/mx�
0]�/	�f2(y0)

�−1. If Ā=0, theng2(y)=−B̄�−1
y − C̄�−1

y�−1
. Asg2(y) satisfies (*) of

Lemma 5.3, we get that eitherg2(y) is linear onFqn or n = 2. SoĀ �= 0 and we can apply
Lemma 5.3 to the polynomialg2(y). SinceB̄� �= B�, if Case (i) of Lemma 5.3 occurs, then
g2(y) = [(B̄ − B)/(A − Ā)]y� + [(C̄ − C)/(A − Ā)]y andn = 2h = 2h′. Therefore, we
haveg.c.d.(h, h′, n)=1 and hencen=2: a contradiction. If Case (ii) of Lemma 5.3 occurs,
thenB̄A� −C� = 0 from which we get� = 0. In this case, sinceO0 and0 are disjoint, we
can write

	2g2(y)2 + (2	� − 1)xg2(y) + �2

4
x2 − m

4
x�+1 �= 0

for eachx, y ∈ Fqn . Sinceg2(y) is a permutation polynomial, this equality implies that
x2(3	2�2− 4	� + 1)+ 	2mx�+1 is a non-square for allx ∈ F∗

qn . By Corollary 5.2 we have
3	2�2 − 4	� + 1= 0 and hence	� ∈ {1,1/3}. In particular,� �= 0. Now, lett = �−1 and
z = x − �−3y; then

O�−1 =
{(

z, �z+	g2(y),
m

4
z� + 3

4
�2z+ m

4�3�
y� − 1

4�
y + g2(y),0

)
: y, z∈Fqn

}
.

Applying Lemma 5.6 toO�−1, we get that there exists(z0, y0) ∈ (
Fqn × Fqn

)∗ such that

m

4�3�
y� − 1

4�
y + g2(y) = −m

4

z�0

h(y0)
� 	�g�

2(y) +
(
mz�0 + 4k(y0)

4h(y0)

)
	g2(y)

for eachy ∈ F∗
qn , whereh(y)=	g2(y) andk(y)=(m/4�3�)y� −(1/4�)y+g2(y). If z0=0,

theng2(y)(1− (k(y0)/h(y0))	) = (1/4�)y − (1/4m�3�)y� and substituting in (*) we get
n = 2: a contradiction. Ifz0 �= 0, we can write

g2(y)
� + Ag2(y) + By� + Cy = 0 (13)

for eachy ∈ Fqn , whereA = (4h(y0)�−1/mz�0	
�)[h(y0) − 	((m/4)z�0 + k(y0))], B =

(h(y0)
�/�3�z�0	

�) C = −h(y0)
�/m�z�0	

�. If A= 0 (similar to the casēA= 0), we getn= 2,

contradicting our assumption. HenceA �= 0 andwe can apply Lemma5.3 to the polynomial

g2(y). SinceC = 0 andC �= 0, in our hypotheses, Case (ii) of Lemma 5.3 occurs, from

which we getB = 0, i.e.h(y0) = 0: a contradiction. This proves that Case (b) does not
occur. �

From the previous results Theorem 2.3 follows.
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